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Abstract: In this paper, we consider the nonlinear impulsive generalized fractional differential equations
with (p, q)-Laplacian operator for 1 < p ≤ q < ∞, in which the nonlinearity f contains two fractional
derivatives with respect to another function. Since the complexity of the nonlinear term and the impulses
exist in generalized fractional calculus, it is difficult to find the corresponding variational functional
of the problem. The existence of nontrivial solutions for the problem is established by the mountain
pass theorem and iterative technique under some appropriate assumptions. Furthermore, our main
result is demonstrated by an illustrative example to show its feasibility and effectiveness. Due to the
employment of a generalized fractional operator, our results extend some existing research findings.

Keywords: (p, q)-Laplacian operator; generalized fractional differential operator; mountain pass
theorem; impulse

1. Introduction

Fractional calculus generalizes the definition of integer derivative and integral to
arbitrary orders. In recent years, due to the memory and hereditary properties in fractional
systems, fractional boundary value and initial value problems have been widely studied,
for example, one can see the literature [1–9]. However, unlike classical calculus, the
fractional derivative and integral can be defined in various non-equivalent ways, such
as the Riemann–Liouville type calculus, the Caputo type calculus, the Hadamard type
calculus, the Erdélyi–Kober type calculus and so on. For many practical models in the
engineering field, in order to overcome the problem of selecting the best fractional calculus
operators, an effective method is to consider the more general definitions of fractional
calculus. Based on the above analysis, we will consider the fractional derivatives with
respect to another function in this paper. In particular, by choosing suitable ϕ, we will
obtain some well-known fractional differential operators.

Recently, more and more innovative results for fractional calculus regarding another
function have been obtained in the literature [5,10–15] and the references therein. More-
over, as known to all, impulsive fractional differential equations are fundamental models
for studying dynamic processes with sudden changes, and numerous researchers have
obtained many interesting conclusions by different methods, please refer to articles [16–18]
for more information. To the best of our knowledge, however, no researcher has used the
variational method to study the generalized fractional differential equations with impulsive
terms. This is one of the issues to be solved in this paper.

In [19], Long and Chen studied the many solutions for a class of p-Laplacian type
fractional Dirichlet problem with instantaneous and non-instantaneous impulses by using
variational methods and critical point theory. In [20], Li et al. investigated the existence
of solutions for an impulsive fractional coupled system of (p, q)-Laplacian type without
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the Ambrosetti–Rabinowitz condition. Li et al. in [21] dealt with the nonlinear impulsive
fractional differential equations with (p, q)-Laplacian operator and obtained the existence
of nontrivial solutions.

In this paper, motivated by the above-mentioned works, we will research the following
nonlinear impulsive generalized fractional differential equations with (p, q)-Laplacian operator

tD
α;ϕ
T Φp(0Dα;ϕ

t u(t)) + |u(t)|p−2u(t) + tD
β;ϕ
T Φq(0Dβ;ϕ

t u(t)) + |u(t)|q−2u(t)

= f
(
t, u(t), 0Dα;ϕ

t u(t), 0Dβ;ϕ
t u(t)

)
, t 6= tj, a.e. t ∈ [0, T],

∆
(

tD
α−1;ϕ
T Φp(C

0 Dα;ϕ
t u) + tD

β−1;ϕ
T Φq(C

0 Dβ;ϕ
t u)

)
(tj) = Ij(u(tj)), j = 1, 2, . . . , m,

u(0) = u(T) = 0, a.e. t ∈ [0, T],

(1)

where 1
p < α ≤ 1, 1

q < β ≤ 1, 1 < p ≤ q < ∞, Φk(s) = |s|k−2s(s 6= 0) with Φk(0) = 0,

0Dα;ϕ
t , tD

α;ϕ
T and C

0 Dα;ϕ
t denote the left and right generalized Riemann–Liouville fractional

derivatives and the left ϕ-Caputo fractional derivative, respectively, f : [0, T]×R×R×
R → R is a continuous function with respect to t for all (x, y, z) ∈ R3 and continuously
differentiable with respect to x, y, z for a.e. t ∈ [0, T], i.e., f (·, x, y, z) ∈ C([0, T],R) and
f (t, ·, ·, ·) ∈ C1(R3,R), Ij ∈ C(R,R) for j = 1, 2, . . . , m, 0 = t0 < t1 < · · · < tm+1 = T and
the operator ∆ is defined by

∆(tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u) + tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u))(tj)

=tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t+j )− tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t−j )

+ tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t+j )− tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t−j ),

where

tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t+j ) = lim
t→t+j

tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t),

tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t−j ) = lim
t→t−j

tD
α−1;ϕ
T Φp(

C
0 Dα;ϕ

t u)(t),

tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t+j ) = lim
t→t+j

tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t),

tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t−j ) = lim
t→t−j

tD
β−1;ϕ
T Φq(

C
0 Dβ;ϕ

t u)(t).

Generally speaking, due to the presence of the generalized fractional operators, the re-
sults in this paper extend some existing results. If ϕ(t) = t, the existence of nontrivial
solutions of problem (1) is researched in [21]. In addition, as far as we know, there are few
researchers who deal with fractional differential equations with respect to another function
by applying the variational method. This provides a reference to study the existence of
solutions of the generalized fractional system with respect to another function. Therefore,
the conclusions in this paper are of great significance.

The remaining parts of the article are organized as follows. In Section 2, we give some
relevant definitions and lemmas. We present the variational structure and verify that the
corresponding energy functional satisfies the mountain pass geometry and then obtain
the nontrivial solutions of problem (1) by iterative technique in Section 3. In Section 4,
an example is given to illustrate the effectiveness of our results.

2. Preliminaries and Statements

In this section, we outline some basic notations and related facts regarding the nonlin-
ear impulsive generalized fractional differential equations which will be used later.
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Let ‖u‖Lp = (
∫ T

0 |u|
pdt)

1
p be the usual norm of space Lp([0, T]), C([0, T],R) is the space

of continuous functions with norm ‖u‖ = max
0≤t≤T

|u(t)|. Furthermore, define the equivalent

norm of continuous function space with ‖u‖∞ = max
0≤t≤T

|ϕ′(t)u(t)| and the equivalent norm

of p-th Lebesgue measurable function space with ‖u‖p;ϕ = (
∫ T

0 ϕ′(t)|u(t)|pdt)
1
p .

Definition 1. ([22,23]). Let [a, b] be a finite or infinite interval of the real line R and ϕ(t) be an
increasing and positive monotone function on [a, b] with the continuous derivative ϕ′(t) on [a, b].
The left and right fractional integrals of function u with respect to another function ϕ on [a, b] of
order α are defined by

a Iα;ϕ
t u(t) =

1
Γ(α)

∫ t

a
(ϕ(t)− ϕ(τ))α−1 ϕ′(τ)u(τ)dτ, R(α) > 0,

t Iα;ϕ
b u(t) =

1
Γ(α)

∫ b

t
(ϕ(τ)− ϕ(t))α−1 ϕ′(τ)u(τ)dτ, R(α) > 0.

Remark 1. Notice that when ϕ(t) = t, Definition 1 reduces to the definition of classical Riemann–
Liouville fractional integrals. When ϕ(t) = ln t, Definition 1 reduces to the definition of Hadamard
fractional integrals as shown in the literature [24].

Definition 2. ([22,23]). Let n = [R(α)] + 1 with R(α) ≥ 0 and ϕ ∈ Cn([0, T]) such that
ϕi 6= 0, i = 1, 2, . . . , n, the left and right Riemann–Liouville fractional derivatives of function u
with order α with respect to ϕ are given by

0Dα;ϕ
t u(t) =(

1
ϕ′(t)

d
dt
)n(0 In−α;ϕ

t u)(t)

=
1

Γ(n− α)
(

1
ϕ′(t)

d
dt
)n
∫ t

0
(ϕ(t)− ϕ(τ))n−α−1 ϕ′(τ)u(τ)dτ,

tD
α;ϕ
T u(t) =(

1
ϕ′(t)

d
dt
)n(t In−α;ϕ

T u)(t)

=
(−1)n

Γ(n− α)
(

1
ϕ′(t)

d
dt
)n
∫ T

t
(ϕ(τ)− ϕ(t))n−α−1 ϕ′(τ)u(τ)dτ.

Remark 2. Apparently, if ϕ(t) = t, Definition 2 becomes the definition of classical Riemann–
Liouville fractional derivatives. If ϕ(t) = ln t, Definition 2 simplifies to the definition of Hadamard
fractional derivatives, more details can be found in the literature [24] and the references therein.

Definition 3. ([25]). Let n = [R(α)] + 1, ϕ ∈ Cn([0, T]) such that ϕi 6= 0, i = 1, 2, . . . , n and
u ∈ ACn

ϕ([0, T],R). Then, the left and right ϕ-Caputo fractional derivatives are depicted by

C
0 Dα;ϕ

t u(t) =0 In−α;ϕ
t (

1
ϕ′(t)

d
dt
)nu(t)

=
1

Γ(n− α)

∫ t

0
(ϕ(t)− ϕ(τ))n−α−1 ϕ′(τ)(

1
ϕ′(τ)

d
dτ

)nu(τ)dτ,

C
t Dα;ϕ

T u(t) =t In−α;ϕ
T (

1
ϕ′(t)

d
dt
)nu(t)

=
(−1)n

Γ(n− α)

∫ T

t
(ϕ(τ)− ϕ(t))n−α−1 ϕ′(τ)(

1
ϕ′(τ)

d
dτ

)nu(τ)dτ.

