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Abstract: In this work, we formulate and mathematically study integer and fractional models of
typhoid fever transmission dynamics. The models include vaccination as a control measure. After
recalling some preliminary results for the integer model (determination of the epidemiological
threshold denoted by R, asymptotic stability of the equilibrium point without disease whenever
Re < 1, the existence of an equilibrium point with disease whenever R, > 1), we replace the integer
derivative with the Caputo derivative. We perform a stability analysis of the disease-free equilibrium
and prove the existence and uniqueness of the solution of the fractional model using fixed point
theory. We construct the numerical scheme and prove its stability. Simulation results show that when
the fractional-order 1 decreases, the peak of infected humans is delayed. To reduce the proliferation
of the disease, mass vaccination combined with environmental sanitation is recommended. We
then extend the previous model by replacing the mass action incidences with standard incidences.
We compute the corresponding epidemiological threshold denoted by R« and ensure the uniform
stability of the disease-free equilibrium, for both new models, when R¢. < 1. A new calibration
of the new model is conducted with real data of Mbandjock, Cameroon, to estimate R, = 1.4348.
We finally perform several numerical simulations that permit us to conclude that such diseases can
possibly be tackled through vaccination combined with environmental sanitation.

Keywords: typhoid fever disease; vaccination; model calibration; Caputo derivative; asymptotic
stability; fixed point theory

MSC: 26A33; 93D20; 47H10; 93E24; 92D30

1. Introduction

Typhoid fever, caused by a salmonella bacterium (Salmonella typhi), is a tropical
disease transmitted by the ingestion of food or/and water contaminated with feces. It
is most prevalent in countries located below the equator, in Southeast Asia, and in the
Indian subcontinent, where hygiene conditions are poor [1,2]. The principal symptoms of
typhoid fever are insomnia, fever, generalized fatigue, headaches, stomach ache, anorexia,
constipation or diarrhea, and vomiting. These symptoms can last several weeks. Without
effective treatment, typhoid fever can lead to death. According to the World Health
Organization (WHO), the number of cases of typhoid fever is estimated to be between
11 and 21 million, with 128,000 to 161,000 deaths annually due to the severity of the
disease [1,2]. Vaccination, sanitary measures, and hygiene measures are the best ways to
prevent the spread of the disease [2].
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Since the work of Sir Ronald Ross on malaria [3], mathematical tools such as dif-
ferential equations have usually been used to understand and describe the dynamics of
infectious diseases [4-12]. In [7], the authors proposed a SVII.R that takes into account
some control mechanisms (treatment, education campaigns, and vaccination). Quarantin-
ing the infected individuals and their treatment are the main control measures studied
in [8]. The author used optimal control methods to conclude that the outbreak can be
eliminated or controlled if the control strategies are combined to their highest levels. The
same conclusions are given in [10,11]. Recently, Olumuyiwa James et al. [9] formulated and
studied an optimal control model for typhoid fever that takes into account both indirect
and direct transmission. They compared various proposed strategies using numerical
simulations and concluded that the disease burden can be controlled if all the available
control measures are combined.

Very recently, many authors have proposed fractional-order models in mathematical
epidemiology (ref. [13]), ecology (ref. [14]), plant epidemiology (refs. [15,16]), and psychol-
ogy (ref. [17]). Indeed, the necessity of the use of fractional derivatives in epidemiology,
for example, comes from the fact that these operators have many properties, such as their
different types of kernels and the crossover behavior in the model, which can only be de-
scribed using these operators. Moreover, any real data that have zigzag dynamics (mostly
many) that cannot be projected by an integer-order derivative can be solved by a fractional
model more clearly.

The principal disadvantage of models with integer derivatives is that they do not
permit the definition of memory effects. Replacing integer derivatives with fractional
derivatives makes it possible to remedy this problem. Indeed, they offer different ways
to forecast data by varying the fractional-order parameter [12,18,19]. Several fractional
operators have been defined so far. The most popular are the fractional operators of Caputo,
the fractional Caputo—Fabrizio operator, and the fractional operator of Atangana—Baleanu.
Each operator explores the dynamics of the studied phenomenon differently, thus helping
us to predict more variations in the evolution of the phenomenon. The advantages and
disadvantages of each fractional operator and their application domains can be found
in [20-22].

To the best of our knowledge, there are few mathematical works on typhoid fever using
fractional operators [6,12]. In [12], the authors used the Caputo-Fabrizio operator to extend
the model proposed in [23]. They provided existence, uniqueness, and stability criteria
for the proposed fractional-order typhoid model. More recently, Abboubakar et al. [6]
formulated a SIR-B-type compartmental model with both integer and Caputo derivatives.
The only control measure was vaccination. They computed the control reproduction
number, R., and performed stability analysis of the disease-free equilibrium point for both
models. The present contributions are listed as follows:

1. Using a fractional derivative in place of an integer derivative, as used in our previous
model [5], we formulate a new model. To prove the existence and uniqueness of
the solutions, we use fixed point theory. The corresponding numerical scheme is
obtained through the Adams-Bashforth-Moulton method [24,25]. The stability of this
numerical scheme is also proven. Finally, several numerical simulations are carried
out from the real values of parameters estimated with real data of Mbandjock, in
Cameroon (see [5]).

2. Secondly, we extend the previous models by replacing the mass action incidence
law with the standard incidence law. For these new models, we compute the corre-
sponding control reproduction number, R, and ensure the uniform stability of the
equilibrium point without disease. As in [6], model parameters are estimated. With
these new parameter values, we finally perform several numerical simulations that
permit us to compare the quantitative dynamics of the two types of models.

The rest of the work is organized as follows. We devote Section 2 to preliminary defini-
tions of the fractional derivative in the sense of Caputo and useful results. Formulation of
the models with mass incidence law and standard incidence, as well as their mathematical
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analysis (computation of control reproduction numbers, asymptotic stability analysis of
the disease-free equilibrium, existence as well as the uniqueness of solutions, construction
of the numerical scheme with its stability), is also described in this section. The calibration
of the model with standard incidences and several numerical results is given in Section 3.
We end the paper with a discussion and conclusions.

2. Materials and Methods
2.1. Useful Definitions and Results

For over ten years, fractional derivatives have captured the attention of researchers,
who use these fractional operators to model physical, chemical, and biological processes.
One can cite the dynamics of transmissible diseases [26-28]. Before the formulation of the
fractional models, it is important to recall their definition, as well as two results that will be
used later in the fractional model analysis.

Definition 1. Let f € C' |, and we have the following relation:

d"f(7) =
, B f0, v=reN
P = { ey Jo (=0 T (A, —14r<v<r,reN, W

which represents the Caputo derivative of f.
Lemma 1. Assume that x,Q,h,Y > 0, kh < Y withk € N, and

 (m—gq)x ! g=12,....m—1,
Yam =19 o g >m.

Let ZZZi(Yq,m|eq| =0fork>m>1.
If

m—1
|em‘ < QhX Z Ygm
g=1

eq' + |770|, m = 1,2,...,1(,

then
lex| < Mlnol, ke{1,2,...}

where M € R does not depend on h and k.

Lemma 2. If0 < x < 1and d € N, then there exist positive constants W, 1 and W, > only
dependent on ), such that

I+ =vE<W (14 VA and 2+ v)XH =21+ )X 4 v < Wy H (14 v)X L

2.2. Model Dynamics with Mass Action Incidence Law
2.2.1. Model Formulation in ODE Sense and Its Analysis

In a previous work [5], we formulated and analyzed a new mathematical model for the
transmission dynamics of typhoid fever with application to the town of Mbandjock, in the
central region of Cameroon. The model is divided into seven compartments: susceptible
individuals S(t), vaccinated individuals V(t), infected individuals in latent stage E(t),
infected individuals without any sign of the disease C(t), symptomatic infected individuals
I(t), recovered individuals R(t), and the density of bacteria in the environment B(t).
Each individual in each compartment naturally dies at a rate py,. Susceptible humans
are recruited at a constant rate Aj,. The population in compartment S, decreases either
by vaccination at a rate ¢, or by infection at an incidence rate vB(t)S(t), where v is the
contact rate. We denote by 6 the rate at which vaccinated individuals lose their immunity.
The vaccine efficacy is denoted by €. The compartment E of latent individuals, which
include infected susceptible individuals and vaccinated individuals, progresses either to
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the carriers compartment C at a rate g7; or to the compartment I at the rate (1 — q)71.
Asymptomatic individuals become symptomatic at the rate (1 — p)v, or recover at the
rate pyy. 6 denotes the disease-induced death rate of symptomatic individuals. Recovered
individuals become susceptible at a rate a. With this brief description, the mathematical
formulation of the model studied in [5] is presented as follows:

