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Abstract: In this paper, we establish Fritz John stationary conditions for nonsmooth, nonlinear,
semidefinite, multiobjective programs with vanishing constraints in terms of convexificator and
introduce generalized Cottle type and generalized Guignard type constraints qualification to achieve
strong S—stationary conditions from Fritz John stationary conditions. Further, we establish strong
S—stationary necessary and sufficient conditions, independently from Fritz John conditions. The
optimality results for multiobjective semidefinite optimization problem in this paper is related to
two recent articles by Treanta in 2021. Treanta in 2021 discussed duality theorems for special class
of quasiinvex multiobjective optimization problems for interval-valued components. The study in
our article can also be seen and extended for the interval-valued optimization motivated by Treanta
(2021). Some examples are provided to validate our established results.

Keywords: multiobjective programs with vanishing constraints; semidefinite programming; convexi-
ficators; nonsmooth analysis; constraint qualifications

1. Introduction

Nonlinear semidefinite programming problems (SDP) include several classes of opti-
mization problems, such as linear programming, quadratic programming, second order
cone programming [1], and semidefinite programming [2]. The nonlinear semidefinite
programming problem has broad applications in system control [3], truss topology op-
timization [4], and other several fields. It has been at the center point of optimization
research for the last two decades. For instance, in the release of library COMPleib [5], where
168 test examples on nonlinear semidefinite programs from various fields, such as control
system design, academia, and many real-life based problems are collected.

In this paper, we consider the following semidefinite multiobjective mathematical
programs with vanishing constraints (S — MMPVC),

min f(A) = (fi(A), - fp(A)) ©)
subjectto A € M = {A e Ml : #(A) 20, 4(A)#(A) <0},

where M'} is set of n x n positive semidefinite matrix, f; : Ml — RU {+o0} (i =1,...p)

and ¥, #; : Ml — RU {+oo}(i = 1,..,m) are extended real-valued locally Lipschitz
functions.

Nonlinear semidefinite programming problems consist of the nonlinear problems

where vector variables are replaced by symmetric positive semidefinite matrices. Non-

linear SDPs have been studied extensively due to a wide range of applications, see for

Fractal Fract. 2022, 6, 3. https://doi.org/10.3390/fractalfract6010003

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract6010003
https://doi.org/10.3390/fractalfract6010003
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://doi.org/10.3390/fractalfract6010003
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract6010003?type=check_update&version=1

Fractal Fract. 2022, 6, 3

20f19

instance, [6,7]. Shapiro [6] established first and second order necessary and sufficient opti-
mality conditions under the convexity assumptions. Forsgren [8] extended those results
for nonconvex semidefinite programming. Further, Sun et al. [7] and Sun [9] discussed
the algorithmic approaches to solve nonlinear semidefinite programming problems. Ya-
mashita and Yabe [10] introduced some numerical methods to solve nonlinear SDP and
studied the algorithmic consequences. Recently, Golestani and Nobakhtian [11] proposed
the generalized Abadie constraint qualification (GACQ) and established necessary and
sufficient optimality conditions for nonlinear semidefinite programming problems using
convexificators.

Mathematical programs with vanishing constraints(MPVC) has many applications
in truss topology optimization [12], pathfinding problem with logic communication con-
straints in robot motion planning [13], mixed integer nonlinear optimal control prob-
lems [14], scheduling problems with disjoint feasible regions in power generation dis-
patch [15] and many more fields of the current research [16-18]. Initially, mathematical
programs with vanishing constraints (MPVC) was introduced by Achtziger and Kanzow in
2008. MPVC is closely related to an optimization problem known as mathematical programs
with equilibrium constraints (MPEC), for more details on MPEC, we refer, [19-28].

Due to the constraints %;(z).7(z) < 0, the feasible set may not be convex even discon-
nected, most of the basic constraint qualifications such as linearly independent constraint
qualification and Mangasarian—-Fromovitz constraint qualification do not hold, therefore,
standard Karush-Kuhn-Tucker conditions are of no use in such cases. Several constraint
qualifications and necessary optimality conditions have been established in [12] for mathe-
matical programs with vanishing constraints. First order sufficient optimality conditions,
as well as second order necessary and sufficient optimality conditions, have been discussed
in [29] using generalized convexity for mathematical programs with vanishing constraints.
In [30], various stationary conditions under weaker assumptions of constraint qualifications
were derived. Further, Hoheisel and Kanzow [31] investigated necessary and sufficient
optimality conditions through Abadie and Guignard type constraint qualifications for
mathematical programs with vanishing constraints. For more details on the MPVC, we
refer to [16,32,33] and the references therein.

