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Abstract

:

In this study, we examine adapting and using the Sumudu decomposition method (SDM) as a way to find approximate solutions to two-dimensional fractional partial differential equations and propose a numerical algorithm for solving fractional Riccati equation. This method is a combination of the Sumudu transform method and decomposition method. The fractional derivative is described in the Caputo sense. The results obtained show that the approach is easy to implement and accurate when applied to various fractional differential equations.






Keywords:


fractional differential equations; fractional generalized biologic population; Sumudu transform; Adomian decomposition method; Caputo fractional derivative












1. Introduction


Fractional calculus has been utilized as an excellent instrument to discover the hidden aspects of various material and physical processes that deal with derivatives and integrals of arbitrary orders [1,2,3,4]. The theory of fractional differential equations translates the reality of nature excellently in a useful and systematic manner [5]. Fractional differential equations are viewed as option models to nonlinear differential equations. Varieties of them play important roles and tools, not only in mathematics, but also in physics, dynamical systems, control systems and engineering, to create the mathematical modeling of many physical phenomena. Furthermore, they are employed in social science such as food supplement, climate and economics [6]. The mathematical physics governing by nonlinear partial deferential dynamical equations have applications in physical science. The analytical solutions for these dynamical equations play an important role in many phenomena in optics; fluid mechanics; plasma physics and hydrodynamics [7,8,9,10]. In recent years, many authors have investigated partial differential equations of fractional order by various techniques such as homotopy analysis technique [11,12], variational iteration method [13,14,15], homotopy perturbation method [16], homotopy perturbation transform method [17], Laplace variational iteration method [18,19,20], reduce differential transform method [21], Laplace decomposition method [22] and other methods [23,24,25,26,27].



There are numerous integral transforms such as the Laplace, Sumudu, Fourier, Mellin and Elzaki to solve PDEs. Of these, the Laplace transformation and Sumudu transformation are the most widely used. The Sumudu transformation method is one of the most important transform methods introduced in the early 1990 [28]. It is a powerful tool for solving many kinds of PDEs in various fields of science and engineering. In addition, various methods are combined with the Sumudu transformation method such as the homotopy perturbation transform method [29] which is a combination of the homotopy perturbation method and the Sumudu transformation method. Another example is the homotopy analysis Sumudu transform method [30], which is a combination of the Sumudu transform method and the homotopy analysis method.



Fractional operators are non-local operators; thus, they are used successfully for describing the phenomena with memory effect. We stress on the fact than by replacing the classical derivative with respect with time by a given fractional operator we change the nature of the partial differential equation from local to a nonlocal one. In this way we can describe better processes with faster of lower velocities, depending on the value of alpha, which in the classical class we cannot do. The domain of the utilized fractional operator and the type, namely local or nonlocal, are other key factors in modeling with high accuracy some real-world phenomena which cannot be described properly by using the classical calculus models. Successful examples of changing the differential operator into the fractional ones can be fined in modeling accurately the fluid mechanics models as well as the mathematical biology models, including the top-level epidemiological models. This article considers the efficiency of fractional Sumudu decomposition method (FSDM) to solve two-dimensional differential equations. The FSDM is a graceful coupling of two powerful techniques, namely ADM and Sumudu transform algorithms and gives more refined convergent series solution.




2. Preliminaries


Some fractional calculus definitions and notation needed [2,16,29] in the course of this work are discussed in this section.



Definition 1.

A real function   φ  ( μ )  ,   μ > 0 ,   is said to be in the space    C ϑ  ,   ϑ ∈ R   if there exists a real number   q ,   ( q > ϑ ) ,     such that   φ  ( μ )  =  μ q   φ 1   ( μ )  ,   where    φ 1  ( μ ) ∈ C  [  0 , ∞  )  ,   and it is said to be in the space    C ϑ m    if    φ   ( m )    ∈  C ϑ  ,   m ∈ N .   





Definition 2.