S(t) = A, — (kg +vB(t))S(t) + 0V (t) + aR(t), (2a)
V(t) = —[ka + (1 —e)vB(1)] V() +ES(1), (2b)
E(t) = —ksE(t) +v[V(t) + S(t)]B(t), (2¢)
C(t) = qmE(t) — kaC(1), (2d)
I(t) = imE®t) + p172C(t) — [ks + 0]1(t), (2e)
R(t) = p12C(t) + ol(t) — keR(t), (2f)
B(t) = pcC(t) + pil(t) — puB(t), (2g)

where k1 = ¢+ pp, ko = 0+ pp, ks = y1+ pp, ka = pp+v2, ks = 0+ pp, ke = a+ pp,
n=-14+eq=1—qp1=—-p+1ky=kky—6Z=pp(kp+¢&) >0,kg =ks+ 0.
Model (2) is defined in the following set:

W = {(S,V,E,C,I,R,B)’ €ER,:N=V4S+C+E+I+R< 2B W’%)Ah},
Hn Hubo
in which a dynamical system is defined, and where N denotes the human population.
Without disease, model (2) has the following equilibrium: Qy = (Sg, %, 0,0,0,0, 0)/,
where Sy = Ayka/ (up(ka +¢)) and Vo = Ap¢/ (up(ka + ¢)). Using the same approach
developed in [29], we obtain the control reproduction number given by

R — [vAnk2 + 78)11[peq(o +ks) + pi(ka(L —q) +729(1 — p))] 3)
‘ ppnksks(kz + &) (0 + ks) '

Considering the model without vaccination, R, is equal to the basic reproduction number:

_JvAmpeq(o+ks) + pilka(1 — q) + 72q(1 — p))]
Ry = . @)
Hppnkaky(o + ks)
Thus, it follows that
(ko + 7¢)
Re = Roy | —>72.
N ket 0

Since ¢ = (1 —€)¢ < &, we have w

that mass vaccination is a useful tool that can be used to effectively tackle this kind of
tropical disease.
For typhoid model (2) in the ODE sense, the following results were proven in [5].

<1, which means that R, < Rg. This proves

Proposition 1 ([5]). For model (2), Qy is locally and globally asymptotically stablein Wif R. < 1
and unstable if R > 1.
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Proposition 2 ([5]). Let us define the following coefficients:
ay = REKGKGkgH7 (& + ko)
x (mnma(ks +0q) +rapnks (@ +711) + 117201 = pa)ks + [ + (& + 72+ 1) ) piks),
a1 = —RIK3KiKE 7, (€ + k2)> 1 Anke7t(kagn +12p19) (RZ = R}),
ay = — 7 pnNikskakeks (kagn + 72p19)* (7 +k2)? (& + k2) (RE = 1).
Model (2) with the integer derivative either has (1) only one endemic equilibrium whenever (ag <

0 <= R¢>1)or(a; <0and ag = 0o0r a7 — 4apag = 0), (2) two endemic equilibrium points if
(ag >0 (Re <1),a1 <0 (Re > Ry) and a? — 4apag > 0), or (3) no equilibrium otherwise.

Theorem 1 ([5]). Model (2) exhibits a supercritical bifurcation at R, = 1, which implies that
whenever R, > 1, the endemic equilibrium is locally asymptotically stable.

Remark 1. Proposition 1 combined with Theorem 1 implies that Proposition 2 (iii) will never hold
true for model (2). Thus, the condition R, < 1 is sufficient to eradicate the disease.
2.2.2. Fractional-Order Typhoid Model

The following model is obtained when we replace the integer derivative operator
in (2) with the non-integer operator in the Caputo sense.

CDIS(t) = Ay — (ki +vB(t))S(t) + OV (£) + aR(t), (5a)
LDIV(D) = ~[ky + (1 - €uB(1)]V(F) +ES(t), (5b)
CDJE(t) = —ksE(t) + v[rV(t) + S(t)]B(¢), (5¢)
LDIC(t) = gmE(t) — kaC(t), (5d)
LDII(t) = qimE(t) + pry2C(t) — [ks + 0]1(t), (5e)
GDIR(E) = praC(t) + oI(t) — keR(t), (5f)
D/B(t) = pcC(t) + pil (t) — ppB(1). (5g)
with S(0) >0, V(0) > 0, B(0) >0, E(0) >0, 1(0) >0, C(0) > 0, and R(0) > 0.

Asymptotic Stability of the Disease-Free Equilibrium

Before investigating the stability of the disease-free equilibrium point, we consider
the fractional-order system (5) as follows:

CDIx(t) = F(x(t)), (6)

where x({) € R7, F € R” xR7,0 < 5 < 1. The characteristic equation of the matrix F
evaluated at any equilibrium (see [30]) is given by

det(s(I—(1—#5)F)—nF)=0. (7)
For the fractional model (5), the asymptotic stability of Q is claimed in the following result.

Theorem 2. The disease-free equilibrium Qy is uniformly asymptotically stable if R, < 1, and
unstable otherwise.
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Proof. The Jacobian matrix of system (5) evaluated at the disease—free equilibrium Qy is

given by
-k 0 0 0 0 o —vSy
C —k2 0 0 0 0 —1/7TVO
0 0 —k3 0 0 0  v(So+ ntVy) LT
J(Q)=] 0 0 gy —k 0 0 0 = ( ]; ]i )
0 0 qm pir2 —(ks+o) O 0
0 0 0 P2 o —kg 0
0 0 0 Pe pi 0 —MUp
=k 0 (0 0 0 a —vS _
Where ]1 - < g —k2 >/]2 - < 00 0 0 —1/7TVO )/]3 _ORSXZI and
*kg 0 0 0 V(So + 7'(V0)
qar1 —ks 0 0 0
Ja=| i1 2 —(ks+0) 0
0 pr2 o —ke 0
0 pe pi 0 —Hp
The characteristic Equation (7) of the typhoid fractional model (5) becomes
{ det(s(I = (1 —=n)J1) —1/1) =0 ®)
det(s(Is — (1 —1)Js) —nJs) =0,

which is equivalent to

1282 + a5 +ag =0,
)

{s[(1 = n)ke +1] +k617}(54 + %53 + %52 + %gs + %‘;) =0,

where a; = (1 — 17)2k7 + (1 =n)ki+k)+1,a =271 —n)ky+n(ky + ko), a0 = 172k7,

As = y3kskakspy (1ko + q1p; + peq) (1 — R?)
+ 13 upksks (kspeq + p172piq) + kska(q1kap; + pryapiq) + kaksko]
+ 3y (ksko + kako + kako) + 1kopy

(s + 72 s+ ks 70 ks - (ks 0 ) = ks +1) ko,

A= {4k3k4k8k9.ub’7%77 + 3itkskgppnqrkapi + 377%77k3k4}4bk8pc‘7}(1 —R?)
+ 3yinkskapy (qikapi + pryapiq) + 3kskspy [Kspeq + pryapid]
+ 2i1kakopuy iy + (2071Kk3 + 1)Koy + 3iikakskopy + 271ksko gy
+ (( (3033 +2m ) ka + 272ks + 1) ks -+ (271k3 + 1)ks + k3 ) kor,
Ay = [677%k3k4k8k9]"b’72 + 3n1kskaks gy (peq + ‘hpi)] (1-R2)
+ 317? [kakspy (Kspeq + p1v2pid) + kaksko (15 + k3) + kskapty (q1kapi + p172pid)]
+ (kaks + kaks + kaky + kspiy, + kapiy, + kapip)kory?,
Az = pyi’kskaks[4kon + qipi + peq) (1 — R)
+ (py + k3)kakskor® + kappry® {ksq (ks pe + pryapi) + kapi(gaks + prr2g)},
ko

Ay = (1 - R?) n*kakakspy [qikap;i + kspeq + p1yopidl,

and; =1—17.
Since both coefficients of the first equation of (9) are positive, it follows that the real
parts of the solution of (9) are negative. From the second equation of (9), we have that
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s1 = — k1 s one solution, and the other solutions are the root of
[(1—n)ke+1]

T (s) := Ass* + Ays® + Aps®> + Aszs + Ay. Note that Ay > 0 <= R, < l,and R, < 1 =

(A1 >0,A2 >0,A3 >0, and A5 > 0). Then, it follows that, if R. < 1, then the disease-

free equilibrium Qp is asymptotically stable whenever the following Routh-Hurwitz
2 2

criteria % - %g > 0 and % — A% 23 5 0 are satisfied for polynomial 7 (s) .