According to definitions of generalized fractional calculus and integration by parts
formula, we obtain the following lemma.
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Lemma 1. Let α > 0, p ≥ 0, q ≥ 0, 1
p + 1

q ≤ 1 + α and ϕ ∈ C1[0, T].
(1) If f ∈ Lp([0, T],R) and g ∈ Lq([0, T],R), then∫ T

0
ϕ′(t) f (t)0 Iα;ϕ

t g(t)dt =
∫ T

0
ϕ′(t)g(t)t Iα;ϕ

T f (t)dt.

(2) If f ∈ 0 Iα;ϕ
t (Lp[0, T],R) and g ∈ t Iα;ϕ

T (Lq[0, T],R), then

∫ T

0
ϕ′(t) f (t)0Dα;ϕ

t g(t)dt =
∫ T

0
ϕ′(t)g(t)tD

α;ϕ
T f (t)dt.

By Lemma 1, we give the following remark about the impulse item.

Remark 3. For each u ∈ Eα,p;ϕ
0 , we have

∫ T

0
ϕ′(t)Φp(0Dα;ϕ

t u(t))0Dα;ϕ
t v(t)dt

=
∫ T

0
ϕ′(t)tD

α−1;ϕ
T (Φp(0Dα;ϕ

t u(t)))v′ϕ(t)dt

=
m

∑
j=0

tD
α−1;ϕ
T (Φp(0Dα;ϕ

t u(t)))v(t)
∣∣∣∣t
−
j+1

t+j

−
m

∑
j=0

∫ tj+1

tj

vd(tD
α−1;ϕ
T Φp(0Dα;ϕ

t u(t)))

= −
m

∑
j=0

∆
(

tD
α−1;ϕ
T Φp(0Dα;ϕ

t u(tj))
)
v(tj) +

m

∑
j=0

∫ tj+1

tj

vϕ′(t)tD
α;ϕ
T (Φp(0Dα;ϕ

t u(t)))dt

= −
m

∑
j=0

∆
(

tD
α−1;ϕ
T Φp(0Dα;ϕ

t u(tj))
)
v(tj) +

∫ T

0
vϕ′(t)tD

α;ϕ
T (Φp(0Dα;ϕ

t u(t)))dt.

In order to investigate the existence of nontrivial solutions for problem (1), we present
the workspace below.

Definition 4. Let 1 < p < ∞, 1
p < α ≤ 1. Define ϕ-Caputo fractional derivative space Eα,p;ϕ

0 by
the closure of C∞

0 ([0, T],R) endowed with the norm

‖u‖α,p;ϕ =
( ∫ T

0
ϕ′(t)|u(t)|pdt +

∫ T

0
ϕ′(t)|C0 Dα;ϕ

t u(t)|pdt
) 1

p .

Remark 4. According to [26], we can see that Eα,p;ϕ
0 is a reflexive and separable Banach space.

Lemma 2. ([10]) If u(0) = u(T) = 0, then the following relationships hold,

0Dα;ϕ
t u(t) = C

0 Dα;ϕ
t u(t),

0Dα;ϕ
t 0 Iα;ϕ

t u(t) = u(t),

0 Iα;ϕ
t 0Dα;ϕ

t u(t) = u(t).

The fractional space Eα,p;ϕ
0 has the following important properties.

Lemma 3. ([27]) Let 1 ≤ p < ∞ and 0 < α ≤ 1, then

‖0 Iα;ϕ
ξ u‖Lp([0,T]) ≤

Mϕ′ [ϕ(t)]α

Γ(α + 1)
‖u‖Lp([0,T]),

for u ∈ Lp([0, T],R), t ∈ [0, T], ξ ∈ [0, T] and Mϕ′ = max
0≤t≤T

|ϕ′(t)|.
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Lemma 4. Let 1 ≤ p < ∞ and 0 < α ≤ 1. If α > 1
p , then

‖ϕ′(t)
1
p u(t)‖Lp ≤

Mϕ′ [ϕ(T)]α

Γ(α + 1)
‖ϕ′(t)

1
p

0Dα;ϕ
t u(t)‖Lp , u ∈ Eα,p;ϕ

0 . (2)

Moreover, if 1
p + 1

p′ = 1 and α > 1
p , then

‖ϕ′(t)u(t)‖ ≤
Mϕ′ [ϕ(T)]

α− 1
p

Γ(α)((α− 1)p′ + 1)
1
p′
‖ϕ′(t)

1
p

0Dα;ϕ
t u(t)‖Lp , u ∈ Eα,p;ϕ

0 . (3)

Proof. In terms of Lemmas 2 and 3, (2) is obvious.
Now, we prove inequality (3). By using the Hölder inequality and Lemma 2, for all

t ∈ [0, T], we obtain

|ϕ′(t)u(t)| =|ϕ′(t)0 Iα;ϕ
t 0Dα;ϕ

t u(t)|

=
∣∣ ϕ′(t)

Γ(α)

∫ t

0
(ϕ(t)− ϕ(τ))α−1 ϕ′(τ)0Dα;ϕ

τ u(τ)dτ
∣∣

≤
∣∣ ϕ′(t)

Γ(α)
(
∫ t

0
[(ϕ(t)− ϕ(τ))α−1(ϕ′(τ))

1
p′ ]p

′
dτ)

1
p′
∣∣(∫ t

0
|(ϕ′(τ))

1
p ]0Dα;ϕ

τ u(τ)|pdτ)
1
p

=
∣∣ ϕ′(t)

Γ(α)
(
∫ t

0
[(ϕ(t)− ϕ(τ))(α−1)p′(ϕ′(τ))dτ)

1
p′
∣∣‖ϕ′(t)

1
p

0Dα;ϕ
t u(t)‖Lp

≤
Mϕ′ [ϕ(T)]

α− 1
p

Γ(α)((α− 1)p′ + 1)
1
p′
‖ϕ′(t)

1
p

0Dα;ϕ
t u(t)‖Lp .

This completes the proof.

In this paper, define the fractional derivative space E = Eα,p;ϕ
0

⋂
Eβ,q;ϕ

0 endowed with
the norm

‖u‖E = ‖u‖α,p;ϕ + ‖u‖β,q;ϕ

=

( ∫ T

0
ϕ′(t)|u(t)|pdt +

∫ T

0
ϕ′(t)|C0 Dα;ϕu(t)|pdt

) 1
p

+

( ∫ T

0
ϕ′(t)|u(t)|qdt +

∫ T

0
ϕ′(t)|C0 Dβ;ϕu(t)|qdt

) 1
q

,

for any u ∈ E. According to articles [26,28], E is a reflexive Banach space.
By Lemma 4, ‖u‖E is equivalent to

‖u‖E =
( ∫ T

0
ϕ′(t)|0Dα;ϕu(t)|pdt

) 1
p +

( ∫ T

0
ϕ′(t)|0Dβ;ϕu(t)|qdt

) 1
q .

Lemma 5. ([27–29]) Let 1
p < α ≤ 1 and 1

q < β ≤ 1. Then, the space E is compactly embedded in
C([0, T],R).
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Definition 5. A function u ∈ E is called a weak solution of problem (1), if the following equation holds∫ T

0
ϕ′(t)|0Dα;ϕ

t u(t)|p−2
0Dα;ϕ

t u(t)0Dα;ϕ
t v(t) + ϕ′(t)|u(t)|p−2u(t)v(t)

+ϕ′(t)|0Dβ;ϕ
t u(t)|q−2

0Dβ;ϕ
t u(t)0Dβ;ϕ

t v(t) + ϕ′(t)|u(t)|q−2u(t)v(t)dt

+
m

∑
j=1

Ij(u(tj))v(tj)

=
∫ T

0
ϕ′(t) f (t, u(t), 0Dα;ϕ

t (u(t)), 0Dβ;ϕ
t (u(t)))v(t)dt,

for any v ∈ E. Furthermore, u ∈ E is a classical solution of Equation (1) if and only if u satisfies
Equation (1).

Lemma 6. The weak solution of Equation (1) is the classical solution of Equation (1).

Proof. The proof is similar to literature [30], so we omit it here.

Theorem 1. (Mountain pass theorem) ([31]) Let H be a real Banach space and I ∈ C1(H,R)
satisfy Palais–Smale condition. Suppose that I satisfies the following conditions:

(i) I(0) = 0,
(ii) there exist two constants ρ, β > 0 such that I|∂Bρ(0) ≥ β,
(iii) there exists e ∈ H such that I(e) ≤ 0.

Then, I possesses a critical value c ≥ β given by

c = inf
g∈Γ

max
s∈[0,1]

I(g(s)),

where Bρ(0) is an open ball in H of radius ρ centered at 0 and

Γ = {g ∈ C([0, 1], H) : g(0) = 0, g(1) = e}.

3. Variational Setting and Main Results

In this section, in order to apply the variational method, we make a variational
structure and give some basic assumptions which will be used in the proofs of our main
results. What is more, the existence of nontrivial solutions for problem (1) is illustrated by
the Mountain pass theorem and iteration method.

For a certain fixed η ∈ E, define the functional Ψη : E→ R as follows

Ψη(u) =
∫ T

0

ϕ′(t)
p

(|0Dα;ϕ
t u(t)|p + |u(t)|p) + ϕ′(t)

q
(|0Dβ;ϕ

t u(t)|q + |u(t)|q)dt

+
m

∑
j=1

∫ u(tj)

0
Ij(s)ds−

∫ T

0
ϕ′(t)F(t, u(t), 0Dα;ϕ

t (η(t)), 0Dβ;ϕ
t (η(t)))dt,

(4)

where F(t, x, y, z) =
∫ x

0 f (t, s, y, z)ds for any x, y, z ∈ R. It is obvious that Ψη ∈ C1(E,R)
and for any u, v ∈ E, we have

〈Ψ′η(u), v〉 =
∫ T

0
ϕ′(t)|0Dα;ϕ

t u(t)|p−2
0Dα;ϕ

t u(t)0Dα;ϕ
t v(t) + ϕ′(t)|u(t)|p−2u(t)v(t)

+ϕ′(t)|0Dβ;ϕ
t u(t)|q−2

0Dβ;ϕ
t u(t)0Dβ;ϕ

t v(t) + ϕ′(t)|u(t)|q−2u(t)v(t)dt (5)

+
m

∑
j=1

Ij(u(tj))v(tj)−
∫ T

0
ϕ′(t) f

(
t, u(t), 0Dα;ϕ

t (η(t)), 0Dβ;ϕ
t (η(t))

)
v(t)dt.

