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1. Introduction

Fractional Calculus (FCs): Some consider this science a part of mathematical analysis
and deal with the applications of integration and derivation in the case of non-integer order.
As for this field (fractional differentiation), it helps us to find the derivative with order half
or 0.3 or 0.7...etc. see [1,2]. The origins of this trend lie in the seventeenth century when

d"y

n

the nth derivative of the function f, so Leibniz sent a message to L'Hopital tellyicng him this
new symbol, but L'Hopital responded to the message with a confusing question: “What
if n= ?” The letter was written in 1695 and is today the first appearance of the fractional
derivative (FDs). The mathematician Liouville began investigating and researching the
subject and issued a series of papers in the period 1832-1837, where he knew the first
operator of fractional integration, and after Riemann considered this subject and developed
on it, what is known today as the definition of Riemann appeared. An unprecedented
interest and development in this field followed. To learn more about the history of the
emergence of this branch of mathematics, we direct the reader to look at [3,4]. Whereas the
study of BVPs for equations with nonlinear fractional differentials has a prominent and
important role in the theory of fractional Calculus, and in the study of physical phenomena
through the physical interpretation of boundary conditions. To pass quickly on the practical
applications of FDs in various applied sciences, Refs. [5-14] present some valuable works
in applications of fractional calculus. .

Through the in-depth and comprehensive study of FDEs, the existence and uniqueness
of solutions to FDEs are proven using a set of fixed point theories such as Banach’s, Darbo’s,
Leary-Schuader alternative, and also Mdnch’s.

Recently, many researchers have given a lot of attention to investigating the existence
of solutions to fractional differential equations, and most of these works were focused
on the Caputo fractional derivative, so the FDE involving derivatives of the Hadamard

to denote

Newton and Leibniz laid the foundations of calculus. Leibniz put the famous
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type did not gain that much attention, add to this, that a very large percentage used
Banach Contraction Mapping and Leray-Schauder’s alternative, whereas the Mdnch’s fixed
point theorem is not mentioned much. In this work, we shed light on the differential
equations that combine the derivative and integral of the Hadamard fractional type and
study the existence of a solution to this system through the rarely used Ménch’s fixed
point theorem. Herein lies the originality and distinction of this work. Just as ordinary
differential equations have applications in various sciences, fractional differential equations
have found a place in these applications, and were even distinguished in some cases over
ordinary differential equations as they reduce the percentage error in estimation of the
variable of interest; see [15-20].

This fractional derivative is invariant with respect to dilation on the whole axis,
Hadamard fractional derivatives are nonlocal fractional derivatives with a singular log-
arithmic kernel with memory, and hence they are suitable to describe complex systems,
keeping in mind that, just like Riemann-Liouville, the Hadamard derivative has its own
disadvantages as well, one of which is the fact that the derivative of a constant is not equal
to zero; see [21].

The following fractional differential equation (FDE) comprises a Hadamard fractional
derivative (H-FD) of variable order. In [22], the authors employed Darbo’s fixed point
theorem to investigate the existence and stability of the solution.

P.

{HDli (1) = Fi(r, (1), T€[L,T],
p(1) =9(T) =0,

where 1 < P; <2,F;:[1,T] X R, — R is a continuous function and HDE,”I& are the

Hadamard fractional derivative (H-FD) and integral of variable-order ¢(7), respectively.

In 2021, Ref. [23] Bashir Ahmad, et al. investigated the existence and uniqueness of
the following system of FDE involving H-FD

ADPrp(t) = Fi(t,9(1),@(1)), T€[L,T], 0<P; <1,
DR (1) = Fo(t,9(1),@(1)), T€[LT], 0<P, <1,

with the following coupled BCs:

p(1)+ Y dna(n) =0,
v=1

@(1)+ Y &,9(w) =0,
v=1

where D? is the (H-FD) of order 8 € {Py, P>}, respectively 71, F» : [1,T] x R? — R, are

Carathéodory functions, T, are given points with1 < 7y < --- < 1, < T and 41, 4, are real
m m

number such that 1 — Z b1y Z &y # 0.