For uniform stability, we use the Lyapunov function:
M(E,C, 1, B) = b1E(t) +baC(t) + b3I(t) +bsB(t), (10)

where by = 1, by = k3(kspe + pip172)/ [kapigiv1 + qvi(kspe + pip172)], and by = kskyp;/

kapigir1 + 71 (kspe + pip172)] and by = kskaks/ [kapigiv1 + 971 (kspe + pip172)]-
The fractional derivative of M is given by

CD]M(E,C,1,B) < §D/Eb;y +{ D{Cby+§ D]Ibs +{ D]Bby
= by (VB[S + V] — k3E) 4+ ba(g71E — k4C) + b3(q171E + p172C — kgI)
+by(pcC+ pil —pypB)
<by (VB [50 + NVO} - k3E) +b2(g71E — k4C) +b3(q171E + p172C — ks!)
+bs(pcC+pil —ppB)
= byvB (50 + 7IVO> — biksE + bygy1 E — boksC + bsg1y1 E + bspy72C
— bskgl +byp:.C + bap;l —byuyB
=bvB (50 + 7TVO> —byppB + (b3g171 + b2gy1 — biks)E
+ (bgpc +b3p172 — boky)C + (byp; — baks)!

ppkaky (ks + o) 2
= Rs—1)B.
Piq1v1ika +9r1(p1piv2 + pe(ks + ) < ‘ )

Thus, %D?M(E, C,I,B) < 0 whenever R, < 1, and %D?M(E, C,1,B) = 0 if and only if

R.=1or B({) = 0. Setting B = 0in (5), weobtainS = Sy, V = Vp,and E=C=1=R = 0.

Thus, lim (S(t), V(t), E(t), C(t), 1(t), R(t))" — (So,V0,0,0,0,0,0)" := Qy. Consequently,
—00

by [31] (Theorem 2.5), it follows that if R, < 1, then Qg is uniformly asymptotically stable

inW. O

Existence and Uniqueness Analysis

Before describing the existence and uniqueness of solutions for the fractional model
using the fixed point theorem, we define 7 as a Banach space of continuous functions
defined on an interval P with the norm

i=7
X =3 1 X,
i=1

where X = (S,V,E,C,I,R,B), || X; ||=sup{|X;(t)| : t € P}, and T = M(P) x M(P) x
M(P) x M(P) x M(P) x M(P) x M(P).
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Let us write system (5) as follows:

CDJS(t) = Hy(t,S),
CDIV(t) = Ha(t, V),

“D/E(t) = Hs(t, E),

CD]C(t) = Hy(t,C) (11)
“D]I(t) = Hs(t, 1)

“D/R(t) = Hq(t, R)

“D]B(t) = Hy(t, B)

Application of the Caputo fractional integral operator permits us to reduce (11) to the
following system:

=50 +50) = | [/ (1= 0 MHule,S)ae |

VO V() = | [t -0 Hale V)de|

~ B+ E0) = | [/ (1= 0" Mhale, M|

~CO)+C0) = | [ (6= 61 MHale, Code| s )
~10) +10) = | [t 7 Hs(e, 1|

~RO)+R) = | [/ (6= 0" Hale, R)de| 71

= B(0)+ () = | [ (=0 He R

with0 <y < 1.

Now, we will provide the Lipschitz conditions fulfilled by H;, fori = 1,2,...,7, as
well as the contraction conditions. In the following theorem, we only provide the condition
for Hj, the rest being similar.

Theorem 3. The kernel Hy satisfies the Lipschitz and contraction conditions provided that
0<vky+k; <1

Proof. For S, we proceed as below:

| Hi(t,S) —Hy(t,51) || =l —=vB(S —S1) —k1(S = S1) ||
=[|vB+kq ||| (S(t) = S1(t)) ||
<[ vz +kq ||} S(t) — S1(¢) ||

where x7 is the upper bound of the function B(t). Now, setting Wi = vy + k1, we
finally obtain
| Hy(£,S) —Hy(t,51) [[< Wi || S(8) = S(t1) |, (13)

which provide the Lipschitz condition. If, additionally, we can have 0 < Wy = vky +k; < 1,
then the contraction is also obtained.
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As in the case of Hj, it is easy to obtain the Lipschitz condition for the other kernels.
Thus, we have

| Ha(t,C) = Ha(t,Cy) | S W2 || V(E) = V(1) I,
| Ha(t,E) —Hs(t, Eq) || < W3 || E(t) — E(t1) I,
| Hy(t,C) —Hy(t,Cr) || < Wy || C(t) = C(t1) |, (14)
| Hs(t, 1) —Hs(t, 1) || < Ws || I(t) = I(t2) |,
| Ho(t,R) —He(t, Rq) || < We || R(t) — R(t1) I,
| H7(t, B) —Hy(t,B1) || < Wy || B(t) — B(t1) || -
0
Recursively, Equation (12) can be rewritten as follows:
$(t) = 5(0) = 5 [ (6= )" H (g, Su0)ds
Vu(t) = V(0) = r(ln)/o (t—¢)" ™Hy(g, Vy—1)dg,
Ed() = EO) = g7 [ (=97 'Halg v
t
Colt) = C(0) = g7 ) (¢ =€ Hle Gy ), 15
()~ 10) = o [ (= e Hs(g 1),
Ralt) = RO) = g5 [ (0= )" 'Hole, Ry-1)ds
t
Bu(t) = B(O) = 5y [ (6= €'y (g, By

By determing, in a recursive manner, the difference between the successive terms of (11),

we obtain
#1(8) = $(6) = S,0a(0) = s [0 (6 8,00) ~ (s 8,2
P2a(t) = Va(8) = Vs (1) = s [ (= )7 (Bl Vioa) — e Vo),
#an(t) = En(8) = Eua(8) = g5 [ (6= 0" (Fiale, Eua) ~ Halg En-2))
Ban(t) = Colt) = Cooa () = s [ (0= €)1 (B1s(e, Cot) Bl o), (16
Fsn(t) = 1(0) = Toa(8) = s [t = )7 BB (g o) — His(e, F-2))e,
on(t) = Ra(t) = Raa(t) = s [t = )7 (ol Roca) — (e Ry -2))s,
#ra(8) = Bu() = B a(8) = s [ (6= 0" (Bl Buos) e, By )i,
V(0), Eo(t) = E(0), Co(t) = C(0), Ip(t) = I1(0), Ro(t) = R(0),

with Sy(t) = 5(0), Vo(t) =

and By(f) = B(0).
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The norm of ¢, () gives

191a(0) 1= 5006) = Sua(0) | =1 s [ (6= 97 (F 6,5,0) = Hi e, Sy-2))l |

< ﬁ I (/Ot(t*(;)nil(Hl(G/Snfl) —Hi(g, Sn—2))dc | -

17)

With the Lipschitz condition (13), we obtain

_ 1 't 1
191 (8) [I=1 Sn(t) = Su-a(t) [I< @Wl/o (E=¢)"" I Su1 =Sz lldg. (18

Thus, we have

1 t _
I un(t) 15 oW (=6 1 iy (0) e 19)

By proceeding in a similar way, we obtain, for the other ¢;,(t),i =2,...,7,

1 -t

| p2n(t) [|< NOIMG /0 (t=0)""" | ¥apu-1) (<) Il dg,
1

0 (8) 1 s (=077 s () 11,

108 1 s (=077 (€)1

150 (8) 1 s (6= €077 sy I

1 t
W (=6 1 91y 6) | 4

I 9en 6) 1= 555
Wy [ (6= 17 | ) (6) .

(20)

U
1
H lp7n(t) HS Tﬂ)

Each nth term of the state variables of (5) is given by

<
@
—
~
~—
<

Su(t) = % 9u(t), Valt) = £ gai(t) Enlt)
Calt) = L hu(t), 1n(t) = X (1), R (1)
Bu(t) = é:l 7).

1= 1=

<
x
~—~

~
=
N

(21)

The following result guarantees that the solution of the fractional model (5) is unique.

Theorem 4. If the following inequality holds,

1
—x"W; <1, for i=1,2,...,7, (22)
s S

then the solution of the fractional model (5), for t € [0, T|, is unique.
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Proof. With Equation (13), inequalities (19) and (20), combined with a recursive technique,

we obtain:
| g8 <1 So(8) | FV(V,;)'I 92 11 Wol) | [FV(V;)”] ,
(W )" W "
| ¥3u(t) <] Eo(t) | _FV(VU) '7: n, | an(t) ]| Colt) | [rx) "]n, -
| su(£) 1<l Io(t) | Wj)x’f N pen(8) Il Ro(t) | [r(,j)"]

I 9o () 11| Bo(®) | [FV(V;)@ .