Remark 5. By Definition 5, u is a weak solution of problem (1) if and only if u satisfies 〈Ψ′u(u), v〉 = 0
for all v ∈ E.



Fractal Fract. 2022, 6, 719 7 of 24

Lemma 7. Assume that there exist positive constants a1, a2, a3 ≥ 0, τ > q, 0 < γi < p(i=1,2,3),
0 < σj < p and functions nj ∈ L1([0, T],R+) (j = 1, 2, · · · , m), m ∈ L1([0, T],R+) such that

(S1) for any x, y, z ∈R,

τF(t, x, y, z)− f (t, x, y, z)x ≤ a1|x|γ1 + a2|y|γ2 + a3|z|γ3 + m(t), a.e. t ∈ [0, T],

and
Ij(x)x− τ

∫ x

0
Ij(s)ds ≤ nj(t)|x|σj .

Then, the functional Ψη satisfies the Palais–Smale condition.

Proof. Firstly, we will claim that any Palais–Smale sequence of the functional Ψη is bounded.
Assume that {un} ⊂ E is a Palais–Smale sequence for the energy functional Ψη, i.e., Ψη(un)→ c
and Ψη

′(un)→ 0. Then, using (4), (5) and (S1), we have

τΨη(un(t))−Ψ′η(un(t))un(t)

= (
τ

p
− 1)‖un‖p

α,p;ϕ + (
τ

q
− 1)‖un‖q

β,q;ϕ +
m

∑
j=1

∫ un(tj)

0
τ Ij(s)ds−

m

∑
j=1

Ij(un(tj))un(tj)

−
∫ T

0
ϕ′(t)(τF(t, un(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))− f (t, un(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))un(t))dt

≥ (
τ

p
− 1)‖un‖p

α,p;ϕ + (
τ

q
− 1)‖un‖q

β,q;ϕ −
m

∑
j=1

nj(t)|un(tj)|σj

−
∫ T

0
a1 ϕ′(t)|un(t)|γ1 + a2 ϕ′(t)|0Dα;ϕ

t η(t)|γ2 + a3 ϕ′(t)|0Dβ;ϕ
t η(t)|γ3 + m(t)ϕ′(t)dt

≥ (
τ

p
− 1)‖un‖p

α,p;ϕ + (
τ

q
− 1)‖un‖q

β,q;ϕ −
m

∑
j=1

nj(t)‖un(tj)‖σj

−a1‖ϕ′(t)
1

γ1 u(t)‖γ1
Lγ1 − a2‖η(t)‖γ2

α,p;ϕ − a3‖η(t)‖γ3
β,q;ϕ − T‖m(t)‖∞.

Due to τ > q ≥ p, 0 < γi < p(i = 1, 2, 3), 0 < σj < p, (j = 1, 2, . . . , m) and
Ψη(un) → c, Ψ′η(un) → 0. Therefore, ‖un‖α,p;ϕ and ‖un‖β,q;ϕ are bounded, i.e., {un} is
bounded in E. According to the reflexivity of the space E, there exists a subsequence,
without loss of generality, still denoted {un} such that un ⇀ u0 in E as n→ ∞. In view of
lim

n→∞
Ψ′η(un) = 0, we obtain

|〈Ψ′η(un)−Ψ′η(u0), un − u0〉| ≤ |Ψ′η(un)(un − u0)|+ |Ψ′η(u0)(un − u0)|
≤ ‖Ψ′η(un)‖E∗‖un − u0‖+ |Ψ′η(u0)(un − u0)| → 0,

as n→ ∞, where E∗ is the dual of E.
Define

Xu,v
α,p;ϕ =

∫ T

0
ϕ′(t)(Φp(0Dα;ϕ

t u(t))−Φp(0Dα;ϕ
t v(t)))(0Dα;ϕ

t u(t)− 0Dα;ϕ
t v(t))

+ ϕ′(t)(Φp(u(t))−Φp(v(t)))(u(t)− v(t))dt.
(6)

Then, based on the definition of 〈Ψ′η(u), v〉 and (6), we have
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〈Ψ′η(un)−Ψ′η(u0), un − u0〉

=
∫ T

0
ϕ′(t)(Φp(0Dα;ϕ

t un(t))−Φp(0Dα;ϕ
t u0(t)))(0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t))dt

+
∫ T

0
ϕ′(t)(Φp(un(t))−Φp(u0(t)))(un(t)− u0(t))dt

+
∫ T

0
ϕ′(t)(Φq(0Dβ;ϕ

t un(t))−Φq(0Dβ;ϕ
t u0(t)))(0Dβ;ϕ

t un(t)− 0Dβ;ϕ
t u0(t))dt

+
∫ T

0
ϕ′(t)(Φq(un(t))−Φq(u0(t)))(un(t)− u0(t))dt (7)

+
m

∑
j=1

[Ij(un(tj))− Ij(u0(tj))](un(tj)− u0(tj))

+
∫ T

0
[ f (t, un(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))− f (t, u0(t)0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))]ϕ′(t)(un(t)− u0(t))dt

=Xun ,u0
α,p;ϕ + Xun ,u0

β,q;ϕ +
m

∑
j=1

[Ij(un(tj))− Ij(u0(tj))](un(tj)− u0(tj))

+
∫ T

0
[ f (t, un(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))− f (t, u0(t)0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))]ϕ′(t)(un(t)− u0(t))dt.

Since E is a reflexive space, based on Lemma 5, un → u0 uniformly in C([0, T],R),
functions Ij(j = 1, 2, . . . , m), f and ϕ′ are continuous. It is easy to check that

m

∑
j=1

[Ij(un(tj))− Ij(u0(tj))](un(tj)− u0(tj))→ 0,

and∫ T

0

[
f
(
t, un(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t)

)
− f

(
t, u0(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t)

)]
ϕ′(t)(un(t)− u0(t))dt→ 0,

as n→ ∞.
Next, we will declare that {un} converges to u0 in E. By the same reasoning as in [20],

we have the following inequality

(|x|r−2x− |y|r−2y)(x− y) ≥

|x− y|r, r ≥ 2,
|x−y|2

(|x|+|y|)2−r , 1 < r ≤ 2,

for any x, y ∈ RN . Let

Θ(α, p; ϕ) =
∫ T

0
ϕ′(t)

(
Φp(0Dα;ϕ

t un(t))−Φp(0Dα;ϕ
t u0(t))

)
(0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t))dt

≥


∫ T

0
ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t)|pdt, p ≥ 2,∫ T

0
ϕ′(t)

|0Dα;ϕ
t un(t)− 0Dα;ϕ

t u0(t)|2

(|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u0(t)|)2−p
dt, 1 < p < 2,

(8)
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Θ(β, q; ϕ) =
∫ T

0
ϕ′(t)

(
Φq(0Dβ;ϕ

t un(t))−Φq(0Dβ;ϕ
t u0(t))

)
(0Dα;ϕ

t un(t)− 0Dβ;ϕ
t u0(t))dt

≥


∫ T

0
ϕ′(t)|0Dβ;ϕ

t un(t)− 0Dβ;ϕ
t u0(t)|qdt, q ≥ 2,∫ T

0
ϕ′(t)

|0Dβ;ϕ
t un(t)− 0Dβ;ϕ

t u0(t)|2

(|0Dβ;ϕ
t un(t)|+ |0Dβ;ϕ

t u0(t)|)2−q
dt, 1 < q < 2,

(9)

Θ(p; ϕ) =
∫ T

0
ϕ′(t)

(
Φp(un(t))−Φp(u0(t))

)
(un(t)− u0(t))dt

≥


∫ T

0
ϕ′(t)|un(t)− u0(t)|pdt, p ≥ 2,∫ T

0
ϕ′(t)

|un(t)− u0(t)|2
(|un(t)|+ |u0(t)|)2−p dt, 1 < p < 2,

(10)

Θ(q; ϕ) =
∫ T

0
ϕ′(t)

(
Φq(un(t))−Φq(u0(t))

)
(un(t)− u0(t))dt

≥


∫ T

0
ϕ′(t)|un(t)− u0(t)|qdt, q ≥ 2,∫ T

0
ϕ′(t)

|un(t)− u0(t)|2
(|un(t)|+ |u0(t)|)2−q dt, 1 < q < 2.

(11)

When 1 < p < 2, with the help of Hölder inequality and (a + b)r ≤ 2r(ar + br),
we conclude

∫ T

0
ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t)|pdt

≤
( ∫ T

0
ϕ′(t)

|0Dα;ϕ
t un(t)− 0Dα;ϕ

t u0(t)|2

(|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u0(t)|)2−p
dt
) p

2
( ∫ T

0
ϕ′(t)(|0Dα;ϕ

t un(t)|+ |0Dα;ϕ
t u0(t)|)pdt

) 2−p
2

≤
( ∫ T

0
ϕ′(t)

|0Dα;ϕ
t un(t)− 0Dα;ϕ

t u0(t)|2

(|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u0(t)|)2−p
dt
) p

2 ·2
p(2−p)

2 (‖un‖p
α,p;ϕ + ‖u0‖

p
α,p;ϕ)

2−p
2 .