The Riemann Liouville fractional integral operator of order   ε ≥ 0   , of a function   φ  ( μ )  ∈  C ϑ  ,   ϑ ≥ − 1   is defined as


      I ε  φ  ( μ )  =  {       1  Γ  ( ε )      ∫  0 μ     (  μ − τ  )    ε − 1   φ  ( τ )  d τ ,       ε > 0 ,   μ > 0 ,        I 0  φ  ( μ )  = φ  ( μ )  ,       ε = 0 ,         



(2.1)




 where   Γ  ( · )    is the well-known Gamma function.



Properties of the operator Iα, which we will use here, are as follows:



For   φ ∈  C ϑ  ,   ϑ ≥ − 1 ,   ε ,   ϵ ≥ 0 ,   




	1. 

	
    I ε   I ϵ  φ  ( μ )  =  I  ε + ϵ   φ  ( μ )  .   




	2. 

	
    I ε   I ϵ  φ  ( μ )  =  I ϵ   I ε  φ  ( μ )    




	3. 

	
    I ε   μ m  =   Γ  (  m + 1  )    Γ  (  ε + m + 1  )     μ  ε + m   .   











Definition 3.

The fractional derivative of   φ  ( μ )    in the Caputo sense is defined as


      D ε  φ  ( μ )  =  I  m − ε    D m  φ  ( μ )  =  1  Γ  (  m − ε  )      ∫  0 μ     (  μ − τ  )    m − ε − 1    φ   ( m )     ( τ )  d τ ,   



(2.2)




for   m − 1  <  ε ≤ m ,   m ∈ N ,   μ  >  0 ,   φ ∈  C  − 1  m  .   



The following are the basic properties of the operator   D ε   :




	1. 

	
   D ε   D ϵ  φ  ( μ )  =  D  ε + ϵ   φ  ( μ )  .  




	2. 

	
   D ε   μ m  =   Γ  (  1 + m  )    Γ  (  1 + m − ε  )     μ  m − ε   .  




	3. 

	
   D ε   I ε  φ  ( μ )  = φ  ( μ )  .  




	4. 

	
   I ε   D ε  φ  ( μ )  = φ  ( μ )  −   ∑   k = 0   m − 1    φ   ( k )     ( 0 )     μ k    k !   .  











Definition 4.

The Mittag–Leffler function    E  δ     with   ε > 0   is defined as


      E  ε      ( z )  =   ∑   m = 0  ∞     z ε    Γ  (  m ε + 1  )      



(2.3)









Definition 5.

The Sumudu transform is defined over the set of function


   A =  {  φ  ( τ )  /   ∃ M ,    ω 1  ,  ω 2  > 0 ,    |  φ  ( τ )   |  < M  e   | τ |  /  ω j    ,   i f   τ ∈    (  − 1  )   j  ×  [  0 , ∞  )   }    








by the following formula [30,31]:


   S  [  φ  ( τ )   ]  =   ∫  0 ∞   e  − τ   φ  (  ω τ  )  d τ ,   ω ∈  (  −  ω 1  ,  ω 2   )  .   



(2.4)









Definition 6.

The Sumudu transform of the Caputo fractional derivative is defined as [30,31]:


  S  [   D τ  m ε   φ  (  μ , γ , τ  )   ]  =  ω  − m ε   S  [  φ ( μ , γ , τ  ]  −   ∑   k = 0   m − 1    ω   (  − m ε + k  )     φ   ( k )     (  μ , γ , 0  )  ,   m − 1 < m ε < m .  



(2.5)










3. Fractional Sumudu Decomposition Method (FSDM)


Let us consider a general fractional nonlinear partial differential equation of the form:


     D τ ε  φ  (  μ , γ , τ  )  + L  [  φ  (  μ , γ , τ  )   ]  + N  [  φ  (  μ , γ , τ  )   ]  = g  (  μ , γ , τ  )  ,  



(3.1)




with   n − 1 < ε ≤ n   and subject to the initial condition


     ∂ s    ∂  τ s    φ  (  μ , γ , 0  )  =  φ   ( s )     (  μ , γ , 0  )  =  φ s   (  μ , γ  )  ,   s = 0 , 1 , … ,   n − 1 ,  



(3.2)




where   φ  (  μ , γ , τ  )    is an unknown function,    D τ ε  φ  (  μ , γ , τ  )    is the Caputo fractional derivative of the function   φ  (  μ , γ , τ  )  ,    L  is the linear differential operator, N represents the general nonlinear differential operator and   g  (  μ , γ , τ  )    is the source term.