Therefore, the above sequences satisfy nlgrolo | ¥in(t) |— 0,j =1,2,...,7. The triangle
inequality applied to (23) permits us to obtain

k+n i ZT+1 _ lec+n+1
| Skqn(t) = Sult) < '_Z Z, = 1oz,
j=n+1
k+n j ZS+1 _ Zl£+n+1
| Virn () = Va(t) [I< ‘_Z Z, = 1oz,
j=n+1
k+n y Zg-‘rl _ Z§+Yl+1
| Eeant) = En(0) < 3 Zi=2q 00—,
j=n+1
k+n y Zz+1 _ Z§+n+l
| Con(t) =Cu(t) IS ) Z} = —1_z. (24)
j=n+1 4
k+n . Zn+1 _ Zk+n+1
] _ 75 5
| len®) = (D) <} Zs = = —7—
j=n+1
k+n y Zg+1 _ Zlé+n+l
| Ricyn(t) — Ru(t) [[< ‘_Z Z, = 7
j=n+1
k+n . Zn+l _ Zn+k+1
| Bin(t) =Bu(t) < ). Zh="T——7—,
|~ 1-27;
j=n+1
with 71 bTW; < 1and Z (1 Wx”)n 1=1,2 7
i 1= 1 S=1,2,...,7.
() I'(y)

Therefore, Sy, Vii, En, Cy, I, Ry, and By, are uniformly convergent Cauchy sequences
(see [32]). With n — oo, it follows that the limit of these sequences represents the unique
solution to model (5). O

Numerical Scheme of the Fractional Model and Its Stability Analysis

Several methods have been developed to construct numerical schemes for fractional
models. One can cite, among others, the Implicit Quadrature method [24], the Approximate
Mittag-Leffler method [33], the Predictor Corrector method [34], and the Adams—Bashforth—
Moulton method [25]. The choice of the method depends on several factors, such as the
amount of information treated [35] and the accuracy order [36]. The numerical scheme
proposed in this work is constructed using the Adams—Bashforth—-Moulton method.

Let us consider the following general form of a fractional differential equation [37]:

qo(l)(O) = (pé, 1=0,1,2,...,n—1,where n = [y],
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which is equivalent to
-1 l
|t

= L+ gy (-0 HE0@)E )

Forn € [0,1],0 <t < T and setting x = T/N and t,, = mx, form =0,1,2,...,N €
Z*, the solution of the fractional model is

K p
S1+m = So+ T +2) (Ah +yRY,,, + 60V, — (B, +ki)S 1+m>

K"l d

«'l
Vigm =Vo+ w (glerm [( ) 1+m + kZ} l+m>

" (17+2 Za”*m(gs [ €)ij+k2}Vj>,

K p p p
Eivm=Eo+ r<;7 ¥ 2) (VBler [Sler V1+m} k3El+m>
L (BB V] kE>
Ty +2) i\ 27)

C C <! EV. —kC 7y E; — kyC
1+m = 0+r(17+2)(1771 1+m — K4 1+m> W}ga]‘,wm(QM j— K4 j>,

Lym=1Io+ 1"(17Kj—2) (Q171Ef+m + pnszer — [ks + 0] 1f+m>
x' UL
+ W ];:) aj14m (%%Ej + p172Cj — [ks + 0]1]-),
K !l m
Ritm =Ro+ T +2) (P72C1+m +oly,,, — k6R1+m) + T +2) ];:) Aj1+m (p'yij +ol; — k6R]-),
B —B il p 14 P K U
e = BT 1 2) (ch1+m TPl VhBl+m> + m];)a]}l+m (Pch + pilj — be]->,
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where
1 m
S} m = So+ ) Y bjam (Ah +7R;+6V; — (vB; + k1)51>f
j=0
1 m
Vf+m_vo+l_|(17)2bj’]+m<§s] 1—€ vB; +k2]V)
j=0
1 m
Ef . =Eo+ 0 Ebj,Hm(vB [Sj+ nVj| — ksE; )
j=0
1 m
Cf—i—m =Cy+ W 2 bj,1+m ([]’YlE k4C; > (28)
j=0
4 1 o
L, = IOJFT’?) Z;bj,ler( 1mEj+ p172Cj — [k5+U]I]‘>/
1
Rijer =Rop+ 1"(17 Zb]1+m (p’)/zc +UI — kgR; )
1
Berm = Bo+ m ij,l+m< cCj +pil; — mpB; )
j=0
and

m* — (m+1)(—y+m), j=0,
Qrim =14 (2—j+m)™ =20m—j+ )+ (—j+m) T 1< j<m,
1, j=1+m,

x'l ) . .
bigem = 2o ((m+1 =) = (m—=)7), 0 < j < m.
We then claim the following result.

Theorem 5. Under some conditions, the above numerical scheme (see Equations (27) and (28))
is stable.

Proof. Let Sj, S]*(j =0,...,1+m) and Slim
Sj, and Sl o Tespectively. By using Equations (19) and (28), the following perturbation

equatlons are obtained:

(m =0,...,N —1) be perturbations of Sy,

1 o
szm = 56 + Tﬂ) 2 bj,1+m(gl(tj, S]' + S]*) -G (t]', Sj)), (29)
j=0
o = S5+ (@1 (b, S+ SE ) = Gr (b ST)
tm 1"(;7 + 2) 1+m +m 14m -
30
K’ n .
+ m];)a],l-‘rm(gl(t]/ S] + S]) — gl (t], S]))

The Lipschitz condition permits us to obtain

S _(PO S 61" “+m S ’ 31
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where ¢y = omax, {| S5 + |SO | } From [32] (Equation (3.18)), it follows that

M m
STl < @0+ ) Y bjaemlSiL (32)
=1

Mbm 0

T0) 1 +m| from Equation (32) into

m<N
Equation (31) glves

where @) = [max {|S§| + |SO|}. Substituting |S

KM M
(mn Y- bytenlS? + za,1+m|s |)

‘Sl+m| —QO+ (
1 =

1n+2)

<@+ T +2) ) I-.(’?)bj,ler +ﬂj,1+m) |S71 (33)
m
==Y (m+ 1)1 ST,

KTMay 1 m
T o) Q0
I'(n+2)
Thanks to Lemma 2, we have that C; » > 0 and depends only on 7, and « is assumed
to be small enough. A direct application of Lemma 1 implies |Sj_ | < Cgo. The proof for
the other variables is obtained in the same way. This ends the proof. [

where 09 = max{¢o +

2.3. Model Dynamics with the Standard Incidence Law

In this section, we extend model (2) by replacing the mass action incidence law with
the standard incidence law, and considering direct transmission (human to human). The
new typhoid fever transmission dynamics model is thus presented as follows:

(I+0C)

S(t) = Ay +0V(t) +aR(t) —kS(t) — B NG (t) —ums(t), (34a)
V(t)=— [kz + B (%4(;)1) + er_BF(;)(t)} V(t) +S(t), (34b)
E(t) = [ (f\]*(;)l) . (’f)@ K} (V1) + S(£)) — ks E(8), (340)
C(t) = qmE(t) —ksC(t), (34d)
I(t) = g1 E(t) + p172C(t) — ksl (t), (34e)
R(t) = p12C(t) +oI(t) — keR(t), (34f)
B(t) = pcC(t) + pil () — mpB(t), (34g)

where B is the direct transmission rate, and K represents the half-saturation constant.
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The corresponding fractional model is given by

C
E)D?S(t) = A, +0V(t) +aR(t) —kiS(t) — ﬁ(IN+(t) ) (t) — V%S(t), (35a)
C
DIV = [kz +rpld Jzt) . . (I?(t)] V() +ES(0), (35b)
CDJE(t) [ ”C +vKi(;)(t)](7rV(t) +5()) — ksE(b), (350)
DI C(t) = gnE(t > kaC(8), (35d)
CD”I(t) = qnE(t) + pr72C(t) —ksI(t), (35¢)
CDIR(t) = p72C(t) + oI(t) — keR(t), (35f)
;DY B(t) = pcC(t) + pil (1) — pyB(1). (358)
Without loss of generality, it is evident that the new model (34) (resp. (35)) is also
defined in W.

Model (34) has the same disease-free equilibrium as model system (2). Using the same
approach developed in [29], we define the next-generation matrix of model system (34) as

Ry Hopﬂzﬁ_'_iﬁ Hop

Nokyks Noky  Noks Ry
0 0 0
NGM =
0 0 0 0
P12pi pi
R kyks + kg 0

Hopr1 [ (p1729 + q1ks)
Noksky ks
and Hy = Sy + V.