(12)

Then, we have

∫ T

0
ϕ′(t)

|0Dα;ϕ
t un(t)− 0Dα;ϕ

t u0(t)|2

(|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u0(t)|)2−p
dt

≥2p−2( ∫ T

0
ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t)|pdt

) 2
p (‖un‖p

α,p;ϕ + ‖u0‖
p
α,p;ϕ)

p−2
p .

(13)

Similarly, we can see that

∫ T

0
ϕ′(t)

|un(t)− u0(t)|2
(|un(t)|+ |u0(t)|)2−p dt

≥2p−2( ∫ T

0
ϕ′(t)|un(t)− u0(t)|pdt

) 2
p
(
‖ϕ′(t)

1
p un(t)‖p

Lp + ‖ϕ′(t)
1
p u0(t)‖

p
Lp
) p−2

p .

(14)

When 1 < q < 2, we derive

∫ T

0
ϕ′(t)

|0Dβ;ϕ
t un(t)− 0Dβ;ϕ

t u0(t)|2

(|0Dβ;ϕ
t un(t)|+ |0Dβ;ϕ

t u0(t)|)2−q
dt

≥2q−2(
∫ T

0
ϕ′(t)|0Dβ;ϕ

t un(t)− 0Dβ;ϕ
t u0(t)|qdt)

2
q (‖un‖q

β,q;ϕ + ‖u0‖
q
β,q;ϕ)

q−2
q ,

(15)
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and ∫ T

0
ϕ′(t)

|un(t)− u0(t)|2
(|un(t)|+ |u0(t)|)2−q dt

≥2q−2( ∫ T

0
ϕ′(t)|un(t)− u0(t)|qdt

) 2
q
(
‖ϕ′(t)

1
q un(t)‖q

Lq + ‖ϕ′(t)
1
q u0(t)‖

q
Lq
) q−2

q .

(16)

In general, when 1 < p ≤ q ≤ 2, from (6) and (8)–(16), we have

Xun ,u0
α,p;ϕ + Xun ,u0

β,q;ϕ =Θ(α, p; ϕ) + Θ(β, q; ϕ) + Θ(p; ϕ) + Θ(q; ϕ)

≥C1
[
(
∫ T

0
ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t)|pdt)

2
p +

∫ T

0
ϕ′(t)|un(t)− u0(t)|pdt)

2
p
]

+ C2
[
(
∫ T

0
ϕ′(t)|0Dβ;ϕ

t un(t)− 0Dβ;ϕ
t u0(t)|qdt)

2
q + (

∫ T

0
ϕ′(t)|un(t)− u0(t)|qdt)

2
q
]

≥C3(‖un − u0‖2
α,p;ϕ + ‖un − u0‖2

β,q;ϕ),

(17)

where

C1 = min
{

2p−2(‖un‖p
α,p;ϕ + ‖u0‖

p
α,p;ϕ)

p−2
p , 2p−2(‖ϕ′(t)

1
p un(t)‖p

Lp + ‖ϕ′(t)
1
p u0(t)‖

p
Lp)

p−2
p
}

,

C2 = min
{

2q−2(‖un‖q
β,q;ϕ + ‖u0‖

q
β,q;ϕ)

q−2
q , 2q−2(‖ϕ′(t)

1
q un(t)‖q

Lq + ‖ϕ′(t)
1
q u0(t)‖

q
Lq)

q−2
q
}

,

C3 = min
{

C12−
2
p , C22−

2
q
}

.

When 1 < p < 2 ≤ q, we yield

Xun ,u0
α,p;ϕ + Xun ,u0

β,q;ϕ =Θ(α, p; ϕ) + Θ(β, q; ϕ) + Θ(p; ϕ) + Θ(q; ϕ)

≥C12−
2
p ‖un − u0‖2

α,p;ϕ + ‖un − u0‖
q
β,q;ϕ.

(18)

When 2 ≤ p ≤ q, we obtain

Xun ,u0
α,p;ϕ + Xun ,u0

β,q;ϕ =Θ(α, p; ϕ) + Θ(β, q; ϕ) + Θ(p; ϕ) + Θ(q; ϕ)

≥
∫ T

0
ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u0(t)|pdt +

∫ T

0
ϕ′(t)|un(t)− u0(t)|pdt

+
∫ T

0
ϕ′(t)|0Dβ;ϕ

t un(t)− 0Dβ;ϕ
t u0(t)|qdt +

∫ T

0
ϕ′(t)|un(t)− u0(t)|qdt

≥‖un − u0‖
p
α,p;ϕ + ‖un − u0‖

q
β,q;ϕ.

(19)

Due to Xun ,u0
α,p;ϕ + Xun ,u0

β,q;ϕ → 0 as n→ ∞, by (17)–(19), we deduce ‖un − u0‖α,p;ϕ → 0 and
‖un − u0‖β,q;ϕ → 0. Therefore, ‖un − u0‖E → 0 as n→ ∞. This completes the proof.

Theorem 2. Let (S1) hold. If there exist some constants mi, ni ≥ 0(i = 1, 2, 3), δ, ε > 0,
λ1, ζ1 > q− 1, λ2 > p− 1, λ3 > q− 1, 0 < ζ2, ζ3 ≤ p− 1, 0 < ξ1 < p, 0 < ξ2 < q, cj, dj ≥ 0,
τj > q− 1 and 0 < µj ≤ q− 1, j = 1, 2, . . . , m such that functions f and Ij(j = 1, 2, . . . , m)
satisfy

(S2) f (t, x, y, z) ≤ m1|x|λ1 + m2|x|λ2 |y|ξ1 + m3|x|λ3 |z|ξ2 , ∀x, y, z ∈ R, |x| ≤ δ, a.e. t ∈
[0, T],

f (t, x, y, z) > n1|x|ζ1 − n2|y|ζ2 − n3|x|ζ3 − C, ∀x ≥ 0, (y, z) ∈ R×R, a.e. t ∈ [0, T];
(S3) Ij(s) ≥ −cj|s|τj , ∀|s| ≤ δ,

Ij(s) ≤ dj|s|µj , ∀|s| ≥ ε, a.e. s ∈ [0, T], j = 1, 2, . . . , m.

Then, for a fixed η ∈ E, Ψη possesses a critical value in E.
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Proof. We are now in a position to check that I admits the mountain pass geometry. Based
on Lemma 4, we have

‖u‖E =‖ϕ′(t)
1
p

0Dα;ϕ
t u(t)‖Lp + ‖ϕ′(t)

1
q

0Dβ;ϕ
t u(t)‖Lq

≥
Γ(α)((α− 1) p

p−1 + 1)
p−1

p )

Mϕ′ [ϕ(T)]
α− 1

p
‖ϕ′(t)u(t)‖+

Γ(α)((α− 1) q
q−1 + 1)

q−1
q )

Mϕ′ [ϕ(T)]
β− 1

q
‖ϕ′(t)u(t)‖

≥Mp,q‖ϕ′(t)u(t)‖,

(20)

where Mp,q = min{
Γ(α)((α−1) p

p−1+1)
p−1

p )

Mϕ′ [ϕ(T)]
α− 1

p
,

Γ(α)((α−1) q
q−1+1)

p−1
p )

Mϕ′ [ϕ(T)]
β− 1

q
}.

Let δ0 = Mp,qδ, if u ∈ E and ‖u‖E ≤ δ0, we can obtain ‖ϕ′(t)u(t)‖ ≤ 1
Mp,q
‖u‖E ≤ δ. It

follows from (S2) that

F(t, u(t), 0Dα;ϕ
t η(t), 0Dβ;ϕ

t η(t))

=
∫ u(t)

0
f (t, s, 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))ds

≤
∫ u(t)

0
m1|s|λ1 + m2|s|λ2 |0Dα;ϕ

t η(t)|ξ1 + m3|s|λ3 |0Dβ;ϕ
t η(t)|ξ2 ds

=
m1

λ1 + 1
|u(t)|λ1+1 +

m2

λ2 + 1
|u(t)|λ2+1|0Dα;ϕ

t η(t)|ξ1 +
m3

λ3 + 1
|u(t)|λ3+1|0Dβ;ϕ

t η(t)|ξ2 .

Hence, for any t ∈ [0, T], there exists a constant K > 0 such that ‖η‖E ≤ K. According
to (20) and Hölder inequality, we obtain∫ T

0
ϕ′(t)F(t, u(t), 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))dt

≤
∫ T

0
ϕ′(t)

m1

λ1 + 1
|u(t)|λ1+1

+
m2

λ2 + 1
ϕ′(t)|u(t)|λ2+1|0Dα;ϕ

t η(t)|ξ1 +
m3

λ3 + 1
ϕ′(t)|u(t)|λ3+1|0Dβ;ϕ

t η(t)|ξ2 dt

≤ m1T
λ1 + 1

‖ϕ′(t)u(t)‖λ1+1 +
m2T

p−ξ1
p

λ2 + 1
‖ϕ′(t)u(t)‖

p(λ2+1)
p−ξ1 ‖η(t)‖ξ1

α,p,ϕ

+
m3T

q−ξ2
q

λ3 + 1
‖ϕ′(t)u(t)‖

q(λ3+1)
q−ξ2 ‖η(t)‖ξ2

β,q,ϕ (21)

≤ m1T
(λ1 + 1)M(p,q)

