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Abstract: In this research work, we study a new class of {-Hilfer hybrid fractional integro-differential
boundary value problems with three-point boundary conditions. An existence result is established
by using a generalization of Krasnosel’skii’s fixed point theorem. An example illustrating the main
result is also constructed.

Keywords: boundary value problem; y-Hilfer fractional derivative; hybrid fractional integro-
differential equation; fixed point theorem

1. Introduction

Differential equations of fractional order have recently received a lot of attention
and now constitute a significant branch of nonlinear analysis, because some real world
problems in physics, mechanics and other fields can be described better with the help
of fractional differential equations. Numerous monographs have appeared devoted to
fractional differential equations, for example, see [1-8]. Recently, differential equations and
inclusions equipped with various boundary conditions have been widely investigated by
many researchers (see [9-18] and the references cited therein).

Hybrid fractional differential equations have also been studied by several researchers.
Hybrid fractional differential equations involve the fractional derivative of an unknown
function hybrid with the nonlinearity depending on it. Hybrid systems play a key role in
embedded control systems that interact with the physical situation. Time- and event-based
behaviors are more accurately described by hybrid models as such models help to deal
with challenging design requirements in the design of control systems. Examples include
automotive control [19], mobile robotics [20], the process industry [21], real-time software
verification [22], transportation systems [23], and manufacturing [24].

Some recent results on hybrid differential equations can be found in a series of pa-
pers [25-29].

In 2010, Dhage and Lakshmikantham [30] initiated the study of initial value problems
for first order hybrid differential equation of the form:

x(0) =xp €R,

where f € C([0,T] x R,R\ {0}) and g € C([0, T] x R, R). They gave the existence, unique-
ness results, and some theorems on differential inequalities.
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In 2011, Zhao et al. [26] investigated the hybrid fractional initial value problem and
Sun et al. [27] discussed fractional boundary value problems containing hybrid equations.

In [31], the authors proved the existence of solutions for a nonlocal boundary value
problem of hybrid fractional integro-differential equations given by

x(t) — ¥ Pibi(t x(8))
« i=1 _
P g(t,x(1)) =S, te 0], ?)

x(0) = pu(x), x(1)=A€eR,

where D" is the Caputo fractional derivative of order « with1 < a <2, I Pi is the Riemann—
Liouville fractional integral of order 8; > 0 and functions h; € C([0,1] x R,R), for i =
1,2,...,n,g € C([0,1] x R,R\ {0}), f € C([0,1] x R, R), the functional y : C([0,1],R) —
R. The main result was proved by using of a hybrid fixed point theorem for three operators
in a Banach algebra from Dhage [32].

The existence of solutions of hybrid fractional integro-differential equations with
initial conditions, given by

Dox(t) — ¥ iyt x(t)

o i=1 _
D ROE0) = f(t,x(t)), te]l01], .

x(0) =0, D“x(0) =0,

was studied in [33]. Here, DX is the Caputo fractional derivative of order x € {a, w}
with 0 < a,w < 1, [P is the Riemann-Liouville fractional integral of order B; > 0,
hi € C([0,1] x R,R), fori =1,2,...,n,g € C([0,1] x R, R\ {0}), f € C([0,1] x R,R). A
generalization of Krasnosel’skii’s fixed point theorem ([32,34]) was applied to prove the
existence result.

The problem (3) was extended to higher order fractional derivatives in [35] as a
boundary value problem

D9x(t) — ¥ IFhi(t x(t))

s i=1 _ x
D g(t,x(t)) - f(t/ (t))/ te [0/ ”/ (4)

x(0) =0, D¥x(0) =0, x(1)=9dx(y), 0<d<1,0<y<1,

where DX is the Caputo fractional derivative of order x € {a, w} with0 <a <1,1 < w <2,
I is the Riemann-Liouville fractional integral of order f; > 0, h; € C([0,1] x R,R),
fori =1,2,...,n,g € C([0,1] x R,R\ {0}), f € C(]0,1] x R,R). Dhage’s fixed point
theorem [32] was used to obtain an existence result.

