i fractal and fractional

[

Article

Analytic Resolving Families for Equations with the
Dzhrbashyan—-Nersesyan Fractional Derivative

Vladimir E. Fedorov V*{0, Marina V. Plekhanova 12

check for
updates

Citation: Fedorov, V.E.; Plekhanova,
M.V,; Izhberdeeva, E.M. Analytic
Resolving Families for Equations
with the Dzhrbashyan-Nersesyan
Fractional Derivative. Fractal Fract.
2022, 6, 541. https://doi.org/
10.3390/ fractalfract6100541

Academic Editor: Carlo Cattani

Received: 2 August 2022
Accepted: 22 September 2022
Published: 25 September 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Elizaveta M. Izhberdeeva !

Mathematical Analysis Department, Chelyabinsk State University, 129, Kashirin Brothers St.,

Chelyabinsk 454001, Russia

Computational Mechanics Department, South Ural State University, 76, Lenin Av., Chelyabinsk 454080, Russia
*  Correspondence: kar@csu.ru; Tel.: +7-351-799-7106

Abstract: In this paper, a criterion for generating an analytic family of operators, which resolves
a linear equation solved with respect to the Dzhrbashyan—Nersesyan fractional derivative, via a
linear closed operator is obtained. The properties of the resolving families are investigated and
applied to prove the existence of a unique solution for the corresponding initial value problem of
the inhomogeneous equation with the Dzhrbashyan-Nersesyan fractional derivative. A solution is
presented explicitly using resolving families of operators. A theorem on perturbations of operators
from the found class of generators of resolving families is proved. The obtained results are used for a
study of an initial-boundary value problem to a model of the viscoelastic Oldroyd fluid dynamics.
Thus, the Dzhrbashyan—Nersesyan initial value problem is investigated in the essentially infinite-
dimensional case. The use of the proved abstract results to study initial-boundary value problems for
a system of partial differential equations is demonstrated.
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1. Introduction

Consider the differential equation

D%z(t) = Az(t) + f(t), te (0,T], 1)

where A is a linear closed operator, which has a dense domain D 4 in a Banach space Z,
T >0,f:[0,T] - Zisagiven function. Let Dtﬁ be the Riemann-Liouville integral for § < 0
and the Riemann-Liouville derivative for 8 > 0. Here D%z := D ' D" 1 D{"=2 . Dz (t),
where a; € (0, 1], is the Dzhrbashyan—Nersesyan fractional derivative [1]. Note that this
derivative includes as partial cases the Gerasimov—-Caputo (a¢y = 1,k =0,1,...,n -1,
&y, = o —n+ 1) and the Riemann-Liouville (0¢g = a —n+1, a0 = 1, k = 1,2,...,n)
fractional derivatives of an order a from (n — 1, n].

In recent decades, fractional-order equations have been actively used in modeling
various complex systems and processes in physics, chemistry, social sciences, and human-
ities [2-6]. We note recent works [7-12], combining theoretical studies in various fields
of fractional integro-differential calculus and their use in real-world modeling problems,
particularly when modeling biological processes in virology, which is especially important
at present. Readers should also note the works [13,14], which consider some applied
problems with the Dzhrbashyan—Nersesyan fractional derivative.
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The initial value problem
D%z(0) =z, k=0,1,...,n—1, )
with
D%z(t) := D} '2(t), D%z(t) := DM DD DY(t), k=1,2,...,n,

for Equation (1) in the scalar case (Z = R, A € R) is studied by M.M. Dzrbashyan,
A.B. Nersesyan in [1]. The unique solvability theorem for such a problem with Z = R" and
a matrix A was obtained in [15]. Various equations with partial derivatives of Dzhrbashyan
and Nersesyan were studied in papers [16-21]. Problem (1), (2) with a linear continuous
operator A € L(Z) in an arbitrary Banach space Z was researched in [22] considering the
methods used to resolve families of operators; see [23].

The results obtained in this work generalize the corresponding results of the theory of
analytic semigroups of operators solving first-order equations in Banach spaces [24,25]. We
also note the works in which the theory of analytical resolving families is constructed for
evolutionary integral equations [26], equations with a Gerasimov—Caputo [27] or Riemann-—
Liouville [28] derivative, fractional multi-term linear differential equations in Banach
spaces [29], and equations with various distributed fractional derivatives [30-34].

After the Introduction and Preliminaries, in the second section of the present work, the no-
tion of a k-resolving family for homogeneous Equation (1),i.e., with f =0,k =0,1,...,n —1,
is introduced. In the third section, it is shown that the existence of k-resolving families,
k=1,2,...,n -1, follows from the existence of a zero-resolving family. In the fourth sec-
tion, a criterion of the existence of a zero-resolving family of operators to the homogeneous
Equation (1) is found in terms of conditions for a linear closed operator A. The class of
operators which satisfy these conditions is denoted as Ay, (60, a0). Various properties
of the resolving families are investigated, and a perturbation theorem for operators from
.A{,Xk} (60, ap) is proved in the fifth section. For problem (1), (2) with a function f, which
is continuous in the graph norm of A or Holderian, the existence of a unique solution is
obtained in the sixth section. In the last section, this result is used to prove the theorem on
a unique solution existence for an initial-boundary value problem to a fractional linearized
model of the viscoelastic Oldroyd fluid dynamics.

