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Abstract

:

High-dimensional fractional equations research is a cutting-edge field with significant practical and theoretical implications in mathematics, physics, biological fluid mechanics, and other fields. Firstly, in this paper, the (4 + 1)-dimensional time-fractional Fokas equation in a higher-dimensional integrable system is studied by using semi-inverse and fractional variational theory. Then, the Lie symmetry analysis and conservation law analysis are carried out for the higher dimensional fractional order model with the symmetry of fractional order. Finally, the fractional-order equation is solved using the bilinear approach to produce the rogue wave and multi-soliton solutions, and the fractional equation is numerically solved using the Radial Basis Functions (RBFs) method.
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1. Introduction


Fractional calculus [1,2] is a new research field in science and engineering, and it is widely used in physical mathematics, medicine, signal processing, liquid and gas fluctuation, and other fields. The concept of fractional order calculus [3,4] dates back to 1695, and the half-derivative was first mentioned in Leibniz’s letter to L’Hospital. Then, in 1730, Euler suggested that the non-integer p-order derivative     d ρ   x σ    d  x ρ     of   x σ   was meaningful. In 1822, Fourier proposed the following formula:


     d ρ   x σ    d  x ρ    =  1  2 π    ∫  − ∞  ∞   λ ρ  d λ  ∫  − ∞  ∞  f  ( t )  cos  λ x − t λ +   ρ π  2   d t .  











Compared with integer calculus, fractional calculus are non-local, and compared with classical calculus, fractional calculus has the properties of memory, long-distance interaction and inheritance, which are the main advantages of fractional calculus. The conceptual theory of fractional derivatives [5] is more suitable for modeling, which has allowed fractional differential equations to be gradually applied to all fields of research, and its practicability and accuracy are becoming stronger and stronger. In this paper, the high-dimensional Fokas equation is transformed into the high-dimensional time-fractional Fokas equation.



The creation of accurate solutions to high-dimensional nonlinear PDE equations [6,7,8] is crucial for comprehending some things that cannot be noted firsthand. However, it is generally difficult to gain control over high-dimensional nonlinear dynamical systems. In this paper, we will research the high-dimensional Fokas equation. Fokas [9] extended the integrable Kadomtsev–Petviashvili (KP) and Davey–Stewartson (DS) equations to present a new (4 + 1)-dimensional non-linear wave equation which is presented as


   u  x t   −  1 4   u  x x x y   +  1 4   u  x y y y   +  3 2     u 2    x y   −  3 2   u  z w   = 0 .  











It is a generalization of DS equation [10,11], (2 + 1)-dimensional KdV equation and KP equation [12], and it contains 4-dimensional space scale and 1-dimensional time scale. DS equation and KP equation have been widely used in mathematical physics, so the (4 + 1)-dimensional Fokas equation can be used to describe wave problems [13,14] in physics, such as surface waves and internal waves [15,16].



In recent years, many methods have been used to construct exact solutions of nonlinear problems, such as homotopy perturbation method [17], Exp-function method [18], hyperbolic tangent method, variational iterative method [19], and so on. Some scholars have studied the exact solution of the (4 + 1)-dimensional Fokas equation. Demiray et al. [20] obtained the hyperbolic function solution and dark soliton solution of the (4 + 1)-dimensional Fokas equation by using the improved   exp ( − Ω ( ξ ) )  -expansion function method. Using the extended f expansion method and its deformation, He [21] obtained some new exact solutions of the (4 + 1)-dimensional Fokas equation expressed by Jacobi elliptic function, weerstrass elliptic function, hyperbolic function and trigonometric function. Lee et al. [22] obtained the exact traveling wave solution by symbolic calculation, and obtained the doubly periodic wave solution by using the generalized Jacobi elliptic function method. It is also worth paying attention to Wazwaz [23] who used Hirota bilinear method to solve the multi-soliton solution of KP equation; Tian et al. [24] used the Hirota bilinear method to solve the lump-type solution, interaction solution and periodic wave solution of KdV equation, Tajiri [25] discusses the stability of solitons of the DS equation by Hirota method. In this paper, we extend the bilinear method [26,27] to the (4 + 1)-dimensional time-fractional Fokas equation, and obtain the rogue wave solutions and n-soliton solutions [28,29].



