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Abstract: This work investigates the enhancement of optical energy in the synchronized dynamics
of three erbium-doped fiber lasers (EDFLs) that are diffusively coupled in a unidirectional ring
configuration without the need for external pump modulation. Before the system shows stable high-
energy pulses, different dynamic behaviors can be observed in the dynamics of the coupled lasers.
The evolution of the studied system was analyzed using different techniques for different values
of coupling strength. The system shows the well-known dynamic behavior towards chaos at weak
coupling, starting with a fixed point at low coupling and passing through Hopf and torus bifurcations
as the coupling strength increases. An interesting finding emerged at high coupling strengths, where
phase locking occurs between the frequencies of the three lasers of the system. This phase-locking
leads to a significant increase in the peak energy of the EDFL pulses, effectively converting the
emission into short, high amplitude pulses. With this method, it is possible to significantly increase
the peak energy of the laser compared to a continuous EDFL single pulse.

Keywords: optical energy; laser; network; ring; dynamics; phase-locking; coupling

1. Introduction

In recent years, the demand for high-power short-pulse lasers for various applications
such as cutting, welding, surgery, material processing, photonic materials, and especially
for optical communication has increased significantly [1-7] to maintain the transmission of
the optical signal over a long distance without repetitive amplifiers. Recently, we were able
to achieve giant pulses in the EDFL array by selectively controlling the multistability [8].
In addition, the temporal phase-locking among intensities of the lasers is considered one of
the methods to generate high-energy ultrashort laser pulses, which can be either active or
passive. Through this paper, we will refer to this technique as phase locking. Since 1964 [9],
various phase-locking resonators have been developed for a fiber laser. These resonators
require a complex, controllable amplitude and phase modulator. There are also several
passive phase-locking techniques, such as a saturable semiconductor absorber [10,11],
nonlinear polarization rotation [12,13], nonlinear optical loop mirror [14] and nonlinear
amplifier loop mirror [15].

Among the different types of fiber lasers, EDFLs stand out from other devices due
to their advantages in applications for optical information transmission systems, as their
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implementation and optical components are small and their handling is simple; The laser
emission of an EDFL is at 1550 nm, which is optimal for communication applications
due to the low absorption of this type of radiation in the optical fibers [16], and; some
results show that EDFLs exhibit rich dynamic behavior, including period doubling, chaos,
and multistability [17,18]. As mentioned above, EDFLs have some properties known for
use in optical communication [3,19], but also other applications, such as optical coher-
ence tomography [20], spectral interferometry [21], optical metrology [22], optical sensor
technology [23], industrial micromachining [24], LIDAR systems [25] and medicine [26].

Isolated oscillators follow a simple path in phase space. When two or more of these
systems are connected, the probability of possible complex behaviors becomes high and the
equations that define their behavior become intractable. Every oscillator is only able to in-
teract with a limited number of nearby neighbors. [27]. When considering different coupled
network structures [28], the connection of three nodes in a ring arrangement is of particular
interest as it could allow the occurrence of a phenomenon called rotating phase oscillations
(RPO) along the coupled nodes [29-32]. This oscillation phenomenon was first described on
the basis of results in ring reactors of reaction-diffusion systems [33,34]. In 1966, Nekorkin
and others showed the phenomenon of traveling oscillations in a ring of connected bistable
systems that preserve sinusoidal nonlinear dynamics [35]. It is important to emphasize
that unidirectional coupling is particularly important as It enables the transmission of a
signal from one subsystem to another without receiving any feedback. In particular, unidi-
rectional coupling in motif-ring arrays has been found to induce phase synchronization,
which leads to a significant increase in peak pulse energy through mechanisms such as
Q-switching [36]. In addition, unidirectional coupling is often used in electrical systems
based on the models of Duffing [37], Chua [38] and Lorenz [39,40], where RPO was ob-
tained. As the coupling strength changed, rings of unidirectionally coupled oscillators
showed an evolution from stable equilibrium to quasiperiodicity. Subsequently, there is
a change to chaos and hyperchaos as in the Rulkov [41], Duffing [42] and Lorenz [39,43]
oscillator results.