The theoretical significance of the obtained results lies in the fact that they give a correct
statement of an initial problem and conditions for its unique solvability for equations with
the Dzhrbashyan—Nersesian fractional derivative and with an unbounded linear operator
at the unknown function. The unboundedness of the operator in the equation makes it
possible to reduce initial-boundary value problems to various equations and systems of
partial differential equations in problems of this type.

2. Preliminaries

Let Z be a Banach space. For the function z : R4 — Z, the Riemann-Liouville
fractional integral of an order 8 > 0 has the form

[ (t—s)P
]tﬁz(f)iz ~————1z(s)ds, t>0.
[

For the function z, the Riemann-Liouville fractional derivative of an order & € (m — 1, m],
where m € N is defined as Dz(t) := DJ*J/"~*z(t), D] := 47 Further, we use the notation
D; " := J* fora > 0; DY = J? is the identical operator.

Let {a;}, be a set of numbers oy € (0,1], k = 0,1,...,n € N. We will use the

k
denotations oy := ) aj—1, k=0,1,...,n, hence 0; € (—1,k — 1]. Further, we will assume
j=0
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that 05, > 0. Define the Dzhrbashyan-Nersesyan fractional derivatives, which correspond
to the sequence {ay }(, by relations

D%z(t) := D{O 2 (1), ®3)
D%z(t) := Di* ' DI D2 DMy (t), k=1,2,...,n. (4)

Example 1. Take « € (n—1,n], a9 = a —n+1 € (0,1, axy = 1, k = 1,2,...,n, then
D%z(t) = Df "z(t) = J' “z(t), D%z(t) := Di"lD;"’”Hz(t) = Df]f’“z(t) =
Di‘_”“‘z(t), k = 1,2,...,n, are the Riemann—Liouville fractional derivatives. In particular,
D%z (t) = D}'J;"*z(t) := Dfz(t).

Example 2. Ifa € (n—1,n], 0y =1, k=0,1,...,n—1, a0y = «a —n+1, then D%z(t) :=
Dfz(t), k=0,1,...,n — 1, D%z(t) ;= D¥ "Dl'z(t) := J'~*D}z(t) :=CD} is the Gerasimov—
Caputo fractional derivative.

Example 3. In [23], it is shown that the compositions of the Gerasimov—Caputo and the Riemann—
Liouwille fractional derivatives D} Df , D‘t"CDﬁ3 ,CD¥ Df , CD‘tXCDf3 may be presented as Dzhrbashyan—
Nersesyan fractional derivatives D" for some sequences {0y, 01, ..., 0n}.

Leta € (m —1,m], m € N. Then, for a function z : R, — Z, we use Z to denote the
Laplace transform, and for too-large expressions for z as Lap[z]. In [22], it is proved that

— n—-1
Donz(A) = AZ(A) — Y A% ~%1D%z(0). (5)
k=0

L(Z) denotes the Banach space of all linear continuous operators on a Banach space
Z; Cl(Z) denotes the set of all linear closed operators, which are densely defined in Z
and act into Z. For an operator A € CI(Z), its domain D, is endowed by the norm
| Ilp, :==|l-llz+ [|A- ||z, which is a Banach space due to the closedness of A.

Consider the initial value problem

D%z(0) =z, k=0,1,...,n—1. (6)
to the linear homogeneous equation
D%z(t) = Az(t), t>0, (7)

where A € CI(Z), D’ is the Dzhrbashyan—Nersesyan fractional derivative, associated
with a set of real numbers {a;};, 0 < ay <1,k=0,1,...,n € N, by (3), (4), 0, > 0.

A solution to problem (6), (7) is a function z € C(R4; D), such that D{*z € C(Ry; Z),
k=0,1,...,n—1,D{"z € C(R4; Z), (7) holds for all t € R and conditions (6) are valid.
Hereafter, Ry := R, U {0}.

Denote Sg, := {A € C: |arg(A —a)| <0,A #a}, 0 € [n/2,n],a c R Ly :={tcC:
|argt| <y, t # 0} for ¢ € (0, 71/2] and formulate an assertion that is important for further
considerations.

Theorem 1 ([34]). Let 6y € (1/2,7],a € R, p € [0,1), X be a Banach space, H : (a,00) — X.
Then, the next statements are equivalent.

(i) There exists an analytic function F : X,/ — X. For every 6 € (71/2,60), there exists
sucha C(0) > 0 that the inequality ||F(t)||x < C(0)|t|~Pe™et is satisfied for all t € Tg_ /; for
A>aF(A)=H(\).
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(ii) H is analytically extendable on Sy, ,; for every 8 € (71/2,6y) there exists K(6) > 0, such
Y Y 0, Y

that forall A € Sp ,

K(0)

H(A < —2

Il < i

3. k-Resolving Families of Operators

Definition 1. A set of linear bounded operators {S;(t) € L(Z) : t > 0} is called k-resolving
family, k € {0,1,...,n — 1}, for Equation (7), if it satisfies the next conditions:

(i) Sk(t) is a strongly continuous family at t > 0;

(ii) Sk(t)[D4] C Dy, forallx € Dy, t >0 Se(t)Ax = ASi(t)x;

(iii) For every zy € Da Sk(t)zy is a solution of initial value problem D%z(0) = z,
D%z(0) =0,1 € {0,...,n—1} \ {k} to Equation (7).