Taking the ST on both sides of (3.1), we have


  S  [   D τ ε  φ  (  μ , γ , τ  )   ]  + S  [  L  [  φ  (  μ , γ , τ  )   ]   ]  + S  [  N  [  φ  (  μ , γ , τ  )   ]   ]  = S  [  g  (  μ , γ , τ  )   ]  .  



(3.3)







Using the property of the ST, we obtain


  S  [  φ  (  μ , γ , τ  )   ]  =   ∑   k = 0   n − 1    ω ε   φ k   (  μ , γ  )  +  ω ε  S  [  g  (  μ , γ , τ  )   ]  −  ω ε  S  [  L  [  φ  (  μ , γ , τ  )   ]  + N  [  φ  (  μ , γ , τ  )   ]   ]  .  



(3.4)







Operating with the ST on both sides of (3.4) gives


     φ  (  μ , γ , τ  )  =    S  − 1    (     ∑   k = 0   n − 1     ω ε   φ k   (  μ , γ  )   )  +  S  − 1    (   ω ε  S  [  g  (  μ , γ , τ  )   ]   )       −  S  − 1    (     ω ε  S  [  L  [  φ  (  μ , γ , τ  )   ]  + N  [  φ  (  μ , γ , τ  )   ]   ]   )  .     



(3.5)







Now, we represent solution as an infinite series given below


  φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞   φ m   (  μ , γ , τ  )  ,  



(3.6)




and the nonlinear term can be decomposed as


  N  [  φ  (  μ , γ , τ  )   ]  =   ∑   m = 0  ∞   A m   (   φ 0  ,  φ 1  , … ,  φ m   )  ,  



(3.7)




where


   A m   (   φ 0  ,  φ 1  , … ,  φ m   )  =  1  m !      ∂ m    ∂  λ m       [  N  (    ∑   i = 0  ∞   λ i   φ i     )   ]    λ = 0   .  











Substituting (3.6) and (3.7) in (3.5), we get


        ∑   m = 0  ∞    φ m   (  μ , γ , τ  )  =    S  − 1    (     ∑   k = 0   n − 1     ω ε   φ k   (  μ , γ  )   )  +  S  − 1    (   ω ε  S  [  g  (  μ , γ , τ  )   ]   )       −  S  − 1    (     ω ε  S  [  L  [     ∑   m = 0  ∞    φ m   (  μ , γ , τ  )     ]  +    ∑   m = 0  ∞    A m   ]   )      



(3.8)







On comparing both sides of the Equation (3.8), we get


      φ 0   (  μ , γ , τ  )  =  S  − 1    (    ∑   k = 0   n − 1    ω ε   φ k   (  μ , γ  )   )  +  S  − 1    (   ω ε  S  [  g  (  μ , γ , τ  )   ]   )  ,     φ 1   (  μ , γ , τ  )  = −  S  − 1    (     ω ε  S  [  L  [   φ 0   (  μ , γ , τ  )   ]  +  A 0   ]   )  ,     φ 2   (  μ , γ , τ  )  = −  S  − 1    (     ω ε  S  [  L  [   φ 1   (  μ , γ , τ  )   ]  +  A 1   ]   )  ,   ⋮    φ m   (  μ , γ , τ  )  = −  S  − 1    (     ω ε  S  [  L  [   φ  m − 1    (  μ , γ , τ  )   ]  +  A  m − 1    ]   )  ,   m ≥ 1 .   



(3.9)







Finally, we approximate the analytical solution   φ  (  μ , γ , τ  )    by truncated series:


  φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞   φ n   (  μ , γ , τ  )  .  



