i fractal and fractional

[

Article

High-Order Schemes for Nonlinear Fractional
Differential Equations

Omar Alsayyed Lt Fadi Awawdeh **, Safwan Al-Shara’ ' and Edris Rawashdeh 31

check for
updates

Citation: Alsayyed, O.; Awawdeh, E;
Al-Shara’, S.; Rawashdeh, E.
High-Order Schemes for Nonlinear
Fractional Differential Equations.
Fractal Fract. 2022, 6, 748. https://
doi.org/10.3390/ fractalfract6120748

Academic Editors: Carlo Cattani
and Paul Eloe

Received: 2 November 2022
Accepted: 16 December 2022
Published: 19 December 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Faculty of Science, The Hashemite University, P.O. Box 330127,

Zarqa 13133, Jordan

2 Department of Mathematics, Faculty of Sciences, Al al-Bayt University, P.O. Box 130095, Mafraq 25113, Jordan
Department of Mathematics, Yarmouk University, Irbid 21163, Jordan

*  Correspondence: awawdeh@hu.edu jo

1t These authors contributed equally to this work.

Abstract: We propose high-order schemes for nonlinear fractional initial value problems. We split
the fractional integral into a history term and a local term. We take advantage of the sum of
exponentials (SOE) scheme in order to approximate the history term. We also use a low-order
quadrature scheme to approximate the fractional integral appearing in the local term and then
apply a spectral deferred correction (SDC) method for the approximation of the local term. The
resulting one-step time-stepping methods have high orders of convergence, which make adaptive
implementation and accuracy control relatively simple. We prove the convergence and stability
of the proposed schemes. Finally, we provide numerical examples to demonstrate the high-order
convergence and adaptive implementation.

Keywords: fractional differential equations; numerical algorithms; time-stepping schemes; high-
order methods

1. Introduction

Fractional differential equations (FDEs) have gained mathematical significance in
recent decades due to the growing interest in dynamics of anomalous diffusion processes
in amorphous materials. They have governed significant models in many fields of applied
sciences and engineering, such as viscoelastic materials, image processing, option pricing
models, control theory, etc. Surveys or collections of applications can be found in [1-5].

This paper is concerned with approximating the solution y(t) to the fractional initial-
value problem

ry(t) = fLy(h),  0<t<T,
y(0) = vo,

where o, y(t) € R?, £ : [0, T] x RY — R¥, and Dy denotes the Caputo fractional derivative
of order « (0 < a < 1). Throughout this paper, we assume without loss of generality
thatd = 1.

A number of numerical methods have been proposed for solving FDEs [6-11]. Two
common approaches have been considered by many authors. The first approach is based on
a direct discretization of the fractional derivative operators in the considered FDEs [6,7,12].
The second approach to solving FDEs is based on discretizing the integral in the equivalent
forms [13-16]. There are also several numerical methods for FDEs, for example see [17-20].

Low-order approaches are the most frequently employed methods for FDEs, and it
has been proven to be difficult to construct high-order and adaptive schemes [13,15,21,22].
In this paper, we present high-order computational schemes for solving nonlinear FDEs.
The proposed schemes deal with integral forms of the FDEs and then split the fractional
integral into a history term and a local term. We employ a sum of exponentials scheme
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(SOE) for the approximation of the history term and low-order quadrature approximations
of the fractional integral. We further modify a spectral deferred correction (SDC) scheme to
increase the order of the local approximation. In contrast to the methods inspired by [13],
here we use an accurate sum of exponentials method as a kernel compression scheme and a
completely different deferred correction scheme as a high-order adaptive method for FDEs.

The remainder of the paper is organized as follows. In Section 2, we provide an
overview of the proposed methods. Section 3 discusses the sum of exponentials method.
Section 4 introduces high-order time-stepping techniques for solving FDEs and discuses
the relevant error analysis. Some numerical results are presented in Section 5 before the
conclusion is given in Section 6.

2. Overview

We discuss a numerical method for the fractional initial value problem

Dfy(t) = f(ty(t)), 0<t<T,
{ y(0) = yo, M)

where o may be an arbitrary real number, and where 0 < & < 1. In (1), Df denotes the
Caputo differential operator, defined by

Diu(t) = J"*D"u(t),

where n := [a] is the smallest integer > «. Here, D" is the usual differential operator
of (integer) order #, and for u > 0, J# is the integral operator of order y in the sense of
Riemann-Liouville, defined by

TFu(t) = F(lwo/(t—s)ﬂ—lu(s)ds.