(‖u(t)‖α,p,ϕ + ‖u(t)‖β,q,ϕ)
λ1+1 +

m2T
p−ξ1

p

λ2 + 1
Kξ1‖ϕ′(t)u(t)‖

p(λ2+1)
p−ξ1

+
m3T

q−ξ2
q

λ3 + 1
Kξ2‖ϕ′(t)u(t)‖

q(λ3+1)
q−ξ2

≤ m1(‖u(t)‖λ1+1
α,p,ϕ + ‖u(t)‖λ1+1

β,q,ϕ ) + m2‖u(t)‖
p(λ2+1)

p−ξ1
α,p;ϕ + m3‖u(t)‖

q(λ3+1)
q−ξ2

β,q;ϕ ,

where

m1 =
m1T

(λ1 + 1)M(p,q)
2λ1+1, m2 =

m2T
p−ξ1

p

λ2 + 1
Kξ1(

Mϕ′ [ϕ(T)]
α− 1

p

Γ(α)((α− 1) p
p−1 + 1)

p−1
p

)
p(λ2+1)

p−ξ1 ,

m3 =
m3T

q−ξ2
q

λ3 + 1
Kξ2(

Mϕ′ [ϕ(T)]
β− 1

q

Γ(β)((β− 1) q
q−1 + 1)

q−1
q

)
q(λ3+1)

q−ξ2 .
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By (S3) and Lemma 4, one has

∫ u(tj)

0
Ij(s)ds ≥ −cj

∫ u(tj)

0
|s|τj ds

= −
cj

τj + 1
|u(tj)|τj+1

≥ −
cj

τj + 1
‖u(tj)‖τj+1 (22)

≥ −
cj

τj + 1
(

1
Mp,q

)τj+1(‖u(t)‖α,p,ϕ + ‖u(t)‖β,q,ϕ)
τj+1

≥ −cj(‖u(t)‖
τj+1
α,p,ϕ + ‖u(t)‖τj+1

β,q,ϕ),

where cj = 2τj+1 cj
τj+1 (

1
Mp,q

)τj+1. Taking ‖u‖α,p;ϕ = ρ1, ‖u‖β,q;ϕ = ρ2, ‖u‖E = ρ1 + ρ2 = ρ,
by (4), (21) and (22), we have

Ψη(u) ≥
1
p
‖u‖p

α,p;ϕ +
1
q
‖u‖q

β,q;ϕ −
m

∑
j=1

cj(‖u(t)‖
τj+1
α,p,ϕ + ‖u(t)‖τj+1

β,q,ϕ)

−m1(‖u(t)‖λ1+1
α,p,ϕ + ‖u(t)‖λ1+1

β,q,ϕ )−m2‖u(t)‖
p(λ2+1)

p−ξ1
α,p;ϕ −m3‖u(t)‖

q(λ3+1)
q−ξ2

β,q;ϕ

= ρ
p
1 (

1
p
−

m

∑
j=1

cjρ
τj+1−p
1 −m1ρ

λ1+1−p
1 −m2ρ

p(λ2+1)
p−ξ1

1 )

+ρ
q
2(

1
q
−

m

∑
j=1

cjρ
τj+1−q
2 −m1ρ

λ1+1−q
2 −m2ρ

q(λ3+1)
q−ξ2

2 ).

For ρ1, ρ2 small enough, there exist σ1, σ2 > 0 such that

1
p
−

m

∑
j=1

cjρ
τ1+1−p
1 −m1ρ

λ1+1−p
1 −m2ρ

p(λ2+1)
p−ξ1

1 ≥ σ1,

1
q
−

m

∑
j=1

cjρ
τ1+1−q
2 −m1ρ

λ1+1−q
2 −m2ρ

q(λ3+1)
q−ξ2

2 ≥ σ2.

Therefore

Ψη(u) > ρ
p
1 σ1 + ρ

q
2σ2 := σ > 0, ∀u ∈ E, ‖u‖E = ρ.

On the other hand, owing to (S2) and (S3), we obtain

F(t, u(t), 0Dα;ϕ
t η(t), 0Dβ;ϕ

t η(t))

=
∫ u(t)

0
f (t, s, 0Dα;ϕ

t η(t), 0Dβ;ϕ
t η(t))ds (23)

≥ n1

ζ1 + 1
|u|ζ1+1 − n2u(t)|0Dα;ϕ

t η(t)|ζ2 − n3u(t)|0Dβ;ϕ
t η(t)|ζ3 − Cu(t),

and ∫ u(t)

0
Ij(s)ds ≤

∫ u(t)

0
dj|s|µj ds =

dj

µj + 1
|u|µj+1. (24)
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Taking x > 0, u ∈ E\{0}, combining (23) and (24), we infer

Ψη(xu) =
∫ T

0
xp ϕ′(t)

p
(|0Dα;ϕ

t u(t)|p + |u(t)|p) + xq ϕ′(t)
q

(|0Dβ;ϕ
t u(t)|q + |u(t)|q)dt

+
m

∑
j=1

∫ xu(tj)

0
Ij(s)ds−

∫ T

0
ϕ′(t)F(t, xu(t), 0Dα;ϕ

t (η(t)), 0Dβ;ϕ
t (η(t)))dt

≤ xp

p
‖u‖p

α,p;ϕ +
xq

q
‖u‖q

β,q;ϕ +
m

∑
j=1

dj

µj + 1
xµj+1|u|µj+1

−
∫ T

0
ϕ′(t)xζ1+1 n1

ζ1 + 1
|u|ζ1+1dt +

∫ T

0
n2xϕ′(t)u(t)|0Dα;ϕ

t η(t)|ζ2 dt

+
∫ T

0
n3xϕ′(t)u(t)|0Dβ;ϕ

t η(t)|ζ3 dt +
∫ T

0
Cxϕ′(t)u(t)dt (25)

≤ xp

p
‖u‖p

α,p;ϕ +
xq

q
‖u‖q

β,q;ϕ +
m

∑
j=1

dj

µj + 1
xµj+1‖u‖µj+1

− n1xζ1+1

ζ1 + 1
‖ϕ′(t)

1
ζ1+1 u(t)‖ζ1+1

Lζ1+1 + n2x‖ϕ′(t)u(t)‖‖0Dα;ϕ
t η(t)‖ζ2

Lζ2

+ n3x‖ϕ′(t)u(t)‖‖0Dβ;ϕ
t η(t)‖ζ3

Lζ3
+ CTx‖ϕ′(t)u(t)‖ → −∞,

as x → ∞. Obviously, Ψη(0) = 0. Therefore, combining Mountain pass theorem with
Lemma 7, Ψη has a weak solution on E.

Theorem 3. Let 1
p < α ≤ 1, 1

q < β ≤ 1, 1 < p ≤ q < ∞. Assume that (S1)− (S3) hold and
there exist constants K > 0, bi ≥ 0(i = 1, 2, 3), ej > 0(j = 1, 2, . . . , m) such that

(S4) | f (t, x1, y1, z1)− f (t, x2, y2, z2)| ≤ b1|x1 − x2|+ b2|y1 − y2|+ b3|z1 − z2|,
|Ij(x1)− Ij(x2)| ≤ ej|x1 − x2|, ∀x1, x2 ∈ [−K, K], y1, y2, z1, z2 ∈ R.

Then the nonlinear problem (1) admits at least one nontrivial solution.

Proof. We will take advantage of the iterative method to illustrate it. We divide the proof
into two steps.

Step 1: At first, we consider for any u1 ∈ E, ‖u1‖α,p;ϕ ≤ K1 and ‖u1‖β,q;ϕ ≤ K2 with
K1 +K2 ≤ K. From Theorem 2, we know that there exists a critical point of Ψu1 , without loss
of generality, we denote the critical point as u2 ∈ E, i.e., Ψ′u1

(u2) = 0. Now, we assert that
‖u2‖E ≤ K.

Let u = u
‖u‖E

, then ‖u‖E = 1. Similar to (25), we derive

Ψu1(u2) ≤ max
0≤x<∞

Ψu1(xu)

≤ max
0≤x<∞

(
xp

p
+

xq

q
+

m

∑
j=1

dj

µj + 1
xµj+1|u|µj+1 −

∫ T

0
ϕ′(t)xζ1+1 n1

ζ1 + 1
|u|ζ1+1dt

+
∫ T

0
n2xϕ′(t)u(t)|0Dα;ϕ

t u1(t)|ζ2 dt

+
∫ T

0
n3xϕ′(t)u(t)|0Dβ;ϕ

t u1(t)|ζ3 dt +
∫ T

0
Cxϕ′(t)u(t)dt

)
≤ max

0≤x<∞

(
xp

p
+

xq

q
+

m

∑
j=1

djx
µj+1 − n1xζ1+1 + n2Kζ2

1 x + n3Kζ3
2 x + Cx

)
,
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where n1 = n1
ζ1+1‖ϕ′(t)

1
ζ1+1 u(t)‖ζ1+1

Lζ1+1 , dj =
dj

µj+1‖u‖
µj+1, n2 = n2‖ϕ′(t)

p−ζ2
p u‖

L
p

p−ζ2
, n3 =

n3‖ϕ′(t)
q−ζ3

q u‖
L

q
q−ζ2

, C = C‖ϕ′(t)u(t)‖L1 . Taking ε1 = ( τ−p
25+pτζ2

)
ζ2
p , by Young inequality,

we gain

n2Kζ2
1 x ≤ p− ζ2

p
(

1
ε1

n2x)
p

p−ζ2 +
ζ2

p
(ε1Kζ2

1 )
p

ζ2

= N2x
p

p−ζ2 +
ζ2

p
τ − p

25+pτζ2
Kp

1

= N2x
p

p−ζ2 +
τ − p

25+pτp
Kp

1 ,

where N2 = p−ζ2
p ( n2

ε1
)

p
p−ζ2 .

Similarly, taking ε2 = ( τ−p
24+pτζ2

)
ζ3
p , we obtain

n3Kζ3
2 x ≤ p− ζ3

p
(

1
ε2

n3x)
p

p−ζ3 +
ζ3

p
(ε2Kζ3

2 )
p

ζ3

= N3x
p

p−ζ3 +
ζ3

p
τ − p

24+pτζ3
Kp

2

= N3x
p

p−ζ3 +
τ − p

24+pτp
Kp

2 ,

where N3 = p−ζ3
p ( n3

ε2
)

p
p−ζ3 . Define

Qp(x) =
xp

p
+

xq

q
+

m

∑
j=1

djx
µj+1 − n1xζ1+1 + N2x

p
p−ζ2 + N3x

p
p−ζ3 + Cx.