(3.10)








4. Applications


In this section, we will implement the fractional Sumudu decomposition method for solving two dimensional fractional partial differential equations.



Example 1.

First, we consider the two-dimensional fractional partial differential equations of the form:


      D τ ε  φ  (  μ , γ , τ  )  = 2  (     ∂ 2  φ  (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2  φ  (  μ , γ , τ  )    ∂  γ 2     )  ,   



(4.1)




with   1 < ε ≤ 2 ,   subject to initial condition


   φ  (  μ , γ , 0  )  = sin  ( μ )  sin  ( γ )  .   



(4.2)







From (3.9) and (4.1), the successive approximations are


     φ 0   (  μ , γ , τ  )  = φ  (  μ , γ , 0  )  ,       φ m   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [  2  (     ∂ 2   φ  m − 1    (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ  m − 1    (  μ , γ , τ  )    ∂  γ 2     )   ]   )  .    



(4.3)







Then, we have


       φ 0   (  μ , γ , τ  )  = sin  ( μ )  sin  ( γ )  ,     φ 1   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [  2  (     ∂ 2   φ 0   (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ 0   (  μ , γ , τ  )    ∂  γ 2     )   ]   )     =  S  − 1    (     ω δ  S  [  − 4 sin  ( μ )  sin  ( γ )   ]   )     = − 4 sin  ( μ )  sin  ( γ )   S  − 1    (     ω ε   )     =   − 4  τ ε    Γ  (  ε + 1  )    sin  ( μ )  sin  ( γ )  .       φ 2   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [  2  (     ∂ 2   φ 1   (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ 1   (  μ , γ , τ  )    ∂  γ 2     )   ]   )     =  S  − 1    (     ω δ  S  [    16  τ ε    Γ  (  ε + 1  )    sin  ( μ )  sin  ( γ )   ]   )     = 16 sin  ( μ )  sin  ( γ )   S  − 1    (     ω  2 ε    )     =   16  τ  2 ε     Γ  (  2 ε + 1  )    sin  ( μ )  sin  ( γ )  .       φ 3   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [  2  (     ∂ 2   φ 2   (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ 2   (  μ , γ , τ  )    ∂  γ 2     )   ]   )     =  S  − 1    (     ω δ  S  [  −   64  τ  2 ε     Γ  (  2 ε + 1  )    sin  ( μ )  sin  ( γ )   ]   )     = − 64 sin  ( μ )  sin  ( γ )   S  − 1    (     ω  3 ε    )     =   − 64  τ  3 ε     Γ  (  3 ε + 1  )    sin  ( μ )  sin  ( γ )  .   ⋮      φ m   (  μ , γ , τ  )  =      (  − 4  )   m   τ  m ε     Γ  (  m ε + 1  )    sin  ( μ )  sin  ( γ )  .    











Hence, the solution of (4.1) is given by:


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞   φ n   (  μ , γ , τ  )  .    =   ∑   m = 0  ∞       (  − 4  )   m   τ  m ε     Γ  (  m ε + 1  )    sin  ( μ )  sin  ( γ )    = sin  ( μ )  sin  ( γ )   (  1 −   4  τ ε    Γ  (  ε + 1  )    +    4 2   τ  2 ε     Γ  (  2 ε + 1  )    −    4 3   τ  3 ε     Γ  (  3 ε + 1  )    + ⋯  )     = sin  ( μ )  sin  ( γ )   E ε   (  − 4  τ ε   )  .    



(4.4)







If we put   ε → 2   in Equation (4.4), we get the exact solution:


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞       (  − 1  )   m     (  2 τ  )    2 m     Γ  (  2 m + 1  )    sin  ( μ )  sin  ( γ )     = sin  ( μ )  sin  ( γ )  cos  (  2 τ  )  .    