We assume the function f to be such that a unique solution to (1) exists on some
interval [0, T]. The initial-value problem (1) is known to be equivalent to the Volterra
integral equation

t
y(0) = 0) + g7 [ (£ =) s.y(s)d. @
0

Consider the fractional integral

If(t) = [ (t=5)"""f(s)ds.

I
o _

Fixt > 0and h > 0, and let v € (0, h]. It is clear that

t
ft+7) :/ (t—s+7)"F(s) ds+/ —5)* L f(t+s)ds. (3)
0

Owing to (2) and (3), we obtain

y(t+7) = H(t,v) + L(t,7), 4)

where

t
H(t7) = 9(0) + 5 [ (=) (s, y(6))ds ®
0
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and

v
1
F(”‘O/ f(t+s,y(t+s))ds. (6)

We call H and L the history and local parts, respectively.
We can observe that Equation (4) can be written as a Volterra integral equation (VIE),

v
1 =
= 0/ "E(s,Y(s)ds + H(7), @)

where Y(7) = y(t+7), F(s,y) = f(t+5,y) and H(y) = H(t, 7).

3. Approximation of the History Term

In this section, we describe a kernel compression scheme for the approximation of the
history term. This will reduce the cost of evaluating the history term.

It is proved in [6] that for any specified error € > 0, we are able to find positive real
numbers s and wf,i =1,..., N, such that

Zwtx 75 at

<e VtelhT],

where 1 1 T 1 1 1
Ne =0 <log c <1oglog s +log h) +log 7 (loglog s +log h> ) .
Roughly, for fixed €, the number of exponentials Ne needed is of order Ne = O(log N7)
ifT>1orO <log2 NT) if T ~ 1, where Nt = % is the number of time-steps.

Approximating the kernel (f — s 4+ 9)* ' in H(t, v) by the sum of exponentials (SOE),
we can write the history term (5) as

t /N v
H(t,y) =~y(0)+ ﬁ/ <Z%wl’?‘e—5?(t—5+v)>f(s,y(s))ds
U (8)

where

and

Observe that each Uf(t) is the solution to the IVP

d (4 (4
Eul (1) = MUK + f,

us(0) = 0.

To simplify the notation, we consider Uj (f),..., Uy (t) to be components of a vec-
tor @ = P(t); similarly, A = diag(A1,Az,...,AN,.), On. = (0,...,0) € RNe, and 1y, =
(1,...,1) € RNe. Thus we recover

D = DA+ fly, D(0) =0y, )
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A stable Runge-Kutta (RK) methods may be used for approximating (9).

4. Approximation of the History Term
Let N be a positive integer and T be the given time. We divide the interval [0, T] into

O=tH<thh<...<tny=T,

with step sizes T; = t; —t;_1, 1 < i < N. Let y, be the approximate solution of y(f),
k=0,1,...,N.
Att =t,, we consider (7),

v
r(laf —5)*"1F(s,Y(s))ds + H(7), (10)
0

in (0, 74], where H(+y) is given. Divide the interval [0, T,] into 0 = yg < 11 < ... < 7p < Ty,
and let V be the numerical approximation to Y. Suppose that we know the approximate
solutions Vj at 7y, foreach k = 0,...,j — 1, and let P; = (’yl, .. .,')/]-). We compute V;
by solving

i
V= kzwjkl:('Yk/ Vi) + Hj, (11)
=0
for V;, where H; = H(7;), and wjx = wjx(P;) are the weights characterizing the scheme.

4.1. Quadrature Rules on Non-Uniform Meshes
We define

tnj =t +7j Yn,j = Yn('Yj) =VYnj= Y(tn +')’j)r Hn('Yj) = H(tn/’)/j)-

To obtain
Y(tn;) = H(tn, vj) + L(tn, 7)),
we need to approximate the fractional integral

”

/(7]' — ) f(tn + 5, y(tn +5))ds.

