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Abstract

:

This paper applies a numerical method of polynomial function approximation to the numerical analysis of variable fractional order viscoelastic rotating beam. First, the governing equation of the viscoelastic rotating beam is established based on the variable fractional model of the viscoelastic material. Second, shifted Bernstein polynomials and Legendre polynomials are used as basis functions to approximate the governing equation and the original equation is converted to matrix product form. Based on the configuration method, the matrix equation is further transformed into algebraic equations and numerical solutions of the governing equation are obtained directly in the time domain. Finally, the efficiency of the proposed algorithm is proved by analyzing the numerical solutions of the displacement of rotating beam under different loads.
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1. Introduction


Viscoelastic material is a material specially used as damping layer. Its main characteristics are related to temperature and frequency. Viscoelastic materials are also widely used in aerospace, construction, mechanical engineering and other fields. Polyurea is a kind of viscoelastic materials produced by the reaction of isocyanate and amino compound. Polyurea exhibits good aging resistance and thermal stability [1,2]. It can be used in various household chemicals. Polyethylene terephthalate polymer (PET) is composed by polyethylene terephthalate and polybutylene terephthalate. PET exhibits a smooth and shiny surface, good creep and fatigue resistance, and good friction resistance [3]. It is widely used in the electrical, electronic and automotive industries. The mechanical behaviors of these two viscoelastic materials are analyzed in this paper.



In recent years, the viscoelastic model has been widely used in the dynamic analysis of viscoelastic structures. Alotta et al. [4] proposed a non-local viscoelastic beam model and introduced a comprehensive numerical method to calculate the stochastic response of the non-local fractional beam model under Gaussian white noise. Numerical examples demonstrated the versatility of the non-local fractional model as well as computational advantages of the proposed solution procedure. These models are usually simulated by integer order or fractional order derivatives, such as Kelvin-Voigt model, Maxwell model, three-parameter solid model and Zener model and so on. Fractional model is now a well-established tool in engineering science, with very promising applications in materials modeling [5]. However, in most cases, the integer order or fractional order model cannot well describe the dynamic viscoelastic behavior [6]. In the dynamic analysis, the slight change of the parameters will cause the great change of the system. Under large strain conditions, variable fractional differential operators can better simulate viscoelastic constitutive relations than fractional differential operators [7]. How to characterize the memory property of systems is a challenging issue in the modeling and analysis of complex systems [8,9]. Sun et al. [10] made a comparative investigation of integer-order derivative, constant-order fractional derivative and two types of variable-order fractional derivatives in characterizing the memory property of systems. The advantages and potential applications of two-variable-order derivative definitions were highlighted through a comparative analysis of anomalous relaxation process. To accurately establish the viscoelastic constitutive relationship, a variable fractional order model is proposed. Meng et al. [11] studied the compression deformation of amorphous glassy polymers using variable fractional order model. The results demonstrated that the model has the advantages of high accuracy and few parameters. Wang and Chen [12] used a variable fraction model to analyze fluid dynamics in viscoelastic pipes. Therefore, the research in this article is based on the variable fractional order viscoelastic model.



With the development of viscoelastic models, many scholars apply viscoelastic models to dynamic analysis of beams. Lewandowski et al. [13] used a fractional Zener model to describe the non-linear vibration of a visco-elastic composite beam composed by the elastic and visco-elastic layers. The effect of harmonic force on non-linear vibration was investigated. Baum et al. [14] applied a four-parameter rheological model with fractional derivatives to describe the mechanical properties of the multi-layer composite beam. This innovative method was validated to determine the dynamic properties of the composite beam. Fernando et al. [15] used a five-parameter fractional derivative model to study the transient dynamics of a cantilever beam with different damping values under various loading conditions. However, the application of the viscoelastic variable fractional derivative model to the dynamic analysis of beams is still relatively rare. Therefore, in this paper, a numerical analysis is carried out on the variable fractional viscoelastic beam. A reliable method to accurately solve the problem of variable fractional equation is particularly critical. Chen et al. [16] used polynomials approximation methods to solve fractional and variable fractional differential equations. Numerical examples verified the accuracy and convergence of the method. Samaneh et al. [17] proposed an innovative algorithm to solve the variable-order fractional equations in the optimal control problems. The effectiveness of this method was verified according to the comparison with several common optimization methods. Hassani et al. [18] proposed an optimization method based on the Caputo type definition and a set of basic polynomial functions to solve the variable-order fractional non-linear Klein–Gordon equation. Paola et al. [19] proposed a novel numerical method to explore a fractional system whose non-linear viscoelastic behavior changes with time. This method was used to analyze the stress and strain response of the variable fractional order system. These studies confirm that the polynomial functions can be successfully used to solve the governing equations with variable fractional order.