v=1 v=1
In [24], the authors studied the existence and uniqueness of a multipoint BVP with

H-FD (sequential type):
(HDPL 4 AHDPI1)g(7) = Fy(r,p(x), T L T), 1< Py <2,
m
p(1) =0, ¥(T) =) d,0(w),
=1
where DP1 is the (H-FD) of order Py, F; : [1, 7] x R, = R, is a continuous function,

A€ RS, t,v=12---m, are given points with1 <74 < --- < 1, < T, and 4y, are
appropriate real numbers.
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The authors in [25] used the Banach and Schaefer theorems to establish the necessary
conditions that ensured the stability and existence of the subsequent FDE with H-FD
and solutions:

Dpllp(K) = Fi(x,¢p(x),@(x)), k€[1,T], 0<P; <1,
DPio(x) = Falx, (), @(x)), x€[1,T], 0<P; <1,

with the following coupled BCs:

{¢<1> = 50(T),
@(1) = &9(T),

where D is the (H-FD) of order 6 € {Py, P2}, F1, F2 : [1,T] x R2 — R, are appropriate
functions, and ¢y, 4, are real number with 615, # 1.

Due to the importance of the subject and the possibility of employing it in various
scientific fields, many researchers in the field of fractional differential have studied the
systems of FDEs with a variety of serious conditions accompanying them. For more infor-
mation on these scientific papers, the reader can see [26-33], A large group of researchers
interested in FCs studies the stability of solutions for FDEs after studying the existence of
their solutions. To enrich the reader, it is possible to see [34-36].

In this study, in Section 3 we will employ Mdnch’s theorem to prove the existence of a
solution to the system of FDEs mentioned below

—_
~—
I

HDPy(x) = Gi(k, g (x), @(x), € (Le), Pre(12],

ADP2 (i) = Go(x, P(x), @ (x)),
)
P(1) =0, ey"IUY(7) + e2yp(e) = €3,

@(1) =0, 5*7%0(¢) + ba(e) = &,

where #DPi is the Hadamard fractional derivative of order Pi,i=1,2,G;:[1,¢e x RS2 —
R. are given continuous functions, Q; > 0,i =1,2.¢,,0, € Re,v =1,2,31 < < <e.
HZ() represent the Hadamard fractional integral.

In Section 2 preliminaries for this study are mentioned. In the Section 4, which looks
at the stability of this solution using the Ulam-Hyres stability technique, Section 5 will
represent an applied numerical example of the system of equations mentioned above.
Finally, a conclusion is obtained in the Section 6.

2. Preliminaries

This section introduces fundamental FCs concepts, principles, and initial results [1-3].

Definition 1 ([37]). The H-D of fractional order y for a function k: [1,00) — R, is defined as

1 d no o n—p—1}j
D¥k(x) = M(KWJ /1 (logg) @ds, n—1<q<n, n=[yp/+1,

where [] denotes the integer part of the real number 1 and log(-) = log,(-).

Definition 2 ([37]). The Hadamard fractional integral of order i for a function k is defined as

TVk(x) = F(ll/J) /f (tog E)"’_”‘(S—S)ds, p > 0.

S
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Remark 1. Ifk € C"[0,00), then

Cc 1 * le n—
Dy k(x) = T =) /0 o pgﬁ)ﬂn ds = I" Vk(n)(x),k >0,n—1 <9 <mn,

Definition 3. The Kuratowski measure of non compactness k defined on bounded set 1 of Banach
space M* is :

k() :=inf{r >0:¢ =¢; anddiam (¢;) <r for 1 <i<m}.
To discuss the problem in this paper, we need the following lemmas.

Lemma 1. Given the Banach space M* with 1,V are two bounded proper subsets of M*, then
the ensuing characteristics are true.

(1) Ifp CV,then k() < k(V);

(2) k(y) = k() = k(comoy);
(3) v is relatively compact k() = 0;

4 k(oy) = |6]k(¥),d € Re;

(5)  k(puV) =max{k(y),k(V)};

6) k(p+V)=k(p)+k(V),p+V={x|]x=u+ov,ucpoecV}
(7)  k(p+y) =k(y),Vy € M*.