For recent papers on hybrid boundary value problems of fractional differential equa-
tions and inclusions, we refer to [36-38] and references cited therein.

In [39], an initial value problem was studied for hybrid fractional differential equations
containing a y-Hilfer fractional derivative of the form

Heoapiy [ X(1) _
D (f(t,x( ))> g(t,x(t)), t€lab],

®)
1-7,p (0) oy
I°'@m<w) o€ R,
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where HD*P¥ is the yp-Hilfer fractional derivative with 0 < &« < 1,0 < B < 1,a <
y=a+(1—-a)p <1, f€ Cryy(lab xRR\{0}), g € Ci_ry([a,b] xR,R), ['"7¥
is the y-Hilfer fractional integral of order 1 — . Here, Ci_.y[a,b] = {h : (a,b] — R :
(p(t) — ¥(a))!=7h(t) € Cla,b]},0 < v < 1. For some recent research papers on y-Hilfer
fractional initial value problems, see [40—42] and references cited therein.

In the present work, we study a three-point ¢-Hilfer hybrid fractional integro-differential
nonlocal boundary value problem of the form

Heytpif M_ Bt X — .
Dy (6 () ;Ia hi(t,x(1)) | = f(t,x(t)), t€[ab], .

x(a) =0, FDPPx(a) = 0, x(b) = 6x(2),

where HDy*" v

is the y-Hilfer fractional derivative operator of order w € {«, p}, with
0<a<1,1<p<20<p<l, If ¥ is p-Riemann-Liouville fractional integral of
order B; > 0, fori = 1,2,...,n, ¢ € C([a,b] x R,R\ {0}), f € C([a,b] xR,R), h; €
C([a,b] x R,R) fori =1,2,...,n,& € [a,b] and 6 € R. An existence result is established
via a generalization of the Krasnosel’skii fixed point theorem ([32,34]).

The rest of the paper is organized as follows: In Section 2, we recall some notations,
definitions, and lemmas from fractional calculus needed in our study. We also prove an
auxiliary lemma helping us to transform the hybrid boundary value problem (6) into an
equivalent integral equation. The main existence result for the ¢-Hilfer hybrid bound-
ary value problem (6) is contained in Section 3. The obtained result is illustrated by a
numerical example.

2. Preliminaries

This section defines some notation in relation to fractional calculus.

Definition 1 ([2]). Let (a,b), a > 0, (—o0 < a < b < ), be a finite or infinite interval of
the half-axis R™ and « > 0. Let ¢(x) be an increasing and positive monotone function on (a,b),
having a continuous derivative ' (x) on (a,b). The p-Riemann—Liouville fractional integral of a
function f with respect to another function ¥ on [a, b] is defined by

L) = oy [ VOO =9 s, 1050 7)

where T'(+) is the Euler gamma function.

Definition 2 ([2]). Let y € C"([a,b],R) with ¢'(t) # 0 and « > 0, n € N. The Rie-
mann—Liouville derivative of a function f with respect to another function \ of order a is defined by

D) = (%i)nzﬁwf(t) ©
- r(’”ll—"‘)<llﬂ’1(t);t) /utll’/(s)W’(f)—EU(S))"_“_lf(s)ds, ©)

where n = [a] + 1, [a] represents the integer part of the real number a.

Definition 3 ([40]). Let n —1 < a < nwithn € N, [a, b] is the interval such that —co < a <
b < ooand f,p € C"([a,b],R) two functions such that  is increasing and ' (t) # 0, for all
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€ [a,b]. The y-Hilfer fractional derivative of a function f of order « and type 0 < p < 1is
defined by

Hyopip pn—a)y (1 d (1-p)(n—a) Y= VY
010 = T (S ) T )~ e, a0

where n = [a] + 1, [«] represents the integer part of the real number x with v = « + p(n — «).
Lemma 1 ([2]). Let a, B > 0. Then, we have the following semigroup property given by
TP (1) = TPV f(), > (11)
Next, we present the ¢-fractional integral and derivatives of a power function.