Thus, the control reproduction number of model (34), which is the spectral radius of

NGM, is given by
Rq + 4/R% 4+ 4R4Rs5 56

Rex = >
The following result is a direct consequence of Theorem 2 in [29] (see Appendix A for
the proof).

where R = + q}&; - HOV,R _n {Pi(Pl'YZq + q1ks)

= —_— — + ,
Kuy' >~ kaks ks Ped

Proposition 3. For model (34) (resp. (35)), Qq is locally asymptotically stable in W if Rey < 1
and unstable if R, > 1.

Theorem 6. For the new typhoid model (34) (resp. (35)), the disease-free equilibrium Qy is globally
asymptotically stable if R, < 1 and unstable otherwise.

Proof. See Appendix B. O

3. Results
3.1. Numerical Results of the Fractional Model with Mass Action Incidence Law

We perform several simulations with the parameter values listed in Table 1.

Table 1. Parameter values of (2) taken from [5].

Parameter Value Parameter Value Parameter Value
Ay, 1 Up 0.149990 v 3.2618 x 10~°
7 0.2145 € 0.9495 0 0.1499
Y2 0.1498 ¢ 0.3221 I 0.49992

o 0.0834 0 0.0833 Re 2.4750
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The step size is ¥ = 108, the initial time is T = 0, and the final time is T > 0. We
begin by showing the impact of fractional order on the dynamics of the disease. To this
aim, the fractional-order parameter varies between 7 = 1 and # = 0.5.

Figure 1 displays the impact of the Caputo fractional operator on the model dynamics.
For different values of the fractional-order parameter 7, the infected state profiles are drawn.
From Figure 1, it follows that when the fractional order 7 decreases, the solutions of our
fractional model (5) have different behaviors. Indeed, when the fractional order decreases,
the number of infected humans in latent, carrier, and symptomatic states increases. This
is the same for the compartment B. This phenomenon was also observed in a malaria
fractional model studied by [38]. It is important to note that for # = 1, the solutions of the
fractional model converge to the solutions of the integer model.

150
n=1
7=0.9
7=0.8
100 - 7=0.7|
C 7=0.6
7=0.5 |
50 -
— 0.6
—=0.5
0 : | | | 0 | | T :
0 20 40 60 80 100 0 20 40 60 80 100
Time (Months) Time (Months)
80 2000
1500 -
B
1000 {/
500
7=0.6
7=0.5
0 0
0 20 40 60 80 100 0 20 40 60 80 100

Time (Months) Time (Months)

Figure 1. Simulation results showing the fractional dynamics on the infected state variable profiles
for different values of the fractional-order parameter 7.

To evaluate the impact of vaccination on typhoid fever transmission dynamics, we
fix the vaccine efficacy at € = 70% while the vaccine coverage parameter varies between
¢ =0%and & =90% (¢ € {0.90,0.50,0.20,0}), with different values of the fractional-order
n (1 € {1,0.90,0.80,0.70,0.60,0.50}). The results are displayed in Figures 2-5.

3000 o . 200 F
= JE—
2500 I 7=0.9 1 "_0 s
=08 300 iy
2000 f{ "=g-; 2;0:7
=0, =
1500 [[——1=05 1 czoo e
E 7205
1000 J [
100
500
0 0
0 20 40 60 80 100 0 20 40 60 80 100

Time (Months)

1000

800

| 600

400 -

200 -

0 20 40 60 80 100
Time (Months)

Figure 2. Simulation results showing the infected state variable profiles without vaccination (¢ = 0).

4
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Figure 3. Simulation results showing the infected state variable profiles when the vaccination
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coverage ¢ = 20% with different values of the fractional order.
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Figure 4. Simulation results showing the infected state variable profiles when the vaccination
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coverage ¢ = 50% with different values of the fractional order.
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Figure 5. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 90% with different values of the fractional order.

Without vaccination coverage ¢ = 0 (Figure 2), the peak delayed phenomenon is
observable. Indeed, for # = 1, the peak date corresponds to T = 45 months, with
approximately 3000 infected individuals in the latent stage, 400 asymptomatic individ-
uals, 950 symptomatic individuals, and 26,000 free salmonella in the environment. This
peak date is delayed when the fractional-order parameter 7 decreases. Thus, the peak
dates are beyond T = 45 months. From Figures 3-5, we note that this peak date is
forward delayed beyond T = 45 months whenever the fractional-order parameter # de-
creases. Moreover, the number of infected individuals decreases with the decrease in the
fractional-order parameter.

Now, in addition to vaccination, we consider environmental sanitation. To this aim,
the bacterial decay rate y;, is modified to y;, := yj, + w, where w € {0,0.1,0.2.0.3,0.4}
represents the additional decay rate of free salmonella due to environmental sanitation [6].
The vaccination coverage is fixed at § = 32.21% as reported in Table 1. From Figures 6-9, it
is evident that mass vaccination combined with environmental sanitation has a positive
impact, reducing the disease burden.

150
100
C
50
0 | | | | 0 1 | | | ]
0 5 10 15 20 25 0 5 10 15 20 25
Time (Months) Time (Months)
80 2000
1500
B1 000
500
0 | | | | 0 1 | | I
0 5 10 15 20 25 0 5 10 15 20 25

Time (Months) Time (Months)

Figure 6. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order # = 1.
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Figure 7. Simulation results showing the infected state variable profiles when vaccination is combined

with environmental sanitation, for fractional order y
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Figure 8. Simulation results showing the infected state variable profiles when vaccination is combined

with environmental sanitation, for fractional order # = 0.80.
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Figure 9. Simulation results showing the infected state variable profiles when vaccination is combined
with environmental sanitation, for fractional order # = 0.70.

3.2. Numerical Results of the Fractional Model with Standard Incidence Law

To simulate the new fractional model (35), we use the parameter values listed in Table 2.
Note that the new typhoid model has been calibrated using real data from Mbandjock,
Cameroon (see [5,6]). In Figure 10, panel (a) shows the cumulative typhoid cases versus fitted
confirmed cases (infectious individuals tested positive), which is equal to (1 — q)y1E(t) +
(1 — p)72C(t), while panel (b) presents the cumulative estimated cases for the next year.
The following fractions are used as initial conditions S(0) = 20,950/32,000, V(0) = 20/32,000,
E(0) =200/32,000, C(0) = 150/32,000, I(0)=60/32,000, R(0)=1/32,000, and
B(0) = 500/10°. The relative change is r = 1.83 x 1077 and the function tolerance is equal
to 1076

Table 2. Estimated parameter values of the new typhoid model (35).

Parameter Values Source Parameter Values Source
Ay 3 Fitted Hp 0.0015 Fitted
02! 0.1512 Fitted € 0.9497 Fitted
Y2 0.3039 Fitted ¢ 0.1538 Fitted
0 0.1382 Fitted B 0.60 Fitted
v 0.00050 Fitted K 995.7957 Fitted
1o 0.4992 Fitted Rex 1.4348 Estimated
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B
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Figure 10. Cont.
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Figure 10. Parameter estimation and forecasting of cumulative new cases of typhoid fever in
Mbandjock, Cameroon, from 1 July 2019 to 31 August 2020, for the new model (35). Red bullets
denote real data (see [5,6]). The fitted model is represented with the blue line, and new forecasted
cases are represented by the dotted line.

First, we observe the general dynamics of the new fractional model. The results are
displayed in Figure 11. As for the case of the fractional model with mass incidence law (5),
Figure 11 reveals that when the fractional order # decreases, the solutions of our fractional
model (35) have different behaviors. The number of typhoid cases decreases and the peak
is delayed when the fractional order decreases.

25 015
—_—
2 —=0.95 —=
— =090 —=0.95
15 e 120,85 01f —_— .,=g.:g
. - — =00,
£ e 120,80 c _
=075 —=0.80
1 n=0.75
0.05
0.5
0 — o L=
0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)
0.5 15
04 — =]
— =0.95
e 1=0.90 10
0.3 e 120,85
! — =0.80 B
0.2 7=0.75
5]
0.1
0 = i 0 -
0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)

Figure 11. Simulation results showing the fractional dynamics on the infected state variable profiles
for different values of the fractional-order parameter 7.

Vaccination coverage impact is studied numerically. From Figures 12-15, it follows that
the more ¢ increases, the fewer individuals are infected. This shows that mass vaccination
plays a important role in reducing the spread of the disease.
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Figure 12. Simulation results showing the infected state variable profiles when the vaccination

coverage ¢ = 0% with different values of the fractional order.
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Figure 13. Simulation results showing the infected state variable profiles when the vaccination

coverage ¢ = 20% with different values of the fractional order.