Bernstein and Legendre polynomials are widely used as basic functions in numerical algorithms to solve fractional differential equations. Bernstein polynomials exhibit excellent stability and approximation. Rostamy et al. [20] employed Bernstein operational matrices to solve multi-order fractional differential equations. Maleknejad et al. [21] used Bernstein operational matrices to obtain the numerical solution of non-linear Volterra–Fredholm– Hammerstein integral equations. Legendre polynomials are orthogonal, and their weight function is uncomplicated compared to the other orthogonal polynomials, such as Chebyshev polynomial [22], Bernoulli polynomial [23] and so on. In this paper, an algorithm based on the Bernstein and Legendre polynomials is proposed to combine the advantages of these two polynomials. The displacement function of the beam is approximated by a series of basic functions based on the shifted Bernstein and Legendre polynomials. The derivative of the displacement function is represented by the product of the differential operator matrix. The algorithm is confirmed to be suitable and accurate for solving the governing equations with the variable fractional order models. The polynomial numerical algorithm method can be used to approximate the unknown function on the extended interval, which makes it easier to solve the fractional differential equations with different physical mechanisms governing and historical background [24,25].



The objective of this paper is to provide an efficient numerical method for the numerical analysis of variable fractional viscoelastic rotating beams. The numerical algorithm can directly obtain the numerical solution of the equation in the time domain, which greatly simplifies the calculation steps. Thus, this algorithm can provide a theoretical basis for the mechanical analysis of viscoelastic rotating beams. This paper is arranged as follows. In Section 2, the definition and properties of variable fractional differential operator are introduced. The governing equation of viscoelastic rotating beam is established based on the variable fractional model. In Section 3, the shifted Bernstein–Legendre polynomial collocation algorithm is described. In Section 4, the numerical solutions of the viscoelastic beam are analyzed under different loads. The research work is concluded in Section 5.




2. Mathematical Preliminaries


In this section, the mathematical definition and properties of variable fractional differential operator are introduced. The governing equation of the viscoelastic rotating beam is established by using a variable fractional order model.



2.1. Variable Fractional Differential Operators


Definition 1.

The Caputo definition of variable fractional differential operator    ( C   D t  r ( t )    )    of   r ( t )   order is given by [26,27,28]


     C   D t  r ( t )   f  ( t )  =  1  Γ ( 1 − r ( t ) )    ∫  0 +  t     ( t − τ )   − r ( t )    f ′    ( τ )  d τ   



(1)




where   0 < r ( t ) ≤ 1  ,   f ( t )   is continuous over interval   ( 0 , + ∞ )   and is integrable over any subinterval of   [ 0 , + ∞ )  ,   Γ ( · )   is Gamma function and it is defined by   Γ  ( z )  =  ∫ 0 ∞    e  − t    t  z − 1    d t  .



According to the definition of Caputo variable fractional derivative, the following formula is obtained by [29]


     C   D t  r ( t )    (  x m   t n  )  =        Γ ( n + 1 )   Γ ( n + 1 − r ( t ) )    t  n − r ( t )    x m  , n = 1 , 2 ⋯       0 , n = 0        



(2)







When    x m  = 1   in Equation (2), it can be obtained as follows


     C   D t  r ( t )    (  t n  )  =        Γ ( n + 1 )   Γ ( n + 1 − r ( t ) )    t  n − r ( t )   , n = 1 , 2 ⋯       0 , n = 0        



(3)










2.2. Establishment of Governing Equation with the Variable Fractional Viscoelastic Model


The force analysis of viscoelastic rotating beam is shown in Figure 1. A distributed load is applied in the vertical direction of the beam to produce displacement. x axis is the section center of the viscoelastic rotating beam, z is the axis perpendicular to the section,   f ( x , t )   is distributed load,   ω ( x , t )   is the beam displacement, l is the length of the rotating beam,  γ  is the speed.