Proposition 1 ([2,40]). Let « > 0, v > Oand t > a. Then, we have

0 T =900 = s (00— pl)”
@) 1D ()~ 90”0 = s
Lemma 2 ([41]). Let m —1 < a <mn—-1 < B <nnmeNn<m0<p<1
and w > B+ p(n—B). If f € C"([a, b],R), then

() =)™ L, n—1<a<mn v>n

1O (1) = Ty P f (). (12)

Lemma 3 ([40]). If f € C"([a,b],R),n —1<a<n 0<p<landy=uwa+p(n—a), then

n v—k .

forall t € |, where Vl[;’]f(t) = (Wlt) %)nf(t)-

Definition 4. A function x € C([a,b],R) is said to be a solution of the hybrid boundary value

HgyP ot noo
ﬁ N 2 Iaﬁ”lphi(t, x) is continuous for each x € R and x satisfies the
, i=1

fractional differential equation and the boundary conditions in (6).

problem (6) if x —

Lemma4. Let0<a<1,1<p<2,0<p<L,y=p+p2—-p),m=a+p(l-—a)<1,
AN #0,ghi,i=1,2,...,nsatisfy boundary value problem (6) and z € C([a,b],R). Then, x is a
solution of the y-Hilfer hybrid fractional integro-differential boundary value problem of the form:

H@erzll)

w, . Bisy, . B
g(t,x(1)) ;IH hi(t,x(t)) | = z(t), t€[ab],

x(a) =0, "DIPYx(a) =0, x(b) = 0x(¢),

(14)

if and only if x satisfies the equation

i=1

[ lPl(S)(lP(?(;)lP(S))plg(S,x(S)){ Y- T (s, x(5)) +Ili“¢z<s>}ds

—_ -1 / - -1
((t) IA/J(a»“r [9 /aéws)(w(cr)(mw(s))” o(5,%(5))
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x{ ilfi;lphi(s,x(s)) +I§;¢z(s)}ds (15)

i=1
’ s o s -1 n . Q
by ><¢(br>(p)¢( ) g(s,x<5>>{ Y T8V hi(s, x(s)) +Ia'¢z<s>}ds],

a i=1

where

Proof. Let x € C([a,b],R) be a solution of the problem (14). Applying the y-Riemann—
Liouville fractional integral operator Z; ¥ to both sides of (14) and using Lemma 3,
we obtain

TP V() N e () — @)
W ;Ia hl(t,x(t))—Iu Z(t)—|— 1_'(’)/1) co, (16)

where ¢ € R. By using the boundary condition, 7D} wx(a) = 0, we obtain the constant
¢o = 0. Thus, we have

HoPP¥x(t) = g(t»c(t)){ fsz”"hia,x(t)) +I§‘”"z(t>}- (17)
i=1

Inserting the y-Riemann-Liouville fractional integral operator Z}’ ¥ into both sides of
(17) and using Lemma 3, we obtain

s — (s))P-1 n " «;
)((t) —p(s))? g(s,x(S)){ sz“lphi(s,x(s)) +Ia'lp2(5)}d5

[ty
x(#) = /a I'(p) i=1
L ) F(t{;gm“cl ; (l”(t}(fy‘ﬂ(?)wq, (18)

where c1, ¢, € R. From the boundary condition x(a) = 0, we obtain ¢; = 0, while from the
boundary condition x(b) = 6x(&), we find that

/ S _ -1 n . "
¢ = FS;Y) [9/;: il )(w(i)(p;p(@)p 8(S,x(s)){;%If"lphi(s,x(s)) +Ia’lpz(s)}ds

_ /b ¢’<s><¢<br><;)¢(s>>’” g(s,x<s>>{ Y ZP¥hi(s, x(5)) +zz‘”"z<s>}ds]-

i=1

Substituting the constants c; and c¢; into (18), we obtain the integral equation in (15)
as desired.