For more details and the proof of these properties, see [38].

Lemma 2. Given an equicontinuous and bounded set W* C C([1,e], M*), then the function
@ — k(W*(w@)) is continuous on [1,e], ke (W*) = mfax] k(W*(@)), and
we(le

k(/uTx(K)dK) < ([@(@)M),W*(@ — {x(k): x € W*). @)

Definition 4. Given the function ¥ : [1,e] x M* = M* ¥ satisfy Carathéodory’s conditions, if
the following conditions applies:

¥ (@, z) is measurable in @ for z € M*;

¥ (w,z) is continuous in z € M* for @ € [1,e].

Theorem 1. Given a bounded, closed, and convex subset QO C M*, such that 0 € Q, let also T be
a continuous mapping of Q) into itself. (Monch’s fixed point theorem,).

IfW* =tconoT (W*), or W* =T (W*) U {0}, then kOV*) =0,
satisfied Y W* C Q, then T has a fixed point.
Lemma 3. Assume that Hy and Hy € C([1,¢], Re), the solution for the following system

"DPry(x) = A4,
HDPa (k) = 6,
Y1) =0, e"TAY(Q) +expple) = ¢35,
@(1) =0, 5;MT%@(¢) + so(e) = 8.

®)
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is

— g HT(Q1+P1) . HTO
P(x) :HI(Pl)%(K)_F(In K)P1—1£3 e PP A (D) — e T 1%01(6). W
& + w(ln g)QHPl—l
F(Ql +731)
— 5 HT(Qa4P) s HTO
@(x) = HTP)s8(x) + (In K)P2_153 ST QP 5 (7)) — 5T 2%(6). -
by + M(Iﬂ g)Qz-&-Pz—l
F(QZ + Pz)
Proof. Applying "Z%1 to
HDPry(x) = 4,
gives
lP(K) — H_’Z:(pl)j/fi(x) + 51(11’1 K)Pl*l + bZ(ITl K>P172’ ©)

but (1) = 0, yields by = 0 observe that

HIQp(g) =HTO P () + o /f(lrzg)Q]l(Inr)p]ldr

(1) r r
:HIQ1+P1%(C) + FéleI;(fgl) (Ing)Q1+7’1*1'

The 2nd boundary condition gives

b I'(P
ngIQ1+P1%(C)+€1F 1 ( 1)

mung)gﬁjﬁl + &IV (e) + e2by = 3,

implying that

_ &3 — e "TQHPUIA (D) — 2" TA A (o)

bl - 7
e1I(Py) 01+P -1
- - N -7 I 1 1
82*1*(91 7)l)( ng)

substitute the values of by, and by in (6) yields (4). In a similar way, we can obtain (5). This
completes the proof. [

In view of Lemma (3), Equations (4) and (5) can be rewritten as

1 K Pi-1.54
P(x) :71,(7)1) /1 (In%) 711/(}’)011' (7)
(In K)Pl—l €1 z 4 Q1+P1—1 %(7)
+ N £~ Ir(Qi+P1) /1 <1n7’> r dr

71“(872;1) /18(1,1:)791—1«%”11’(”)41@, k€ [1e],
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L1 e e\ Pl
(D(K)fF(PZ)/l (Inr) p dr 8)
+ (In K)Prl 03 — 1 /6 (Ing) QﬁprlLﬂZ(r)dr
Ap [(Qy+P) N r r
o [¢r, e\P2m14(r)
F(Pz)/1 (In;) - dr|, kx €1,¢],
with
r'(Py1) Pr+Q;—1
A = U (mg)hter
1 82+81F(7)1 T Ql)( ng)
r'(P,) Pyt Qr—1
Ny =0y + 61— (I 228
2 2 11“(7?2—1— Qz)( ng)

3. Existence Results via Monch’s Fixed Point Theorem

Let gA: {(y(x),@(x))|(p,@) € C([1,e],Re) x C([1,¢], Re)}. Clearly, the aforemen-
tioned set £ is Banach space endowed with the norm

(@, @)l[g = [¥]leo + [|@]|co-

To show that our system (1) has a solution we set the following Assumptions,

(A7) Suppose that 1, @ : [1,¢] x (Re)?> — R, satisfy Carathéodory conditions.