Multiobjective optimization problems (MOP) plays a vital role in science, technology,
business, economics, and many others field of daily demand, where optimal decisions need
to be taken among many conflicting objectives and all objective functions to be optimized
simultaneously. Effect of conflict on objectives leads to some change in the solution of (MOP)
compared to the optimal solution of single-objective optimization problems. Therefore,
weak efficient point (weak Pareto optimal solution), efficient point (Pareto optimal solution)
like terms are coined for the solutions of (MOP). Initially, the concept of Pareto optimal
solutions was given by Italian civil engineer and economist Vilfredo Pareto and was
applied in the studies of economic efficiency and income distribution. Basic concept and
literature on the solution of multiobjective optimization problems can be found [34,35].
Maeda [36] studied the strong KKT optimality conditions and differentiable functions.
Preda and Chitescu [37] extends these results for semidifferentiable functions. Further,
Li [38] discussed these results for the nonsmooth case. Recently, Lai et al. [39] proposed
saddle point necessary and sufficient Pareto optimality conditions for multiobjective convex
optimization problems. Treanta [40] established dual pair of multiobjective interval-valued
variational control problems. Further, Treanta [41] discussed duality theorems for special
class of quasiinvex multiobjective optimization problems for interval-valued components.

Since nonsmoothness in optimization is naturally generated from the mathematical
formulation of real-world problems, therefore, proper effective way for solving these
problems should be discovered. Even the solution of some smooth problems, sometimes
requires the use of nonsmooth optimization techniques, in order to either make it easy
or simplify its form. Thus, the field of nonsmooth optimization is an important branch
of mathematical programming that is based on classical concepts of variational analysis
and generalized derivatives. In recent years, research in nonsmooth analysis has focused
on the growth of generalized subdifferentials that give sharp results and good calculus
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rules for nonsmooth functions. It is convexificators [42], that has been used to extend,
unify, and sharpen the results in various aspects of optimization. Jeyakumar and Luc [43]
provided a more sophisticated version of convexificators by introducing the new notion
of convexificators which are the closed set but not necessarily bounded or convex. The
new version of convexificators consists only finitely many points so it is advantageous for
application point of view. We have used the convexificator due to Jeyakumar and Luc [43]
in our study.

Recently, Dorsch et al. [44] established a new result for nonlinear semidefinite pro-
gramming (NLSDP) where almost all linear perturbations of a given NLSDP are shown to
be nondegenerate. Semidefinite programming is a powerful framework from convex opti-
mization that has striking potential for data science applications [45]. Sequential optimality
conditions have played a vital role in unifying and extending global convergence results
for several classes of algorithms for general nonlinear optimization, Andreani et al. [46]
extended these concepts for nonlinear semidefinite programming. Andreani et al. [47]
discussed simple extensions of constant rank-type constraint qualifications to semidefi-
nite programming, which are based on the Approximate Karush-Kuhn-Tucker necessary
optimality condition and on the application of the reduction approach.

Motivated by the above mentioned work, we propose some new constraints quali-
fication to establish necessary and sufficient type optimality conditions for nonsmooth,
nonlinear, semidefinite, multiobjective mathematical programs with vanishing constraints.
The organization of this article is as follows: In Section 2, we recall some needful prelimi-
naries and fundamental results. In Section 3, we establish Fritz John necessary optimality
conditions and propose generalized Cottle and generalized Guignard type constraint quali-
fication to establish strong Karush-Kuhn-Tucker necessary optimality conditions. Further,
sufficient optimality conditions are also established under generalized convexity. Section 4,
presents the conclusion of the paper, as well as some possible views towards future work.

2. Preliminaries

This section recalls needful notation, definitions, and preliminaries that will be used
throughout the paper. M" is denoted as the space of n X n symmetric matrices. The
notation A > 0(A > 0) means that A is a positive semidefinite matrix (positive definite
matrix) and we denote by M’ (M} ) the set of all positive semidefinite matrices (positive
definite matrices). The inner product of the symmetric matrices P, Q € M" is denoted by
(P, Q) and defined by (P, Q) = tr(PQ) where tr(.) denotes the summation of the diagonal
elements of a square matrix. The inner product of x = (x1,...,x,), ¥y = (Y1, ..., yn) € R"is
denoted and defined by xTy = i x;y;. The norm associated with matrix inner product

i=1

is called the Frobenius norm ||P||f = tr(PP)% =( i =1 a2

i) 2. The vector space M" with
this norm is a Hilbert space and M is a closed convex cone in M". The interior of the
positive semidefinite matrices is the positive definite matrices, for more basics on matrices
see [48,49]. Fory,3 € R",
y §3 — ]/z é 31/ 1: ]-/"'/n/
Y<s = YSuyFe
y<j3; &= y; <3, i=1,.,n
Some index sets are as follows
M={AeMi: #(A) 20, 4(A)A(A) =0}, 6;(A) = 4(A) A(A),
I ={1..p} J’f‘ ={1,..,p}\{k}, Iy :={1,..,m},
Q={AeM]:fi(4) =5i(A) (i €df), Ai(A) 20, 4(A)A(A) =0},
QF ={A e M. : ;(A) £ fi(A) (i € I}), #(A) 20, 4(A)A(A) < 0}, where A € M,
Rt ={xeR":x 20}, R, ={xeR": x>0},
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Jo=20(A) :={i €Iy : (A) =0}, 1 =31(A) := {i € Jyr : H(A) > 0},
Jo+ = Jo+(A) :={i € Iy : #i(A) =0, 4(A) > 0},
3002300(14) ={i€lyn: %(A):o %(A) =0},
—=10-(A) = {i € g : H(A) =0, %(A) <0},
3+0—3+o( A) == {i € Jyp : H(A) >0, 4(A) =0},
Ii- =14 (A):={i€dynp: H#(A) >0, %(A) < 0}.