Conversely, by a direct computation, it is easy to show that the solution x given by
(15) satisfies the problem (14). The proof of Lemma 4 is completed. O

Let X = C( [a, b], R) be the Banach space of continuous real-valued functions defined
on [a,b], equipped with the norm ||x|| = SUPc a4 |x(t)| and a multiplication (xy)(t) =
x(t)y(t), Vt € [a,b]. Then, clearly, X is a Banach algebra with the above-defined supremum
norm and multiplication in it.

Lemma 5 ([32,34]). Let S be a nonempty, convex, closed, and bounded set such that S C X, and
let A:X — Xand B : S — X be two operators which satisfy the following:

(i) A s contraction,
(ii) B is completely continuous, and
(iii) x=Ax+By,VYyeS=x¢€S.
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Then, there exists a solution of the operator equation x = Ax + Bx.

3. Existence Result

In view of Lemma 4, we define an operator Q : X — X by

ty'(s —(s))P! B &
I g(S,x(S)){Zlf”whi(srx(S))+Ia’¢f(srx(5))}ds

i=1

_|_

— -1 / - -1
(o) (o))" [9 /uw(s)(w(ér)(mw@))ﬁ 2(5,2(5))

x{ il’f“whi(&x(s))+I,';;¢f(s,x(s))}ds (19)

i=1
g 4”(5)(1P(?(p)4’(5))p_1g(s,x(S)){ > T, () +I§“"’f<s,x<s>>}ds] :

a i=1

Notice that the problem (6) has solutions if and only if the operator Q has fixed points.

Theorem 1. Assume that:

(A1) The functions g : [a,b] x R — R\ {0}, f : [a,b] xR — R, and h; : [a,b] x R — R for
i =1,2,...,n, are continuous and there exist positive functions ¢, w, x;, i = 1,2,...,n,
with bounds ||¢||, ||w]|, and ||x;||, i = 1,2,...,n, respectively, such that

Ig(t,x) —g(ty)| < ¢(t)|x —yl, (20)
[f(tx) = f(ty)| <w(t)|x—yl, (21)

and
lhi(t,x) = hi(t, )| < xi(H)|x—yl, i=12,...,n, (22)

fort e la,bland x,y € R;
(A2) |hi(t, x)| < Ai(), A; € C([a,b],R), V(t,x) € [a,b] xR,i=1,2,...,m,|f(tx)| < u(t),
lg(t,x)| <wv(t),V(tx) € [a,b] xR, u,veC([ab],R);

(A3) Assume that
— (¥(0) — (@) | (¥(b) — $(a))? = (p(b) — ()P
n — a ﬁi
ol 3 WIIMI) <1 @)

Then, the -Hilfer hybrid fractional integro-differential three-point boundary value problem (6) has
at least one solution on [a, b].

Proof. Firstly, we consider a subset S of X defined by S = {x € X : ||x|| < r}, where r is
given by

1+(|6[+1)(¢(b)

— lp(a»’yil (I/J(b) — 1/’(“))p HVH
Al I(p+1)

L (o) = pla)P () — p(a)"
[_Z I+ H RS ||u||]. 4)
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Observe that S is a closed, convex, and bounded subset of the Banach space X. Now, we

setsup;c(op [Ai(E)| = [[Aill, i = 1,2, m,sup;c (o [H(D)] = (1, supiepp) V(B = [[v]]-
Let us define three operators H, F,G : X — X such that

Hx(t) = ilf“whi(t,x(t)), t € [a,b],
i=1

Fx(t) = T8V f(t, x(t)), t € [a,b),

and

Gx(t) = g(t,x(t)), t € [a,b].