However, one of the challenges is to increase the optical energy output of EDFLs
without introducing external modulation, which can complicate system design and reduce
reliability. A promising approach to overcome this challenge is the synchronization of
multiple EDFLs in a motif array configuration [8]. This work investigates the potential to
increase the optical energy in a coupled motif-ring array of autonomous EDFLs by carefully
tuning the coupling strength between the lasers. To achieve this, we analyze the evolution
of the behavior in the system using different characterization techniques based on the study
of the obtained time series. In previous results, Barba-Franco et. al. have shown that the
dynamics of this three-ring node network, while similar to other coupled systems, still
exhibit unique properties specific to laser systems [42].

The organization of this paper is: The model of a single EDFL without pump modula-
tion is described in detail in Section 2. Section 3 outlines the model for three ring-connected
EDFLs. Section 4 analyzes the resulting energy and the phase-locking phenomenon as
an advantage to synchronize the laser’s emission. The main conclusions are presented in
Section 5.

2. Autonomous EDFL Model

The emission of a single-mode laser is described by three differential equations, where
the primary state variables are the optical field, the population inversion and the polariza-
tion. The decay rates of these variables differ depending on the laser type (A, B or C). If the
value of one variable is significantly greater than the others, it decays faster, which allows
the equations to be simplified. For class A lasers, the population inversion and polarization
decay quickly in relation to the optical field. For class B lasers, only the polarization decays
quickly. For class C lasers, all three variables have similar decay rates. Consequently,
the solution to the equations for Class A lasers is a single stable fixed point. For Class B
lasers, the solution is a fixed focal point that attracts the phase trajectory in the optical field
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and population inversion space, leading to relaxation oscillations. Class C lasers exhibit
undamped periodic or non-periodic (chaotic) pulsations. In addition, Class B lasers may
exhibit periodic or chaotic oscillations when subjected to periodic external forces or delayed
feedback on any of the laser parameters or variables.

The EDFL discussed in this paper is classified as a class B laser, similar to solid-state
lasers, semiconductor lasers and externally discharged gas lasers (such as CO, and CO
lasers) [44]. The basic dynamic properties of the EDFL are very similar to those of other class
B lasers. In particular, the polarization is adiabatically eliminated and the laser dynamics
is described by two rate equations for the field and population inversion, with multiple
routes to chaos identified. However, despite the extensive research on EDFLs, the dynamics
of networks of coupled EDFLs has not yet been thoroughly explored.

To know what the dynamics of the laser-pumped EDFL looks like, a power balance
approach is used that takes into account the excited state absorption (ESA) in erbium at
the 1.5-um wavelength and averages the population inversion along the pumped active
fiber. This model accounts for key factors such as the ESA at the laser wavelength and the
depletion of the pump wave as it propagates along the active fiber, resulting in undamped
self-oscillations in the laser that are observed experimentally without external modula-
tion [18,45,46]. The balance equations for the laser power P (the sum of the powers of the
counterpropagating waves inside the cavity, measured in s~!) and the averaged population
y of the upper level (a dimensionless variable, 0 <y < 1) are defined as follows.

. 2L
P = —P{ruao(N[¢—y] = 1) —ay} + Psp
.
1)
. (lel’wp N (
N=— mg (EN—-1)— = + Ppump-

In this context, L refers to the length of the erbium-doped fiber (EDF), and
T, = w represents the photon lifetime within the cavity, where I takes into ac-
count the tails within the cavity of the fiber Bragg grating couplers (FBG). The variable

P corresponds to the laser emission within the cavity and serves as an initial condition.
2
The other parameters in the Equation (1) include 7, = 1+ exp {2(;‘;) }, a factor that

quantifies the match between the fundamental mode of the laser and the erbium-doped
core volumes within the active fiber, where rj is the fiber core radius and wy is the radius
of the fundamental mode of the fiber. The small-signal absorption of the erbium fiber at
the laser emission wavelength is denoted by oy = Nyojp, where Ng = Nj + Nj is the total
number of erbium ions in the active fiber. The population N of the upper laser level 2 is
expressed as:

1 L
N = 1107/0 Ny(z)dz, ()

here N, denotes the inversion of population of the upper laser level “2”, and ny is the
refractive index of a “cold” EDF core. The coefficient in brackets represents the ratio
between the cross-section absorption in the excited state (ESA) 03 and the absorption cross-
sections in the ground state at the laser wavelength. More precisely: § = % =2and
0= % It is important to note that the cross-section o7, of the return stimulated transition
has almost the same energy. The cavity loss parameter is given by «ay;, and is defined as
Xy = Yo+ ﬁ ln<%) at the initial lasing, where 7 corresponds to the non-resonant fiber

loss and R is the reflection coefficient of the FBG couplers. The spontaneous emission into
the fundamental laser mode is defined as

~ 103N [ Ag\? rdaoL
P 7Ty wo 47'[2(712

)
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for which 7, given in seconds, is the time duration of the erbium ions in state 2 and A is
the laser wavelength. Finally, the pump power Py is defined as

1 —exp[—BaoL(1 — N)]
nomraL

’ (4)

Ppump = Py

where P, stands for the light emitted by a pump laser diode at the fiber input and the
parameter B = &) /g defines the relationship between the absorption coefficients of the
erbium fiber at the pump wavelength A, and the laser wavelength A,. In this study, the laser
spectrum has a width equal to 102 of the spectral bandwidth of erbium luminescence. It
should be noted that Equation (1) represents an autonomous EDFL, which operates in a
fixed-point regime.

The given model uses parameters feed from real values corresponding to an experi-
mental EDFL with an active EDF. In this case, the EDF has a length L = 80 cm [47]. Another
parameter for which real values are used is the refractive index ny = 1.45, the tails inside
the cavity /[y = 20 cm, the time a photon remains in the laser cavity T, = 8.7 ns, the half of
the fiber core diameter ry = 1.5, cm and the half of the diameter of the fundamental fiber
core wy = 3.5 x 10~* cm. The last value was measured experimentally and was slightly
higher than 2.5 x 10~% cm, which is derived from the definition for single-mode fiber with
step index wy = 79 (0.65 + 1.619/ V1> 4 2.879/V®), with the parameter V, that refers to the
numerical aperture NA and rg as V = 2mtrgN A/ Ag, with the values ry and wy results in
tw = 0.308.

Table 1, presents the coefficients that characterize the resonance absorption properties
of the erbium-doped fiber at both laser and pump wavelengths for a heavily doped fiber
with an erbium concentration of 2300 ppm.

Table 1. Coefficients used in numerical simulations.

Coefficient Value Coefficient Value Coefficient Value
ag 0.4 cm™! B 0.5 012 2.3 x 1072 cm?
2.0 1 0.4 021 23 x 10721 em?
T 10725 Yo 0.038 023 2.3 x 10721 cm?
0.8 ay, 0.6 x 10721 cm? Ag 1.56 x 10~* cm

Finally, the emission wavelength Ag = 1.56 x 10~% cm (hv = 1.274 x 1071 ]) and this
value is given by the one experimentally obtained, with the maximum reflection coefficients
of both fiber Bragg gratings (BGs) centered on this wavelength, as shown in [48]. The pump
parameters are the excess of the laser threshold ¢, which is defined as P, = ¢Py;, where the
pump power of the threshold is

2
P — Ny, noanp )
T 1 —exp[—aoLB(1 — Ny

and the threshold population of the level “2”

No = 3 (1) ©)

¢ TwhQ.