0

L(tn, 7)) = O]

To do so, we use the following approach

1 -1 Vk+1

L(tn, vj) = r(rx)k_ZoJ (7= 8)¢ i (b +5,y(tn +5))ds,

where f; (t, +5,y(t; +5)),k=0,1,...,j—lisan approximation of f(t, +s,y(tx +5)),
where s € [k, 7k+1)- Notice that dlfferent choices of f; lead to different schemes.
(i) By choosing fr as

Jie (b +5,y(tn +5)) = f (tn + 7 y(tn +76)) = f (b y(ta ),

the fractional rectangle method is derived as

tn/'Y] Zw]kf kY (tnk)),
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where
1 Vk+1
wjk = — / (’)/] — S)“_lds
I'(a) k
Tk

4 [
_ iz = (=) k=0,1,...,j—1.

I'(l1+a)

(ii) If fk is selected as

7 tp+5— tp+5—
fi (tn+5,y(tn +5)) = niirykﬂf(tn,kr]/(tn,k)) + nii’ykf(tn,kJrlr]/(tn,kJrl))/
Yk = Vk+1 Ve+1 — Yk
then the fractional trapezoid method is given by
L(ty, ')/] Zw]kf nkrY ( k)
in which
1 e —
) 1 . " Ao, . ifk = O, .
“kZ T2t a) o Akt 1T By, ifk = .1’2"""] -1
(w—ml), ifk=j,
and
1
Ao= (7j— m) - “H + (@ +1)71175,

Ap = (7j— ’Yk+1)f+l = (v —m)" 11 + (a4 1) (Y1 — 7)) (vj — )"
Be=(vi— )" = (v — =)™+ @+ 1) (v — 1) (15 — 1)

It is proved in [8] that for g € c! [0, T], we have that

Vi

a—1 =t
l“(a)o/(%'s) g(s)dsfk;)wjkg(’rk) <

18" lco a
T(1ta).

maxX Tj
k

and for g € C? [0, T],

Vi 2
1 - _ 18" lloo e
F(w)0/(7] )" Yo (s)ds Zw]kg 1) < 2F(1+1X)T max | .

4.2. The Spectral Deferred Correction Framework

Let 7, denote the desired time-step size. Then, (4) can be written as

0
y(t+7y) = 1"(11x/ Y (45, y(t+5))ds, (12)
0

where H(t,7) is given. Let P = {7 }/_, be a set of distinct points in the closed interval
[0, Ty], where 0 = 79 < 71 < ... < 7p < Ty.
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Replacing the integral in (12) by a quadrature from Section 4.1 yields the collocation
approximation

j
y(t+77) = H(t 7)) + Y wpf (t+ 70yt + 7).
k=0
This can be written as
i
Y(7j) = H(vj) + Y wiF (v Y(%), (13)
k=0
where Y(v) = y(t+ ), F(7,y) = f(t +7,y) and H(7) substitutes for H(t,7y). Att = t,,
the values Y}, ; are defined explicitly by the formula
j—1

Yy = Hu(7)) + k;)wjkf (tjer Y k)

or implicitly through the nonlinear system

j
Yo = Hu(7j) + I;Od’jkf (B jer Yuk)-

To obtain higher-order schemes, we can apply a spectral deferred correction (SDC)
scheme [23-25].

While the time is stepping from t; to t,1 = t; + T, an SDC method subdivides the
interval [t,, t,4+1] into p substeps

tn <tyt <tup < .o <tpp < tyyr.

At each substep £, j, the method computes a provisional solution using a low-order
method with initial condition y,,. We will refer to the provisional solution as

1 .
Y)E]] ~ Y(tn), i=12...,p.