Example 2.

we consider the fractional generalized biologic population model of the form:


      D τ ε  φ  (  μ , γ , τ  )  =  (     ∂ 2   φ 2   (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ 2   (  μ , γ , τ  )    ∂  γ 2     )  + φ  (  μ , γ , τ  )  − r  φ 2   (  μ , γ , τ  )  ,   



(4.5)




 with   0 < ε ≤ 1 ,   subject to initial condition


   φ  (  μ , γ , 0  )  =  e   1 2     r 2     (  μ + γ  )    .   



(4.6)







From (3.9) and (4.6), the successive approximations are


     φ 0   (  μ , γ , τ  )  = φ  (  μ , γ , 0  )  ,     φ m   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A  m − 1     ∂  μ 2    +    ∂ 2   A  m − 1     ∂  γ 2     )  +  φ  m − 1    (  μ , γ , τ  )  − r  A  m − 1    ]   )  ,    



(4.7)




where


     A 0  =  φ 0 2      A 1  = 2  φ 0   φ 1      A 2  = 2  φ 0   φ 2  +  φ 1 2      A 3  = 2  φ 0   φ 3  + 2  φ 1   φ 2    ⋮   











Then, we have


     φ 0   (  μ , γ , τ  )  =  e   1 2     r 2     (  μ + γ  )    ,     φ 1   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 0    ∂  μ 2    +    ∂ 2   A 0    ∂  γ 2     )  +  φ 0   (  μ , γ , τ  )  − r  A 0   ]   )     =  S  − 1    (     ω δ  S  [   e   1 2     r 2     (  μ + γ  )     ]   )     =  e   1 2     r 2     (  μ + γ  )     S  − 1    (     ω ε   )     =    τ ε    Γ  (  ε + 1  )     e   1 2     r 2     (  μ + γ  )    .     φ 2   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 1    ∂  μ 2    +    ∂ 2   A 1    ∂  γ 2     )  +  φ 1   (  μ , γ , τ  )  − r  A 1   ]   )     =  S  − 1    (     ω δ  S  [     τ ε    Γ  (  ε + 1  )     e   1 2     r 2     (  μ + γ  )     ]   )     =  e   1 2     r 2     (  μ + γ  )     S  − 1    (     ω  2 ε    )     =    τ  2 ε     Γ  (  2 ε + 1  )     e   1 2     r 2     (  μ + γ  )    .     φ 3   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 2    ∂  μ 2    +    ∂ 2   A 2    ∂  γ 2     )  +  φ 2   (  μ , γ , τ  )  − r  A 2   ]   )     =  S  − 1    (     ω δ  S  [     τ  2 ε     Γ  (  2 ε + 1  )     e   1 2     r 2     (  μ + γ  )     ]   )     =  e   1 2     r 2     (  μ + γ  )     S  − 1    (     ω  3 ε    )     =    τ  3 ε     Γ  (  3 ε + 1  )     e   1 2     r 2     (  μ + γ  )    .   ⋮    φ m   (  μ , γ , τ  )  =    τ  m ε     Γ  (  m ε + 1  )     e   1 2     r 2     (  μ + γ  )    .    











Hence, the fractional series form of (4.5) is given by


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞     τ  m ε     Γ  (  m ε + 1  )     e   1 2     r 2     (  μ + γ  )         =  e   1 2     r 2     (  μ + γ  )     (  1 +    τ ε    Γ  (  ε + 1  )    +    τ  2 ε     Γ  (  2 ε + 1  )    +    τ  3 ε     Γ  (  3 ε + 1  )    + ⋯  )     =  e   1 2     r 2     (  μ + γ  )     E ε   (   τ ε   )  .    



(4.8)







If we put   ε → 1   in Equation (4.8), we get the exact solution


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞     τ m    Γ  (  m + 1  )     e   1 2     r 2     (  μ + γ  )         =  e   1 2     r 2     (  μ + γ  )  + t   .    













Example 3.