We discuss the solution concepts of S — MMPVC motivated by Miettinen [34].

Definition 1. A feasible point A is said to be a weak efficient solution of S — MMPV C if there is
noany A € M, such that

fi(A) < fi(A), Vi€ I

Definition 2. A feasible point A is said to be a local weak efficient solution of S — MMPVC if
there exist a neighborhood A (A) of A, such that there is no any A € M N A (A), for which

fi(A) < fi(A), Viel,
holds.

Given a nonempty subset M of M”, the closure, the convex hull and the convex cone
(including the origin) generated by M are denoted by c/M, coM, and coneM, respectively.
The negative and the strictly negative polar cone of M are defined respectively by

M ={VeM":(V,#)<0,V# eM}, M :={VeM:(V,¥#)<0, V¥ € M}
Contingent cone T(M, A) to M at point A € cIM are defined by
T(M,A):={VeM":3t,]0, V, - Vsuchthat A+1t,V, € MV n}.

The notion of semi-regular convexificators [43] will be used here. It is observed that
for locally Lipschitz function many generalized subdifferential like Clarke subdifferen-
tial [50], Michel-Penot subdifferential [51], Mordukhovich subdifferential [52], and Treiman
subdifferential [53] are examples of upper semi-regular convexificators.

Letf: M" — R U {+oo} be an extended real-valued function and let A € M" at which
f is finite. The lower and upper Dini derivatives of f at A in the direction V € M" are
defined, respectively, by

§f7(A; V) := liminf HA+HV) —H(A)
£L0 t ’

FH(A; V) 1= limsup LAT V) ZT(A)
£10 t

Now, we recall the definition of upper and lower semi-regular convexificators from [42,43].

Definition 3. Let § : M" — R U {+oo} be an extended real-valued function and let A € M" at
which § is finite. The function § is said to admit an upper semi-regular convexificator 9*f(A) C M"
at A if 9*f(A) is closed and for each V € M",

Fr(A; V) < sup (G V).
ge0*f(A)

The function § is said to admit a lower semi-regular convexificator 0*f(A) C M" at A if
9*f(A) is closed and for each V € M"
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F(aV)2 inf (V).

Definition 4. Set 0f(A) is said to be semi-regular convexificators if it satisfy both upper semi-
reqular convexificators, as well as lower semi-regular convexificators.

Definition 5. Let §f : M" — R U {+oo} be an extended real-valued function. Suppose that
A € M",§(A) is finite and admits a convexificator 0*§(A) at A.

*  fissaid to be 0*—convex at A if, and only if, for all B € M",
f(B) =§(A) = (¢, B—A), V& € df(A).
*  fissaid to be strictly 0* —convex at A if, and only if, for all B € M",
J(B) —f(A) > (§,B—A), V¢ € 0"}(A).
*  fissaid to be 9*-pseudoconvex at A if, and only if, for all B € M",
f(B) < f(A) = ({,B—A) <0, V€ d"f(A).
*  fissaid to be strictly 0*-pseudoconvex at A if, and only if, for all B(# A) € M",
(6B—=A) 20 = §(B) >(A) V&€ af(A)
*  fissaid to be 0* —quasiconvex at A if, and only if, for all B € M",
f(B) <f(A) = (§,B—A4) <0, V{edf(A).

Now, we recall generalized version of Farkas” lemma [54], which will play the vital
role in the derivation of main result of this paper.

Lemma 1. (Farkas” Lemma) Let b : M — R™ be convex functions. Then, the following system:

{h(A) <0,

AeMy,.

has no solution if, and only if, there exists (A, #') € R™ x M" with A 2 0,# < 0and (A, W) #
(0,0), such that
ATh(A) 4+ (#,A) 20,V A c M".

3. Optimality Conditions

In this section, we deal with the traditional Fritz John necessary optimality conditions
and propose some constraint qualifications to establish strong Karush-Kuhn-Tucker nec-
essary optimality conditions, as well as sufficient optimality conditions for semidefinite
multiobjective mathematical programs with vanishing constraints in terms of convexificators.

Theorem 1. (Fritz—John necessary optimality conditions) Let A be a local weak efficient solution
for (§ = MMPVC). Suppose that §; (i € J;) and 6 (i € Jy), %; (i € 110), admit bounded
upper semi-regular convexificators and for each 7 (i € 1), 4; (i € JpUI_), is continuous.
Then, there exist )_\lf 20(i€d;), A 20 (i € Jp—UIy), A7 free (i € Jpy), AY 2
0(i € 149), AY =0(i € JgUs_), # € M. and not all multipliers along with # can be
simultaneously zero, such that

[AY c0d* % (A) — A cod* H)(A) — W, (A, #) = 0.