Let p(A) := {A € C : Ry(A) := (Al - A)~! € L(Z)} be the resolvent set of
operator A.

Proposition 1. Leta; € (0,1],1=0,1,...,n,0, > 0. Fork € {0,1,...,m — 1} there exists a
k-resolving family of operators {Si(t) € L(Z) : t > 0} for Equation (7), such that at some K > 0,
a€R BeE0L)[ISk(t)lzz) < Ke*t=P forall t > 0. Then, A% € p(A) for ReA > a,

Sk(A) = A% % 1 Ryen (A) ®)
and a k-resolving family of operators for Equation (7) is unique.

Proof. Due to identity (5) and Definition 1 for arbitrary zy € D4, ReA > a A% Se(A)zg —
A% =0lz — A8 (A)z = S¢(A)Azi. Therefore, the operator A" — A : Dy — Z is
invertible and equality (8) holds. Since S;(A) € £(Z) for ReA > a, we have A% € p(A).
Due to equality (8) from the uniqueness of the inverse Laplace transform, we see the
uniqueness of a k-resolving family for Equation (7). O

Proposition 2. Let oy € (0,1], k = 0,1,...,n, 0, > 0. There exists a 0-resolving family
{So(t) € L(Z2) : t > 0} for (7), such that at some K > 0, a € R [|So(t)[|z(z) < Ke™ 90
forall't > 0. Then, for every k = 0,1,...,n — 1, there exists a unique k-resolving family
{Sk(t) € L(Z) : t > 0}. Moreover, S(t) = J7* " So(t) and ||S(t)|l z(z) < Kiet% at some
Ky >O0forallt >0,k=1,2,...,n—1.

Proof. Since every zo € D4 \ {0} J17%Sy(t)z¢ has a nonzero limit zg as t — 0+, due
to ([29], Lemma 1) So(t)zg = t%0~1z5/T(ag) + o(t*~1) as t — 0+. Therefore, for every
z0 € Z, T > 05p(t)zp € L1(0, T; Z) and there are Riemann-Liouville fractional integrals
for this function.

Define for k = 1,2,...,n — 1 the families {Sy(t) := J/* So(t) € L(Z) : t > 0}. By
this construction, it satisfies condition (i) in the Definition 1. For x € Dy, t > 0

4 U’k op— 1
TS ( :/ o oy Sols) Awds = AJT0G0 (),
k — 0
0

since {So(t) € L(Z) : t > 0} satisfies condition (ii) in Definition 1 and the operator A is

closed. So, condition (ii) holds for {S(t) € L(Z) : t > 0}, wherek=1,2,...,n — 1.
Further, we have

(t—s)%0—1 Ke™ T (o + 1)

t
1Sk(8) 1 22 < K /—————fwwmg
0

= Kie"t%, t>0.
(ox — 00) I'(op+1) !
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For z; € D,, multiply the equality A%Sy(A)zx — A% %1z = ASy(A)zg, which
follows from point (iii) of Definition 1 for k = 0 after the Laplace transform action, by A0 %
and obtain the equality A7 ]fkiVOSO (A)zg — A%~z = AJJF7S o(A)zg, ie., A% Se(A)zg —
A% =0%~1z — AS,(A)z;, which means that {Si(t) € L(Z) : t > O} is a k-resolving family
for Equation (7) due to the uniqueness of the inverse Laplace transform. Hence equality (8)
is valid and a k-resolving family of Equation (7) is unique by Proposition 1. [

Remark 1. The parameter oy in the formulation of Proposition 2 defines the power singularity of
the family {So(t) € L(Z) : t > 0} at zero. At the beginning of the proof of Proposition 2, it was
shown that we have two possibilities only: the singularity at zero has a power of 0y 1= ag — 1 < 0,
or a singularity is absent in the case g = 1. Due to Proposition 2, the k-resolving family
{Sk(t) € L(Z) : t > 0} has the singularity of the power oy < 0, or it is absent at zero, if 0. > 0.

Theorem 2. Leta; € (0,1],1 =0,1,...,n, 0, > 0, there exist a k-resolving family of operators

{Sk(t) € L(Z) 1t > 0} of (7) for some k € {0,1,...,n — 1}, such that ||Si(t)]| o (z) < Ke™t%

at some K > 0,a € R forall t > 0. Then, there exists a limit tlir(])rbr DY%Sy(t) = I in the norm of
—

the space L(Z), ifand only if A € L(Z).

Proof. Note that D%S = A%S, = A%~ L (A% ] — A)~! due to (5), Definition 1 and Proposition 1.
Hence forzy € Dy, b > a

b+ioco b+ico
D%S(t)z = / AR on (A)eMzpdA =z + / ARy (A)eMAzidA.  (9)
b—ico b—ico

Since, for large enough |A|

C C
-1 1 _ 1
||/\ R/\”n<A)||£(Z) < |)L|0'n70'0+040 - |A|‘7"+1’

we have || D%S(t)z¢]| z < KyeP.
For ReA > b

/e (DS (1) — I)dt = A% 'Ryon (A) — A1,
0

Assume that7(t) := [|D%S(t) — I|| £(z) is a continuous function on [0, 1] and 77(0) = 0.
For arbitrary ¢ > 0, take 6 > 0, such that for all t € [0,] 5(t) < ¢ therefore, due to the
inequality 7 (t) < Kie® + 1 for t > 0, we have

as ReA — +co. Hence, for large enough ReA > 0 [[A% ! Ryou (A) =AM |15 < 1.
Consequently, R (A) is a continuously invertible operator, so A € £(Z).