By numerical simulation of Equation (1), the time series data show the evolution of
the dynamics in the EDFL. To simulate the behavior of the laser, parameters were used that
are very close to those of the experimental setup described in [49]. Here, a pump power
of Pg = 7.4 x 10" s~ was chosen, which corresponds to the value required to achieve a
relaxation oscillation frequency of the laser of fy = 28.724 kHz, as shown in the time series
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and Fourier spectrum in Figure 1 (left) and Figure 1 (right) respectively. The solution of the
laser Equation (1) is a stable fixed point.
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Figure 1. Each laser shows a (left) time series of the relaxing oscillation and (right) the corresponding
relaxation frequency f; for the autonomous EDFL described by the Equation (1).Original data obtained
from the numerical simulation of our experiments please see Supplementary Materails.

3. Evolution of the System to Achieve Stable Energy

Ring-shaped connected systems can be understood as a cyclic sequence of interac-
tions [50]. Even for simple network motifs consisting of only three oscillators, there are
thirteen ways in which they can be coupled [51]. As mentioned above, in this work we
focus on studying the energy of the simplest network of three unidirectionally coupled
EDFLs, and its evolution while the coupling strength k increases where each laser injects
radiation into the next device in the link, as shown in the schematic representation in
Figure 2. The lasers studied have no modulation and are therefore in a fixed-point regime
with minimum energy, but by increasing the coupling between the lasers in the ring it is
possible to observe different behaviors before obtaining a signal with stable energy many
times greater than the initial energy. The following pages explain how the system behavior
develops until a maximum energy value is reached. Using the normalized equations from
Equation (1) as presented in [52,53], the dynamic behavior of this ring is described by the
following differential equations for the laser intensity x; (j = 1,2, 3) and the population
inversion y; (Equations (7) and (8)):

dx;
LTtJ = ax;y; — bx; + c(y; + 0.3075) @)
dy; AR )
d—t] —dxyy, (]/j +0.3075) + Ppmudj(l _ 180 06150 ) (8)
with pumping
Pomod; = 506(1 + k(xj_1 — x})) ©)

with 0 < k < 0.20 as the coupling coefficient, having 2 = 6.620 x 107, b = 7.4151 x 10°,
¢ = 0.0163, and d = 4.0763 x 10°. The lasers are coupled in a diffusive form which means
that for laser 1 We add a term k % (x, — x1), as Equation (9) mentions, which means that
laser 1 is coupled with laser 2, and “k” is the coupling strength. Similarly, the coupling
between laser 2 with laser 3, and laser 3 with laser 1 is implemented. Also, We must consider
that a change in the parameter k directly affects the pump power, then the behavior of the
system could change after a threshold value for k.



Quantum Beam Sci. 2024, 8, 27

6 of 17

Phase
shift x5

0<k<0.2

0<k<0.2
Phase
shift x,

Figure 2. Schematic arrangement of a three EDFL in a ring connection with phase shift for laser 2 and
laser 3.

Due to the symmetry of the ring configuration, the behavior of each EDFL follows the
same dynamics. Therefore, we show in Figure 3 (top) the dynamic evolution of one of the
lasers in the ring (x1), and Figure 3 (bottom) shows A, the maximum Lyapunov exponent
(MLE), as a function of the coupling k between the lasers. The bifurcation diagram shows
the Landau path leading from a stable fixed point to a chaotic behavior through a quasi-
periodicity regime characterized by different Hopf bifurcations [54,55]. This scenario was
identified by Newhouse, Ruelle, and Takens (known as the NRT scenario [56]), who found
that a chaotic attractor resembling a 3D torus forms shortly after the third Hopf bifurcation.
Our model, which is described by Equations (7) and (8), shows a similar hyperchaotic
behavior when the coupling strength k is varied.