™=

Alcod*f;(A) +
i=1 i=1

=

0e
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Proof. We have to show that

(g (g, )+
(0, o0

iEJo+ UJooUJo— UJ+0

+A) ML =2.
Suppose, on the contrary,

Ae((Ua*fi(A)>s+A>ﬂ(< U a%(A))Sm)

iE]f i630+U300U]0_
S
N (( U a*oi(A)> + A) AM,. ©
iE:loJrUJUoU:IO,U]JFO

As, f; (l S Jf), I (Z S :[0+ U Joo UJO,) and 0; (1 € ]Jr() U Joo U Jo— Ujo+), admit
bounded upper semi-regular convexificators, we deduce that
fr(AA-A) <0, i€l
*%+(A,A — A) <0,i€ :[0+ U Joo U Jo—,
A— A) <0,i€ 3oy UgoUIo_ Udyp.

Therefore, there exists T > 0 and ¢ € (0, T) such that

fi(A+HA = A)) <fi(A), i €, (4)
—H(A+HA—A)) < —s(A), i €oy UdooUdo-, ()
GI(A + t(A - A)) < Qi(A), i€ Jo+ UJoo UJo— Ulio. (6)

The continuity of 7% (i € 14— UJ4o) and 6; (i € I, _) implies there exists T > 0, such
thatVt € (0,7),

A+ HA—A) <0G € Ulig), G(A+HA—A) <0(el). ()

From (4)—(7) and the convexity of M’} we find the contradiction with the local weak
efficient point of A. Consider

()bl(A) = sup <‘:i1A - A>/ i€ jf/

gico*ii(A)

pi(A)=  sup (n;, A—A), i€ o UpoUIo-,
1€ H;(A)

pi(A) = sup (g, A—A), i€ Jor UJooUJo- Uy
i€0%6;(A)

Easily, we can seen that ¢;(-), ¢;(-) and ¢;(-) are convex functions. From (2), it follows
that the following system has no solution

(Pz(A) <0 lfIEJf,
I/Ji(A) <0 if 1'6:[04r U Joo UJo—,
i(A) <0 ifie :lo+ UJoo UJo— U:|+0,

-

=
+

n
+
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Farkas’ Lemma 1 implies that there exist Zf 20(i€d;), A =0 €IprUlpU
Jo-), A 20 (i € Jpr UdpoUJp— Ulyp) and # € M" and not all multipliers along with
# can be simultaneously zero, such that

Y Algi(A+ Y A pi(A) + Y Mei(A)— (#,A) 20,V AcM". (8)

iGJf iGJ(H UJooUJo— i€jo+ UJooUJo— UJ+()

The above inequality (8) implies that (#/, A) < 0. Differently, #/ and A are two
elements in M, hence (#, A) = 0. Therefore,

v(A) =Y Algi(A) + Y A (A + Yy Npi(A) = (#, A),

iGJf i€Jor UdgoUdo— i€Jo+ UdgoUJo—Ud4o

is a convex function and v(A) = 0. This implies 0 € dv(A), where dv(A) is the subdifferen-
tial set for v. Hence,

0e€ Y Alogi(A) + Yo A aypi(A) + Y Aagpi(A) -7 .

iGJf iGJ[pr UJooUdo— Z'E:lo+ UJooUdo— U]H]

This implies,

0e Y Aorg(A)+ Y. AT oryi(A) + Yy Ao*pi(A) — A .
ielf Z'E.-loJrUJO()U.-IO, iE:loJrUJOQU.-IO, U:lJro
0e Y Af(A) - Y Aorm(A) + Y 289%0,(A) —
iG]f iE:loJrujoou.-lO, Z'E.-IOJFU]O()U:IO, UJ+0
oe Y Ai(A) - Y A4
ielf iE:loJrUJOoU.-IO,
+ ) N[A(A)*G(A) + % (A)o* (A = . (9)

i€Jg UdgoUo— U:Lro

For A7 =0 (i € ;- Ulsg), AY =0 (i € 1), we obtain from (9)

m
0e )’ /\fcoa*f, )+ Z A7 c00* 4 (A) — A7 coo* H(A)]) — A,
lGJf i=
where /_\jf = /\» IG%( ) (ie Jor UJo— Udwo U:l+0),
AV =M=0(Geli ), A} =A4(A) (i € Jor UJo- U Uls),

A=A =0(ecli).
Thus, we have

0e Y Aeod*si( +E[Agcoa*%( ) — AP cod* A(A)) - A,

i€l; i=1
KIEO(iij), <W,A>:O, /_\;% :O(Z'E.-IJF()UJJF,), /_\;%go(iGJO,UJOQ), }Lljf free (Z'Ej(pr),
A7 =0 (l S jo+ UJo— UJdoo UjJrf), 7\;5 >0 (Z S ]+0).