Let A € L(Z), R > ||AH1£/(? I'g = {Re'? : ¢ € (—m,m)}, Tor = {re™ : r €

[R,00)}, T3g := {re”™ : v € [R,0)}, Tg := [ g UTpr UT3 . Due to equality (9), we
obtain for t > 0

)

A% IR on (A) —AfllHC(Z) < /e*“ dt+/ Bt < +o<)1\>

0

) 1 ,At
DSy (t) —I+*/7‘ Ry (A) ActtdA = I+2Lm % A;liﬂjm
1=1
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Take R = 1/t for small t > 0; then,

!
JAlL ) dA] Cotn | All gz

DJkSk —1 < Cl / < —0
|| ( ) ||£ 21121 ‘/\|l¢7n+1 1—t‘7”||AHL‘(Z)

ast — 04. O

Remark 2. An analogous result of Theorem 2 is well-known for resolving semigroups of operators
for first-order equations (see, e.g., [35]). On resolving families of operators for equations, which are
solved with respect to a Gerasimov—Caputo derivative, a similar theorem was obtained in work [27].

4. Generation of Analytic k-Resolving Families

Letk € {0,1,...,n —1}. A k-resolving family of operators is called analytic, if at some
Yo € (0,7r/2] it has an analytic continuation to Xy,. An analytic k-resolving family of
operators {Sx(t) € L(Z) : t > 0} has a type (¢, a9, p) at some ¢y € (0,77/2], a9 € R,
B > 0, if, for arbitrary ¥ € (0,1y), a > ay, there exists C(¢,a), such that the inequality
[1Sk(8) ]l c(z) < C(ip,a)e™e!|t| 7P is satisfied for all t € Xy

Remark 3. From Proposition 2 and Remark 1 it follows that for a k-resolving family of operators
{Sk(t) € L(Z) : t > 0}, we may have p = —0y, or p = 0.

Definition 2. An operator A € CI(Z) belongs to the class Ay, y (60, a0), 60 € (70/2,7), a9 > 0,
ap € (0,1, k=0,1,...,n,04 >0, if:
(i) For all A € Sy, 4, we have A" € p(A);
(ii) For arbitrary 6 € (71/2,0p), a > ay, there exists a constant K(6,a) > 0, such that for
every A € Sg,
K(6,a)

[Rreu (A)l 22y < A — a|%[A[on—c0—1"

If A € Ay, (00, a0), the operators

Zu(t) = /M %Ry (A)eMdA, t>0, k=0,1,...,n—1,

2711

are defined, where I’ =T Ul Ul I'y = A€ C: A =a+retrc (500},
Ip:={AeC:A=a+de? ¢c(-0,0)},0 € (1/2,0),a>ay,Jd>0.

Theorem 3. Let oy € (0,1, k=0,1,...,1n, a0+, > 0,6y € (7t/2, 7], a9 > 0.

(i) If there exists an analytic O-resolving family of operators of the type (6g — 71/2, a9, —09)
for (7), then A € Ay, (6o, a0).

(i) If A € Ay, (60, a0), then for every k = 0,1,...,n — 1 there exists a unique analytic
k-resolving family of operators {Sy(t) € L(Z) : t > 0} of the type (6y — 71/2, a9, max{—oy,0})
for (7). Moreover, for t >0,k =0,1,...,n—1S(t) = Zi(t) = [[* " Zo(t).

Proof. Choose R > 4,

4
FR = U l”k/R, rl,R = r(], rle = {/\ ceC: A= a—i—Re”P, (RS (—9,9)},
k=1
Tar:={Ae€C:A=a+r® re[§R]}, Tyr:={A€C:A=a+re® rec[sR]},

I'r is the positively oriented closed loop,

Tsp:={AcC:A=a+re® rc[R o)}, Ter:={AcC:A=a+re ™ rec[R o)},
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thenT = I'sr Ul'gr UT'R \ I'p R.

If A € A1 (60,a0), then following Theorem 1 with X = £(Z), the operators family
{Zy(t) € L(Z) : t > 0} is analytic of the type (6o — 77/2, a9, —0yp), it implies point (i) of
Definition 1, and point (ii) of this definition is evidently fulfilled.