8

Stable energy |
region

-t
&)

Local Max (x1)
>

[4)]

0 002 004 006 008 010 0.12 0.14 0.16 0.18 0.20
k

o

e | 7« WWWWMWW |

0.05 5

Lyap Exp

-0.05 W I I I I I | | I ]

0 002 004 006 008 010 0.12 0.14 0.16 0.18 0.20
k

Figure 3. (Top) Bifurcation diagram of the time-series peak energy of an EDFL (x; (in arbitrary units),
showing the dynamic evolution of each laser in the ring configuration as the coupling k increases,
and (button) the MLE as a function of k.
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To confirm the dynamic evolution of the coupled oscillators in Figure 3, the time series
and Poincaré sections are shown in Figure 4, which illustrate the dynamic transitions when
the system moves from a constant fixed point to chaotic dynamics. The Poincaré section is
particularly useful for identifying patterns like limit cycles or chaotic behavior in systems
of oscillators, especially when studying nonlinear differential equations. For a limit cycle
behavior, only one point is identified in the Poincaré section, when dynamics is a 2D torus,
the Poincaré section shows a closed loop, for a 3D torus two closed cycles will be shown,
and for chaotic behavior, it will show a cloud of points. For the three lasers system, when
the coupling strength increases from the initial value k to (k; ~ 0.0258), the equilibrium
(Figure 1) undergoes a Hopf bifurcation and evolves into a periodic oscillation (Figure 4a),
with the MLE tending towards zero. This periodic behavior is maintained within the narrow
range (0.0258 < k < 0.0381). At (k, = 0.0382), the limit cycle changes to a quasi-periodic
state (2D torus), as shown in Figure 4b, which occurs when the MLE reaches zero. If (k)
continues to increase, a 3D torus appears at (k3 = 0.0549) (Figure 4c), marked by the MLE
reaching zero This regime remains within the interval (0.0549 < k < 0.0583). When (k)
reaches (ks = 0.0584), the system becomes chaotic (Figure 4d), as the MLE becomes positive.
A further increase in the coupling strength finally leads to the system returning to a stable
limit cycle at (k; = 0.1481) (Figure 4e), which is indicated by the MLE returning to zero.
The region shown in (Figure 3a) as k¢ corresponds to a region for which we can obtain
a coexisting chaos and stable oscillation. Next Table 2 shows the relationship between
the results in Figure 4 with the analyzed behaviors using the Poincaré section, and power
spectrum, explained in the following sections.

Table 2. Evolution of the systems as a function of k.

ky Range Behavior Description

Shows the natural frequency of the

kq 0.0000 < k < 0.0258 system (Figure 1)

Fixed point

A dot in Poincaré section, Figure 4a(ii),
show a peak in frequency (o)
Figure 7a

ko 0.0258 < k < 0.0381 Periodic oscillation

A closed trajectory in Poincaré section,
Figure 4b(ii),
show two peaks in frequency (Qp, (21)
Figure 7b

k3 0.0381 < k < 0.0549 2D Tourus

Double closed trajectory in Poincaré
section, Figure 4c(ii),
show three peaks in frequency (Qg, 21,
) Figure 7c

ks 0.0549 < k < 0.0583 3D Tourus

A dot cloud in Poincaré section,
Figure 4d(ii),
show wide spectrum frequency,
Figure 7d

ks 0.0583 < k < 0.1300 Chaos

Chaos + Fixed Coexistence of chaos and periodic

ke

0.1300 < k < 0.1481

point

behavior

k7

0.1481 < k < 0.2000

Stable limit cycle

A dot in Poincaré section, Figure 4e(ii)
high energy, high frequency
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Figure 4. (i) Time series and (ii) the corresponding Poincaré sections at (a) k = 0.0258, (b) k = 0.0382,
(c) k = 0.0549, (d) k = 0.0584, and (e) k = 0.1481.