O
Definition 6. The generalized Cottle constraint qualification (GCCQ) is said to satisfy at A if

(U coa*fi(A))sﬂ< U cod* A (A) | —cod*A(A)

ik i€dos i€dos
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U —coo* % (A) | coo* (A ) (ML #@, Vke I (10)

i€Jo—UJoo i€J+0

Theorem 2. Let A be a local weak efficient solution for (S — MMPVC). Suppose that f;
(i €35), (i € Jo) and &; (i € 1yo) admit bounded upper semi-regular convexificators
and A5 (i € 14), 4 (i € JoUIy_) are continuous. If (GCCQ) holds at A then there exist
)_tf >0 (i€l )_ti%ﬂ, 7&? e R™, W € M", such that

m
0e ) /\fcoa*fl )+ Y[ (A7 c0d* % (A) — A7 cod* H(A)] — H,
lEJf i=1

<7/-,A> =0, }\I%ﬂ =0 (l S J+o UJJrf), /_\;}f =0 (l S j(), Ujoo), /_\‘l%free (Z S ]0+),
A7 =0 e Udp- UdpUds ), AY 20 (i € I49).

Proof. Since A is a local weak efficient solution, Theorem 1 implies that there exist
/_\;-f 20 (i€, A >0, )_\? 2 0and # € M}, such that

m
0¢ Z)\fcoa*f, )+ Y [AY c00* % (A) — A7 cod* H(A)] — H,
lE:lf i=1

07,2 =0, 1 =0 € TpUTin), 177 20 (i€ Tp- Uo), A7 free (i € Ip),
A?ZO( E:IQ+UJQ UJoo UJs_ ) Y >0 (iEJH)). (11)

Without loss of generality, assume that A1 = 0, then there exist ¢; € codf;(A) (i € J%),
i € c0dH#(A), {; € cod¥;(A), such that Equation (11) becomes

0=Y Alg+ 2 A2g — A ) -

1611 i=1

it follows from (GCCQ), there exists A € M| such that

0> Y Al A) f XY (7, A) — A7 (g, AY] — (7, A)

ie]1 i=1

<2/\f§l+21/\ gi— A7y — W‘,A>—o.

16]1

This contradicts the assumption. Thus, we obtain /\i > 0. Repeating the above process
for each k € J; we find the required result. [

Now, we introduce more relaxed constraint qualifications than (GCCQ).

Definition 7. The generalized Guignard constraint qualification (GGCQ) is said to be hold at A if

C:coneco< U cod* A (A) | —cod* 7#(A)

i630+ i630+

U —coo*#(A) | coB*%(A)) — M} is closed set and

iEJo_Ujgo ZE:I+()
<U coB*MA)) ﬂ( U cod* A (A) | —cod*A(A)
iG]f Z'E:l(pr Z'E:lo+
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U —coo* A (A) | cod*¥; ) (M C ﬂCOT (Q,A).

i€Jo_Udno i€l i=1

Lemma 2. Let A be any feasible solution to problem (S — MMPVC). Suppose that §; (i € ),

G (i € Jo), % (i € 140), admit bounded upper semi-reqular convexificators and for each
(i€ 1y), 9 (i € JoUIi_), are continuous. If C is closed and GCCQ holds at A, then GGCQ
holds at A.

Proof. Without loss of generality, we assume that A satisfies GCCQ for k = 1.

A€ ( U coa*fl-(A)>ﬂ< J coo* #(A) | —coo* #(A)

Z'GJ% iE][)+ IEJO+
U —coo* A (A) | cod*¥(A ) (ML # @. (12)
iEJU_UJO[) iej+0

Since all f; (i € J5), 24 (i € Jo), % (i € 110), admit bounded upper semi-regular
convexificators, so we have

fH(A4A) <0, Vield],
+( A)<0,Vi€]0,
Y (A;A) <0, Vie .

Since M} is a convex cone, there exists T > 0, such that

fi(A+tA) <fi(A) (i€d}), —H(A+tA) <OViely 4(A+tA) <0,Viely,
A+tAeM} Vite (01). (13)

On the other hand 7% (i € 1), ¢; (i € 39 UJ_) are a continuous. Therefore, there
exists T > 0, such that

—H(A+1tA)<0(iedy), 4(A+tA) <0(iepUli_)A+tAe M}, t e (0,1).
Thus, A € T(Q!, A). Therefore, we have

,sz%:( U coa*fi(/l)>_ﬂ< U coo*#(A) | —coo* #(A)

icl; i€lys i€dys

U —coo* 4 (A) | cod*¥; ) (ML

i€Jo—Udoo i€j+0
S
—cl<< U coa*fi(A)> ﬂ( U coo*#(A) | —coo* #(A)
i€l i€Jot i€Jot
U —coo* A (A) | ) cod*¥; ) (ML )
i€Jo—_Udoo i€l
S
Ccl<< U coa*fi(A)> ﬂ( U cod* A (A) | —cod* H#(A)
iel] i€dos i€doy

U —co0*s4(A) | c0d*% ) (M} >

i€Jy_Udoo i€l
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C clcoT(QY, A) = coT(QY, A).
Similarly, it can be proved that .7 C coT( Q, A),Vie Jf. Therefore