Forany 6 € (71/2,6p), a > a9, we have such a K(6,a) > 0, that for every A € Sg,

So, for k = 0,1,...,n —1, ReA > gy there exists the Laplace transforms Zk()x) =

AT =R 0y (A), JPZ (M) = A% =91BR 0, (A), B > 0, therefore, Zi(£) = J& O Zy(t).
Forzgp € Dy

CK(6,a)
= A —am

AO’n—Uk—lRAJH (A)H S C’

op—og—1 o
L(Z) A Ryen (4) HL(Z)

D Zo(H)zg = % [ A7 R (A)eMzdA =

27ti
T

Ift €[0,1],A € T\ {p € C: |u| < 2a}, then

1 1
= / ' 2dA o / A" Ry (A)eM AzodA = 20+ 5 / A~ Ryen (A)eM Azgd .
T

e”+5K(9/ﬂ)||AZOHZ< G
27 A —a|®[A|Tm=0 T Ao+l

H/\ilR/\lm (A)E/\tAZOH

Hence,
1 1 At _
7o //\ Ryon (A)e™ AzpdA =

T _ ' -1 At _
_1?151;0271'1' / /+ / + / A RAVn(A)e AzydA =0,

I'r Tor Tsr Ter

since by the Cauchy theorem

n

/ A Ry ()M Azgdr =0, | / A Ry (A)eM AzdA | < C2

1—‘S,R

as R — oo fors = 2,5,6.
At the same time, due equality (5)

Lap[D7 Zo(-)zo](A) = A% =0 AR 0 (A)zg — ATV 0 71z = A1 1R 0 (A) Azg,
forA e T\{peC:|ul <2a}

G _ Cs
|/\|(7n—(ro+ag—a1 - |)\|a0+¢x2+a3+~~+an ’

A~ Rpon (A) Azo| 2 <

g +ay+az+---+a, > a9 +a, > 1, hence D1Zy(0)zg = 0. Further, for every
k=23,..., n—1

Lap[D%Zo(+)zp](A) = A= 1HUR 0 (A)zg — A%k~ 1z5 = \%=0"1R 0, (A) Az,
forA e T\{peC:|ul <2a}

C3 _ C3
|A|on—oktao | A[R0H ki1 F gt

IA%=0 ™ Ryan (A) Azo|| 2 <
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thus, D% Z((0)z¢ = 0. Finally,
Lap[DU”Z0(~)Z()] ()\) = )\0”70071+U"R/\m1 (A)ZO — }\U"7007120 = A)\‘TniooilR/\tm (A)Zo.

Acting on the inverse Laplace transform, we get the equality D7 Z(t)zg = AZy(t)zo,
so {Zy(t) € L(Z) : t > 0} is a zero-resolving family of operators for Equation (7). Then,
by Proposition 2 for every k = 1,2,...,n — 1, there exists a k-resolving family of operators,
which coincide with operators J[¥~7°Zy(t) = Zi(t). Every such family is analytic with the
type (6 — 71/2, a0, max{—oy, 0} ); see the proof of Proposition 2 and Remark 3.

If there exists a zero-resolving family with the type (6 — 71/2, a9, —0y), equality (8) at
k = 0 and Theorem 1 with X = £(Z) implies that A € Ay, (60, a0). U

Remark 4. Note that 0, > 0, if ag + a0, > 1.

Remark 5. An analogous for Theorem 3 result on the first-order equations is called the Solomyak—
Yosida theorem on generation of analytic semigroups of operators [24,25]. Previously, similar results
were obtained for evolutionary integral equations [26], differential equations with a Gerasimov—
Caputo fractional derivative [27], with a Riemann—Liouville derivative [28], for multi-term linear
fractional differential equations in Banach spaces [29], and equations with distributed fractional
derivatives [30,31,33,34].

Corollary 1. Let A € A{ak}(90/ﬂ0)/ ap € (0,1, k=0,1,...,n, 00 +a, > 0,0y € (71/2, 7],
ag > 0. Then, for any zo,z1,...,2y—1 € D4 problem (6), (7) has a unique solution, and it has
the form

n—1
2(t) = ) Zk(t)zk.
k=0
The solution is analytic in Xg,_ /5.

Proof. After Theorem 3, we need to prove the uniqueness of a solution only. If problem (6), (7)
has two solutions y4, v, then the difference y = y; — y, is a solution of (7) with the initial
conditions D%y(0) =0,k =0,1,...,n — 1. Redefine y on (T, o) for any T > 0 as a zero
function. The got function yr satisfies equality (7) at t > 0 without the point T. Using
the Laplace transform obtained from Equation (7) and zero initial conditions, the equality
A%ty (A) = Ayr(A). Since A € Ay, (60, a9), we have (1) = 0 for A € Sy 4. Therefore,
yr = 0 for arbitrary T > 0, hence y = 0 on Ry and a solution of problem (6), (7) is
unique. [

Remark 6. For A € L(Z) the k-resolving operators of Equation (7) have the form (see [22])
Z(t) = t*Eg, g +1(t™A), t€Szp, k=0,1,...,n—1.

Here, according to Eg ., the Mittag—Leffler function is denoted. Indeed, decomposing the
resolvent Ry, (A) in the series for large enough |A| and using the Hankel integral, we obtain these
equalities.

Theorem 4. Let A € .A{,Xk}(eo,ao), N € (0,1], k=01,...,n,a0+a, >0,0, >2,0) €
(rt/2,7],a9 > 0. Then A € L(Z).

Proof. For some 1y € C, such that |vy| > R, take Ay = vé/ " hence |Ag| > R, argAg =
argvg/oy € [—m/2,1/2], since 0, > 2. Then, Ag € Sy ,, for sufficiently large R > 0.
Therefore, {v € C: [v| > R} C [Sgyq0)" C p(A), since A € Ay, (6o, a0). Here, we use
the principal branch of the power function.
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So, for |[v| > R7", where v = A1,

K(8,a)|A|0F!

