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Abstract: In this paper, an adaptive grid method for a singularly perturbed Volterra integro-differential
equation is studied. Firstly, this problem is discretized by a new second-order finite difference scheme,
for which a truncation error analysis is conducted. Then, based on this truncation error bound and
the mesh equidistribution principle, we show that there is a mesh that provides an optimal error
bound of O(N~2), which is robust with respect to the perturbation parameter. Finally, based on an
approximation monitor function, an adaptive grid generation algorithm is constructed and some
numerical results are given to support our theoretical results.

Keywords: singularly perturbed; Volterra integro-differential equation; uniformly convergent; adap-
tive grid method

1. Introduction

In this paper, we consider an adaptive grid method for the following singularly
perturbed Volterra integrodifferential equation:

Lu(x) := eu(x) + a(x)u(x) + /(:K(x,s)u(s)ds = f(x), x € (0,1],
u(0) = A,

)

where 0 < ¢ < 1, A is a given constant, and a(x), K(x, s), and f(x) are sufficiently smooth
functions, which are independent of the parameter ¢. It is assumed that there exists a
positive constant a such that a(x) > « > 0. Under these conditions, the problem (1) has
a unique solution u(x) (see [1,2]), which typically exhibits a boundary layer at x = 0 as
e — 0. Thus, this type of problem is called singularly perturbed Volterra integrodifferential
equations (SPVIDEs), which often appear in physics [3], biology [4,5], and other areas [6].

Due to the presence of this perturbation parameter, standard finite difference and
finite-element methods on a uniform mesh for (1) may yield inaccurate numerical results.
Therefore, some special numerical methods for SPVIDEs have been discussed in studies
such as [1,7-14]. Among these methods, the authors in [7,10] developed some layer-adapted
mesh methods to solve SPVIDEs. Especially, Yanman and Amiraliyev [1] proposed a new
discretization scheme for problem (1), which was almost second-order uniform convergent
on the Shishkin mesh.

In addition to the layer-adaptive grid method mentioned above, the adaptive grid
method for singularly perturbed convection-diffusion problems has also attracted much
attention over the last decade, see [15,16] and the monograph [17]. For the adaptive grid
methods of SPVIDEs, Sumit et.al. [18] proposed a first-order uniform convergent adaptive
grid method for a nonlinear singularly perturbed Volterra integro-differential equation . To
the best of our knowledge, there are few second-order adaptive grid methods for SPVIDEs
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except for the Richardson extrapolation technique given in [19]. Based on the discretization
scheme proposed in [1], the authors in [20] developed an adaptive grid algorithm for a
singularly perturbed convection-diffusion equation. However, they did not carry out a
convergence analysis. Thus, it is very desirable to construct a second-order adaptive grid
method (not a hybrid discretization scheme) for singularly perturbed problems.
Motivated by [1,20], the aim of this paper is to design a new second-order adaptive
grid method for a singularly perturbed Volterra integro-differential equation. By virtue of a
truncation error analysis, a suitable monitor function is chosen to design an adaptive grid
based on the mesh equidistribution principle. Furthermore, we prove that our presented
adaptive grid method is second-order uniform-convergent with respect to the perturbation
parameter. Finally, several numerical results are given to confirm our theoretical findings.
Notation. Throughout the paper, C denotes a generic positive constant that is inde-
pendent of £ and the mesh parameter N. It may take different values in different places.
For any continuous function g(x), we use the notation g; = g(x;) and ||| = max [g(x)].
€

x€[0,1]

2. Preliminary Results

We provide the following bounds for the derivatives of u(x) (see [21,22]), which will
be used in later analysis.

Lemma 1. Assuming K(x,s), f(x), a(x) are sufficiently smooth functions and there is a positive
constant « such that a(x) > « > 0, then the solution u(x) of problem (1) has the following bounds:

M (x)] < C(1+:ke“5),x € [0,1],k=0,1,2. o)

To obtain our numerical discretization scheme, we consider an arbitrary nonuniform
=N . e .
mesh() ={0=1x9 < x; <--- < xy = 1}, where N isa positive integer. Fori =1,--- ,N,
h; = x; — x;_1 represents the local mesh step.