To improve the accuracy of the provisional solution, we perform a process of iterated
corrections of the form ] " i
1
Y =Y, +E (14)

where

k k
EH ~ y(tn,]-) - YH

Consider again the integral formulation of the solution,

,
Y(y +o/r(1‘" = )5 VE(s, Y (s))ds. (15)

Let Y(7y) be an approximate solution to (15). Then, plugging Y () = E(v) + Y(v) into
(15) yields the integral equation

.
E(y) =—Y(v)+H(7) +/i)(7*5)“_1F(S/Y(S) + E(s))ds.
0
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Consequently, the error function can be written as
[
a 1
E
M= [t Gls, E(5))ds
0
Error Term (16)
+ |H(y +/r (v — )" F(s, Y(s))ds | — ¥(v),
Residual Term R(v,H(7))

where

G(s,E(s)) = F(s,Y(s) + E(s)) — F(s, Y(s)).
To compute the error
E% ~ y(tn,j) - Y,L’f},

we replace Y (s) with the Lagrange interpolating polynomial L (s),

To approximate the error, we first use a quadrature formula with nodes at {+; }’;1

to approximate the integral appearing in the residual term R(vy, H(7)), and then we use a
fractional implicit or explicit Euler approximation to approximate the remaining integral
term in (16). This process leads to the implicit ( = 1) or the explicit (7 = 0) time-
stepping method

14
h .
k] _ pl] ( ”f]) k] (]
En,j+1 = En,j+ T(1+a) Gn,jJﬂ]—i—Rn,j, (17)
where
hn,j = tn,j+l - tn,jr
Kk _ (] (] (]
Gn,j+17 - f(t"rf+’7’ Yn,j+r] + En ]+17) f<t”/f+’7’ Yn,j+77)’
r
k k k k
R =8 YL g oy S i)
i=1
and

Hn,j = H(tn, ’)/])
During the iteration process, we always use the initial conditions,

k k
tn,O = tn, Yr[l,(]) = yi’ll En,]o = 0.
From now on, we will refer to the implicit method as IM-SDC and the explicit method
as EX-SDC.
Practically, we start by using the fractional Euler’s method of order &« to compute the
provisional solution and then repeat the iteration (17) followed by (14) a total of m times to

obtain solutions with an increasingly high order of accuracy

b Db DL
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The scheme can be rewritten under a more compact form

14
h
k+1] _  [k+1] ( ) [k+1] k] .
Vi1 =Y+ (14 a) (f n,j+ fﬂ/) + (Huje1 — Huj) + Zwﬂfnz’

where fr[lkl] = f(tn,i,Y[k]).

n,i

4.3. Order of Convergence

Suppose that the integrator used to construct the provisional solution has order py,
the integrator used to compute the correction approximation at level k has order py, and m
correction steps are taken. If we have p groups of N uniformly distributed nodes, then the
SDC methods can attain order [26,27]

O(hmin(Pm,p+1) )’

m
where Py, = Y px.
k=0

The Conv_ergence rate of our fully discrete time-stepping SDC method is given in the
following theorem.

Theorem 1. For any sufficiently smooth function f : [0, T] x R — R, the SDC method outlined
in the previous section using p + 1 distinct quadrature nodes and m correction steps converges to
the exact solution (Y (o),...,Y(vp)) with order of accuracy

O(hmin{p-&-l,(m-&-l)tx}).

5. Adaptive Implementation

Adaptive marching and accuracy control play a significant role in practical applications
involving numerical schemes for solving differential equations. The schemes proposed in
this paper are essentially one-step methods, making adaptive implementation relatively
simple. Additionally, the schemes have a high order of convergence, which makes accuracy
control much easier.

In what follows in this section, we describe details of an adaptive implementation of
the SDC schemes and illustrate a number of numerical applications we have performed.

5.1. Accuracy Control

Given a fractional IVP (1) on the interval [0, T], an approximate solution Y[MH]

Yl (Y}Qj’ﬁ”, Yt Y,E’j;,“]) ~ (y(tu1), ¥ (ta2), - Y (tup))
and a positive €, we would like to determine whether

The structure of the proposed SDC method provides us with a number of completely
reliable conditions which can be used as stopping criteria:

[m+1

yH <e€. (18)

1.

ELmH} H < €, where the vector E,Lmﬂ] (see (17)),

E[m+1] (E[m+1} ELn;H], L Emﬂ]) (19)

is obtained during the last correction.

2. Once Y,Lmﬂ] has been computed; the value of the approximate solution at an arbitrary
time ¢ € [t;, t,41] can be obtained by the Lagrange interpolant. We apply the interpo-
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0.81

0.6

0.4r1

0.2

lation process to both Y,Lmﬂ} and Y,Lm] and demand that the difference be less than e.
This indicates that both the correction process and the discretization have converged
to precision.