Then
Ψu1(u2) ≤ max

0≤x<∞
Qp(x) +

τ − p
25+p pτ

Kp
1 +

τ − p
24+p pτ

Kp
2 .

If 0 ≤ x < 1, then

Qp(x) ≤ 1
p
+

1
q
+

m

∑
j=1

dj + N2 + N3 + C := C1,p.

If 1 ≤ x < ∞, due to ζ1 > q− 1, 0 < ζ2, ζ3 ≤ p− 1, 0 < µj ≤ q− 1, j = 1, 2, . . . , m, we
deduce

Qp(x) ≤ (
1
p
+

1
q
+

m

∑
j=1

dj + N2 + N3 + C)xq − n1xζ1+1 := Qp(x).

Let Qp
′(x) = 0, then

x = (
q( 1

p + 1
q + ∑m

j=1 dj + N2 + N3 + C)

(ζ1 + 1)n1
)

1
ζ1−q+1 .

Obviously
Qp(x) ≤ Qp(x) ≤ Qp(x) := C2,p,

which implies that
Qp(x) ≤ max{C1,p, C2,p} := Cp.

Therefore
Ψu1(u2(t)) ≤ Cp +

τ − p
25+p pτ

Kp
1 +

τ − p
24+p pτ

Kp
2 . (26)



Fractal Fract. 2022, 6, 719 15 of 24

With the help of (26) and Ψ′u1
(u2) = 0, we get

τΨu1(u2(t))− 〈Ψ′u1
(u2), u2〉

= (
τ

p
− 1)‖u2‖

p
α,p;ϕ + (

τ

q
− 1)‖u2‖

q
β,q;ϕ +

m

∑
j=1

∫ u2(tj)

0
τ Ij(s)ds−

m

∑
j=1

Ij(u2(tj))un(tj)

−
∫ T

0
ϕ′(t)(τF(t, u2(t), 0Dα;ϕ

t u1(t)0Dβ;ϕ
t u1(t))− f (t, u2(t), 0Dα;ϕ

t u1(t), 0Dβ;ϕ
t u1(t))u2(t))dt

≤ τCp +
τ − p
25+p p

Kp
1 +

τ − p
24+p p

Kp
2 .

It follows from (S1), Lemma 4 and Hölder inequality that

(
τ

p
− 1)‖u2‖

p
α,p;ϕ

≤ τCp +
τ − p
25+p p

Kp
1 +

τ − p
24+p p

Kp
2 −

m

∑
j=1

∫ u2(tj)

0
τ Ij(s)ds

+
m

∑
j=1

Ij(u2(tj))u2(tj) +
∫ T

0
ϕ′(t)

(
τF(t, u2(t), 0Dα;ϕ

t u1(t), 0Dβ;ϕ
t u1(t))

− f (t, u2(t), 0Dα;ϕ
t u1(t), 0Dβ;ϕ

t u1(t))u2(t)
)
dt

≤ τCp +
τ − p
25+p p

Kp
1 +

τ − p
24+p p

Kp
2 +

∫ T

0
a1 ϕ′(t)|u2(t)|γ1 + a2 ϕ′(t)|0Dα;ϕ

t u1(t)|γ2 (27)

+a3 ϕ′(t)|0Dβ;ϕ
t u1(t)|γ3 + m(t)ϕ′(t)dt +

m

∑
j=1

nj(t)|(u2(tj))|σj

≤ τCp +
τ − p
25+p p

Kp
1 +

τ − p
24+p p

Kp
2 + a1M

p−γ1
p

ϕ′ (
Mϕ′ [ϕ(T)]α

Γ(α + 1)
)γ1‖u2(t)‖γ1

α,p;ϕ

+a2M
p−γ2

p
ϕ′ ‖u1‖γ2

α,p;ϕ + a3M
q−γ3

q
ϕ′ ‖u1‖γ3

β,q;ϕ + ‖m(t)ϕ′(t)‖L1

+
m

∑
j=1

nj(t)(
[ϕ(T)]α−

1
p

Γ(α)((α− 1) p
p−1 + 1)

p−1
p

)σj‖u2‖
σj
α,p;ϕ.

Taking ε3 = ( 2γ1
τ−p )

γ1
p , ε4 = ( 2p+5γ2

τ−p )
γ2
p , ε5 = ( 2p+4γ3

τ−p )
γ3
p and ε6 = (

4mσj
τ−p )

σj
p , by Young

inequality, we obtain

a1M
p−γ1

p
ϕ′ (

Mϕ′ [ϕ(T)]α

Γ(α + 1)
)γ1‖u2(t)‖γ1

α,p;ϕ

≤ p− γ1

p
(
(

2γ1

τ − p
)

γ1
p a1M

p−γ1
p

ϕ′ (
Mϕ′ [ϕ(T)]α

Γ(α + 1)
)γ1
) p

p−γ1 +
γ1

p
((

τ − p
2γ1

)
γ1
p ‖u2(t)‖γ1

α,p;ϕ)
p

γ1 (28)

:= C1 +
τ − p

2p
‖u2(t)‖

p
α,p;ϕ,

a2M
p−γ2

p
ϕ′ ‖u1‖γ2

α,p;ϕ ≤
p− γ2

p
(ε4a2M

p−γ2
p

ϕ′ )
p

p−γ2 +
γ2

p
(

1
ε4
‖u1‖γ2

α,p;ϕ)
p

γ2

:=C2 +
τ − p
2p+5 p

Kp
1 ,

(29)
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a3M
q−γ3

q
ϕ′ ‖u1‖γ3

β,q;ϕ ≤
p− γ3

p
(ε5a3M

q−γ3
q

ϕ′ )
p

p−γ3 +
γ3

p
(

1
ε5
‖u1‖γ2

α,p;ϕ)
p

γ2

:=C3 +
τ − p
2p+4 p

Kp
2 ,

(30)

nj(t)(
[ϕ(T)]α−

1
p

Γ(α)((α− 1) p
p−1 + 1)

p−1
p

)σj‖u2‖
σj
α,p;ϕ

≤
p− σj

p
(
ε6nj(t)(

[ϕ(T)]α−
1
p

Γ(α)((α− 1) p
p−1 + 1)

p−1
p

)σj
) p

p−σj +
σj

p
(

1
ε6
‖u2‖

σj
α,p;ϕ)

p
σj (31)

:= Cj
′ +

τ − p
4mp

‖u2‖
p
α,p;ϕ.

Combining (28) and (31), (27) is transformed into

(
τ

p
− 1)‖u2‖

p
α,p;ϕ

≤τCp +
τ − p
25+p p

Kp
1 +

τ − p
24+p p

Kp
2 + ‖m(t)ϕ′(t)‖L1 + C1 +

τ − p
2p
‖u2(t)‖

p
α,p;ϕ

+ C2 +
τ − p
2p+5 p

Kp
1 + C3 +

τ − p
2p+4 p

Kp
2 +

m

∑
j=1

Cj
′ +

τ − p
4p
‖u2‖

p
α,p;ϕ

=τCp + C1 + C2 + C3 +
m

∑
j=1

Cj
′ +

τ − p
24+p p

Kp
1 +

τ − p
23+p p

Kp
2 +

3(τ − p)
4p

‖u2‖
p
α,p;ϕ + ‖m(t)ϕ′(t)‖L1 .

(32)

Therefore

‖u2‖
p
α,p;ϕ ≤

4p
τ − p

(τCp + C1 + C2 + C3 +
m

∑
j=1

Cj
′ + ‖m(t)ϕ′(t)‖L1) +

Kp
1

2p+2 ++
Kp

2
2p+1 . (33)

Define

K1 = (
2p+4 p
τ − p

(τCp + C1 + C2 + C3 +
m

∑
j=1

Cj
′ + ‖m(t)ϕ′(t)‖L1))

1
p .

Then
‖u2‖

p
α,p;ϕ ≤ (

1
2p+1 Kp

1 +
1

2p+1 Kp
2 )

1
p ≤ 1

2
(K1 + K2).

Similar to (27)–(33), taking ε1
′ = ( τ−q

24+qτζ2
)

ζ2
q and ε2

′ = ( τ−q
2q+5τζ3

)
ζ3
q , by Young inequal-

ity, we conclude

n2Kζ2
1 x ≤ q− ζ2

q
(

1
ε1
′ n2x)

q
q−ζ2 +

ζ2

q
(ε1
′Kζ2

1 )
q

ζ2 = N′2x
q

q−ζ2 +
τ − q

24+qτq
Kq

1,

n3Kζ3
2 x ≤ q− ζ3

q
(

1
ε2′

n3x)
q

q−ζ3 +
ζ3

q
(ε2
′Kζ3

2 )
q

ζ3 = N′3x
q

q−ζ3 +
τ − q

25+qτq
Kq

2,

where N′2 = q−ζ2
q ( n2

ε1
′ )

q
q−ζ2 , N′3 = q−ζ3

q ( n3
ε2
′ )

q
q−ζ3 .

Let

Qq(x) =
xp

p
+

xq

q
+

m

∑
j=1

djx
µj+1 − n1xζ1+1 + N2

′x
p

p−ζ2 + N3
′x

q
q−ζ3 + Cx.
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Then
Ψu1(u2) ≤ max

0≤x<∞
Qq(x) +

τ − q
2q+4qτ

Kq
1 +

τ − q
25+qqτ

Kq
2.