The variable fractional order model of viscoelastic material is proposed as [7,30]


  σ  ( x , t )  = E    θ  r ( t )    C   D t  r ( t )   ε  ( x , t )   



(4)




where   σ ( x , t )   is the normal stress on the cross-section S, E is Young’s modulus of the viscoelastic material,   θ = η / E  ,  η  is the viscosity of the material,   ε ( x , t )   is the strain and     C   D t  r ( t )     is the Caputo variable fractional derivative of t.



The relationship between the strain and displacement of the rotating beam is given as


  ε  ( x , t )  = − z    ∂ 2  ω  ( x , t )    ∂  x 2     



(5)







The relationship between bending moment and stress is given as


  M  ( x , t )  =  ∫ S   z σ ( x , t ) d S   



(6)




where   M ( x , t )   is the bending moment of the beam.



Substitute Equations (4) and (5) into Equation (6), the bending moment equation of the rotating beam is obtained


  M  ( x , t )  = E  θ  r ( t )    I C   D t  r ( t )      ∂ 2  ω  ( x , t )    ∂  x 2     



(7)




where   I =  ∫ S    z 2  d S    is the moment of inertia.



The potential energy of the rotating beam is given as


  U =  1 2   ∫ 0 l   M  ( x , t )     ∂ 2  ω  ( x , t )    ∂  x 2    d x +   1 2   ∫ 0 l    T x     ∂ 2  ω  ( x , t )    ∂  x 2    d x   



(8)




where    T x  = ρ S  γ 2  x   is the centrifugal force during rotation.  ρ  is the density of the viscoelastic beam.



The kinetic energy of the rotating beam is given as


  T =  1 2   ∫ 0 l   ρ S    ∂ 2  ω  ( x , t )    ∂  t 2    d x   



(9)







From the Hamiltonian principle, the following equation can be obtained


  δ  ∫   t 1    t 2     ( T − U )  d t +  ∫   t 1    t 2    δ  W ¯  d t = 0    



(10)




where the work done by the external load    W ¯  =  1 2   ∫ 0 l   f ( x , t ) ω ( x , t ) d x   .



The governing equation of the viscoelastic rotating beam is obtained as


  ρ S    ∂ 2  ω  ( x , t )    ∂  t 2    + E  θ  r ( t )   I   C   D t  r ( t )      ∂ 4  ω  ( x , t )    ∂  x 4    − ρ S  γ 2  x    ∂ 2  ω  ( x , t )    ∂  x 2    = f  ( x , t )   



(11)







The boundary conditions of the rotating beam are given by


  ω  ( 0 , t )  =   ∂ ω ( 0 , t )   ∂ x   = 0  



(12)






     ∂ 2  ω  ( l , t )    ∂  x 2    =    ∂ 3  ω  ( l , t )    ∂  x 3    = 0  



(13)







The initial conditions are given by


  ω  ( x , 0 )  =   ∂ ω ( x , 0 )   ∂ t   = 0  



(14)









3. Shifted Bernstein–Legendre Polynomial Collocation Algorithm


In this section, a numerical algorithm is proposed to solve variable fractional equations based on Bernstein and Legendre polynomials. The schematic diagram of the algorithm is shown in Figure 2. Then, the specific process is shown in the following section. In the governing Equation (11) of the beam, the domain of the displacement   ω ( x , t )   is   [ 0 , R ] × [ 0 , H ]  . Theoretically, the values of R and H are close to positive infinity. However, in practical applications, the length and time of the beam are often accurate to a certain value. For reducing computations and improving efficiency in practical problems, the length x and the time t of the beam are selected as finite values. R and H are set to any positive number based on needs. Therefore, the base function of the displacement function is obtained by shifting the two types of polynomials on small interval.



In numerical algorithms,   ω ( x , t )   is approximated by the shifted Bernstein polynomials in space direction and the shifted Legendre polynomials in time direction. The advantage of this algorithm is to convert the solution of variable fractional differential equation into the solution of algebraic equations. Therefore, the computation becomes very simple.



3.1. Shifted Bernstein–Legendre polynomial


Definition 2.