We can also control the step-size h. We start with an arbitrary step-size & and attempt
to apply the SDC scheme. The step-size is halved and the procedure is repeated if the
obtained precision is insufficient (per criteria (18) and (19)). However, the step-size is
unchanged if the precision is acceptable and doubled if the precision is acceptable two
steps in a row.

5.2. Computational Details and Numerical Tests

In what follows, we present some numerical results of our numerical method applied
to nonlinear fractional differential equations.

We solve all test problems using the proposed SDC methods: implicit SDC (IM-SDC)
or explicit SDC (EX-SDC). While using the implicit scheme, we use Newton’s method to
solve the resulting system of nonlinear equations. Moreover, if the exact solution to the
given problem is not known, we use reference solutions computed by the IM-SDC with
error tolerance € = 10717 instead.

As a first example, we study the nonlinear fractional differential equation

— 3r(5 2) ,4— 3
Diy() = 20— T 2+ (302 - o)
AMatl 20

y(0) =0.

The exact solution is y(t) = 8 — 3t4+4/2 4 342,

We apply the IM-SDC method to (20) with « = 0.75, p = 5, m = 3, ¢ = 107°, and
initial step-size hy = 2~%. When m = 0, the local order of the method is 1 + a = 3/2. When
we perform correction iterations, i.e., m > 1, we measure a high order of convergence.
For example, with m = 3, we obtain order three which is in agreement with the expected
theoretical results. We present our numerical results in Figure 1. The results show that
high accuracy can be obtained using few correction iterations after applying high-order
SDC methods.

, 10
IM-SDC
¢ Exact
. 10°
o
i
(0]
=
©
i
1081
L L L L ! 10-10 ! ! ! L
0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1
t t

Figure 1. Cont.
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107 102
102} 107}
<= 1073 v 1081
107} 10
105 ‘ ‘ ‘ ‘ 10710 : ; ; :
0 0.2 0.4 0.6 0.8 1 0 0.02 0.04 0.06 0.08 0.1
t havg
Figure 1. (top left)—solution plot; (top right)—accuracy vs. time; (bottom left)—step-size vs. time;
(bottom right)—accuracy vs. hag-
We also studied the fractional-order Chua'’s circuit system [28]
Dix(t) = B1(y(t) — H(x(t))),
ty(t) = x(t) —y(t) +z(t),
r2(t) = —pay(t),
where 1 and B, are constant parameters, and H(-) is given by
1 2
H(v) = —zv+ =0°.
(0) = —zo+7
Inthis test, & = 0.9, B; = 12.5, 8, = 100/7,p = 6,m = 5,€ = 107, (x1(0), x2(0), x3(0))
= (0,0.1,0),and T = 50. The approximations Y,LMH] are compared with a reference solution
Y,.r obtained with e = 10-10, Figure 2 shows the reference solutions Xy, Yyef, zrer and the
curve (x,ef,z,ef) in the (x, z) plane.
1 ; ; ; ; ; 0
_Xref
U V U v _yref -0.2r
0.5 2.1
-04F
0 VWA~ N
-0.6f
-0.5
-0.8F
-1 : : ‘ : : -1 : : :
0 10 20 30 40 50 60 0 0.2 0.4 0.6 0.8 1
t X

Figure 2. Chua’s circuit: (left)—solution plot; (right)—the curve (x,e 1 Zre f) in the (x, z) plane.

In Figure 3, the accuracy is plotted as a function of the average time-step hyg.
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References

100 T T T T

102} 1

v 104t .

10} 1

10'8 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

h

avg

Figure 3. The accuracy as a function of the average time-step hayg-

6. Conclusions

We proposed high-order adaptive time-stepping schemes for nonlinear FDEs by using
suitable kernel compression and SDC methods. We discussed the accuracy and local
convergence of the proposed schemes. We also discussed the extension of these schemes to
construct other higher-order methods for nonlinear fractional initial-value problems.

We provided numerical examples to verify the efficiency of the proposed schemes,
which shows that applying suitable correction iterations can increase the accuracy in a
significant way.

In future work, we will focus on proposing high-order schemes for the numerical
solutions of fractional boundary value problems and time-fractional diffusion equations.
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