04

0.3

0.2

0.1

0 10 20 30 40 50

Time (Months)

Figure 14. Cont.

0.03

0.025

0.02

0.015

0.01

0.005

20 30 40 50
Time (Months)



Fractal Fract. 2021, 5, 149

23 of 31

0.1

0.08

3 |—=t
e 120,95
—=0.90
y || =0.85

0.06

— 7=0.80

0.04 =075

0.02

0 10 20 30 40 50 0 10 20 30 40 50
Time (Months) Time (Months)

Figure 14. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 50% with different values of the fractional order.
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Figure 15. Simulation results showing the infected state variable profiles when the vaccination
coverage ¢ = 90% with different values of the fractional order.

4. Discussion and Conclusions

In this work, we extended our previous SVEIR-B compartmental model [5] by replac-
ing the integer derivative with fractional derivatives, to evaluate the memory effect on the
transmission dynamics of typhoid fever. We began by recalling some previous results on
the integer model (the control reproduction number R., existence and stability of equilib-
rium points). In order to describe the non-local character as well as long-term memory
effects in the typhoid fever transmission dynamics, we replaced the integer derivative
with the fractional derivative in the Caputo sense and studied the asymptotic stability of
the disease-free equilibrium. Using fixed point theory, we proved the existence as well as
the uniqueness of the solutions of the fractional model. We used the Adams-Bashforth
method to construct the numerical scheme of the proposed fractional model. We then
established the stability of this proposed numerical scheme. We simulated our fractional
model using the Adams—Bashforth-Moulton scheme implemented by [39]. Using parame-
ter values for Mbandjock, a city in the central region of Cameroon, we simulates the model
by varying the fractional-order parameter, the vaccination coverage, and the bacterial
decay rate. Apart from the fact that the solutions of the fractional model converged to
the solutions of the integer model when the fractional-order approached one (17 = 1), the
simulation results showed that the expected date of the disease peak was forward delayed
when the fractional-order parameter decreased. In addition, combining vaccination with
environmental sanitation can permit a considerable reduction in the disease’s spread.
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We then extended the previous models by replacing the mass action incidence law
with the standard incidence. The analysis of the models showed that the disease-free
equilibrium is also globally asymptotically stable whenever the corresponding reproduc-
tion number R, is less than one. Due to the complexity of the newly proposed models,
we could not prove the existence and uniqueness of the endemic equilibrium. However,
numerical simulations showed that it is possible that the new typhoid fever models permit
a unique endemic equilibrium that is globally stable whenever R.. > 1, and no equi-
librium otherwise. We also found that, from a quantitative point of view, the disease
burden was overestimated with the models the with mass incidence law compared to the
one with the standard incidence law. Indeed, for the models with mass incidence, the
control reproduction number was estimated at 2.4750, while the one with the standard
incidence was estimated at 1.4348. This was in accordance with our previous work in
which we considered the standard incidence law. In [6], the control reproduction number
was estimated at 1.3722. As for the models with mass action incidences, we observed a
delay in the disease peaks whenever the fractional-order derivative decreased.

It was observed that mass vaccination can overcome this disease. In fact, if the means
are put in place to finance and implement vaccination campaigns in rural areas, it is possible
to eradicate typhoid fever. Moreover, these vaccination campaigns must be accompanied
by awareness campaigns among the population in order to combat this type of disease, as
well as instructing citizens on ways to protect their environment against the proliferation
of salmonella.

Our main contribution in this paper consisted in the formulation, using both integer
and fractional derivatives, of new transmission dynamics typhoid fever models that in-
corporate the standard incidence rates and mass vaccination. The values of the control
reproductive number differ from the model with mass action incidence and those with
the standard incidences. Indeed, for the model with mass action incidences, R, = 2.4750,
while, for those with standard incidences, R.« = 1.4348. This proves that mass action
incidence overestimates the disease burden.
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Appendix A. Proof of Proposition 3
Proof. The Jacobian matrix of (34) (resp. (35)) evaluated at the disease-free equilibrium Qy

is given by
k6 0 —% —% a Sy
éc —k2 0 _ B nVop 0 Vv
0
0/ = 0 0 Y19 —ky 0 0 0 T\ T
0 0 gm pi2 —ks O 0
0 0 0 P72 o —kg 0
o 0 0 pe pi 0 —m
H, H, H,
R T . o
_kl 0 Y19 —k4 0 0 0
where J; = < & kz)' Ja=|mm pm ks 0 0 |-
0 P2 c —k¢ O
0 pe P 0 —m
0 B 5P _Sov
T = <0 HI“]/g 5 nl“],g - H‘Ifm/), and J3 = Opsx2. The eigenvalues of J(Qy)
TN @ Ny T K

are those of J; and J3. It is evident that the eigenvalues of [J; have negative real
parts. Indeed, the characteristic polynomial of 7 is 7 (x) = det(J; — xI) = x? + (k; +
k2)x + ky. Since all its coefficients are positive, it follows that all its roots have negative
real parts. A trivial eigenvalue of J; is x = —kg. The others are the roots of the fol-
lowing polynomial: Z(x) = x* 4+ a1x3 + a,x? + a3x + ay, with a; = pp + kg + kg + k3,
a, = k3k4k8"l/lb(1 — R:)(R: — Ry + 1),

1

ay = K31yq + kaksppq + kaksupq + p1y2ksupg + p1y2kappg + p1y2k

2 k8q+Pl'725]+5]1k4{ gHpq T KaKgipg 3K8Up T P1Y2K8pd T P17Y2K4HpY T P17Y2K3 ML
+kak3q + ksk3q + kakaksq(1 — R1) + p172kaksq + p1yaksksq + p1yakskaq + qikaksiy

+q1kGpp + qikskapy + q1kiks + qiksksks (1 — Ry) + 071k3kﬂ ,

and

1
az = X
((p172ks + p3v3) pi + (K3 + prv2ks) pe)g® + ((q1kaks 4+ 2p19172ks) pi + qikakspe)g + g3k pi

X [((((P172k4 + p172k3)k3 + (1 — Ry) p1yaks + p3v3)ka + p2dks)ks + piydkska) up

+(1 = Ry)pry2kskakg + (1 — Ry) piiksksks) pi + Kipe)q®
+(Kopi + (qikskikspy (1 —R2, + Rch*) + qukgkgup + (1 — Ry)qrkskakgpy + (1 — Ry)q1kskhg) pe)q

+(qikakiksps (1 — Rex) (1 — Ry + Rew) + qikikspy + qikakips + (1 — Rl)ﬂ%kskiks)i’i} :
Ki = {ks(1 = Rex)(1 = Ri + Rea) + p172 (1= RE + RiRe. ) Phakakspuy
+ (kg + k) (ks + p1v2)k3pp + (1 — Ry) (ks + p1v2)kskak}

Ko = (ks + p172)qikskskspy, (1 —RZ + Rch*)
+ (1 = Ry)p172gikskakspy + (1 — Ri)q1ks + 2p17241)kgks s + 2p172q1ksk
+ k33 + qikskiks (1 — Ry) (ks + 2p172)
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It is clear that ay is always positive, and a;, i € {2,3,4} are positive if R¢, < 1. Indeed, it is
important to note that
Rex <1 =Ry <1, (A1)

which implies that K; > 0 and K; > 0.

Thus, all coefficients of the polynomial Z(x) are always positive whenever R, < 1. It
follows that, if R« < 1, then the disease-free equilibrium is locally asymptotically stable
if and only if the following conditions hold (because of the length of the expressions, we
omit them here):

ajap —az >0 and ajapas — a%a4 — a% > 0. (A2)

This ends the proof. O

It remains now to prove the corresponding result for the new fractional model (35).
To this aim, let us define the following equation:

det[r(I — (1 —#%)T(Qo)) — 1T (Qo)] =0, (A3)

which is the characteristic equation of

k9 0 =% % o Sy
C:.( —kz 0 Vof?n _ V?\in 0 _ V%)n
J(Q)=1 0 0 mg —k4 0O 0 0
0 0 gm P —ks 0 0
0 0 0 Y2p o —ke 0
0 0 0 Pc pi 0 —Hp

From [4,30], it follows that Qy is asymptotically stable, for the new fractional model, if
all solutions of (A3) have negative real parts.