The Bernstein polynomial of degree n is defined by [31,32]


    B  n , i    ( x )  =  ∑  k = 0   n − i      ( − 1 )  k      n     i           n − i      k      x  i + k     



(15)




where   i = 0 , 1 , 2 , 3 . . . . . n  ,   x ∈ [ 0 , 1 ]  . To expand the range of x, the shifted Bernstein polynomial of degree n in   [ 0 , R ]   is formulated as


        B ¯   n , i    ( x )      =     n     i        x i    ( R − x )   n − i     R n            =  ∑  k = 0   n − i      ( − 1 )  k      n     i           n − i      k      1  R  i + k     x  i + k        



(16)







Then, a sequence of shifted Bernstein polynomials matrix   φ ( x )   is formulated as


   φ  ( x )  =   [   B ¯   n , 0    ( x )  ,   B ¯   n , 1    ( x )  , . . . ,   B ¯   n , n    ( x )  ]  T  = A  T n   ( x )    



(17)




where


   A =    a  i , j     i , j = 0  n  ,  a  i , j   =          ( − 1 )   j − i       n     i          n − i       j − i        R j   , j ≤ i       0 , j > i        



(18)






    T n   ( x )  =   [ 1 , x , ⋯  x n  ]  T     



(19)







A is the coefficient matrix of shifted Bernstein polynomials. A is invertible, so    T n   ( x )    is obtained as


    T n   ( x )  =  A  − 1   φ  ( x )    



(20)









Definition 3.

The Legendre polynomial of degree n is defined by [33,34]


    L  n , i    ( t )  =  ∑  i = 0  n     ( − 1 )   n + i     Γ ( n + i + 1 )   Γ  ( n − i + 1 )    ( Γ ( i + 1 ) )  2      t i    



(21)




where   i = 0 , 1 , 2 , 3 . . . . . n  ,   t ∈ [ 0 , 1 ]  . To expand the range of t, the shifted Legendre polynomial of degree n in   [ 0 , H ]   is formulated as


     L ¯   n , i    ( t )  =  ∑  i = 0  n     ( − 1 )   n + i     Γ ( n + i + 1 )   Γ  ( n − i + 1 )    ( Γ ( i + 1 ) )  2      (  1 H  )   t i    



(22)







Then, a sequence of shifted Legendre polynomials matrix   ψ ( t )   is formulated as


   ψ  ( t )  =   [   L ¯   n , 0    ( t )  ,   L ¯   n , 1    ( t )  , ⋯   L ¯   n , n    ( t )  ]  T  = N  T n   ( t )    



(23)




where


   N =   [  Λ  i , j   ]   i , j = 0  n  ,  Λ  i , j   =        ( − 1 )   i + j     Γ ( i + j + 1 )   Γ  ( i − j + 1 )    ( Γ ( j + 1 ) )  2   H j    , j ≤ i       0 , j > i        



(24)






    T n   ( t )  =   [ 1 , t , ⋯  t n  ]  T    



(25)







Since N is reversible, it can be rewritten as


    T n   ( t )  =  N  − 1   ψ  ( t )    



(26)










3.2. Function Approximation


A one-dimensional integrable function   ω ( x ) , x ∈ [ 0 , R ]   can be approximated by shifted Bernstein polynomials by the following formula


     ω ( x )     =  lim  n → ∞    ∑  i = 0  n   c i    B ¯   n , i    ( x )           ≈  ∑  i = 0  n   c i    B ¯   n , i    ( x )           =  C T  φ  ( x )      



(27)




where    C T  =  [  c 0  ,  c 1  . ⋯  c n  ]   .



The inner product of    φ T   ( x )    on both sides of Equation (27) is calculated as follows


     < ω  ( x )  ,  φ T   ( x )  >     =  C T  < φ  ( x )  ,  φ T   ( x )  >          =  C T  Q     



(28)




where   Q = < φ  ( x )  ,  φ T   ( x )  > =   [  q  i , j   ]   i , j = o  n  ,  q  i , j   =  ∫ 0 R     B ¯   n , i    ( x )    B ¯   n , j    ( x )   d x   and so    C T  = < ω  ( x )   ,    φ T   ( x )  >  Q  − 1    .