Similar to reference [1], we provide the construction of our numerical scheme on Q.
a;(x;—x)
By multiplying both sides of the first equation of (1) by ¢;(x) =e~ " ¢  and integrating

on the interval [x;_j, x;], then multiplying both sides by x; 'h; !, the origin problem (1) can
be written into the following integral equation:

X Xi
[ Lugidx =7 [ p)ei ©
i-1 i-1
where x; = hlfl fxfil @i(x)dx = 1‘;;’“ and p; = % fori=1---,N.

Furthermore, for the differential part of Lu defined in (1), it follows from the left side
of Equation (3) that

x;thi! /;l [eu' (x) + a(x)u(x)] ;(x)dx = e0;D ™ u; + a;u;
@
a0 [ () — el i),

0.0 iP; 1y
where 6; = 'Zl’f’;,aipi and D~ u; = ”’TL:H
Next, by using the Newton interpolating formula to a(x) at points x;_1,x; and substi-

tuting it into Equation (4), we have

Xt /Xi leu' (x) + a(x)u(x)] @i(x)dx = €0; D~ u; + (a; + h;0;D~ a;)u; + Rl(l), (5)
Xi-1



Fractal Fract. 2022, 6, 636

30f13

api 1 )
1—e4iPi ’Zipi/ al - a(xl) and

X; a//
—17,—1
=X; hi /

where §; =

) (5~ x1) (x - x1) @i (X)u(x)dx

6
— Az iX; 1]1 / (x — x;)pi(x )(/ (s)ds)dx, ni € [xi_1, xi]. ©
Similarly, the right hand of (3) can be written as follows:
Xt x: F(x)gi(x)dx = fi + R?, @)
where f; = f; + h;6;D~ f; and
RY = 3 [ 0 -k - s v € okl 6

Meanwhile, for the integral part of Lu, by using the trapezoidal formula with basis function
¢i(x) and remainder term in integral form, we obtain

X! /X: @i(x) </Ox K(x,s)u(s)ds>dx

1 (), p® ©
= Z h]‘K,'/jM]' + Ri + Ri ,
j=0
where

dK
Kij = (x;, x]-) = K(x;, x]-) + hiéig(xi, x]-),

27

xi 42 4
R“—xl hy / txile) [ 2o ([ K@ ou(s)as ) € - e,

. _hn
ho = — ]—L---,N—l,th?,
- 5; [ =0 -0 g Ou@e

Finally, neglecting the truncation errors given in (5), (7), and (9), we obtain the finite
difference scheme of problem (1) as follows:

i _
LNulN = sHiD’uZN —|—ﬁiulN + ‘Z hjxl-,ju]N =f;, 1<i<N,
j=0

(10)
uéV = A,
where ulN is an approximation solution of u(x) at x = x; and 4; = a; + (D~ a; + Kj;)h;;.

Next, we provide a lemma (see lemma 4.1 in [22]), which will be used in the proof of
Lemma 3.

Lemma 2. Consider the following difference problem:
gl\]vi = sv;{i—i-al-vi = Fi,i: 0,1,2,--- ,NQ. (11)

Up = A. (12)
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Let |F;| < F; and F; be nondecreasing function. Then the solution of (11) and (12) satisfies

loi| < |A|+a 1 F;,i=0,1,2,---,N. (13)

. . . N
In order to derive the convergence result of the numerical solution {ulN }i:O’ we
provide the following stability result.