Rogue waves [30,31] have a large amplitude, sharp waveform and short duration. Rogue waves show a local structure in time and space, which can gather huge energy in a short time, which gives them strong destructive power. At present, there is no unified definition of rogue waves. Most scholars believe that rogue wave refers to a wave whose peak is at least twice as high as a plane wave, appears for a very short time and has strong destructive power. As rogue waves have these characteristics different from other nonlinear waves, rogue waves have become a research hotspot in the fields of ocean atmosphere, plasma and Bose–Einstein condensation in recent years. The research results obtained in this paper hope to enrich the dynamic behavior of high-dimensional nonlinear evolution equations [32], such as the (4 + 1)-dimensional nonlinear wave field.



In addition, we not only obtain the exact solution of the equation, but also study its numerical solution. By reviewing the literature, we found that the finite difference method of finite element method and grid method can be used to solve partial differential equations. However, in practical application, we find that the accuracy of the solution obtained by this method is low. Therefore, we need to use meshless technology [33] to obtain higher precision solutions. The numerical solution of the time-fractional Fokas equation is obtained using the Radial Basis Function (RBF) method [34] in this work.



For differential equation modeling, symmetry and conservation rules [35] are extremely important. Lie symmetry [36,37,38] is a systematic and effective method to study partial differential equations. It was first proposed by the Norwegian mathematician Lie [39] at the end of the 19th century. Lie symmetry analysis provides an effective and powerful tool for determining boundary value problems, initial value problems and conservation laws of differential equations [40]. At the beginning of the 21st century, Gazizov et al. studied the symmetry of time-fractional ordinary differential equations and the symmetry of time-fractional ordinary differential equations [41]. In recent years, many scholars have studied time-fractional partial differential equations by lie symmetry, but there are few studies in high-dimensional high-order partial differential systems. In this paper, Lie symmetry analysis is conducted for the high-dimensional and high-order time-fractional order Fokas equation. Conservation laws are of great significance for analyzing the integrability and internal properties of differential equations and proving the existence and uniqueness of solutions. The symmetry and conservation laws of differential equations are connected by Noether’s theorem, and the relationship between them leads to the further development of conservation laws.



The structure of this paper is designed as follows. In Section 2, by using the semi-inverse method and the fractional variational principle [42,43], we derive the (4 + 1)-dimensional time-fractional Fokas equation. Using the Lie symmetry analysis method, we discuss the conservation laws of the time-fractional Fokas equation in Section 3. In Section 4, we use the simplified bilinear method to obtain the rogue wave solution and soliton solution of (4 + 1)-dimensional time-fractional order Fokas. Finally, in Section 5, the numerical solution of the (4 + 1)-dimensional time-fractional Fokas equation is obtained by using the RBF method, and an examination of absolute inaccuracy under various scenarios is provided.




2. Derivation of (4 + 1)-Dimensional Time Fraction Fokas Equation


The integer order equation is extended to the fractional order form using the semi-inverse method and the fractional variational principle based on the definition of Riemann–Liouville fractional derivative, and the (4 + 1)-dimension time-fractional order Fokas equation is obtained.



The (4 + 1)-dimensional Fokas equation is written as follows:


  4  u  t x   −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   = 0 .   



(1)







Definition 1.

The ω Riemann–Liouville fractional derivative of the function   u t   is defined as follows [44,45]:


       D  t  ω  =         ∂ n  u   ∂  t n    ,     ω = n , n ∈ N ,        1  Γ ( n − ω )     ∂ n   ∂  T n     ∫  0  t  f   ( t − τ )   n − ω − 1   u  ( x , τ )  d τ ,     n − 1 < ω < n .            



(2)









Definition 2.

Fractional integration by parts is defined as


    ∫  c  d    ( d τ )  γ  f  ( t )   D  t  γ  g  ( t )  = Γ  ( 1 + γ )     g ( t ) f ( t )   c  d  −  ∫  c  d    ( d t )  γ  g  ( t )   D  t  γ  f  ( t )   ,    



(3)




where    ∫  c  t    ( d τ )  γ  f  ( τ )  = γ  ∫  c  t  d τ   ( t − τ )  r  , f  ( t )  , g  ( t )  ∈  [ c , d ]   .