3.1. Rotating Phase Oscillations

Now, consider an intriguing phenomenon known as rotating phase oscillations (RPO).
As can be observed in Figure 4b—d, the time series shows a slow envelope (which can be
periodic, quasi-periodic or chaotic). These low-frequency oscillations arise from an RPO
(also periodic, quasi-periodic or chaotic) that propagates along the ring of unidirection-
ally coupled oscillators and is driven by the phase difference between the high-frequency
oscillations of the individual lasers. The RPO phenomenon was first observed in a ring
of coupled Chua oscillators [57,58] and later also in ring arrays of coupled Lorenz oscilla-
tors [43,59] and also in Duffing systems [37,60,61]. The RPO has a similar effect to external
modulation and favors the oscillation in a low-frequency regimen [62]. For the case of
a shift in frequency due to the change of k causes the interaction between the periodic
rotating wave and the local oscillation of each laser, a dynamic behavior corresponding
to a local 2D torus in which the RPO produces a quasi-periodic behavior (as shown in
Figure 4c). If the coupling strength k increases a little further, the local 2D torus mixes with
the quasi-periodic RPO, (Figure 4d) shows resulting in the formation of a local 3D torus.
With a further increase in k, the rotating wave begins having interaction with the local
3D torus, and then a chaotic behavior results (Figure 4e). If the coupling is stronger than
k = 0.0381, the rotating wave finally interacts with the chaotic dynamics and the chaotic
trajectory stabilizes in a limit cycle. For higher values of k, the limit cycle is maintained.
It can be observed that the ring system eventually generates momentum as a saturable
absorber after developing different dynamical behaviors.

In oscillating modes, it can be seen that the time series of all oscillators vary only
in phase, leading to phase shifts at each subsequent node and generating a phase wave
that rotates through the cyclic ring. The wave dynamics for rings with 3 lasers are shown
in Figure 5 for four different values of the coupling strength: k = 0.0257, k = 0.0381,
k = 0.0548 and k = 0.0583. In the upper part, the time series patterns for all oscillators are
shown, where the rotating waves manifest themselves as oblique stripes. The phase waves
traveling along the ring of oscillators are visible. The bottom row shows the phase portraits
of the corresponding laser, which are the same for all oscillators due to their identical nature.
Here, we can see that the size of the attractor increases as the coupling strength increases.
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Figure 5. (i) Rotating phase oscillations and (ii) phase portraits for (a) k = 0.0257, (b) k = 0.0381,
(c) k = 0.0548 and (d) k = 0.0583.

3.2. Frequency Spectrum Analysis

The study of the fast Fourier transform (FFT) complements traditional qualitative and
quantitative tools in dynamical systems, such as Poincaré maps, bifurcation diagrams of
local maxima, and Lyapunov exponents. FFT spectral analysis is a powerful technique in
science and engineering to study the dynamics of systems [63,64].

Figure 6 shows the bifurcation diagram of the evolution of the frequency-power
spectrum of x; as a function of the coupling strength k. When k; appears, it means that
the dynamic behavior changes by a Hopf bifurcation as shown in (Figure 6), there is a
system that shifts from a steady-state to a periodic solution, and the initial oscillation
frequency )y appears as a distinct peak in Figure 7a. At k; the second Hopf bifurcation
occurs. Now we see the occurrence of two different or incommensurable frequencies, (g
and ), which generate the 2D torus dynamics. (see Figure 7b). The 2D torus persists until
the next Hopf bifurcation at k3, where the system transitions from a 2D torus to a quasi-
periodic solution with three frequencies (3D torus). At this 3D torus, a third independent
frequency (), appears in the power spectrum (see Figure 7d). The 3D torus is predominant
in the range k3 < k < ky. If the coupling strength k3 < k < ky is increased further,
the frequency interactions lead to the annihilation of the 3D torus behavior, resulting in
a broad frequency spectrum that leads to chaotic dynamics for ks < k < k5. This chaotic
behavior is manifested in the FFT spectrum by various randomly distributed frequency
peaks with different amplitudes. Similar phenomena when examining other oscillators
in the same ring arrangement. For example, Sdnchez et al. [43] observed RPO in a ring
of unidirectionally coupled Lorenz oscillators while studying the evolution from an RPO
to a chaotic rotating wave through quasi-periodicity. Subsequently, in [65], the authors
explained the phenomenon of RPO in a ring of seven unidirectionally coupled Dulffing
oscillators using FFT bifurcation analysis.
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function of the coupling strength k.
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3.3. Coexistence of Attractors