Lemma 3. Assume that there is a constant «., such that a; + hix(x;, x;) > ax >0,i=1,...,N.
Then, we have

max ulN
0<i<N

< f . 14
< (gl +4) as
Proof. For each ulN ,i=1,---,N, we first define the following difference operator:

KNMZN = eGiD_ulN + (ﬁi + Fl,‘K,’[,‘)MN. (15)

i
Then, by using Lemma 2, we have
] < ot (Ju'| + [ Vul] ). (16)

It follows from the first equation of (10) that
NN_ NN N
Clut =LYy — Zhjxi,juj . (17)
j=0
Furthermore, since x(x, s) is bounded, it yields
N, N 7 TN
[N u; |§|fif+CZ(:)hj\uj |, 1<i<N. (18)
]:

Combining with (16), we have

i-1
] < (| + 2z fllo) + ! (c;hﬂu}ﬂ). (19)
]:
Finally, applying Gronwall’s inequality to (19) yields
i-1
N| <« -1 -1 ‘
jmax ui | < (A+a|fllo) exp (w* C]; h,>, (20)

which completes the proof. [

3. Truncation Error Analysis
Letz; = ulN — u; be the error at x; in the computed solution. Then,

Ny - R. §=1...
{L Zl Rlll 1/ /N/ (21)

zg =0,

where R; = ngl) + sz) + R® + R§4) is the local truncation error at nodal x;.

i
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Lemma 4. Assuming K(x,s), f(x), a(x) are sufficiently smooth functions and there is a positive
constant w such that a(x) > « > 0, the truncation error R; has the following bound:

2
"X Xj 1 _ax
max |R;| < C| max h? + max k; |t/ (x)|dx + max e e xdx | |.
1<i<N 1<i<N 1<i<N  Jx;_4 1<j<N 1

Proof. From Lemma 3.1 of [1], we can easily obtain
| \+|R |+|R |<Ch<h+/ )|dx) (22)

For Rl@, we have

Y| < C(ih?+ Zl:/xj (xj — &)(& — xj—1) |4 (€) +”"(C)\dé>
j=1 j=1"%j-1

.,
< 2 "o s
< C ) WO - .

+max [ e ¥ (@)
maxXx E e ¢ — Xi_
1SN Jy -

X' X]‘ . 2

-1 —&x

< C max h? + max h; |u'(x)|dx + max / e e Zdx |,
1<j<N 1<j<N Xj_1 1<j<N 1

where we have used the fact that

/Hbqb(s)(s —a)ds < ;{/ﬂh ¢(s)1/2ds}2 (24)

holds true for any positive monotonically decreasing function ¢(s) on [a, b]. Furthermore,
combining (22) and (23), we complete the proof of this lemma. O

4. Adaptive Grid and Convergence Analysis

Monitor functions are widely used by many researchers (see, e.g., [18,23-27]) to design
an adaptive grid algorithm that produces layer-resolving meshes in solving singularly
perturbed problems. As is stated in [26], if the monitor functions contain the exact solution
of the considered problem, these approaches are called semi-discretization adaptive grid
methods. For this purpose, we also study the semi-discretization adaptive grid method for
problem (1). Based on the truncation error estimation given in Lemma 4, we choose the
following monitor function M(x, u(x)):

M(x,u(x)) = 1+ |/ (x)| +¢ e &, (25)

which is used to construct a grid {xi}fio satisfying

.
/’ M(x, u( / ))dx, i=1,2,---,N. (26)
; Y

j—1
Here, Equation (26) is called the mesh equidistribution principle. It is worth noting
that the existence of the grid {xl-}fio satisfying (26) can be found in [15], Theorem 3.1.
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Lemma5. Let Q" = {xi}f\io be a grid satisfying (26). Then, fori =1,..., N, we have

hi < CN_l, (27)
Xi

/ |/ (x)|dx < CN7Y, (28)
Xi-1
Xi ax

/ e le $dx < CNL. 29)
Xi-1

Proof. It follows from Lemma 1 that
1
/ -1,—%

/o (1+ [u'(x)| +& e 2 )dx
1 ox &x

< C/ (1 +elem% + sfleff)dx
0
1 ox

< C/ (1 +e_1e_7)dx (30)
0

)

<C
Then, based on the mesh equidistribution principle (26), we have

hi = xi — Xj1

x’ ax
Y R—
Xi—1
1 (31)
— ! —1 7%
- N/o <1+|u ()| +e e 2 )dx
< CNL
Furthermore, by (25) and (26), one has
S w@ldx < 2 (1 )]+ le ¥ )dx
< %f01(1+|u/(x)|+571€_%>dx (32)

<CNL
Similarly, we can prove (29). The proof is completed. [

Finally, based on the above preliminary results, we can derive the main theorem about
the convergence analysis of presented scheme (10) on an adaptive grid QN.