Assuming that   u  ( x , y , z , w , t )  =  v x   ( x , y , z , w , t )   ,    v x   ( x , y , z , w , t )    is the potential function, then the potential equation of the (4 + 1)-dimensional time-fractional Fokas equation is


  4  v  x x t   −  v  x x x x y   +  v  x x y y y   + 12   (  v x   v  x y   )  x  − 6  v  x z w   = 0 .   



(4)







Next, the semi-inverse method is used to derive the Lagrange form of Equation (1). The functional form of Equation (1) can be expressed as


      J ( v ) =      ∫ R  d x  ∫ Y  d y  ∫ Z  d z  ∫ T  d t  ∫ W  d w           v  4  c 1   v  x x t   −  c 2   v  x x x x y   +  c 3   v  x x y y y   + 6  c 4      (  v x  )  2    x y   − 6  c 5   v  x z w     ,       



(5)




where    c i   ( i = 1 , 2 , 3 , 4 , 5 , 6 )    are the Lagrange multiplier [46].



Using the integration by parts method, assuming    v x    |  R  =  v y    |  Y  =  v z    |  Z  =  v w     | W  =  v t  |  T  = 0  , according to Equation (5), we obtain


     J ( v ) =      ∫ R  d x  ∫ Y  d y  ∫ Z  d z  ∫ T  d t  ∫ W   d w [ − 4   c 1   v x   v  x t   +  c 2   v x   v  x x x y            −  c 3   v x   v  x y y y   − 12  c 4    (  v x  )  2   v  x y   + 6  c 5   v x   v  z w    ] ,       



(6)







In order to obtain the optimal result, the Lagrange multiplier    c i   ( i = 1 , 2 , 3 , 4 , 5 , 6 )    can be determined by the variation of Equation (6). We use the variational optimal conditions to integrate term by term, and achieve the following relationship.


        F  x , y , t , z , w ,  v x  ,  v  x t   ,  v  z w   ,  v  x y   ,  v  x x x y   ,  v  x y y y          =        ∂ F   ∂ v   −  ∂  ∂ x    (   ∂ F   ∂  v x    )  −   ∂ 2   ∂ x ∂ y    (   ∂ F   ∂  v  x y     )  −   ∂ 2   ∂ x ∂ t    (   ∂ F   ∂  v  x t     )           −   ∂ 2   ∂ z ∂ w    (   ∂ F   ∂  v  z w     )  −   ∂ 4   ∂  x 3  ∂ y    (   ∂ F   ∂  v  x x x y     )  −   ∂ 4   ∂ x ∂  y 3     (   ∂ F   ∂  v  x y y y     )        =      8  c 1   v  x x t   − 2  c 2   v  x x x x y   + 2  c 3   v  x x y y y   + 24  c 4    (  v  x  2  )   x y   − 12  c 5   v  x z w   = 0 .     



(7)







Obviously, Equation (7) is equivalent to Equation (4). Therefore, the Lagrange multiplier is as follows:


   c 1  =  c 2  =  c 3  =  c 4  =  c 5  =  1 2   











We obtain the Lagrange form of the Fokas equation of integer order as follows:


        L ( v ,  v x  ,  v t  ,  v y  ,  v  x x   ,  v  x y   ,  v  z w   ,  v  x x x y   ,  v  x y y y   )          = − 2  v t   v  x x   +  1 2   v x   v  x x x y   −  1 2   v x   v  x y y y   − 6  v  x  2   v  x y   + 3  v x   v  z w   ,     



(8)







Similarly, the Lagrange form of the fractional Fokas equation is as follows:


        F ( v ,  v x  ,  D  t  α  v ,  v y  ,  v  x x   ,  v  x y   ,  v  z w   ,  v  x x x y   ,  v  x y y y   )          = − 2  D  t  α  v  v  x x   +  1 2   v x   v  x x x y   −  1 2   v x   v  x y y y   − 6  v  x  2   v  x y   + 3  v x   v  z w   ,     



(9)







The functional form of the (4 + 1)-dimensional time-fractional Fokas equation is:


  J  ( v )  =  ∫ R  d x  ∫ Y  d y  ∫ Z  d z  ∫ W  d w  ∫ T    ( d t )  α  F  ( v ,  v x  ,  D  t  α  v ,  v y  ,  v  x x   ,  v  x y   ,  v  z w   ,  v  x x x y   ,  v  x y y y   )  ,  



(10)




in which


   ∫  a  t    ( d τ )  γ  f  ( τ )  = γ  ∫  a  t  d τ   ( t − τ )  γ  f  ( τ )  .  