Consider the nonlinear time-fractional differential equation of the form:


      D τ ε  φ  (  μ , γ , τ  )  =  (     ∂ 2   φ 2   (  μ , γ , τ  )    ∂  μ 2    +    ∂ 2   φ 2   (  μ , γ , τ  )    ∂  γ 2     )  + φ  (  μ , γ , τ  )  ,   



(4.9)




with   0 < ε ≤ 1 ,   subject to initial condition


   φ  (  μ , γ , 0  )  =   sin  ( μ )   sin h   ( γ )    .   



(4.10)







From (3.9) and (4.10), the successive approximations are:


     φ 0   (  μ , γ , τ  )  = φ  (  μ , γ , 0  )  ,       φ m   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A  m − 1     ∂  μ 2    +    ∂ 2   A  m − 1     ∂  γ 2     )  +  φ  m − 1    (  μ , γ , τ  )   ]   )  ,    



(4.11)







Then, we have


     φ 0   (  μ , γ , τ  )  =   sin  ( μ )   sin h   ( γ )    ,     φ 1   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 0    ∂  μ 2    +    ∂ 2   A 0    ∂  γ 2     )  +  φ 0   (  μ , γ , τ  )   ]   )     =  S  − 1    (     ω δ  S  [    sin  ( μ )   sin h   ( γ )     ]   )     =   sin  ( μ )   sin h   ( γ )     S  − 1    (     ω ε   )     =    τ ε    Γ  (  ε + 1  )      sin  ( μ )   sin h   ( γ )    .     φ 2   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 1    ∂  μ 2    +    ∂ 2   A 1    ∂  γ 2     )  +  φ 1   (  μ , γ , τ  )   ]   )     =  S  − 1    (     ω δ  S  [     τ ε    Γ  (  ε + 1  )      sin  ( μ )   sin h   ( γ )     ]   )     =   sin  ( μ )   sin h   ( γ )     S  − 1    (     ω  2 ε    )     =    τ  2 ε     Γ  (  2 ε + 1  )      sin  ( μ )   sin h   ( γ )    .     φ 3   (  μ , γ , τ  )  =  S  − 1    (     ω δ  S  [   (     ∂ 2   A 2    ∂  μ 2    +    ∂ 2   A 2    ∂  γ 2     )  +  φ 2   (  μ , γ , τ  )   ]   )     =  S  − 1    (     ω δ  S  [     τ  2 ε     Γ  (  2 ε + 1  )      sin  ( μ )   sin h   ( γ )     ]   )     =   sin  ( μ )   sin h   ( γ )     S  − 1    (     ω  3 ε    )     =    τ  3 ε     Γ  (  3 ε + 1  )      sin  ( μ )   sin h   ( γ )    .   ⋮    φ m   (  μ , γ , τ  )  =    τ  m ε     Γ  (  m ε + 1  )      sin  ( μ )   sin h   ( γ )    .    











Hence, the fractional series form of (4.5) is given by


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞     τ  m ε     Γ  (  m ε + 1  )      sin  ( μ )   sin h   ( γ )         =   sin  ( μ )   sin h   ( γ )     (  1 +    τ ε    Γ  (  ε + 1  )    +    τ  2 ε     Γ  (  2 ε + 1  )    +    τ  3 ε     Γ  (  3 ε + 1  )    + ⋯  )     =   sin  ( μ )   sin h   ( γ )     E ε   (   τ ε   )  .    



(4.12)







If we put   ε → 1   in Equation (4.12), we get the exact solution


    φ  (  μ , γ , τ  )  =   ∑   m = 0  ∞     τ m    Γ  (  m + 1  )      sin  ( μ )   sin h   ( γ )         =   sin  ( μ )   sin h   ( γ )       e t  .    














5. Conclusions


The coupling of the Adomian decomposition method (ADM) and the Sumudu transform method in the sense of Caputo fractional derivatives proved very effective for solving two-dimensional fractional partial differential equations. The proposed algorithm provides a solution in a series form that converges rapidly to an exact solution if it exists. From the obtained results, it is clear that the FSDM yields very accurate solutions using only a few iterates. As a result, the conclusion that comes through this work is that FSDM can be applied to other fractional partial differential equations of higher order, due to the efficiency and flexibility in the application as can be seen in the proposed examples.