. D ° .
Setting D := [r(I — (1 —1)J(Qo)) — Qo] = ( 0 ! D ),w1th
R5%2 4
ki+1)r+k —nrd —nd
Dy := ((171 1+ Dtk n i )and
—mr§—ng  (mka+1)r+kay
(771k3 + 1)r+k377 H[)’71/3" H()ﬁ’? _ H()[Z(l)ﬁ’ _ Hlil)i? 0 _W _ %
—qr — 1119 (f71k4 + 1)r+k4i7 0 0 0
Dy:=| —pqmr —qmn  —mpivar —pivay - (mks +1)r +ksy 0 0 ’
0 —M72pr — Y2Np —mre —ne (ke +1)r +ken 0
0 —11Pet — Pel] —mpir —np; 0 (mpe +1)r + ppn

it follows that the solutions of (A3) are the solutions of det(D;) = 0 and det(D4) = 0. From
the Proof of Theorem 2, it follows that the solutions of det(D;) = 0 have negative real parts.

It thus remains to show that the same is true for det(D,) = 0. Note thatr = — 17;;811 <0
1Ks
is a solution of det(D4) = 0. The others are the solutions of det(D}) = 0, where
H H H H H H

(mks + 1) +ksy - — TG — R G T T
Dy .= | —mmar—ymq  (pks+1r+kay 0 0

—qamr —qrg —mpiver — piven o (ks +1)r + ksy 0

0 ~11per = pel] —mpir —npi - (s + )7+ ppr

After some straightforward algebraic computations, we obtain that

Ay s Asy As  As _
det(D}) = 0 <= r* +Alr +A—lr —l—A—l —l—A—l 0, (A4)

where
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A1 = ((((—p172kskakg — pivakskaks)uyRE, + (Rip1v2kskakg + Rypirskskaks )y Rex

((1 = Ry)p1y2kskakg + (1 — Ry)pivakskaks)pp )yt

(((p1772ks + pry2ks)kg + (((1 — Ry)p172ks + piv3)ka + praks)ks + pryaksks)

(1= R)p172kskakg + (1 — R1)pivskakaks)n® + ((p172ks + (p1v2ka + pryaks + piv3)ks + pivaka + pivaks) e
(P172ks + pry2ks)kg + (1 — R1)pryaks + piva)ka + pivaks)ks + prvakska)n’

=

((p172ks + PE73) b + P172KkE + (P172ks + p17v2ks + Pi73)ks + Pivaka + Pivaks)y + p1y2ks + piv3)pi

((—kskakg — P172k3k4k2)14bR2 (Rykskgkg + Ryp1yakskakg) iy Res + (1= Ry)kskakg + (1 — Ry)pryokskakg)uy) pen®

+ ((—kskakg — p1y2kskaks) py R, + (Rukskakg + Ryp1vakskaks)pyRes + (ks + k3)kg + (((1 = Ra)ks + pry2)ks + p1y2ks)kg
+ p172kakaks)py + (1 — Rl)k3k4kg + (1= Ry)prvakskakd) perr® + (3 + (kg + k3 + p172)kg + (p17v2ka + pry2ks)ks )y
+ (kg +k3)kg + (((1 = Ry)ks + pry2)ks + p172ks)kg + p1yakskaks) perp® + ((k§ + p1vaks) iy + k3 + (ks + ks + pr72)ks
pr72ka + pryaks)ks) pery + (kg + p1vaks)pe)d
(((—q1kskgkg — 2p1q172kskiks)up R2, + (Riq1kskikg + 2Ry p1g172kskiks)pyRex
(1= Ry)q1kskikg + (2 — 2Ry) p1g172kskiks) py)n*
(—
(

N
N
+
+
N
+

+ (
+(
+ (
+ ((—q1kskakg — p1g172kskaks) iy R2, + (Ruq1kskakg + Ryprqry2kskaks) sy Rex
+ (91K + g1kska)kG + (1 = Ry)qrks + 2p19172)K] + (2 — Ry) p1g172ksks)ks + 2p14172ksky) e
+ (1= Ry)gikskikg + (2 — 2Ry) pravakskiks)n® + ((q1kakg + (915 + (q1K3 + 2p19172)ka)ks + 2p19172k5 + 2p1g172Kk3ka) py
+ (91K + g1kska)kg + (1 = Ry)giks + 2p19172)K5 + (2 — Ry)p1g172kska)ks + 2p1q172kski)n* + ((qrkaks + 2p1g17v2ka) my
+ qrkakg + (91K5 + (91k3 + 2p19172)ka)ks + 2p1172k5 + 2p1q172kska) ) + qikaks + 2p19172ks) i
+ (—qkskik§pRE, + Ragikakikgpp Rex + (1= Ri)qikskikgiy)pery’
+ (—qrkskikspy RE, + Rugikskikspy Rex + ((91K3 + (1 — Ry)qukska)kg + qrkskiks)up + (1 — Ry)qikskikg) pen’®
+ ((q1kakg + (q155 + q1kska)ks)pp + (q155 + (1 — Ry)qrksks) kg + q1kskiks) pen®
+ (qrkakspy + g1kakg + (9153 + q1kska)ks) perp + q1kakspe)g
+ ((—qikskikspy R, + Ragikskikspp Res + (1 — Ru)qikskiksp, )it
+ (—qikskikspRE, + RuqikakiksppRes + ((q7k3 + (1 — Ri)gikskd)ks + giksky)py + (1 — Ry)qrkskiks )y
+ ((g3kiks + q1k5 + gikski) pp + (q3kG + (1 — Ri)gikskd)ks +qiksk)n® + (qikipm, + qikiks + qikg +aiksky)n + q1k3) pis

Ay 4

—~

4(ks + p172) p1yvakskakspp(1 — Rex) (1 + Rex — R1)y
(P172ka + pry2ks)kg + (1= Ra)p1vaks + pivs)ka + piviks)ks + pivaksks) e
1 — Ry)pryakskaks + (1 — Ry) pivakskaks) ) pi + 4(ks + p172) (1 — Rex) (14 Rex — R1)kskakgpppe®
ks + p172)kskaksiy Rex(Ry — Rex) + (ks + k3)kg
(1= Ry)ks + p1v2)ka + p1y2ks)kg + pry2kskaks)py + (1 — Ry)kskakg + (1 — Ry) pry2kskakg) perp® ) g*
((—4q1kskikg — 8pr1q1v2kskiks)uy R, + (4R1q1kskikg + 8R1p1g172kskiks)py Rex
4 — 4R1)q1k3k3K3 + (8 — 8Ry) p1g1y2kskiks) uy )1
qikskak — p1g1y2kakaks)uy R, + (Ruqikskaks + Ruprqiyakskaks) uyRes + ((1K5 + qikska)k
(1= Ry)q1ks + 2p19172)k5 + (2 — Ry) prauyakska)ks + 2p1g172ksky) pp + (1 — Ry)qrkakiks
2 — 2Ry) p1q172kskiks) ) pi + (—4q1kskikgiy Re, + 4R1q1kskikgiy Rex + (4 — 4Ry)qrkskikgpy ) perr*
qkskiksiy RZ, + Ruqikskiksiiy Res + ((q153 + (1 — Ry)qikska)kg + gikskiks )y
1 — Ry)qiksk3k3) per®)q + ((—4q3kskikspy R2, 4+ 4R1q2kskikspiy Rex + (4 — 4R1)q2kskikspy )1
Tkakikspy RE, + Ragikakikspy Rex + ((97K3 + (1 — R1)qikski)ks + qikski) pwy + (1 — Ry)qrkskiks)n®) pi,

A~

(
(
(
(
(=
(

+ 4+ + o+ + o+ o+ o+t

(
(
(
(
(
(
(
(
(
(=
(
(—4
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As = kskgkgpiyp(Rex — Ry + 1)1* (ksq + p172q + q1ka) (pr72piq + kspeq + qikapi) (1 — Rex),

= ((((—4p172kskakg — 4pivakskaks) iy RE, + (4R1p1y2kskakg + 4R1pTyakskaks)up Rex
(4 — 4Rq) pry2kskakg + (4 — 4Rq) pryakakaks)p )t
((3p1v2ks + 3p172k3)kg + (((3 — 3Ry) p17v2ks + 3p173 ks + 3pTaks)ks + 3pivskska) my
3 — 3Ry)p172kskakg + (3 — 3R1)pivakskaks ) + ((2p172k3 + (2p172ka + 2p172ks + 29775 )ks + 2p1 13k + 293 75ks) o
(2p172ks +2p172k3)Kg + (((2 — 2R1) pryaks + 2p773 ks + 2pi73ks ks + 2piviksks )y
(P172ks + PT73) s + pryaks + (pryv2ka + pryvaks + piv3)ks + pivaka + pivaks)n)pi
(—4kskakg — 4p172kakakg) up RE, + (4R1ksksk + 4Ry p1y2kskakg) pyRex + 4(1 — Ry) (ks + p1y2)kskakgpy ) pery*
(—3kskakg — 3p1y2kskaks)uyRE, + (3Rikskakg + 3Ry p1y2kskaks) 1y Rex