Theorem 1. Let u; be the exact solution of problem (1) and u™ be the solution of (10) at the adaptive
qrid o' = {xi}fio satisfying (26). Then, we have

N _y(x)| < CN"2.
02?5\]’“1 u(x;)| <CN (33)
Proof. Firstly, applying Lemma 3 to (21) yields
N _ N < .
Of;g,’ul u(xi)| < C max [Rjl. (34)

Then, it follows from Lemmas 4 and 5 that
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X

max ‘ulN —u(x;)| < C[ max h? + max h; |u/ (x)|dx
0<i<N 1<i<N 1<i<N - Jx

, 2

X 2

-+ max </ elegdx) ] (35)
1<i<N Xi—1
<CN7?,

which completes the proof. [

5. Numerical Results and Discussion

In Section 5.1, we shall first provide a grid generation algorithm based on the equidis-
tribution of the monitor function (25). Numerical results and discussion are presented by
two test examples in Section 5.2.

5.1. Mesh Generation Algorithm
Since the monitor function (25) includes the first-order derivative of the exact solution
u(x), it is difficult to obtain an adaptive grid {xi}fio by equidistributing the monitor
function (25). In practical computation, we choose the following approximating monitor
function -
M;=1+|D uN|+ele®,i=1,---,N. (36)

Therefore, the key problem of our adaptive grid method is to find { (x;, u}) }fio, with

ul calculated from the discretization scheme ref. to Equation (10) on an adaptive grid
{xi}fio, such that

N
Y mM;  for i=1,---,N. (37)

Finally, in order to obtain a grid {xi}f\i o and the corresponding numerical solution

{uN }fio satisfying (37), we provide the following specific mesh-generation Algorithm 1,
which is similar to the algorithm given in [25], Section 5.1.



Fractal Fract. 2022, 6, 636

8of 13

Algorithm 1: Adaptive grid algorithm

— N
Step 1. Provide an initial uniform mesh OR {xl(o) } . with N mesh
intervals. Choose a constant Cy > 1 that controls the algorithm terminates.
_ N
Step 2. For a given grid oV = {xfk) } o k=0,1,- - and the corresponding
1=

N
computed solution {ulN’(k) } _ ,set hgk) )

— xi(ﬁ)l for each i and dD(()k) =0and
i=0

o® — v h®M® fori—1,... ,N.
- B

Step 3. Define C (k) .— % max h§k>A71§k). If (o) < Cp holds true, then go to
@y 1<i<N

Step 5. Otherwise go to Step 4.
Step4. Fori=0,1,---,N, let Yi(k) = iCID%)/N and 47(") (s) be a linear interpolation
function through knots (®§k), xl.(k)> . Then, generate a new mesh

_ N
OV LT by 1 = 90 (V) fori = 0,1, N. Letk = k+1
and return to Step 2.

Step 5. Take [o R o R

as the final calculation mesh and

NN N,(k+1)\ N . . .

{u P } 0= {u ; } )38 the corresponding numerical solution. Then, stop
1= 1=

iteration process.

5.2. Numerical Experiments and Discussion
Example 1. The first test problem follows [1] is given by:
X
eu' +2u — / (x —s)e!™u(s)ds = e* —x, x €(0,1],
0
u(0) =1.