Author Contributions


H.K.J. wrote some sections of the paper; D.B. prepared some other sections of the paper and analyzed. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Acknowledgments


The authors are very grateful to the referees and the Editor for useful comments and suggestions towards the improvement of this paper.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Baleanu, D.; Jassim, H.K. A Modification Fractional Homotopy Perturbation Method for Solving Helmholtz and Coupled Helmholtz Equations on Cantor Sets. Fractal Fract. 2019, 3, 30. [Google Scholar] [CrossRef]

	



Al-Mazmumy, M. The Modified Adomian Decomposition Method for Solving Nonlinear Coupled Burger’s Equations. Nonlinear Anal. Differ. Equ. 2015, 3, 111–122. [Google Scholar] [CrossRef]

	



Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999. [Google Scholar]

	



Baleanu, D.; Jassim, H.K.; Qurashi, M.A. Solving Helmholtz Equation with Local Fractional Operators. Fractal Fract. 2019, 3, 43. [Google Scholar] [CrossRef]

	



Baleanu, D.; Jassim, H.K.; Khan, H. A Modification Fractional Variational Iteration Method for solving Nonlinear Gas Dynamic and Coupled KdV Equations Involving Local Fractional Operators. Therm. Sci. 2018, 22, S165–S175. [Google Scholar] [CrossRef]

	



Ibrahim, R.W.; Darus, M. On a New Solution of Fractional Differential Equation Using Complex Transform in the Unit Disk. Math. Comput. Appl. 2014, 19, 152–160. [Google Scholar] [CrossRef]

	



Seadawy, A.R.; Manafian, J. New soliton solution to the longitudinal wave equation in a magneto-electro-elastic circular rod. Results Phys. 2018, 8, 1158–1167. [Google Scholar] [CrossRef]

	



Selima, E.; Seadawy, A.R.; Yao, X. The nonlinear dispersive Davey-Stewartson system for surface waves propagation in shallow water and its stability. Eur. Phys. J. Plus 2016, 131, 1–14. [Google Scholar] [CrossRef]

	



Seadawy, A.R.; El-Rashidy, K. Dispersive solitary wave solutions of Kadomtsev Petviashvili andmodified Kadomtsev-Petviashvili dynamical equations in unmagnetizeddust plasma. Results Phys. 2018, 8, 1216–1222. [Google Scholar] [CrossRef]

	



Seadawy, A.R.; Alamri, S.Z. Mathematical methods via the nonlinear two-dimensional water waves of Olver dynamical equation and its exact solitary wave solutions. Results Phys. 2018, 8, 286–291. [Google Scholar] [CrossRef]

	



Dehghan, M.; Shakeri, F. A semi-numerical technique for solving the multi-point boundary value problems and engineering applications. Int. J. Numer. Methods Heat Fluid Flow 2011, 21, 794–809. [Google Scholar] [CrossRef]

	



Singh, J.; Kumar, D.; Swroop, R. Numerical solution of time- and space-fractional coupled Burger’s equations via homotopy algorithm. Alex. Eng. J. 2016, 55, 1753–1763. [Google Scholar] [CrossRef]

	



Jassim, H.K.; Shahab, W.A. Fractional variational iteration method to solve one dimensional second order hyperbolic telegraph equations. J. Phys. Conf. Ser. 2018, 1032, 012015. [Google Scholar] [CrossRef]

	



Xu, S.; Ling, X.; Zhao, Y.; Jassim, H.K. A Novel Schedule for Solving the Two-Dimensional Diffusion in Fractal Heat Transfer. Therm. Sci. 2015, 19, S99–S103. [Google Scholar] [CrossRef]

	



Jafari, H.; Jassim, H.K.; Tchier, F.; Baleanu, D. On the Approximate Solutions of Local Fractional Differential Equations with Local Fractional Operator. Entropy 2016, 18, 150. [Google Scholar] [CrossRef]

	