Another phenomenon that occurs when studying the evolution of this system is the
coexistence of attractors. As already mentioned, when the chaotic behavior ends and the
final stable dynamics appear, two different behaviors can be seen in the transition when
ks < k < ke. In Figure 3 for k < 0.14 we see the born stable energy region surrounded by
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chaotic behavior. The phase space and power spectra of these coexisting regimes are shown
in Figure 8 for k = 0.1408, for which one can identify the periodic and chaotic behavior.
By using fractional-order calculus tools, similar multistable dynamics were observed by
Barba et al., who studied a motif of three double-well Duffing oscillators [66]. By randomly
changing the initial conditions of their system, they observed the coexistence of stable
fixed points, limit cycles, 2D and 3D tori, and chaos for certain fractional order indices and
coupling strengths. In particular, for the region 0.13 < kg < 0.1481, the dynamical behavior
of a stable limit cycle exists in the same region where chaos exists (see bifurcation diagram
in Figure 3). In this system, chaotic and periodic orbits interact with the rotating wave,
leading to a monostable limit cycle. Similar results were explained by other researchers
(e.g., [67,68]), where a periodic perturbation was used to generate multistable dynamics
Here, the rotating wave serves as this secondary perturbation, which significantly increases
the power of the laser pulses and causes the lasers to operate in a Q-switching mode with
short high-amplitude pulses.
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Figure 8. Bistable region for k = 0.1409 containing (a) a stable limit oscillation and (b) chaotic
dynamics for (i) the phase spaces of the behavior and (ii) the frequency-power spectra.

4. Increase of the Optical Pulse Energy Through Synchronized Phase-Looked EDFLs

After k = 0.1481 the dynamic behavior obtains a stable oscillation for all lasers in the
ring. Now we can observe temporal series with the same energy intensity for all lasers
in the system and with a constant phase difference between them. This phenomenon
is called phase — locking and occurs due to the interaction of the oscillators in the ring
configuration [39,40]. This phase discrepancy arises from the sequential nature of the light
propagation of the system, where each signal experiences a time delay with respect to the
others. We have numerically investigated the strength and direction of the relationship
between x1, xp and x3 using the cross-correlation function, which is represented as follows:

Ry 5, (T) = Elxa (£)x2(t + 7)) (10)

where x1(t) and x;(t) are the signals to be compared, which correspond to the individual
oscillators, £ denotes the expected value and T is the time lag between the peak values.
With this function, we can quantify the difference between the signals and determine their
relative phase shifts. Figure 9 shows on the left side the time series of the three coupled
lasers obtained after k = 0.1481, and we can see that the phase difference is constant (phase-
locking), which is confirmed by using the Equation (10). On the right side of Figure 9 we
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can see the temporal series corresponding to the laser of the ring adding a phase shift, then
the phase difference is reduced to zero.
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Figure 9. Temporal oscillations of the three lasers in the ring (laser 1 in red, laser 2 in blue, and laser 3
in green), in the left figure it is possible to appreciate the phase-locking between the lasers, and at the
right the temporal series with phase-shifting to synchronize the pulses.

From the result obtained using the cross-correlation function, we can calculate the
phase difference to prove the phase shift with the following relations

¢ij = arctan(yl] ) (11)
Xjj
0ij = ¢i — ¢j- (12)

Our analysis reveals complex interaction patterns in which the correlation varies
significantly with time and optical transmittance. Figure 10 shows the phase difference
between laser 1 and laser 2, which is given in radians. The corresponding difference
between laser 2 and laser 3 as well as laser 3 and laser 1 is the same.
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o
3

=
5

gy w \ i

-k =

2w

ol W !' | \H il

0 0.05 0.15 0.2
k
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Figure 10. Phase difference between the obtained laser energy for k > 0.1481 without phase correction
(blue), and with phase correction (pink). 0 < k < 0.2.

Figure 11 shows the phase synchronization scenarios resulting from Equations (12) and (11).
Here we show how the time-averaged phase synchronization depends on the coupling
strength k. We can also observe how the phase difference changes when applying phase
correction calculations. Figure 11a shows the phase relationship between the signals x; and
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x without any phase modification. In contrast, Figure 11b shows the phase behavior after
applying a cross-correlation function to x to align it with the signal x;.
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Figure 11. Averaged phase synchronization compared to the optical transmittance k for x; and x;
(a) with and (b) without phase shift.