Since the exact solution of this problem is not available, the maximum errors and the
convergence rates can be evaluated as follows:

N _ N _ 2N
Ee' = max, i —ui |, (38)
EN
rN =log, (Eng>' (39)
€

. . . . .1 <N
where u! is the numerical solution calculated on an adaptive grid Q" = {xi}fio and u?N

is the corresponding approximate solution on the mesh 62N, which is defined by

2N

Q :{xi‘:i:O,l,...,zN} with xi xi+xi+1 _N
2

=Ty xyeQ ,i=01---,N-1

Here, we choose Cyp = 1.5, « = 1 and apply the presented adaptive grid method to
solve Example 1 with different values of € and N. The errors and rates of convergence
for the numerical solution are displayed in Table 1. Meanwhile, in order to illustrate the
computational efficiency of our presented adaptive grid algorithm, Table 1 also lists the
number of iterations Iter. Furthermore, to compare the performance of the presented
adaptive mesh with the Shishkin mesh (S-Mesh) and the method given in [20], some
numerical results are given in Table 2. The numerical results of Shishkin mesh approach is
come from [1].
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Table 1. Numerical results of our presented adaptive grid method for Example 1.

e N =64 N =128 N = 256 N=512 N=1024 N =2048

1071 EN  1.69x10* 437x107° 111x107° 280x107® 7.04x1077 1.76x1077
N 1.95 1.98 1.99 1.99 2.00 -
Iter 1 1 1 1 1 1

1072 EN  174x107% 577x107° 1.68x107° 432x107® 1.13x107® 290x 1077
rN 1.60 1.78 1.96 1.93 1.97 -
Iter 2 2 1 1 1 1

1073 EN 138x107% 399x107° 1.16x107° 363x107® 1.61x107® 3.45x1077
N 1.79 1.78 1.69 1.64 1.75 -
Iter 3 2 2 2 2 1

107% EN 130x107* 3.73x107° 1.00x107° 253x107° 6.90x1077 1.91x1077
rN 1.80 1.89 1.99 1.87 1.85 -
Iter 3 3 2 2 3 2

1075 EN 129x107* 3.84x107> 961x107® 251x107° 633x1077 1.59x 1077
N 1.75 1.99 1.94 1.99 1.99 -
Iter 4 4 3 3 2 2

1076 EN  139x107% 356x107° 985x107% 244x107% 628x1077 158x1077
rN 1.97 1.85 2.01 1.96 1.99 -
Iter 5 4 4 3 3 3

Table 2. Comparison of numerical results with the other methods for Example 1.

& = 2_12 & = 2—24
S-Mesh [1] Method [20] Our Method S-Mesh [1] Method [20] Owur Method
64 490x1072 04x107* 131x107%  552x1072 04x10°*% 136 x 1074

N

1.81 1.92 1.74 1.82 2.03 1.95

128  137x1072 1.05x107° 394x107° 156x1072 097x10"° 353x107°
1.84 1.87 2.01 1.86 1.97 1.95

256 390x1073 285x107® 9.80x107® 431x107° 247x107% 9.11x10°°
1.93 1.79 1.84 1.93 2.04 1.88

512 1.02x1073 0.82x107% 274x10°° 1.13x1073 0.6x10°° 2.48 x 10°
1.98 1.65 1.81 1.99 1.99 2.07

1024 260x107% 262x1077 781x1077 284x10% 151x1077 591x1077

It can be observed from Table 1 that the numerical results obtained by the presented
adaptive grid method has high accuracy and second-order convergence rate, which sup-
ports the theoretical result given in Theorem 1. Moreover, it is shown from the number of
iteration Ifer that the above grid generation algorithm is also very efficient. From Table 2,
we can see that the discretization scheme (10) computed on an adaptive mesh is more
accurate and efficient than that computed on the Shishkin mesh. Since the monitor function
in [20] is different from the monitor function in this paper, the results obtained by using the
method in [20] may be better than our results. However, it is difficult to get the convergence
analysis in [20].

In addition, in order to help readers have a deep understanding of adaptive grid
method, Figure 1a, which should be read from bottom to top, directly reflects the moving
process of the adaptive mesh for ¢ = 10~* and N = 64. Meanwhile, Figure 1b provides the
corresponding graph of numerical solution. Obviously, it is shown that the solution of the
test problem has a boundary layer at x = 0, which is also clearly reflected in Figure 1.
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a Grld |terat|on rocess 12 (b) Numerical solution of u(x)

1.1

M
01111
o -
NN

Figure 1. Evolution of the adaptive mesh and numerical solution of Example 1 with ¢ = 10~* and
N = 64. (a) Grid iteration process, (b) Numerical solution of u(x).