Yildirim, A.; Kelleci, A. Homotopy perturbation method for numerical solutions of coupled Burgers equations with time-space fractional derivatives. Int. J. Numer. Methods Heat Fluid Flow 2010, 20, 897–909. [Google Scholar] [CrossRef]

	



Jassim, H.K. Homotopy Perturbation Algorithm Using Laplace Transform for Newell-Whitehead-Segel Equation. Int. J. Adv. Appl. Math. Mech. 2015, 2, 8–12. [Google Scholar]

	



Jassim, H.K. New Approaches for Solving Fokker Planck Equation on Cantor Sets within Local Fractional Operators. J. Math. 2015, 2015, 1–8. [Google Scholar] [CrossRef]

	



Jafari, H.; Jassim, H.K.; Al-Qurashi, M.; Baleanu, D. On the Existence and Uniqueness of Solutions for Local differential equations. Entropy 2016, 18, 420. [Google Scholar] [CrossRef]

	



Jassim, H.K. The Approximate Solutions of Three-Dimensional Diffusion and Wave Equations within Local Fractional Derivative Operator. Abstr. Appl. Anal. 2016, 2016, 1–5. [Google Scholar] [CrossRef]

	



Jassim, H.K.; Baleanu, D. A novel approach for Korteweg-de Vries equation of fractional order. J. Appl. Comput. Mech. 2019, 5, 192–198. [Google Scholar]

	



Baleanu, D.; Jassim, H.K. Approximate Solutions of the Damped Wave Equation and Dissipative Wave Equation in Fractal Strings. Fractal Fract. 2019, 3, 26. [Google Scholar] [CrossRef]

	



Abd-Elhameed, W.M.; Youssri, Y.H. A Novel Operational Matrix of Caputo Fractional Derivatives of Fibonacci Polynomials: Spectral Solutions of Fractional Differential Equations. Entropy 2016, 18, 345. [Google Scholar] [CrossRef]

	



Doha, E.H.; Abd-Elhameed, W.M.; Elkot, N.A.; Youssri, Y.H. Integral spectral Tchebyshev approach for solving space Riemann-Liouville and Riesz fractional advection-dispersion problems. Adv. Differ. Equ. 2017, 284. [Google Scholar] [CrossRef]

	



Youssri, Y.H.; Abd-Elhameed, W.M. Numerical spectral Legendre-Galerkin algorithm For Solving Time Fractional Telegraph Equation. Rom. J. Phys. 2018, 63, 1–16. [Google Scholar]

	



Hafez, R.M.; Youssri, Y.H. Jacobi collocation scheme for variable-order fractional reaction-sub diffusion equation. Comput. Appl. Math. 2018, 37, 5315–5333. [Google Scholar] [CrossRef]

	



Youssri, Y.H.; Hafez, R.M. Exponential Jacobi spectral method for hyperbolic partial differential equations. Math. Sci. 2019, 13, 347–354. [Google Scholar] [CrossRef]

	



Karbalaie, A.; Montazeri, M.M.; Muhammed, H.H. Exact Solution of Time-Fractional Partial Differential Equations Using Sumudu Transform. WSEAS Trans. Math. 2014, 13, 142–151. [Google Scholar]

	



Kumar, D.; Singh, J.; Baskonus, H.M.; Bulut, H. An effective computational approach to local fractional telegraph equations. Nonlinear Sci. Lett. A 2017, 8, 200–206. [Google Scholar]

	



Rathore, S.; Kumar, D.; Singh, J.; Gupta, S. Homotopy Analysis Sumudu Transform Method for Nonlinear Equations. Int. J. Ind. Math. 2018, 4, 1–8. [Google Scholar]

	



Jassim, H.K.; Mohammed, M.G.; Khafif, S.A. The Approximate solutions of time-fractional Burger’s and coupled time-fractional Burger’s equations. Int. J. Adv. Appl. Math. Mech. 2019, 6, 64–70. [Google Scholar]







© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  fractalfract-04-00021


  
    		
      fractalfract-04-00021
    


  




  





media/file0.png