Then, we have

t / ABI
rl) - Hy(] < 3 [1EE s, 2(5)) — s, y(5)lds
< fl“” [H(l)” Il =y,
and . ,
(o] < 3 RS )
In addition, we obtain
t ! _ a—1
Fa) - Fyo) < [ PO ZIE 6 x(0) (st s
< WOt ol -y

and
|.7:x(t)| < M

< e el

Moreover, we obtain

Gx(t) = Gy(t)| = [8(t, x(t)) = g(t,y (D) < ll¢llllx = yll,

and
Gx(8)] < [lv]l.
Now we define two operators A : X — X and B : S — X as follows:
Ax(t) = / UG L Gx(s)Ha(s)ds
(p(t) - Ilf(ﬂ))"H Cy'(s) (@) —y(s) !
+ " le/a ) Gx(s)Hx(s)ds
/ 4 gx(s)’H,x(s)ds]

and
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IN

IN

IN

IN

IN

- [ YOO YD g iy

Clearly, Qx = Ax + Bx. In the next steps, we show that the operators .4 and B fulfill
all the assumptions of Lemma 5. The proof is divided into three steps:
Step 1. The operator A is a contraction mapping. For any x,y € S, we have

Ax(t) — Ay(D)|
S 1
[ LADILU s p) D" Gr(symx(s) — Gy(s) Hy(s) s
e _|Zb|a = l|el [ DI G 5)10x(s) — Gy(s)y ) s
lp S _IP S)) B x(s)Hx(s) — s s)|ds
+/ﬂ : ' |Gx(s)Ha(s) Qy()HyUId]
/‘b ¥'(s)(g(b) p)w(sﬁ”_l 1Gx(s)Hx(s) — Gy(s)Hy(s)|ds
0= P : [|e| [ Ee PN G0 1x(s) — Gyl Hy()lds

b) — p(s))!

L

|Gx(s)Hx(s) — Qy(S)’Hy(S)IdS}

i _wla -1 1
_1+<|e|+1>("’(”) jf ) /"’ Ol
x|Gx(s)Hx(s) — Gy(s)Hy(s)|ds
' () — p(a)" ] 12 ' (s)((b) — p(s))"~
1+ (04 ) A | o) (Igx(s)17x(s) — Hy(s)
+1Gx(s) = Gy (s)|[Hy(s) ) ds
' ($(b) — p(a)" 1] ((b) — y(a) $(a))
+ (/0] +1) A | Fe (|v||zzlw||xl|nxyn
gl -y 3 PRt ||Az-||>.
($(b) = p(@)7"] (¥(b) — p(a) P(a)P
1+ (Jo] +1) A ] EEEY (|v||121 ra .l
n — a ﬁi
+||¢||;W|Ai|>|x—yu.
Consequently

[ Ax = Ayl < Kl[x = yll,

which, by (23), the operator A is a contraction mapping. Thus, condition (a) of Lemma 5
is satisfied.

Step 2. The operator B is completely continuous on S. First, we will prove that B is
continuous. Let {x, } be a sequence of functions in S converging to a function x € S. By
Lebesgue domination theorem, for each t € [g, b],, we have
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lim Bx,(t) = lim /t P’ (s) (p(t) — p(s))P !

n—co n—oo J,

Gxy(8) Fxy(s)ds

+ lim

((t) — p(a))"! [9 /é' VEWE) =96 o Frn(s)ds

n+o0 A I'(p)

l/J p ' Xn(S XnlS)ds

[ P P g ) >d]

= /lp hm Gxn(s)Fxn(s)ds

+

a))r1 —(s))P !
(0 ;\p( >>7 [ /nglp()(lp(i)(p)lp( D" i G) Fra(s)ds

) /b ¥ ) () ; VO gxn<s>fxn<s>d51

= / y(s Qx(s)]—"x(s)ds

_ /ab lP’(S)(’JJ(?(;)‘/’(S))p1gx(s)}"x(s)ds]
= Bx(t).