[VRy(A)l(z) < A g =

and by Lemma 5.2 [36] the operator A is bounded. [

Remark 7. For strongly continuous resolving families of the equation with a Gerasimov—Caputo
derivative, such a result was proved in [27].

5. Inhomogeneous Equation
Let f € C([0, T]; Z). Consider the equation

D%z(t) = Az(t) + f(t), te (0,T]. (10)
A solution of the initial value problem
D%z(0) =z, k=0,1,...,n—1, (11)

to Equation (10) is a function z € C((0,T];D,), such that D%z € C([0,T]; Z), k =
0,1,...,n—1,D%z € C((0,T|; Z), for all t € (0, T] equality (10) is fulfilled and condi-
tions (11) are valid.

Denote

Ryen (A)eMdA,  Yp(t) = — / ABR yon (A)eMdA, R.
Zm/ A A pe

Lemma 1. Let A € Ay, y(60,a0), ax € (0,1], k =0,1,...,n, a0 +an > 0,09 € (7/2,7],
a9 >0, f € C([0,T];Dy4). Then,

t
£ = / Z(t —s)f(s)ds (12)
0

is a unique solution for the initial value problem
D%z(0) =0, k=0,1,...,n—1, (13)
to (10).

Proof. Since A € Ay, (6o, a0), for sufficiently large [A| | Ryeu (A)]|z(z) < C|A[~7, hence
for ReA > ay Z(A) = Rum(A), DVZ(A) = ARy (A), |Z()lpz) < Cto Y,
[IDZ(#)]lg(z) < Ct= %~ for t € (0,T]. Analogously, ||Yﬁ( ez < thfnfﬂfl for
te (0,T],BeR.

Further,

ID%z¢ ()] 2 = (t—s)f(s)ds

< C max s)||zt 0,
< ¢ max 17z

hence D?z((0) = 0. Define f by zero outside the segment [0, T]; then, z; = Z x f,

-~

2r(A) = Z(A)F(A) = Raan (A)f(A), D71z(A) = A% Ryon (A) F(A),

< C max |[f(s)||zt™, te(0,T],
s€[0,T]

t
[Yarlt=9)f(s)ds
0

zZ



Fractal Fract. 2022, 6, 541 10 of 16

D%z(0) = 0. Repeating the analogous reasoning sequentially, we get
k=2,3,...,n—1D%z¢(A) = A%Ryn (A)F(A), [D%z¢()] p(z) < C max £ (s)| z om0k
s€|0,T

-~

for t € (0, T], D%z((0) = 0, Dz ¢(A) = A%Ryou (A)f(A).
Since f € C([0,T];Dy4), we have
Azf(A) = Z45(A) = ARpon (A)f(A) = A% Ry (A)F(A) = F(A),

so, Azg(t) = D%zg(t) — f(t) for all £ > 0. Thus, the function zy satisfies equality (10). The
proof of a solution’s uniqueness is the same as for the homogeneous equation. [

Let C7([0, T]; Z) for some 7 € (0, 1] be the set of all functions f : [0, T] — Z, satisfying
the Holder condition:

IC>0 Vs, te[0,T] |f(s)— f(H)]z < Cls—t[.

Lemma 2. Let A € Ay, (00,a0), 4 € (0,1, k =0,1,...,n, a0 + &y > 0,60 € (7/2,7],
ag >0, f € C7([0,T]; Z), v € (0,1]. Then, problem (10), (13) has a unique solution; it has
form (12).

Proof. Since A is closed,

AZ(#) = zim,/ARW A)eMdr = //\ "Ry (A)MdA = Yo, (1), £>0,

therefore, imZ(t) C Dy, as t — 0+ [[AZ(t)[|z(z) = O(t™1) (see the previous proof).
Therefore, for all t,s € (0, T|

IAZ(t = s)(f(s) = f() ]|z < Clt =577,

Then

t t

/AZ(t—s)f(s)ds: /AZ(t—s)(f(s)—f(t))ds+/an(t—s)f(t)ds,
0

0 0

t t
[ Yot =)f(t)ds = = [ DI, 1t =) f(0)ds = (Yo, -1(8) = Yo, -1 (0) ().
0 0
Note that for any x € Dy

Yo,

n—

1
H()x=x+ /A*lRW (A)MAxdA = x, t— 0+,

since for large enough |A| [A"1Ryo (A)Ax||z < C||Ax| z|A|~%"~1. At the same time, for
sufficiently large |A| [[A% 1R you (Alziz) < C|A|~Y; therefore, the family {Y, 1(t) € L(Z):
t > 0} is bounded uniformly. Since D 4 is dense in Z, for every x € Z tlir&r Yo, —1(t)x = x.

—

Thus,

t

/AZ(t—s)f(s)ds

0

< Gt + Yo, -1(8) = Yo, —1(0) (2 1 (8) = F(O) ][ 2+
Z

(Yo, —1(8) = Yo, -1(0)) f(0) | 2
<SG+ G f(8) = FO) ||z + ([ (Yo, 1(8) = Yo, ( NfO0)]lz =0
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as t — 0+. Therefore, z¢(t) € Da, zf € C([0,T]; Da).
Other arguing is the same as in the proof of the previous lemma. [

Corollary 1, Lemma 1 and Lemma 2 imply the following result.