(A2) 3 Uy, Uo € L11,¢] X (Re)4, and I Hy, Ho : (Re)+ — (Re)+ such that V x €
[1,¢],V(,@ € £) we have

[ (x, 9, @)[leo < Uy (1) 5y (|[Pl]e0 + [|@] o),
@ (x, §, @)l < Ua (k) ([[§]]eo + |[@]|0),

here $)y, o are non-decreasing continuous functions.
(A3) Let S € € x &, assumed to be bounded, and

K(p(x,S)) < Uy(©)K(S),
K(o(x,8)) < Ua(x)K(S).

For computational convenience, we set

1 K K P1—11
01 = su / In= Zdr
! 1§K};e{F(7’1) 1 ( V) r

(Inx)Pr1—1

+ A

1 1 [leg|(In )Pt le2]
[ " )]'

AL r(Pr+91+1) T (Pi+1

1 SF(771 +1) || ©)
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and
Pat+Qs
O <1, 71 * o 1'%;1%2 1) r(7|>i2|+1> | (10
Theorem 2. Assume that the Assumptions (A1), (Az), and (A3z) are satisfied. If
max{UyO1,Us02} < 1, (11)

then the system of fractional differential equations given by (1) has at least one solution on [1,e].

Proof. The continuous operator 7 : & — &€ needs to be defined

T = Ti(y, @) (x), T (1, @) (),

where
(i B
1 1 r
(IYlK)Pl*l e Q1+7>171g(r/ (1”), (7’))
AP Ql+731/1< ) HE PO gy
€ ¢ Pi=1Gy(r,(r), @(r
[ ()G, ), )
and

el e s

5) .
(Inx)P>! O N2 G (ry(r), @(r)
T, l‘% Q2+P2 /1< ) e
_r(57232) /1€<I”7>P2 1G,(r, IP(:)/@(T)) H (13)

Operator 7" equation

(p,@) =T (p @), (14)

is equivalent to (7) and (8), keeping in mind that showing the existence of a solution for (14)
is equivalent to showing the existence of solution for (1).
Next, we define Sp = {(, @) € £ : ||(p, @ )lg < ©,0 > 0} to be a closed bounded

convex ball in £ with
© > U3 015y(0) + U 0250 (0).

satisfy Mdnch’s fixed point theorem condition we split our proof into four steps.
Step 1: We show that TS C Se,let T € [1,¢] and V(y, @) € Sp, we have

1T @)l ={ s [ (%) IOy,

r(Py)
(1n )P A 2\ 2P 161, 9(r), (1) o
sl g (1) ; dr

r

Y ./:(Inr)Pl HIG1(r, (), @(M)lles ]} (15)
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using (A), Y« € [1,e] we have

(e, (x), @ (1)) ||oo <Uy () Dy ([[1(%)[ oo + |[@(x) [ o0)
Sulzﬁlp(@),

K K 1— Z/[* 55 ] 00
T (9,1 _{F(;Dl)/l (Inr)P 16 () ([ () + [[@C)[eo)

7

(Inx)P1—1 lea o\ P U ()9 ([ (19)] oo + (@ (1) |oo)
+ At les] + T(0, + 7)) / <I ;) . dr
leo] fey, e\ Pt U () Dy ([[$(1)]|oo + [|@(x) [[o0)
TPy) /1 (7) p g
< Up5(0), (16)
Similarly,

@l ~{ gy [ (1) HalDe i e Eloblle),

I'(P2)
(Inx)P1 |1] 2\ =P U ()90 (19 (6) oo + || (1) o)
v L 921”32 (1 ) p dr
02| [* U (x )ﬁw(H#)(K)HooHI@( ) o)
+F(7292) /1 (Inr) dr} }
<ULH0(0). 17)
(16) and (17) yields,

T (¢, @)l|g =lITi (¢, @)leo + || T2(, @) ] o
<UpO019y(0) + Uz 0290 (0O)
<o, (18)

thatis 7Se C Se.
Step 2: We show the continuity of the operator 7. To do this, we let the sequence

{Vi = (Yn,@n)} € So, and show that V, =V = (¢, @) as n — oo.