Therefore, the operator B is a continuous operator on S. Next, we show that the
operator B is umformly bounded on S. For any x € S, we have

CONE D" iGa(s) 7o)l
((b) w( g [ YO @) ()P
DT [w/ﬂ ) 1Gx(s) ]| Fx(s)|ds
by (s —(s))P1
. l ><¢<?>(p)¢< D o)l fx(s)dsl
() — @) ' () —p@) . @b) —yp@)*,
S ] £ o S =
Hence, ||Bx|| < M, x € S, which shows that the operator B is uniformly bounded on
S. Finally, we show that the operator B is equicontinuous. Let t; < t; and x € S. Then,
we have
| Bx(t2) — Bx(t1)]
1 /b, _
< iy ), YO WER) =) = (i) - 9() 7 1Gx() 1Fx(s)lds
+T(1P) tlzlp'(s)(ll’(fz)—ll)(s))p '1Gx(s)[|Fx(s)|ds
[(9(t2) = p(@)" = (p(t) = (@)™ | T vz yigs ¥(s)
+ Al [|9|/ = Gx(s)]| Fx(s)lds
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L [ YR

)"’(S))H Qx(s)]—"x(s)|ds]

[villzll (p(b) = ¢(a))® p p
< — — _
N |(9(t2) = (@) " = (k) — (@)™ | o]+ 1) (00 = (0P
A I(p+1)
((b) — ¢(a))*

Rty
As ty — t; — 0, the right-hand side of the above inequality tends to zero, independently of
x. Thus, B is equicontinuous. Therefore, it follows by Aezela—Ascoli theorem that B is a
completely continuous operator on S.

Step 3. We show that the third condition (iii) of Lemma 5 is fulfilled. Forany y € S,
we have
(x(O] = |Ax(#) + By(t)| < [Ax(8)] + |By(t)]

IN

IN

[ ¥ ;)#)(S))”‘l 1Gx(s) [ Hx(s)|ds

() — ()T l|9|/5ll’ g”<S))’H|gx(s)||f,ux(s)|ds

Al

/ _ -1
K CILORIO, |gx<s>|mx<s>ds]

t (s —(s))P1
+/,1 ¥'( )(IIJ(?(p)l/J( )* Gy(s)|| Fy(s)|ds

(p(®) — (@) | g /é‘ () (&) — ()P
A a I'(p)

+

|Gy(s)]|Fy(s)lds

/ _ -1
+ [ OO POF Igy(S)HFy(S)Ids]
()~ 9(@) ] (@) - pla))P
1+ (ol + =Y ] Foa e 3 e

_ -1 ®
1+ (o] + 1) RO ](w(biﬁf))) o D=2 o,

+

which implies ||x|| <r,and so x € S.

Hence, all the conditions of Lemma 5 are satisfied, and consequently the operator
equation x(t) = Ax(t) + Bx(t) has at least one solution in S. Therefore, there exists a
solution of the y-Hilfer hybrid fractional integro-differential boundary value problem (6)
in [a, b]. The proof is finished. [

4. An Example

Now, we are in the position to present an example of a y-Hilfer hybrid fractional
integro-differential boundary value problem to illustrate our main result.

Example 1. Consider the boundary value problem of the form
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H@% %logf(terl) (t)
13 2 1 5
H2,1:08, (t241) i plog, (t°+1) 3,108, (t*+1))
D 7 hy(t,x(t)) — T ho(t, x
% g(t,x(t)) % 1( ( )) % 2( ( ))
plog, (#+1)) 2 lx(8)] 17 (25)
T4 hy(t,x(t))| = [ 2t +1 ¢ ¢ z
1 (t, x( ))] <7 + ){1+| (t)|+51nx() , € il
1\ _ Hoy3 log (24+1) (1Y 7N _ 2 (5
x<4>0’ o z) =% *\3)=a*\a)
where
_ 1 | x| 2 _ sin x| 1
gt x) = 8t+5 (1+ |x|) + 40t + 25’ Mt x) = 4t +2 At +5’
x| 1 |x| 1
20N = mrmyaran To P T mirnarnay o @