Similarly, a one-dimensional integrable function   ω ( t ) , t ∈ [ 0 , H ]   can be approximated by shifted Legendre polynomials by the following formula


     ω ( t )     =  lim  n → ∞    ∑  i = 0  n   k i    L ¯   n , i    ( t )           ≈  ∑  i = 0  n   k i    L ¯   n , i    ( t )           =  K T  ψ  ( t )      



(29)




where    K T  =  [  k 0  ,  k 1  , ⋯  k n  ]   .



The inner product of    ψ T   ( t )    on both sides of Equation (29) is calculated as follows


     < ω  ( t )  ,  ψ T   ( t )  >     =  K T  < ψ  ( t )  ,  ψ T   ( t )  >          =  K T  P     



(30)




where   P = < ψ  ( t )  ,  ψ T   ( t )  > =   [  p  i , j   ]   i , j = o  n  ,  p  i , j   =  ∫ 0 H     L ¯   n , i    ( t )    L ¯   n , j    ( t )   d t   and so    K T  = < ω  ( t )   ,    ψ T   ( t )  >  P  − 1    .



In this paper, two-variable continuous function   ω  ( x , t )  ∈  L 2   (  [ 0 , R ]  ×  [ 0 , H ]  )    can be approximated


     ω ( x , t )     =  lim  n → ∞    ∑  j = 0  n   (  ∑  i = 0  n   c i     B ¯   n , i     ( x )  )   k j    L ¯   n , j    ( t )           ≈  ∑  j = 0  n   (  ∑  i = 0  n   c i     B ¯   n , i     ( x )  )   k j    L ¯   n , j    ( t )           =  ∑  j = 0  n    ∑  i = 0  n     B ¯   n , i    ( x )   c i     k j    L ¯   n , j    ( t )           =  φ T   ( x )  W ψ  ( t )      



(31)




where   W =   [  w  i , j   ]   i , j = 0  n  ,  w  i , j   =  c i   k j   .




3.3. Integer-Order Differential Operator Matrix


  φ ( x )   is the matrix of a series of shifted Bernstein polynomials related to x, the derivative of   φ ( x )   with respect to x is


    d φ ( x )   d x   =  G x  φ  ( x )   



(32)







Then


   G x  φ  ( x )  =  G x  A  T n   ( x )  = A   d  T n   ( x )    d x   = A V  T n   ( x )  = A V  A  − 1   φ  ( x )   



(33)




where


  V =    v  i , j     i , j = 0  n  ,  v  i , j   =      i , i = j + 1       0 , i ≠ j + 1       



(34)







   G x  = A V  A  − 1     is the first order differential operator matrix of shifted Bernstein polynomials.



The nth derivative of   φ ( x )   with respect to x can be obtained


     d n  φ  ( x )    d  x n    =  G  n x   φ  ( x )  , n ∈  N +   



(35)







Then


   G  n x   φ  ( x )  =  G  n x   A  T n   ( x )  = A    d n   T n   ( x )    d  x n    = A  V n   T n   ( x )  = A  V n   A  − 1   φ  ( x )   



(36)







   G  n x   = A  V n   A  − 1     is the n order differential operator matrix of shifted Bernstein polynomials.



According to Equations (31) and (36), the following equation is be obtained


     ∂ n  ω  ( x , t )    ∂  x n    ≈    ∂ n   (  φ T   ( x )  W ψ  ( t )  )    ∂  x n    =   (    ∂ n  φ  ( x )    ∂  x n    )  T  W ψ  ( t )  =  φ T   ( x )   (  G  n x  T  )  W ψ  ( t )   



(37)







Similarly,   ψ ( t )   is the matrix of a series of shifted Legendre polynomials related t, the derivative of   ψ ( t )   with respect to t is


    d ψ ( t )   d t   =  Ω t  ψ  ( t )   



(38)







Then


   Ω t  ψ  ( t )  =  Ω t  N  T n   ( t )  = N   d  T n   ( t )    d t   = N V  T n   ( t )  = N V  N  − 1   ψ  ( t )   



(39)







   Ω t  = N V  N  − 1     is the first order differential operator matrix of shifted Legendre polynomials.



The nth derivative of   ψ ( t )   with respect to t can be obtained


     d n  ψ  ( t )    d  t n    =  Ω  n t   ψ  ( t )  , n ∈  N +   



(40)







Then


   Ω  n t   ψ  ( t )  =  Ω  n t   N  T n   ( t )  = N    d n   T n   ( t )    d  t n    = N  V n   T n   ( t )  = N  V n   N  − 1   ψ  ( t )   



(41)







   Ω  n t   = N  V n   N  − 1     is the n order differential operator matrix of shifted Legendre polynomials.