Theorem 5. Let A € A{ak}(GO,ao), ap € (0,1], k=0,1,...,n, a0+, > 0, 6 € (71/2, 71,
ag > 0,7 € (0,1], f € C([0,T];D4) UCY([0,T); Z). Then problem (10), (11) has a unique
solution, it has the form

n—1 £
2(t) =Y Zk(t)zk+/Z(t—s)f(s)ds.
k=0 0

6. Perturbation Theorem

Theorem 6. Let A € A{ak}(ﬂo,ao), ap € (0,1], k=0,1,...,n, a0+, >0, 60 € (71/2, 7],
ag > 0, B € CI(Z), for some B,y > 0

IBx|z < BllAx[lz + 7vllxllz, x € Da C Dp, (14)

there exists q € (0,1), such that (1 + K(6,a)) < q forall 6 € (11/2,60), a > ag. Then,
A+ B € Ay, (00, a1) for sufficiently large ay > ap.

Proof. Choose ! > sin™! 6, A € Sg;, C Sg,, for some 8 € (71/2,69), a > ag, then from (14),
it follows that

[BRon (Al £(z) < BIIARNu (Al £(2) + YIIRAen (Al £(2) <

MVIKAO,0) |, Ka(8,0)
<
< e ) + e

where K4 (6, a) is the constant from Definition 2. Note that the value
&0
|A] < 1 1

<
A —alto = (1 _ L)“O B (1 _ L)“O
[A] I'sin 6y

is close to one, for a sufficiently large number [

AR 1
|A —al®]|Alon = 1 \% in 00
(1 — ,Sin%) (Iag sin 6)7n

is close to zero. So, for such a I, we have

Ka(6,a) I Ka(6,a)
1 \% 1 \% . -
(1 - lsin90> (1 - lsinGO) (lag sin 6g)7n

<B(1+K(,a)+e<g<Tl

[BRyou (A)|lzz)y < Bl 1+

Therefore,

[e9)

Ryon (A + B) = Ryou (A)(I — BRyow (A)) ™' = Ryon (A) Y [BRpen (A)]¥,

(I—1)a 1
<1
=i |A —al < +sin90'

A —la| 1— (I-1)a
A —al A—a




Fractal Fract. 2022, 6, 541 12 of 16

%)
K4(6,a) _ KA(G/H)(l-ﬁ-ﬁ)
(1 =)A= alt[A|7n=0=1 = (1 —g)|A — La]*o[A]7 =017

So, A+ B € Ay, y(60,a1) with a; = lag, forall 0 € (71/2,6p),a > a1

K,q(Q,a/l)(lJr 1 )zxo

1—9¢q sin 6y

|Rxn (A + B)ll(z) <

KA+B (9, Ll) =
O
Remark 8. For every B € L(Z) condition, (14) is satisfied with p = 0, v = ||B| ¢ z)-

Remark 9. Theorem 6 generalizes the similar theorem for generators of analytic semigroups of
operators [37]. Note that there are also analogous results for generators of resolving families for
equations with distributed fractional derivatives in [30].

7. Application to a Model of a Viscoelastic Oldroyd Fluid

Let ap € (0,1], k = 0,1,...,n, a9 +ay, > 1,0, € (0,2), Q C R? be a bounded
region, which has a smooth boundary 0(2. We consider a fractional linearized model of the
viscoelastic Oldroyd fluid dynamics with the order N = 1 (see [38])

D%u(x,0) = vi(x), D%w(x,0) = wi(x), x € Q, k=0,1,...,n—1, (15)

v(x,t) =0, w(x,t)=0, (xt)€oQx(0,T], (16)
D%"v =uAv+Aw—Vp+g, (xt)€Qx(0,T], (17)
D"w=bv+cw+h, (xt)€Qx(0,T], (18)
V-v=0, V-w=0, (xt)e€Qx(0T]. (19)

Here, T > 0, D%,k = 0,1, ...,n, are Dzhrbashyan—Nersesyan fractional derivatives
with respect to time ¢, x = (x1,xp,...,x4) are spatial variables, v = (v1,vy,...,04) is the
fluid velocity vector, w = (w1, ws, ..., w,) is a function of memory for the velocity, which is
defined by a Volterra integral with respect to t for v, Vp = (px,, Pxy, - - -, Px,) is the pressure
gradient of the fluid, A is the Laplace operator with respect to all the spatial variables,
Av = (Avy, Avy, ..., Avg), Aw = (Awy, Awy, ..., Awy), V-0 = Uiy, + Vpy, + -+ + Vix,r
V-w = wyy + Wy, + -+ + wyy,. The constants y,b,c¢ € R and the functions g, : (2 X
[0, T] — R? are given.

Take L, := (Lp(Q))4, H! := (W} (Q))?, H? := (W2(Q))?. The closure of £ := {u €
(CP(Q))? : V- u = 0} in the norm of L, will be denoted by Hy, and in the norm of the
space H! by H. We also denote H2 := H N H?, H is the orthogonal complement for H,
in the Hilbert space Ly, ¥ : Ly — H, Il := I — X : L, — Hj; are the projectors.

The operator B = LA, extended to a closed operator in the space H,, with the domain
H2, has a real, negative, discrete spectrum with finite multiplicities of eigenvalues, con-
densed at —oo only [39]. Denote by {A;} eigenvalues of B, numbered in non-increasing
order, taking into account their multiplicities. Then, {¢;} will be used to denote the
orthonormal system of eigenfunctions, which forms a basis in H, [39].