(kg + k3)kg + ((3(1 — R)ks + 3p172)ks + 3p172k3 ) kg + 3p172kskaks) py + 3(1 — Ry)kskakg + 3(1 — Ry) p1y2kskakg) pen®
+ ((2k3 + (2ks +2k3 + 2p172)k5 + (2p172ks + 2p172K3 ks )y + (2ks + 2k3)kg + (2 — 2Ry ks + 2p172)ks + 2p172k3 )k
2p172kskaks)pen® + ((k§ + pryaks) iy + K3 + (ks + k3 + p172)kg + (prv2ka + p172ks)ks) pe)g*

((—4q1kskik§ — 8p1q172kskiks) iy RE, + (4R191k3kikg + 8R1p1g172kskiks) iy Rex
4 — 4R1)q1kskik§ + (8 — 8Rq) prg1v2kskiks sy’

3q1kskykg — 3p1q172kskaks) iy RE, + (3R1q1kskakg + 3R1p1qry2kskaks) iy Rex

3q1k7 + 3q1kska) kg + (((3 — 3R1)q1ks + 6p1q172)k5 + (6 — 3R1) prgrv2kska)ks + 6p19172ksky) iy + (3 — 3R1)qrkskihg
6 — 6Ry)pra1v2kskiks)n® + (2q1kskg + (20165 + (291K3 + 4p19172)ka)ks + 4p1a172Kk5 + 4p1g172ksks )y
(21k3 + 2q1k3ka)kg + (((2 — 2R1)g1ks + 4p19172)k] + (4 — 2R1) p1g172ksky ks + 4p1g172ksky)

(q1kaks + 2p1q172Kka) o + G1kak + (9165 + (91k3 + 2p19172)ka)ks + 2p19172K5 + 2p19172kska) ) i
(1= Ry + Ry Rex — RE)qrkskikgpppen®
(—3q1kskiks iy RE, + 3R1q1kakikspiy Rex + (39153 + (3 — 3R1)qukska)kg + 3q1kskiks) py, + (3 — 3Ry )q1kskikd) perp
((2q1kakg + (291K3 + 2q1kska)ks)up + (2q155 + (2 — 2Ry )qrksks) kg + 2q1kskiks) pen®
(qrkakspy + qrkaks + (9153 + qikska)ks) pe)q
((—4qtkskikspy R, + 4R1q7kskiks iy Rex + (4 — 4R1)qtkskikspuy )y’
(-
(

(
(
(

N
N
N
N
N
N
N
N

(
(
(
€

Jr
_|_

+(
((
+((
((=
((
(

(
4

3qikskiksppR? + 3R1qkskikspy Rex + ((347K3 + (3 — BRy)qiksky ks + 3q1ksky)up + (3 — 3Rq)qikskiks)n’

N
N
N
N
N
N
N
N
N
N
N
+ ((2q3k3ks + 247K3 + 2q3ksk3) py + (293K3 + (2 — 2Ry )qiksky ks + 2q3ksky)n” + (q3kipy + q3kiks + 4ik3 + qikskd)n)pi,
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= ((((—6p172kskekg — 6p773kskaks)upRE + (6R1p172k3kakg + 6R1piv3kskaks)upRe

6 — 6R1) p172kskakg + (6 — 6R1 ) pivakskaks) pp)n* + (((3p172ka + 3p172k3)k3

(3 = 3Ry)p1712ks + 3p173 ks + 3pTvaks)ks + 3pTvakska)upy + (3 — 3Ry) pry2kskakg + (3 — 3Rq)pivaksksks )y
P172kg + (pryv2ks + pr72ks + pivd)ks + pivaka + pivaka)iy + (p17v2ka + pryoks)kg

(1= Ry)p172ks + piv3)ks + pivika)ks + pivakska)n?)pi

(
(
(
(
(=
(=
(
(
(
(
(=
(

(
(

(

+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(
+(=
+(=
+(
+((=
+(=
+(

(9

6kskykg — 6pmk3k4k2)ub72 + (6Ryk3kykd + 6R
3kzksk3 — 3p172kskaks) uyR2, + (3R1kskek3 + 3R

1P172k3kakg) pp Rex + (6 — 6R1) (kskskg + pryokskakg) pp) peny’®
1P172k3kaks) iy Re

3ky -+ 3k3)kg + (((3 — 3R1)k3 + 3P172)k4 +3p172k3)k3 + 3p172kskaks)up + 3(1 — Rq)kskakg (ks + p172)) perr®

kg + (ks + k3 + pry2)kg + p1ya(ka + ka)ks )y + (ks

+k3)kd + (1 — Ry)ks + p1v2)ka + p172ks kg + p1v2kskaks) pe®)g?

((—6q1k3kikg — 12p1q172kskiks)upR2 + (6R1q1k3k3kg + 12Ry p1g172kskiks) ptp Rex
6 — 6R1)q1ksk3kg + (12 — 12Rq) p14172ksk3ks ) up )
3q1kskskg — 3p1q172kskaks) pp RE, + (3R1q1k3kakg + 3Ry p1g172kakaks ) pup R

3q1k5 + 3q1kska)kg + (((3 — 3R1)q1ks + 6p19172)k5 +
3 — 3R1)q1ksk3k3 + (6 — 6R1) p1g1712kskiks)

q1kak} + (9165 + (q1ks + 2p19172)ka)ks + 2p191 72Kk

(6 — 3Ry) p1g172kska) ks + 6p19172k3ks) p

7+ 2p1q172kska) iy + (9153 + q1ksks) k3

(1= Rq)giks +2p19172)k5 + (2 — Ry) prdiv2kska) ks + 2p10172k3k3) %) pi
6q1k3k3k3 1y R2, + 6R1q1k3k3k3 1y Rex + (6 — 6Ry ) qrkskik3 ) e

3q1kskikspy R2, + 3R1q1kskikspiy Rex + ((391K3 +
q1kak} + (9165 + qikska)ks)pp + (9165 + (1 — Ry)q

+ (3 = 3Ry)q1ksks)kg + 3q1kskgkg) pp + (3 — 3Ry )q1kskghg) pery®
kska)k3 + q1ksk3ks) perr®)q

693k3k3kspp R2, + 6R1g3kskikspp Rex + (6 — 6Ry ) qg3kakikspuy )

3q3kskikspyRE, + 3R1qtkskikspp Rex + ((397K5 +

+ (3 — 3Ry)qtkski ks + 3q3ksk3) py + (3 — 3Rq)qikskiks)

Tkiks + qik; + qikskq)mp + (q7k3 + (1 — Ry)atkski)ks + q7ksky)n®)pi.

It is possible to show that all the above coefficients are positive whenever R, < 1.
Then, it follows that, if R, < 1, then the disease-free equilibrium Q is asymptotically stable

whenever the following Routh-Hurwitz criteria,

2 2
A1Ay A3 A1A Az ATAy Az
AL T 7 > 0and =5

are satisfied for polynomial det(D}). (Given the heavmess of these coefficients, we do not
present the Routh-Hurwitz conditions here.)

Appendix B. Proof of Theorem 6

Let us rewrite system (34) as

dt. Hop H
d ks T TP Hp\ s E
gp | = e k00 | NS, V,ECLRB), (A5
= ny piv2 —ks 0 [
at 0 pe pi —m) \B
dr
Hy H H H
pen (- x) +B(% - wis)
where N'(S,V,E,C,I,R,B) = 0
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InW,H =S+ nV < Hy = Sp+ ntVp for t > 0; thus, N'(S,V,E,C,I,R,B) > Ogpa.
Note that Proposition 3 ensures that the following matrix

—k Hop  Hof  Hyv
3 No No K

T(Qy) = | M4 ~ky O 0
171 p1r2 —ks O
0 e Pi —Hp

has all its eigenvalues with negative real parts. It follows that from the comparison
theorem [40], (E,C,I,B) — (0,0,0,0) and (S,V,R) — (Sp, Vy,0) as t — +o0. Thus,
(S,V,E,C,I,R,B) — Qy = (So, V5,0,0,0,0,0) as t — +oo. We finally conclude that the
disease—free equilibrium is globally asymptotically stable in W if R¢, < 1.
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