Because of Carathéodory continuity of ¢, it is clear that

P, Pu(-), @n(-)) = (-, (), @(-)) as n — oo.
Recalling (.A;), we deduce that

(1) ™ 19 9u(r), @4 (1)) — 9l 90), @) o < UgBp(©) (15) " 19)

Additionally, by the function’s Lebesgue dominated convergence theorem and the fact that

Pr-1
M = Us54(©) (Ing) n (20)
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is Lebesgue integrable on [1,e], we get

1171 (1, @)||eo :{ﬁ /1"‘(1,%)7’1*1 (7, ¥ (r), @n(r)) r—l,l’(l’,l/J(r),(D(r))der

A e gt [ (8)
(0, 0(0) 41040 0O, o1
+F‘(872;‘1) '/1€<Ii’l§>7)171 @, pu(r), @n(r)) ; ll’(frll’(r)/@(f))ﬂoodr} }
that is
1T (@) (6) — T (9 @) (W) oo —> 0 a5 1 00 ¥ 5 € [1,2]
then
1T (@) — Ti( @)oo — 0 25 1 oo, @)
which means that the operator 7T is continuous.
Similarly
T3P0 @) — To( @)oo — 0 a5 1 o, )
(22) and (23) yields,
1T Wnr@n) T @)l =0 a5 n— o o)

By getting (24) we conclude that the operator 7 is continuous.
Step 3: We show that 7T is equicontinuous. Let 1,k € [1,¢] and V(¢, @) € S, then

1 T1(¢, @) (k2) = Ta (9, @) (x1) [ oo

~{ gy [ (02)" 7 ()" 20,

1 /Kz (InK?z)pl_l lly(r, lP(r)r,@(r))lloodr

(Inxy)P1 71 — (Inxy)P 1 leq] SN ST g, p(r), @ () ]eo
* Aq I'(Q1+7P) /1 (In;) r ar

(In )Pt = (In )Pt Jeal o e\ P [l (), @) o
* Iy wo )y (175) ' Y )

UpHyp(O) r K 1 K 1— r
(S [ )™ - ()]

1 K2 K2 P1-1dr
ervl)/,(1 () 5

n (In k) P11 — (In xq)P1 1
M

(ITI Kz)Pl*l _ (I?’l Kl)Plfl . |81| g( g) Q]+731*1£
+ A Uj$p(0) x 7P(Ql+7>1)/1 In’ -

(Inwk)Pr=1 — (Ink)P17 1 |ey| /‘? e\P1—1dr
+ A ) h (Inr) . — 0 as k1 = K. (26)

le3]
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In a similar manner , we have
[ T2(y, @) (x2) — T2(¢, @) (K1) |0
UpH0(©) ™ K2\ P21 Kp\ P21
<{ (P /1 [(’”r) - (%)

1 K2 Ko Pa—1dr
- n-= -
+F(P2) /Kl ( " T > T

(Inx)™2~ — (Inxp) ™!
Ay

L Inm)P Tt = (In k) P27

. |51| Z 7 Q+Pr—1 dr

(Inxg)21 — (Inxy)P21 |4y /3 e\P-ldr
+ A TPy h (Inr> p — 0 as k1 = K. (27)

dr
r

+ |93

From (26) and (27) we noted that both inequalities are independent of (¢, @) € Sg, that led
us to deduce that the operator 7 is bounded and equicontinuous.
Step 4: To satisfy all conditions of Mdnch’s fixed point, finally, we let ® = ®; N
Dy; 1, Py C Sg. Furthermore , &1 and P, are assumed to be bounded and equicontinuous.
We show that