<U coa*fi(A)>_ﬂ< U coo* s (A) | —coo*H#(A)

i€l; iclos iclos
U —coo*#(A) | co&*%([&)) (ML C ﬁcoT(Qi,A).
i€Jo_Uloo iclo i=1
O
We present an example to show that converse of the above Lemma (2) does not hold.
Example 1. Consider the problem

min (f1(A), f2(A)), subject to H#(A) =x1 20, Y(A)HA(A) = x3.x1 =0,

A= {3 2] em where i (4) =1l 2(4) = Lol

X2

. o X1 X 2 . > < . i 0 0 .
Feasible set M = LCZ xJ e Mf :x 20, xyx3 = O}. Since A = [0 NE is

weak efficient solution for the considered problem. Now, we can find upper semi-regular
convexificator of each functions at point A as follows:

a*h(A)z{[ol ) 1o 8}} a*fzm):{[g %)

o A (A) = { [(1) 8] } 9

\:3'
Il
——

X1 X2 2
eEML :x120,x0=0,x3=03,
[xz xJ Tix1 = 2 3 }

sz{ﬁi iﬂ EMi:xlzo,xzzo, X3ER}.

So, we conclude that

0o 0] 2 iz A eerm _ JTt 0] o 0],
{0 O} ElchoT(Q,A)and iylcoa fi(A){[O O]’ {0 s}.t,se[—l,l]},
thus, we have

(OCOa*fi(A)>_ = { L?z ’ﬂ Lxp € R}.

i=1



Fractal Fract. 2022, 6, 3 11 of 19

Consequently, we have

(Ocoa*w))_ﬂ (—coa (A ) NM: = {[8 8]} c Zé coT(Q', A).

i=1

Obviously, C = cone cod* # (A) — M2 is closed set. Hence, (GGCQ) satisfied at A.
Now,

( U coB*f,«(A)) = (co&*fﬂﬁ)) =Q, ( U coB*MA)) = <c08*f1(A)> =0Q,
i€l} i€l

which implies that

(U coa*fi(A)>sﬂ< U coo* 54 (A) | —coo* #(A)

iej’f‘ i€y i€y

U —coo*#(A) | cod*%(A ) (ML =0, Vkel;.

i€Jo—UJgo i€l

Hence, GCCQ not satisfied.
Applying the generalized Guignard constraint qualification, we derive the Karush-
Kuhn-Tucker type necessary optimality conditions for (S — MMPVC).

Theorem 3. Suppose A is a local weak efficient solution for (S — MMPVC). Assume that
fi, A, % admits bounded upper semi-regular convexificator 9*f;(A) (i € J;), 9*#(A)
(i € Jo), *%(A) (i € Iy9), respectively, at A. If (GGCQ) holds at A then there exists Al > 0

(i€3;), AY e R™, A € R" and # € M. such that

m
0e )’ /\fcoa*f, )+ Y A cod* % (A) — A cod* H(A)] — H,
lEJf i=1

(#,A)y =0, A" =0(ielouUli ), A 20(iep-Ulwn), A free (i € Joi),

1 1

7\? =0 (i € :[0+ UJo— Udgo U:l+_), 7\? >0 (i S :|+0).

Proof. For the claim of the theorem, it suffices to show that,
0€¢ Z)&fcoa*fl( )+C, Af>o0. (14)
i=1

Suppose, on the contrary, assume that
0¢ E)Jma* (A)+C, A >o0. (15)

As §; (i € J;) admits an upper semi-regular convexificator, this implies that the right
side in (14) is a closed convex set in M. The classical separation theorem implies that there
exists A € M", such that

(1,A) <0, VTGZAfcoaf( )+ C, Af>o0. (16)

i=

Consequently,

<(:1',A> <0,V Ci S coa*fi(/_\) (l S jf), (17)
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—(11i, A) =0, ¥V 13; € cod" #(A) (i € Jo— UJoo), (18)

— (111, A) =0, V13; € co0” H(A) (i € Jos), (19)

(i, A) 20, Y 1; € cod” H#(A) (i € Jo4), (20)

(CiyA) 20, V(i € cod”%(A) (i € T10), (21)

—(#,A) S0,V W €M 22)

Inequalities (17)—(22) and (GGCQ) implies that

Ac <U coa*fi(A)>_ﬂ< U coo*#(A) | —coo*H#(A)

i€l i€los i€los
U —coo* A (A) | cod*¥; ) (M C ﬂ coT(Q', A).
i€Jo—Udoo Z'E.-I+0 i=1

Hence, A € ﬂle coT(Q!, A), which implies that, there exist t, | 0, such that A +t,A €
M. Therefore, from (17), we obtain

fi(A+tA) <fi(A), Viel;.

Thus, we obtain the contradiction that the feasible point A is a local weak efficient
solution for (S — MMPVC). Hence, the result. O

Motivated by Achtziger and Kanzow [12] and Sadeghieh et al. [55], we define S-
stationary point for SSMMPVC.

Definition 8. A feasible point A is said to be weak S—stationary point for (S — MMPVC) if there

exist AT e RP, A e R" \Y ¢ RM, w/ ¢ M, and not all multipliers along with W can be
simultaneously zero, such that

[AY c0d* G (A) — A/ cod* Hi(A)] — ¥,

Ms

0€ Y Meod*fi(A) +
iEJf i
Mzo0(ed;), (#,A) =0,A7 =0(€louUli), A7 20(i€Ip- Uy),

A free (i€ Jou), AY =0 (i€ Joy Udo- UdeoUi ), AY 20 (i € I.o).