According to Equations (31) and (41), the following equation is obtained


     ∂ n  ω  ( x , t )    ∂  t n    ≈    ∂ n   (  φ T   ( x )  W ψ  ( t )  )    ∂  t n    =  φ T   ( x )  W  (    ∂ n  ψ  ( t )    ∂  t n    )  =  φ T   ( x )  W  Ω  n t   ψ  ( t )   



(42)








3.4. Variable Fractional Differential Operator Matrix


The   r ( t )   order derivative of   ψ ( t )   with respect to t is formulated as


     d  r ( t )   ψ  ( t )    d  t  r ( t )     =  ϕ  r ( t ) t   ψ  ( t )   



(43)







Then


   ϕ  r ( t ) t   ψ  ( t )  =  ϕ  r ( t ) t   N  T n   ( t )  = N    d  r ( t )    T n   ( t )    d  t  r ( t )     = N F  T n   ( t )  = N F  N  − 1   ψ  ( t )   



(44)




where


  F =   [  f  i , j   ]   i , j = 0  n  ,  f  i , j   =        Γ ( i + 1 )   Γ ( i + 1 − r ( t ) )    t  − r ( t )   , i = j ≠ 0       0 , e l s e       



(45)







   ϕ  r ( t ) t   = N F  N  − 1     is the variable differential operator matrix of shifted Legendre polynomials.



According to Equations (37) and (44), the following equation is obtained


       C   D t  r ( t )      ∂ n  ω  ( x , t )    ∂  x n         ≈ C   D t  r ( t )      ∂ n   (  φ T   ( x )  W ψ  ( t )  )    ∂  x n             =   (    ∂ n  φ  ( x )    ∂  x n    )  T  W    d  r ( t )   ψ  ( t )    d t            =  φ T   ( x )    (  G  n x  T  )  n  W  ϕ  r ( t ) t   ψ  ( t )      



(46)







Based on Equations (37), (42) and (46), the governing equation of the rotating beam is reconverted into a matrix product form


  ρ S  φ T   ( x )  W  Ω  2 t   ψ  ( t )  + E  θ  r ( t )   I  φ T   ( x )   (  G  4 x  T  )  W  ϕ  r ( t ) t   ψ  ( t )  − ρ S  γ 2  x  φ T   ( x )   (  G  2 x  T  )  W ψ  ( t )  = f  ( x , t )   



(47)







The initial and boundary conditions of the beam are rewritten as


   φ T   ( 0 )  W ψ  ( t )  =  φ T   ( 0 )   (  G x T  )  W ψ  ( t )  = 0  



(48)






   φ T   ( l )   (  G  2 x  T  )  W ψ  ( t )  =  φ T   ( l )   (  G  3 x  T  )  W ψ  ( t )  = 0  



(49)






   φ T   ( x )  W ψ  ( 0 )  =  φ T   ( x )  W  Ω t  ψ  ( 0 )  = 0  



(50)







Based on the collocation method, the reasonable match points    x i  = i  R n  , i = 0 , 1 , 2 , ⋯ n   and    t j  = j  H n  , j = 0 , 1 , 2 ,  ⋯ , n   have been used to discretize the variable   ( x , t )   to   (  x i  ,  t j  )  . Equation (47) is transformed into a set of algebraic equations. The coefficient   w  i , j     ( i = 0 , 1 , 2 , ⋯ n ; j = 0 , 1 , 2 , ⋯ n )   is determinate by using Matlab platform and least square method. The numerical solutions of the variable fractional governing equation can be obtained.





4. Numerical Results and Analysis


The numerical solution is theoretically obtained by the shifted Bernstein-Legendre polynomial collocation algorithm when the order n of polynomials increases towards infinity. However, to simplify the calculation process, n is taken as a small certain value 4. The materials used for the viscoelastic beam are polyurea and PET. The simulation parameters [7] of the material under the variable fractional order model are shown in Table 1.