Similar to Qp(x), there exists a nonnegative constant Cq satisfying Qq(x) ≤ Cq for all
0 ≤ x < ∞. Therefore

Ψu1(u2) ≤ Cq +
τ − q

2q+4qτ
Kq

1 +
τ − q

25+qqτ
Kq

2.

In terms of (S1), Lemma 4 and Hölder inequality, we yield

(
τ

q
− 1)‖u2‖

q
β,q;ϕ ≤ τCq +

τ − q
2q+4q

Kq
1 +

τ − q
2q+5q

Kq
2 −

m

∑
j=1

∫ u2(tj)

0
τ Ij(s)ds

+
m

∑
j=1

Ij(u2(tj))u2(tj) +
∫ T

0
ϕ′(t)(τF(t, u2(t), 0Dα;ϕ

t u1(t), 0Dβ;ϕ
t u1(t))

− f (t, u2(t), 0Dα;ϕ
t u1(t), 0Dβ;ϕ

t u1(t))u2(t))dt

≤ τCq +
τ − q
2q+4q

Kq
1 +

τ − q
2q+5q

Kq
2 + a1 M

q−γ1
q

ϕ′ (
Mϕ′ [ϕ(T)]β

Γ(β + 1)
)γ1‖u2(t)‖γ1

β,q;ϕ

+a2 M
p−γ2

p
ϕ′ Kγ2

1 + a3 M
q−γ3

q
ϕ′ Kγ3

2 + ‖m(t)ϕ′(t)‖L1

+
m

∑
j=1

nj(t)(
[ϕ(T)]β−

1
q

Γ(β)((β− 1) q
q−1 + 1)

q−1
q

)σj‖u2‖
σj

β,q;ϕ.

Taking ε3
′ = ( 2γ1

τ−q )
γ1
q , ε4

′ = ( 2q+4γ2
τ−q )

γ2
q , ε5

′ = ( 2q+5γ3
τ−q )

γ3
q and ε6

′ = (
4mσj
τ−q )

σj
q , by Young

inequality, we obtain

a1M
q−γ1

q
ϕ′ (

Mϕ′ [ϕ(T)]β

Γ(β + 1)
)γ1‖u2(t)‖γ1

β,q;ϕ

≤ q− γ1

q
((

2γ1

τ − q
)

γ1
q a1M

q−γ1
q

ϕ′ (
Mϕ′ [ϕ(T)]β

Γ(β + 1)
)γ1)

q
q−γ1 +

γ1

q
((

τ − q
2γ1

)
γ1
q ‖u2(t)‖γ1

β,q;;ϕ)
q

γ1

:= C1
′ +

τ − q
2q
‖u2(t)‖

q
β,q;ϕ,

a2M
p−γ2

p
ϕ′ Kγ2

1 ≤ q− γ2

q
(ε4
′a2M

p−γ2
p

ϕ′ )
q

q−γ2 +
γ2

q
(

1
ε4
′K

γ2
1 )

q
γ2

:= C2
′ +

τ − q
2q+4q

Kq
1,

a3M
q−γ3

q
ϕ′ Kγ3

2 ≤ p− γ3

p
(ε5a3M

q−γ3
q

ϕ′ )
p

p−γ3 +
γ3

p
(

1
ε5

Kγ2
2 )

p
γ2

:= C′3 +
τ − p
2p+4 p

Kp
2 ,



Fractal Fract. 2022, 6, 719 18 of 24

nj(t)(
[ϕ(T)]β−

1
q

Γ(β)((β− 1) q
q−1 + 1)

q−1
q

)σj‖u2‖
σj
β,q;ϕ

≤
q− σj

q
(ε6
′nj(t)(

[ϕ(T)]β−
1
q

Γ(β)((β− 1) q
q−1 + 1)

q−1
q

)σj)
q

q−σj +
σj

q
(

1
ε6′
‖u2‖

σj
β,q;ϕ)

q
σj

:= C
′′
j +

τ − q
4mq

‖u2‖
q
β,q;ϕ.

Then, (27) is changed into

(
τ

q
− 1)‖u2‖

q
β,q;ϕ ≤ τCq + C1

′ + C2
′ + C3

′ +
m

∑
j=1

C
′′
j +

τ − q
2q+3q

Kq
1 +

τ − q
2q+4q

Kq
2

+
τ − q

2q
‖u2‖

q
β,q;ϕ +

τ − q
4q
‖u2‖

q
β,q;ϕ + ‖m(t)ϕ′(t)‖L1 .

Define

K2 = (
2q+4q
τ − q

(τCp + C1
′ + C2

′ + C3
′ +

m

∑
j=1

C
′′
j + ‖m(t)ϕ′(t)‖L1))

1
q .

Then
‖u2‖

q
β,q;ϕ ≤ (

1
2q+1 Kq

1 +
1

2q+1 Kq
2)

1
q ≤ 1

2
(K1 + K2).

Therefore
‖u2‖E ≤ K1 + K2 ≤ K.

Suppose that ‖un−1‖
p
α,p;ϕ ≤ K1 and ‖un−1‖

q
β,q;ϕ ≤ K2, by repeating the above discus-

sion process, we can obtain that ‖un‖E ≤ K for all n ∈ N. Therefore, we have constructed a
sequence of critical points, which is bounded. The reflexivity of the space E implies that
un ⇀ u∗ as n→ ∞.

Step 2: We need to show that un → u∗ in E as n→ ∞ and u∗ is a nontrivial solution
of problem (1). For any m, n ∈ N, m 6= n, in view of (7), one has

Xum ,un
α,p;ϕ + Xum ,un

β,q;ϕ

= (Ψ′um−1
(um(t))−Ψ′un−1

(un(t)))(um(t)− un(t))

−
m

∑
j=1

[Ij(um(tj))− Ij(un(tj))](um(tj)− un(tj))

+
∫ T

0
f (t, um(t), 0Dα;ϕ

t um−1(t), 0Dβ;ϕ
t um−1(t))ϕ′(t)(um(t)− un(t))dt

−
∫ T

0
f (t, un(t), 0Dα;ϕ

t un−1(t), 0Dβ;ϕ
t un−1(t))ϕ′(t)(um(t)− un(t))dt.
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Combining Ψ′um−1
(um) = 0, Ψ′un−1

(un) = 0 with (S4), we obtain

Xum ,un
α,p;ϕ + Xum ,un

β,q;ϕ ≤
∫ T

0
[b1|um(t)− un(t)|+ b2|0Dα;ϕ

t um−1(t)− 0Dα;ϕ
t un−1(t)|

+ b3|0Dβ;ϕ
t um−1(t)− 0Dβ;ϕ

t un−1(t)|]ϕ′(t)|um(t)− un(t)|dt

+
m

∑
j=1

ϕ′(tj)ej|um(tj)− un(tj)|2

≤(b1Mϕ′T‖um − un‖+ b2M
p−1

p
ϕ′ ‖um−1 − un−1‖

p
α,p;ϕ (34)

+ b3M
q−1

q
ϕ′ ‖um−1 − un−1‖

q
β,q;ϕ)‖um − un‖+

m

∑
j=1

ϕ′(tj)ej‖um − un‖2

=
(
b1Mϕ′T‖um − un‖+ b2M

p−1
p

ϕ′ ‖um−1 − un−1‖
p
α,p;ϕ

+ b3M
q−1

q
ϕ′ ‖um−1 − un−1‖

q
β,q;ϕ +

m

∑
j=1

ϕ′(tj)ej‖um − un‖
)
‖um − un‖.

By Lemma 5, we know ‖um − un‖ → 0. Therefore, (34) implies that

Xum ,un
α,p;ϕ + Xum ,un

β,q;ϕ → 0 (m, n→ ∞). (35)

By (17), (18), (19) and (35), we can see that ‖um− un‖α,p;ϕ → 0 and ‖um− un‖β,q;ϕ → 0
as m, n→ ∞. Hence, {un} converges to u∗ ∈ E strongly.

Next, we will prove that Ψ′u∗(u
∗) = 0. As shown in [32], for any s1, s2 ∈ RN , there

exist nonnegative constants r1 r2 such that

| |s1|r−2s1 − |s2|r−2s2 |≤
{

r1|s1 − s2|(|s1|+ |s2|)r−2, r ≥ 2,
r2|s1 − s2|r−1, 1 < r ≤ 2.

(36)

Due to (36), for p ≥ 2, there exist constants r1, r2 > 0 such that∣∣∣∣∣∣0Dα;ϕ
t un(t)

∣∣p−2
0Dα;ϕ

t un(t)−
∣∣0Dα;ϕ

t u∗(t)
∣∣p−2

0Dα;ϕ
t u∗(t)

∣∣∣∣
−
∣∣∣∣∣∣un(t)

∣∣p−2un(t)−
∣∣u∗(t)∣∣p−2u∗(t)

∣∣∣∣
≤r1

∣∣∣∣0Dα;ϕ
t (un(t)− u∗(t))

∣∣∣∣(∣∣0Dα;ϕ
t un(t)

∣∣+ ∣∣0Dα;ϕ
t u∗(t)

∣∣)p−2

+ r2
∣∣un(t)− u∗(t)

∣∣(∣∣un(t)
∣∣+ ∣∣u∗(t)∣∣)p−2.