1

Definition 9. A feasible point A is said to be strong S—stationary point for (S — MMPVC) if
there exist AT € RP, A € R™,AY € RM and ' € M., such that

m
0e ) /\fcoa*fl )+ Y [\ cod* % (A) — A cod* H(A)] — W,
IGJf i=1
M>o@el), (#,A) =0, A7 =0(Geloul ), A >0(iely Uly)
i §)r s 7 /Y +0 +—=)r 7Y = 0— 00/,

A free (i € Jo ), AY =0 (i € Jpy Udp_ UJgoUdy_), AY 20 (i € Iy9).

Note that, if multipliers of gradients of objective functions are strictly greater than zero, then it
is considered as strong S—stationary conditions.
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Example 2. Consider following optimization problem
min (f1(A), f2(A)), subject to #(A) =x1 20, 9(A)H(A) = x3.x1 £ 0,
A= [7 22 e uhere 1 (4) = 1 1], R(4) =[xl
3

X1 X2

X2 X3 0 0

weak efficient solution for the considered problem. Now, we can find upper semi-regular
convexificator of each functions at point A as follows:

([ 3 )= {5 2119}
v ={[s b aaa-{[5 1}

Ql—{|:X1 x2:|EMilxlio,xz—O,J%—O},QZ—{|:xl x2:|eMiix1—1/x2_Ofx3_O}'

X2 X3 X2 X3

Feasible set M = {{ } €M :x; 20, xyx3 < 0}. Since A = F 0} is

So, we conclude that
0 0 2 i 2 t 0 0 0
1 A ke (A .
{O 0} € i|:1 coT(Q', A) and i:1c08 fi(A) = {[0 0], {O s} it s € [—1,1]},

thus, we have

) _
(Ucoa*fi(/_\)> = {[il iz} tx1=0,x =0, X3=0}.
i=1 23
Since,

c0d* H#(A) = {B 8} }, then <—co£)*%”(fl)> _ = {[2 iﬂ DXy 2 O}.

Consequently, we have

2 S\ S\ 00 2 ; x
( U coa*fi(A)> N (— co6*%”(A)> ﬂMi = { [0 0] } C [ coT(Q', A).
i=1

i=1
Obviously, C = cone cod* # (A) — M2 is closed set. Hence, (GGCQ) satisfied at A.

Now, for Al = 1, Al =1, A% =0, ¥ = [8 ﬂ & = {8 8} € cod*f1(A),

&= o J] o d)andy = | O € corror(4),wenave

g P [V 0 0] [t o] oo
0=AG1+A80— A"y Wl{o 0}+1[0 1 o0 0 0 1

€ /\icoa*fl(/_l) + Agcoa*fz(A) — A cod* #(A) — W,

0 010 1

weak efficient point A.

and (A, %) = Tr ( [1 O] [0 0} ) = 0. Hence, strong S—stationary conditions satisfied at
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Corollary 1. Let A be a local weak efficient solution for (S — MMPVC). Suppose that §;, 7, Y;
admits bounded upper semi-regular convexificator 9*;(A) (i € J), 0* G (A) (i € Jp), 0*4(A)
(i € lio), respectively, at A. If (GGCQ) holds at A then there exists Al > 0 (i € I;),
AY e R, A € R" and Y € ML such that
m
0e )’ /\fcoa*fl )+ )1 A7 c0d* % (A) — A7 cod* H)(A)] — 7,
iel; i=1

0(elouli), A 20(iedy Uln), A free (i € Joy),

H
i
P » )
Z)\le, A = (IGJO+UJO UJpoUds_ ), /\?ZO(I'GJJF()).

Proof. Since, all conditions of Theorem 3 are satisfying for some AM >0, A7, \Y ¢ R™,
and # as follows:

m
0€ Y Meod i (A) + Y [AZ cod* % (A) — A/ cod* H(A) — W,  (23)
ielf i=1
(#,A) =0, 1" =0(ielouli), A 20(ie Ulp),
A free (i€ Joy ), AY =0 (i€ Joy Udp_ UJgoUs_), AZ 20 (i € Iyp).

4
Now, dividing (23) by ), /\f and taking
i=1

) A A A Va

M= X =5 M == # = ——,
YA YA YAl YAl
i=1 i=1 i=1 i=1

we obtain the required result. [

Now, we propose some index sets to show sufficient optimality conditions for S-
MMPVC:

I = {i € Joo: A >0},

2y :={i € Joo: AYY =0},

o ={ied: )L;yf > 0},

B ={ied: 17 =0},

I ={iedos A >0,

Jo, = {i€Jos: A/ <0},

B ={icl A =0},

05 ={iel: A" =0,A7 >0},

1 :={icl: A7 =0, A =0}

Following result is motivated by Sadeghieh et al. ([55], Theorem 9).