In the latter case, the phase difference approaches zero beyond k = 0.15. This shows
that the systems are phase-coupled at optical transmittance values exceeding this threshold.
Consequently, their signals can be summed, resulting in a significant increase in optical
power. Figure 12a shows the bifurcation diagram of the superposition of the three lasers
connected in the ring. For k > 0.15, the result of each coupled laser energy has a value of
20 (a.u.), which represents the individual energy of each laser and is twenty times higher
than the initial value at the low coupling. However, when the phase shift was applied,
there was a larger increase in optical energy to 60 (a.u.) as shown in Figure 12b.
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Figure 12. Bifurcation diagrams of the peak intensity of the superposition of x1, x; and x3 (a) without
phase shift and (b) with phase shift, for k = 0.18.

The corresponding time series of the total energy that can be obtained by adding
the individual laser energy for k > 0.15, taking into account the case without phase shift
and the case with phase shift, can be seen in Figure 13. The differences between them
are the oscillation frequency and the pulse intensity. In both cases, the increase in optical
energy compared to the initial energy is evident and is achieved by increasing the coupling
between the oscillators.
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Figure 13. (a) Time series of x1, xp, x3 and the sum of these three intensities (x; + x» + x3) without
phase shift for k = 0.18 and (b) time series of x1, xp, x3 and the sum of these three intensities
(x1 4 x2 + x3) with phase shift for k = 0.18.

5. Conclusions

In this study, we performed a numerical analysis of three unidirectionally coupled
ring EDFLs, focusing on how the energy in the system increases at high coupling after a
system ‘s evolution with rich, dynamic behavior. Using a mathematical model with three
variables representing the laser intensities and three variables for population inversions
across all lasers, we studied the transition of the system from stable equilibrium to a stable
high-energy state within the ring. The analysis was performed using time series, bifurcation
diagrams, power spectra, Poincaré sections, and Lyapunov exponents. The results show
that the system enters chaos through a Hopf bifurcation followed by a torus bifurcation.
Depending on the strength of the coupling, the RPO through the ring can exhibit periodic,
quasi-periodic or chaotic behavior.

The research discovered that periodic and chaotic orbits can coexist within a spe-
cific range of coupling strengths as the laser coupling intensifies. This bi-stable behavior
decreases with a further increase in coupling strength, leading to a mono-stable system
characterized by a single limit cycle within a stable energy range. The stabilization is due to
the interplay between chaotic and periodic orbits with the rotating wave, which functions
as a secondary sinusoidal disturbance that ultimately removes the chaotic attractor.

A particularly significant result was observed under strong coupling conditions, where
phase-locking leads to a substantial rise in the peak power of the laser pulses. At coupling
strengths greater than (k > k6), all EDFLs operate in pulsed mode and generate short
pulses with high amplitude. This model has great potential for applications that require
huge laser pulses. In this study, we achieved nearly twenty-fold increase in peak pulse
power compared to the continuous mode for each laser, in contrast, when the lasers remain
uncoupled. With a zero phase difference by summing intensities, the lasers can increase the
output power by almost 60 times when coupled. This significant improvement is crucial
for optical communication, as optical signals transmitted over long distances through
optical fibers are significantly attenuated. With optical amplifiers that take advantage of
the nonlinear properties of EDFLs, high performance can be achieved in optical signal
transmission. In these instances, the coexistence of pulsed regimes with varying pulse
amplitudes and managed bi-stability can be advantageous for producing high-power
laser pulses.

However, this study has some limitations. We focused on the simplest configuration—
a ring with only three lasers—which limits the generalizability of our results to more
extensive laser networks. Nevertheless, some dynamic behaviors that we observed in our
system may also be relevant for more extensive networks, pointing to a promising direction
for future research.
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