(37)
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Based on (37), Lemma 4 and Hölder inequality, we obtain∫ T

0
ϕ′(t)(|0Dα;ϕ

t un(t)|p−2
0Dα;ϕ

t un(t)− |0Dα;ϕ
t u∗(t)|p−2

0Dα;ϕ
t u∗(t))0Dα;ϕ

t v(t)

+ ϕ′(t)(|un(t)|p−2un(t)− |u∗(t)|p−2u∗(t))v(t)dt

≤
∫ T

0
r1 ϕ′(t)|0Dα;ϕ

t (un(t)− u∗(t))|(|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u∗(t)|)p−2
0Dα;ϕ

t v(t)

+ r2 ϕ′(t)r2|un(t)− u∗(t)|(|un(t)|+ |u∗(t)|)p−2
0Dα;ϕ

t v(t)dt

≤r1‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)
p−2

p (|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u∗(t)|)‖p−2
Lp ‖ϕ′(t)

1
p

0Dα;ϕ
t v(t)‖Lp

+ r2‖ϕ′(t)
1
p (un(t)− u∗(t))‖Lp‖ϕ′(t)

p−2
p (|un(t)|+ |u∗(t)|)‖p−2

Lp ‖ϕ′(t)
1
p v(t)‖Lp

≤r1‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)
p−2

p (|0Dα;ϕ
t un(t)|+ |0Dα;ϕ

t u∗(t)|)‖p−2
Lp ‖ϕ′(t)

1
p

0Dα;ϕ
t v(t)‖Lp

+ r2
Mϕ′ [ϕ(T)]α

Γ(α + 1)
‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)

p−2
p (|un(t)|+ |u∗(t)|)‖p−2

Lp ‖ϕ′(t)
1
p v(t)‖Lp ,

for any v ∈ E. If 1 < p ≤ 2, there exist constants r3, r4 > 0 such that

∫ T

0
ϕ′(t)(|0Dα;ϕ

t un(t)|p−2
0Dα;ϕ

t un(t)− |0Dα;ϕ
t u∗(t)|p−2

0Dα;ϕ
t u∗(t))0Dα;ϕ

t v(t)

+ ϕ′(t)(|un(t)|p−2un(t)− |u∗(t)|p−2u∗(t))v(t)dt

≤
∫ T

0
r3 ϕ′(t)|0Dα;ϕ

t un(t)− 0Dα;ϕ
t u∗(t)|p−1

0Dα;ϕ
t v(t) + r4 ϕ′(t)|un(t)− u∗(t)|p−1v(t)dt (38)

≤r3‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)
1
p

0Dα;ϕ
t v(t)‖Lp + r4

Mϕ′ [ϕ(T)]α

Γ(α + 1)
‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)

1
p v(t)‖Lp .

By the fact ‖un(t)− u∗(t)‖E → 0 as n→ ∞, we know∫ T

0
ϕ′(t)Φp(0Dα;ϕ

t un(t))0Dα;ϕ
t v(t) + ϕ′(t)Φp(un(t))v(t)dt

→
∫ T

0
ϕ′(t)Φp(0Dα;ϕ

t u∗(t))0Dα;ϕ
t v(t) + ϕ′(t)Φp(u∗(t))v(t)dt,

(39)

as n→ ∞. Likewise, we acquire∫ T

0
ϕ′(t)Φq(0Dβ;ϕ

t un(t))0Dβ;ϕ
t v(t) + ϕ′(t)Φq(un(t))v(t)dt

→
∫ T

0
ϕ′(t)Φq(0Dβ;ϕ

t u∗(t))0Dβ;ϕ
t v(t) + ϕ′(t)Φq(u∗(t))v(t)dt,

(40)
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as n→ ∞. Furthermore∫ T

0
ϕ′(t) f (t, un(t), 0Dα;ϕ

t (un−1(t)), 0Dβ;ϕ
t (un−1(t)))v(t)dt

−
∫ T

0
ϕ′(t) f (t, u∗(t), 0Dα;ϕ

t (u∗(t)), 0Dβ;ϕ
t (u∗(t)))v(t)dt

≤
∫ T

0
ϕ′(t)v(t)(b1|un(t)− u∗(t)|+ b2

∣∣0Dα;ϕ
t (un−1(t))− 0Dα;ϕ

t (u∗(t))
∣∣)dt

+
∫ T

0
b3 ϕ′(t)v(t)

∣∣0Dβ;ϕ
t (un−1(t))− 0Dβ;ϕ

t (u∗(t))
∣∣dt

≤b1‖ϕ′(t)
1
p |un(t)− u∗(t)|‖Lp‖ϕ′(t)

p−1
p |v(t)|‖

L
p

p−1
(41)

+ b2‖un−1(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)
p−1

p |v(t)|‖
L

p
p−1

+ b3‖un−1(t)− u∗(t)‖β,q;ϕ‖ϕ′(t)
q−1

q |v(t)|‖
L

q
q−1

≤b1
Mϕ′ [ϕ(T)]α

Γ(α + 1)
‖un(t)− u∗(t)‖α,p;ϕ‖ϕ′(t)

p−1
p |v(t)|‖

L
p

p−1
+ b2‖un−1(t)− u∗(t)‖α,p;ϕ

× ‖ϕ′(t)
p−1

p |v(t)|‖
L

p
p−1

+ b3‖un−1(t)− u∗(t)‖β,q;ϕ‖ϕ′(t)
q−1

q |v(t)|‖
L

q
q−1

,

which implies that∫ T

0
ϕ′(t) f (t, un(t), 0Dα;ϕ

t (un−1(t)), 0Dβ;ϕ
t (un−1(t)))v(t)dt

→
∫ T

0
ϕ′(t) f (t, u∗(t), 0Dα;ϕ

t (u∗(t)), 0Dβ;ϕ
t (u∗(t)))v(t)dt,

(42)

as n→ ∞. Notice that Ij ∈ C(R,R), then we obtain

m

∑
j=1

Ij(un(tj))v(tj)→
m

∑
j=1

Ij(u∗(tj))v(tj), (43)

as n→ ∞. From (38)–(43) and the fact 〈Ψ′un−1
(un), v〉 = 0, we deduce

∫ T

0
ϕ′(t)Φp(0Dα;ϕ

t u∗(t))0Dα;ϕ
t v(t) + ϕ′(t)Φp(u∗(t))v(t)dt

+
∫ T

0
ϕ′(t)Φq(0Dβ;ϕ

t u∗(t))0Dβ;ϕ
t v(t) + ϕ′(t)Φq(u∗(t))v(t)dt +

m

∑
j=1

Ij(u∗(tj))v(tj)

=
∫ T

0
ϕ′(t) f (t, u∗(t), 0Dα;ϕ

t (u∗(t)), 0Dβ;ϕ
t (u∗(t)))v(t)dt,

which demonstrates that 〈Ψ′u∗(u∗), v〉 = 0 for any v ∈ E, i.e., u∗ is a weak solution of
problem (1). According to Lemma 6, we know that u∗ is also the classical solution of
problem (1). Furthermore, we can see that Ψu∗(u∗) ≥ σ > 0 by Theorem 1. Therefore, u∗ is
a nontrivial solution of problem (1).
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4. Example

In this section, we consider the following nonlinear impulsive generalized fractional
differential equations with (p, q)-Laplacian operator

tD
1
2 ;t2

T Φ3(0D
1
2 ;t2

t u(t)) + |u(t)|u(t) + tD
1
3 ;t2

T Φ4(0D
1
3 ;t2

t u(t)) + |u(t)|2u(t),

= f
(
t, u(t), 0D

1
2 ;t2

t u(t), 0D
1
3 ;t2

t u(t)
)
, t 6= tj, a.e. t ∈ [0, T],

∆
(

tD
− 1

2 ;t2

T Φ3(
C
0 D

1
2 ;t2

t u) + tD
− 1

3 ;t2

T Φ4(
C
0 D

1
3 ;t2

t u)
)
(tj) = Ij(u(tj)), j = 1, 2, . . . , m,

u(0) = u(T) = 0, a.e. t ∈ [0, T],

(44)

where f (t, u, v, w) = 5e−tu4 + 4tu4 sin v + 4tu4 cos w, Ij(t) = 1
2 t2. Then, we obtain that

F(t, u, v, w) = e−tu5 + 4
5 tu5 sin v + 4

5 tu5 cos w.
Let p = 3, q = 4, τ = 5. A simple calculation shows that

5F(t, u, v, w)− f (t, u, v, w)u ≤ 0,

and
Ij(u)u− 5

∫ u

0
Ij(s)ds ≤ 0,

which means (S1) holds. By Lemma 7, the functional of problem (44) satisfies Palais–
Smale condition.

Choose λ1 = λ2 = λ3 = 4, ξ1 = 1, ξ2 = 1, m1 = 5, m2 = m3 = 4, ζ1 = 4, n1 = 5
eT ,

n2 = n3 = 0, one has

f (t, u, v, w) = 5e−tu4 + 4tu4 sin v + 4tu4 cos w ≤ 5|u|4 + 4T|u|4|v|+ 4T|u|4|w|,

f (t, u, v, w) ≥ 5
eT |u|

4.

Choose τj = 4, µj = 2(j = 1, 2, ..., m), we have

Ij(t) ≥ −
1
2

t4 and Ij(t) ≤ 2t2.

Then, the conditions (S2) and (S3) of Theorem 3 are satisfied. Furthermore, according
to the mean value theorem, the condition (S4) holds. As a consequence, the nonlinear
impulsive generalized fractional differential equation (44) has at least a nontrivial solution
by adopting Theorem 3.

5. Conclusions

By means of the mountain pass theorem and iterative technique, this paper derives
some new solvability results for nonlinear impulsive generalized fractional differential
equations with (p, q)-Laplacian operator in Banach space. In detail, since the nonlinearity f
contains generalized fractional derivatives 0Dα;ϕ

t u and 0Dβ;ϕ
t u, and the impulses exist in

generalized fractional calculus, it is more difficult to prove the existence of a nontrivial
solution to problem (1). By imposing constraints on the nonlinear f and impulses, we have
proved that functional (7) satisfies the Palais–Smale condition the first time and verified
that functional (7) has at least one critical point by the mountain pass theorem. Finally,
a series of critical points is constructed and the iterative method is used to prove that the
critical points sequence converges to a point, which is a non-trivial solution of problem (1).
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