P C cono(T1(P1) U{o}), and P, C cono(T1(P1) U{o}).
Thus, the functions

[T (1) = k(P1(x)),
[Ty (1) = k(D2(x)),

are continuous on [1, e]. By the Kuratowski Lemma (1) and (Aj3), we write

<k(como(T;(P1) U {o}))
<k(T191(x)) (28)
1 x Pr=t[y(r, p(r ) @(7)) |0
<7y (77) v
(Inx)Pr—1 leq] 4 Qi+l [ (r, p(r), @(r))]]eo
+ M l r(Qi+m) <In7’> r v
_F|(€’]29|1) /1e(1 r)Pl “Hlp(r, lP(r)r,co(r))Hoodr: (,@) € q)} } (29)

—_

K K\ Pi-1y(r, r
<{ri ()" 2

(Inx)Pr—1 E L NGy, ()
+ M _F(Q1+P1)/ <In1’) fljr
leal ey e\Pimly(r, Pi(r))
TT) J(ms) B (g,0) € cp} }
<Uy O[Ty [[eo.

That is

[Ty [feo < UypO1[|TT[|eo,
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but it is supposed that max{Uy; 01, U5 0>} < 1, yields [[ITi]| = 0,50 Ty (k) =0, V x €
[1,e], in a similar manner, we getIT,(x) =0, V « € [1,¢].
Consequently k(P(x)) < k(P1(x)) = 0, and k(P (x)) < k(P1(x)) = 0, implying ®(x)

is relatively compact in & x &, based on the Arzila-Ascoli theorem we obtain that ® is
relatively compact in Sg.

Now all conditions of Mdnch’s fixed point Theorem applied, therefore 7T has fixed
point (¢, @) on S,. O

4. Stability Results for the Problem

Let us define nonlinear operator 21, 2, € C([1,¢], Re) x C([1,¢], Re) — C([1,¢], Re),
where 77 and 7 are define by (12) and (13)

{HDPW(K) = Gi(k, p(x), @(x)) = Z1(p, @) (x), x € (Le), Pre(l2],
"DP20(x) = Ga(k, Y (x), @(x)) = Za(, @) (k).
For «x € [1,e]. For some g1,62 > 0, we consider the following inequities:

121, (¢, @) <c1, (|22 (@) < 2. (30)

Definition 5. The coupled system (1) is said to be stable in the H-U sense, if M1, My > 0 exist
that there is a unique solution (1, @) € C([1,e], Re) x C([1,e], Re) of problem (1) with

1, @) = (§, ®)[] < Migr+ Mg,
for every solution (1, @) belongs to C([1,¢], R.) x C([1,e], Re) of inequality.
Theorem 3. Suppose that (Ay) hold. Then the BVP (1) is H-U stable.

Proof. Let (¢, @) € C([1,¢],Re) % ([1,¢], Re) be the (1) the solution of the problem that
satisfies (4) and (5). Let (¢, @) be any solution satisfying (30). For x € [1,¢],

{HDWK) = Gi(k, p(x), @(x)) + 21 (, @) (x),
HDP20(x) = Ga(k, P(x), @ (x)) + Z2(¢, @) (k).

Therefore,

§09 =T3$,@)6) + { 7o [ (105)" 200,900,000 F

r

I Pi—-1
JUno) ™

e Q1+P1—1 d
el rg s [(m8) T A0t

r r

g ()" e o]
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it follows that

75 (6, &) (k) — (x) {

/( )1 Ql*
|€l| z g Q1+P1—1 dr
|€3|+ (Q +Pl)/1 (Inr) 917
\£2| ¢reNPi-1 dr
+r(731)/1(1”¥) ger’
L Lllmgree el ),
A

< -
“Ir(P1+1) r(P1+01+1) I (Pi+1)
<0161

f\ﬁ

In a similar manner

Tz(lf),(f))(x)—(b(xﬂg{ 1 (In ) gz?
-1

81 /%:5>%”bldr
ASlhioAN ' X T ot | ne “r
%3] + Ir'(Q+P) h "y o2
il (1)
+F(P2) 1 (Inr) “25 |
Pr+Q
SR S W Y L
IF'(Pa+1) [M] [ T(Pa+Q2+1) I'(P2+1)
<Oz63.