The length of the rotating beam is   l = 5   m and the cross-section area is   S = 0.01   m 2   . Moment of inertia is   I =    0.1  4  12    m 4   . Speed is   γ =  π 2   . These parameters of polyurea are substituted into Equation (11). The governing equations are solved by shifted Bernstein–Legendre polynomial collocation algorithm.



Three different types of load, including the uniform load, linear load and simple harmonic load are applied on the viscoelastic rotating beam in this study. Figure 3 shows the evolution of the displacement of the polyurea beam with the uniform load   f ( x , t ) = 10   N, the linear load   f ( x , t ) = 2 x   and the harmonic load   f ( x , t ) = s i n 2 t  . Obviously, the displacement of the polyurea beam increases with the loading time under any load. This is consistent with the conclusion of the literature [35]. The correctness of the numerical results is verified.



Figure 4 shows the displacements of the polyurea beam under different uniform loads, linear loads and simple harmonic loads when   t = 0.5  s  . Under loads, the displacements of polyurea beams show an increasing trend with uniform load, linear load slope and harmonic load frequency. These numerical results are consistent with the conclusion of the literature [35]. Literature [35] used Chebyshev polynomial algorithm to calculate the lateral displacement of fractional rotating beam. Compared with the fractional order model, the variable fractional constitutive model can more accurately simulate the properties of viscoelastic materials. It is further verified that the algorithm proposed in this paper has the advantages of high calculation accuracy and wide application range.



The parameters of the PET material are substituted into Equation (11) and the displacement numerical solutions are calculated. Figure 5 shows the comparison of the numerical solutions of the displacement of the polyurea beam and the PET beam under different load conditions. Obviously, the displacement of the PET beam is smaller than that of the polyurea beam under any load when   t = 0.5  s  . The smaller the displacement is, the greater the damping of the corresponding viscoelastic material and the bending resistance are. Therefore, the PET beams have better bending resistance than the polyurea beams. The obtained results indicate that the properties of the material are consistent with the actual material properties. The numerical solution obtained by the proposed algorithm has a good accuracy in this paper. Thus, this algorithm can provide a theoretical basis for the research, development and performance prediction of damping materials.




5. Conclusions


In this paper, an effective numerical algorithm for solving the constitutive equation of variable fractional order viscoelastic rotating beam was proposed based on shifted Bernstein–Legendre polynomial collocation algorithm in the time domain. The variable fractional order model is used to analyze the inherent laws of the dynamic performance of viscoelastic damping materials, which can provide a theoretical basis for the research, development and performance prediction of damping materials. The conclusion of this paper is as follows.



	(1)

	
The governing equation of viscoelastic rotating beams is established by variable fractional constitutive model.




	(2)

	
The displacement of the rotating beam increases with time under uniform load, linear load and simple harmonic load.




	(3)

	
The displacements of rotating beams show an increasing trend with the increase of uniform load, linear load slope and simple harmonic load frequency.




	(4)

	
The displacement of the PET beam is smaller than that of the polyurea beam, which theoretically verifies that PTE has better bending resistance than polyurea materials.
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Figure 1. Schematic of the rotating beam. 
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Figure 2. Schematic diagram of the shifted Bernstein–Legendre polynomial collocation algorithm. 
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Figure 3. Numerical solutions of the displacement of polyurea beam at different moments and different loads: (a)   f ( x , t ) = 10   N, (b)   f ( x , t ) = 2 x  , (c)   f ( x , t ) = s i n 2 t  . 
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Figure 4. Numerical solutions of the displacement of polyurea beam at the same time and under different loads: (a) Uniform loads (b) Linear loads (c) Simple harmonic loads. 
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Figure 5. Comparison of numerical solutions for displacements of the polyurea beam and PET beam under different loads: (a)   f ( x , t ) = 10   N, (b)   f ( x , t ) = 2 x  , (c)   f ( x , t ) = s i n 2 t  . 
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Table 1. The identified parameters of the variable-order fractional model of polyuria and PET.
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	Beam
	   ρ   
	   θ   
	E
	    r ( t )    





	polyurea
	   1060   kg /  m 3     
	   0.0012  s   
	   1.2 ×  10 7   Pa   
	   − 0.1 t + 1   



	PET
	   1380   kg /  m 3     
	   0.35  s   
	   3 ×  10 7   Pa   
	   − 0.1 t + 1   
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