In order for Equation (19) to be fulfilled, take Z = H, x Hl, and define in Z an operator

A= ( Pl‘f fl ) €CI(Z), Dj=H?2xH? (20)

Theorem 7. Let oy € (0,1, k=0,1,...,n,0, € [1,2), 4 > 0,b,c € R, Z = H, x Hy, the
operator A be defined by (20). Then, for some 69 € (70/2,7), a9 > 0 A € Ay, 1 (60, a0)-
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Proof. Let 6y € (71/2,7),0 € (11/2,6p), a0 > 0,a > ap, then for A € Sy,

A=al g8 !
|A| Al — sinfp’
so,
o
1 . |A—a\”‘0 1 < (1+ 511100)
AP AR A a3 e T

and instead of estimates of the form || Ry (A)| £ (z) , it will be enough to

< K
= |A—alfo[An=c0T
get inequalities || R o (A)|| z(z) < %

Take 6y € (71/2,7t/0y), ag = (I|c|)V/%", where | > 1 is sufficiently large, then for
A€ SGO/HO

AT A, A
A% — A= Z( yk /\gn_kc><'/§0k>(l)k/

0o AT —¢ A
— AT —c) (A9 — Ay ) —bA, A —c) (A9 — A )—bA
()\‘TnI_ A) 1 — 2 ( ( C)( b M k) k ( C)/\(U”—],{Kk k) k ) <., (Pk>(Pk'
L AN (s [ vy eyl O e [ prr 7

Since A% € Sg . 11| for A € Sgg 00, we have [A7 —c| > (I —1)|c|sin(7r — 00y, for

sufficiently large /, the value [b(A%" — ¢)~!| is small enough and

b 1
arg(y+ o = ) < E(?T—Q()O'n).

Fix I, ag = (I|c|)!/%; then, for A € Sy, 4, we have A% € S6oonllc| C Seooy,0 and

A9 — ¢

1 1
= <
‘ (A% =) (A% — pAy) — bAg

= . ) n’
o )| e

‘ A B 1
(A% = c) (A% — pAg) — bA ‘(/\Un —0) (A"” -~ y) -~ b‘
< ! T <
Alon sin(7r — 6 inf 2 ul—b
|A|on sin(7t — 0p0y,) keN’kfé So0ne o V‘
2
- )\ On o} _ 9 . f Aon _ ’
([ sin (7t = 6oc) keN,}\résgwo Ak
if we take I, such that
| | ioon g - A
n J— —_ <
|b| < sin™ @ sin (7t Goan)keN,}\rgS | At ul <
|)\‘U'n . . A\
9 £ _
sin(7t = o) keN,}\%SGO wl Ak K

Further, for large k € N

(= ) (A% = jue) — b
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|b|
- (c—pAy)2—4bA (c—pAg)2—4bA
A% — CHpA+ 72 k% Ao — c+pr— %
b _ 1bl(t1c)) " sin~ gy
= |A[2n sin2(7r — 6goy) ~ |A|7% sin?(7 — 6g)”
Ao — ]/l/\k 1 < 2
(AU’n _C)()\Un_‘u)\k)—b)\k - )Lg-n _C_b#‘ - ‘)\’(771
)\U”—]i/\k
for sufficiently large /, since
sup c+ 717}\1‘ < 00
KeNAES, e AT T B

Thus, A € Ay, (60,a0) with 69 € (7/2,7/0w), a9 = (I|c|)1/ 7" with a chosen suffi-
ciently large ! > 1. O

Theorem 8. Let ay € (0,1],k=0,1,...,n, a0 +ay > 1,0, € [1,2), Xg,h € C([0, T|;H2) U
C7([0, T}; Hy), v € (0,1]. Then, problem (15)~(19) has a unique solution.

Proof. Problem (15)-(19) is represented as abstract problem (10), (11) due to the above
choice of Z and A. Since we find the vector functions v(-, t) and w(-, t) with the values in
H, for every t € (0, T], instead of Equation (17), we consider its projection on H,

D%"v=uBv+Bw+xg, (xt)€Qx(0,T],
In this case, the projection of Equation (18) on H, has the form
D"w =bv+cw+%h, (xt)€Qx(0,T],
hence, I1h = 0. Theorem 7 and Theorem 5 imply the required statement. [J

Remark 10. If we found v(x, t) and w(x, t), we obtain the pressure gradient using the formula
Vp(,t) = plIAv(-, t) + IIAw(-, t) + I1f (-, t) from the projection of Equation (17) on the sub-
space H;.

8. Conclusions

On the one hand, the results obtained will become the basis for the study of various
classes of semilinear and quasilinear equations with the Dzhrbashyan—Nersesyan deriva-
tive. It is supposed to consider cases when the nonlinearity in the equation is continuous in
the norm of the graph of the operator A and when it is Holderian. In addition, there are
plans to investigate similar equations with a degenerate linear operator at the Dzhrbashyan-
Nersesyan derivative, linear, semi-linear and quasilinear. On the other hand, abstract
results will be used to study various initial-boundary value problems for partial differential
equations and their systems encountered in applications.
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