Theorem 4. (Sufficient conditions) Suppose f; (i € 1;), G (i € Jo4 Udoo Udo-), % (i € J40)
admit bounded upper semi-reqular convexificators at A. Assume that feasible pomt A satis-
fies weak S—stationary conditions under suitable choice of multipliers AT € RP, A% ¢ R™,
A e R™, W € M for S— MMPVC. If # (i € 1y,), =7 (i € 1§, Ul UIi),
4 (i € J%), are 0* —quasiconvex and f; (i € ;) are 0* —pseudoconvex at A and at least one
/\;.f > 0. Then,

(i) Aisalocal weak efficient solution for S — MMPVC;
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(i) In addition to that if Iy, U1%, = @, then A is a weak efficient solution for S — MMPVC.

Proof. (i) From continuity of ¢;(i € Jo1) and (i € 1) there exist neighborhoods
and M for A, such that

H(A) =0, 9(A)>0,YVAc MNN Vi€ o, (24)

H(A) >0, 9(A) <0, VAE MNMVYi€ (25)

Since A is a weak S—stationary point, so there exist AMeRP, A c R A\Y e RM, W
and not all multipliers along with % can be simultaneously zero, such that satisfies weak
S—stationary conditions. Thus, there exist & € cod*f;(A) (i € J;), 7; € cod* H#(A)
(i €Jp), g € c00*¥;(A) (i € 1.p), such that

Y Ma+ L MG YA -7 =0, (26)

i€l i€l i€y

Suppose, on contrary A is not local weak efficient solution for S — MMPVC. Then,
there exists B € M NN N M, such that

fi(B) < §i(A), VieJj. (27)

By the 0*-pseudoconvexity of f; (i € Js) and (27), we obtain

(&, B—A) <0, Viel;. (28)
By the 0*-quasiconvexity of functions ¥; (i € J%), G (i € Jy,) and (24) and (25),
we obtain
%(B) S0=%(A) = ((;,B—-A)<0,VieI (29)
H(B) =0= H(A) = (1, B—A) 20, Viel,. (30)

On the other hand, Vi € 38“+ Ul uld,
—H(B) S0 = —H(A) = (g B—A) S0,V — i € —cod Hi(A).  G)

Since #/, B € M., so we have
—(#,B)+ (#,A) = —(#,B—A) 0. (32)

Multiplying their corresponding multiplier in (29) to (32) and adding, we obtain
contradictions to (26). Hence, the result.

(ii) We proceed similar to (i) and using ]arf UJ}, = O, therefore without making use
of neighborhood NV and M, we obtain the required result. [

To validate the sufficient optimality conditions we present following example.
Example 3. Consider following optimization problem
min (f1(A), f2(A)), subject to 74 (A) = —x2 20, % (A)I4(A) = —|x3|x2 £ 0,

X1 X
A= [x; xﬂ € M2, where f1(A) = x, f2(A) = x3.
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Feasible set,

_J|x X2 2 < >
M {LCz XJGM+-’C2—0/ |x3|x2_0},

X, x
:{[1 2}:x1§0,x1X3x%§0,x2§0, x3|x220}.
X2 X3

00
00
0* —quasiconvex at Aand 5 (i =1 € Jy), 4 (i=1¢ I.0) also .'I(J)Z? U, = @. Now, we can
find upper semi-regular convexificator of each functions at point A as follows:

Consider at feasible point A = { } . We observe that f1, f» are 9* —pseudoconvex, — 74 is

ce v )0 3T ae a0 O] s sy J[O =3
amm-{[; 0]},afz<A>—{[0 1}},a%<A>—{[_5 2|
f_q a > 10 0
Thus, for Ay =0, Ay >0, A{" =0, and W = 0 Al , we have
2

Me0d*§1(A) + ALcod* 52 (A) — A{ cod* 54(A) — # = 0.

That is, A satisfying weak S—stationary conditions. Hence, A is weak efficient solution, which
is true by simple observations.

4. Conclusions and Future Remarks

Golestani and Nobakhtian [11] established optimality conditions for nonsmooth
semidefinite single optimization problems. We have established the optimality conditions
for a more interesting class of nonlinear optimization namely, mathematical programming
problems with vanishing constraints (MPVC), which is more applicable in topology op-
timization and many real-life problems. We have further extended the single objective
semidefinite optimization problems to multiobjective semidefinite optimization problems.
We established Fritz John stationary conditions for nonsmooth, nonlinear, semidefinite,
multiobjective programs with vanishing constraints using convexificator and generalized
Cottle type and generalized Guignard type constraints qualification have been introduced
to achieve strong S—stationary conditions from Fritz John stationary conditions. Sufficient
conditions are also established under generalized convexity assumptions and through an
example, we validate our established results. We have used the constraint qualifications
technique motivated by Li [38] and provided some generalized constraint qualifications for
semidefinite optimization problems. We have also used the linearization technique inspired
by Kanzow et al. [56]. Recently, Treanta [41] discussed duality theorems for a special
class of quasiinvex multiobjective optimization problems for interval-valued components.
Further, Treanta established dual pair of multiobjective interval-valued variational control
problems. We can extend the results on multiobjective semidefinite optimization prob-
lems to variational control problems and interval-valued optimization problems motivated
by [40,41,57-61] for the application point of view.
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