Number of iterations
)]

W=\

-

Example 2. The second test example in [1] is

1 x
¢ —|—xs(1 *E>—|—xln(l+x) 0<x<1,

X
!
+u+ ds = —
e +u /Oxu(s)s i+ T15x

u(0) =2

with the analytic solution u(x) = et + 1_1%—x Then, the maximum point-wise errors are
calculated by

EN = max
0<i<N

ul —u(x,-)‘.

The rates of convergence are computed by using Equation (39). In order to solve this
test Example 2 by using our presented adaptive grid method, we first choose Cyp = 1.1
and & = 1. Then, Table 3 provides the results obtained using our presented adaptive grid
method fore = 1072,k = 1,2,3,4, and N = 64,128,256,512,1024,2048. In addition, the
comparison of numerical results with Shishkin mesh is listed in Table 4. For smaller values
of ¢, one can see that the convergence rates of the presented adaptive grid are close to 2. For
larger values of N, the number of iterations Iter of our adaptive grid generation given in
Section 5.1 is also very small. Figure 2 provides the evolution of the above mesh-generation
algorithm and the corresponding graph of numerical solution with e = 107%, N = 64. It is
shown that the numerical solution of example 2 has a boundary lay at x = 0.
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Table 3. Numerical results of our presented adaptive grid method for Example 2.

e N =64 N =128 N = 256 N=512 N=1024 N =2048
1072 EN 399x107% 141x107% 421x107° 110x107° 293x107® 753x1077
N 1.51 1.75 1.93 1.92 1.96 -
Iter 2 2 2 1 1 1
107% EN 893x107° 223x107° 536x107° 1.34x107% 415x1077 1.98x1077
N 2.01 2.05 2.00 1.69 1.07 -
Iter 3 3 3 2 2 3
107 EN 833x107° 247x107° 537x107® 134x107® 332x1077 833x1078
rN 1.74 2.21 1.99 2.02 1.99 -
Iter 5 8 4 3 3 3
1078 EN 987x107° 246x107° 536x107° 133x107% 334x1077 821x1078
N 2.01 2.20 2.01 1.99 2.02 -
Iter 7 9 5 5 4 3

Table 4. Comparison of numerical results with the other methods for Example 2.

e=2"12 e=2"%
S-Mesh [1] Method [20] Our Method S-Mesh [1] Method [20] Our Method
64 1.03x 1072 032x107*% 138x107% 1.07x1072 423x107°> 822x107°

N

1.83 2.00 2.03 1.83 2.45 1.91

128 289x10°3 0.79x10° 338x10°° 1.02x1073 077x107° 218 x10°°
1.88 1.73 2.10 1.88 2.01 1.84

256 7.84x107% 239x107® 785x107® 821x107* 193x107°® 6.09 x10°°
1.95 1.07 2.16 1.96 2.01 2.20

512 2.03x107% 114x107® 176x10® 211x107* 048x107® 132x10°°
1.99 1.15 1.42 1.99 2.00 2.01

1024 510x10° 512x1077 659%x107 530x107° 1.19x1077 327x1077

a) Grid iteration (b) Numerical solution u

Number of iterations

Figure 2. Grid iteration process and numerical solution with ¢ = 10* and N = 64 for Example 2.
(a) Grid iteration process, (b) Numerical solution u.
6. Conclusions

As far as we known, most of adaptive grid methods used to solve singularly perturbed
problems, which contain a first-order derivative term, are only first-order accurate. For
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this reason, based on the fitted finite difference scheme proposed in [1], this paper mainly
discussed a second-order adaptive grid method for a singularly perturbed first-order
Volterra integrodifferential equation. By using the truncation error analysis of the presented
discretization scheme (10), we constructed a suitable monitor function, which is used to
design an adaptive grid. It is shown from the convergence analysis that our presented
adaptive method is uniformly convergent and independent of the perturbation parameter
in the discrete maximum norm.
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