In the above problem, « = 1/2,p =3/4,p =3/2,81 =3/4, B, =5/4, B3 =7/4,
¥(t) =log,(t> +1),a =1/4,b="7/4,0 = 2/11, ¢ = 5/4. Then, we find that v = 15/8,
71 =7/8, A = 1.130218751. In addition, we compute that

g(t,x) —g(t,y)| <

<k
=8ty5 Y

and

76,0 = f(el < (e +2) lr =),

and |hy(t,x) — hy(ty)| < (1/(4t +2))|x — y|, [ha(t, x) — ha(t,y)| < (1/(8t+3))|x —yl,
|hs(t,x) — ha(t,y)| < (1/(12t +4))|x — y|, where ¢(t) = 1/(8t+5), ||¢]| = 1/7, w(t) =
((4t/7) +2), lwll = 3, xa(t) = 1/(4t +2), |x1ll = 1/3, xa(t) = 1/(8t +3), [[x2|l =
1/5, x3(t) = 1/(12t +4), ||x3ll = 1/7. The bounds can be computed as |f(t,x)| <
u(t) = (4¢/7)+2, |||l =3, |g(t, x)| <wv(t) = (1/(8t+5)) + (2/(40t +25)), ||v|| = 1/5,
[hi(t,x)| < (1/(4t+2)) + (1/(4t +5)) = M (), M| = 1/2, [ha(t, x)| < (1/(8t+3)) +
(1/20) = Aa(t), [[A2ll = 1/4, [ha(t, x)| < (1/(12t +4)) + (1/42) = A3(t), [|[As]] = 1/6.
Then, from all information, the condition (A3) is satisfied with

((b) — (a))" 1| (¥(b) — ¢(a) (a))Pi
1+ (6] +1) Al ] T(p+1) (II ||Z—)||Xi”
+1/¢]| Z Jr()))”)\ |> ~ 0.9292073979 < 1.

Therefore, all assumptions of Theorem 1 are satisfied and we can use the conclusion
that the problem (25)—(26) has at least one solution x(t) on [1/4,7/4].

5. Special Cases

The problem (6) considered in the present work is general in the sense that it includes
the following classes of new boundary value problems of i-Hilfer fractional differen-
tial equations.

() Letg(t,x) =1and h;(t,x) =0,i=1,2,...,nforallt € [a,b] and x € R. Then, the
problem (6) reduces to the following y-Hilfer fractional boundary value problem:

{Hggw (Hsgfp;"’x(t)) = f(t,x(t)), t€abl,
x(a) =0, HOPP¥x(a) =0, x(b) = 0x().



Fractal Fract. 2021, 5, 136 12 of 14

(II) Let hi(t,x) = 0,i = 1,2,...,nforall t € [a,b] and x € R. Then, the problem (6)
reduces to the following y-Hilfer fractional boundary value problem:

Mol x(t) | _
g(t,x(t))] = f(t,x(t)), t€]ab],

x(a) =0, HOPx(a) =0, x(b) = 6x().

H@gwﬁ

(Ill) Let g(t,x) = 1forall t € [a,b] and x € R. Then, the problem (6) reduces to the
following -Hilfer fractional boundary value problem:

Hgy%oip [H@Z'P“”x(t) - iIf“‘Phi(t,x(t))] = f(t,x(t)), teab],

x(a) =0, HOPP¥x(a) =0, x(b) = 0x().

Therefore, the main result of this paper also includes the existence results for the solutions of
the abovementioned ¢-Hilfer boundary value problems of fractional differential equations
as special cases.

6. Conclusions

In this paper, we studied a new class of i-Hilfer hybrid fractional integro-differential
boundary value problems with three-point boundary conditions. By using a generalization
of Krasnosel’skii’s fixed point theorem, we proved an existence result. An example is
presented to illustrate our main result. Some special cases are also discussed.
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