Thus, the operator T, which is given by (12) and (13), can be extracted from the fixed point
property, as follows:

[p(x) — = ()| =[9(x) — Ti (=, @%)(x) + T1(P*, @) (k) — ¢ * (k)|
<|Ti(¢, @) (x) — Ti(x, @x) (1) | + [ Ti (P*, @x) (k) — ¢ * (k)|
<((0181 + O187) + (018, + 0185))||(p, @) — (P*, @x*)]|
+ 0161 + O162. (31)

|@(x) — @ * (x)| =|@x) — Ta(px, @x) () + To (P, @*) (k) — @ * (k)|
<|T2(p, @) (k) — Ta(px, @) ()| + | T2 (P, @) (k) — @ * (i) |
<((O281 + O281) + (028 + O2th)) || (¢, @) — (Y, @%)||
+ 0261 + O262. (32)

From the above Equations (31) and (32) it follows that

O1+ 02 + (014 07
||(zp,a7)—(1p*,w*)H§ ( 1 2)‘51 ( 1 Z)GZ i _
1—((O1+ 02) (01 + 82) + (O1 + O2) (V1 + 82))
<Vict1 + Va6,

with
Vi = (01 +0y)
— (014 O2) (81 + B2) + (O1 + O2) (1 + )’
V= (014 0y)

— ((01 + 02)(191 + 192) + (Ol + 02)(&1 + 19A2))
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Hence, the problem (1) is U-H stable. [

5. Example
Define g = {¢p = (Y1, Y2, Y3+, P, -+ ) : lim ¢, = 0}, it is obvious that ¢y is a
Banach space with ||| = sup |¢u].
n>1

Example 1. Consider the following system:
HDP1y(x) = Gi(k, p(x),@(x)), € (Le), Pre(1,2],
HDP20(x) = Ga(x, (), @(x)),

(33)
P(1) =0, e"I%Y(7) +e2yp(e) = €3,

@(1) =0, 5;MT9%@(¢) + s0(e) = 8.
Here Py = 25, P> = 3,01 = 0.2387,Ar = 0.25357,61 = 4,60 = 55, = 32,8 = 32,91 =
%/ QZ 4O,ﬂ1’ld

1

G106, (), 00) = { s
1

G2, (), 0(x) = { 15 (2g + 11+ gl + @) ) o = 1,

( ! +In(1+ |¢u| + chD) },ﬂ >1,

Vi € [1,3] with {y }n>1, {@n}u>1 € Yo, the hypothesis Ay of theorem 2 is verified. Also,

1615, 9(0), @)oo < H{WHO( i1+l + o))}

< m(HlPH +1)
= Uy (1) Dy (||1]]o0)-
Similarly,

19205 96), @Dl < |{ 55 (s + 11+l louD) ) |

1
< (Il +1)
= Uo(1)9a([|]|=)-

as a result, Theorem 2 condition (Ay) is also verified.
Next, by relying on the bounded subset S C € x &, we get to

[e9)

where in our case, we have Uy (k) = Inlw, Uo (k) = {5, the latter two inequalities show that the
condition (Ay) of the Theorem 2 is satisfied.
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Finally, we calculate

\ 1 1 1 [leg|(In )P+ le2] ]
U =— 01 < —+ — = 1.7961117138,
TS (RS [m% +O1+1) T(Pi+1)
\ 3 1 1 [|6](Ing)P2t |62
= — < — =1
Ua () = 75: 02 < TP +1) | 1Al {F(Pz +Q+1) I(Py+1) 363009035,

then, max{O1Up(x), O2lhn(k)} = max{0.1796111,0.4089027} = 0.1796111 < 1. Thus,
the Theorem 2 requirements are all satisfied, that is the Equation (33) has at least one solution

(¥, @) € C([1,3], o) x C([1,3], %)

6. Conclusions

We have proved based on Mdnch’s fixed point theorem that there is a solution to
the system of fractional differential equations. In addition to verifying the stability of the
solutions for this system using the method of Ulam-Hyers. We concluded the work with an
applied example that makes it easier for the reader to understand the theoretical results.
For future work, Those interested in the field can also investigate the existence of these
solutions for the studied system using new fractional derivatives such as Caputo-Hadmard,
Katugambula, and ¢-Caputo.
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