(11)







According to Definition 2, the Euler–Lagrange equation of the time-fractional Fokas equation is as follows:


         (   ∂ F   ∂ v   )  v +  (   ∂ F   ∂  v x    )   v x  +  (   ∂ F   ∂  D  t  α  v   )   D  t  α  v +  (   ∂ F   ∂  v y    )   v y  +  (   ∂ F   ∂  v  x x     )   v  x x            +  (   ∂ F   ∂  v  x y     )   v  x y   +  (   ∂ F   ∂  v  z w     )   v  z w   +  (   ∂ F   ∂  v  x x x y     )   v  x x x y   +  (   ∂ F   ∂  v  x y y y     )   v  x y y y   = 0 ,     



(12)







Substituting Equation (9) into Equation (12), and according to the definition of fractional potential function, we use the formula    D  x  β  v  ( x , y , z , w , t )  = u  ( x , y , z , w , t )   , then we obtain:


  4  D  t  α   u x  −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   = 0 .  



(13)







Compared with the integer order model, the Equation (13) is more general and has potential value for the study of some properties in practical problems.




3. Conservation Laws and Lie Symmetry Analysis of (4 + 1)-Dimensional Time-Fractional Order Fokas Equations


3.1. Lie Symmetry Analysis


Definition 3.

The broad definition of Leibniz’s rule is as follows [47],


    D  t  σ   ( Ξ  ( t )  σ  ( t )  )  =  ∑  n = 0  ∞      α     n      D  t   σ − n   Ξ  ( t )   D  t  n  σ  ( t )  , σ > 0 .   











where   D  t  σ   is the total fractional derivative operator, and


       σ     n     =     ( − 1 )   n − 1   σ Γ  ( n − σ )    Γ ( 1 − σ ) Γ ( n + 1 )     













Definition 4.

The generalized chain rule is defined as follows [48],


      d m  ℵ  ( Ξ  ( t )  )    d  t m    =  ∑  k = 0  m   ∑  r = 0  k      k     r      1  k !     [ − y  ( t )  ]  r    d m   d  t m       ( y  ( t )  )   k − r       d k  ℵ  ( y )    d  y k    .   













The time-fractional Fokas equation here has five independent variables


  F ( x , y , z , w , t , v ,  v x  ,  ∂  t  σ   v x  ,  v y  ,  v  x x   ,  v  x y   ,  v  z w   ,  v  x x x y   ,  v  x y y y   ) = 0 , σ > 0 ,  



(14)




where the subscript represents the partial derivative. The infinitesimal transformation is defined as


     x *     = x + ϵ  ξ 1   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,       y *     = y + ϵ  ξ 2   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,       z *     = z + ϵ  ξ 3   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,       w *     = w + ϵ  ξ 4   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,       t *     = t + ϵ τ  ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,       u *     = u + ϵ η  ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,        ∂  u *    ∂  x *       =   ∂ u   ∂ x   + ϵ  η x   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,        ∂  u *    ∂  y *       =   ∂ u   ∂ y   + ϵ  η y   ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,         ∂ 2   u *    ∂  x *  ∂  y *       =    ∂ 2  u   ∂ x ∂ y   + ϵ  η  x y    ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,         ∂ 2   u *    ∂  z *  ∂  w *       =    ∂ 2  u   ∂ z ∂ w   + ϵ  η  z w    ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,         ∂ 4   u *    ∂  x  * 3   ∂  y *       =    ∂ 4  u   ∂  x 3  ∂ y   + ϵ  η  x x x y    ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,         ∂ 4   u *    ∂  x *  ∂  y  * 3        =    ∂ 4  u   ∂ x ∂  y 3    + ϵ  η  x y y y    ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,         ∂ σ   u  x  *    ∂  t  * σ        =    ∂ σ   u x    ∂  t σ    + ϵ  η  σ t    ( x , y , z , w , t , u )  + o  (  ϵ 2  )  ,     








where   ϵ ≪ 1   is the parameter,    ξ 1  ,  ξ 2  ,  ξ 3  ,  ξ 4  , τ , η   are the subfunction, and    η x  ,  η y  ,  η  x y   ,  η  z w   ,  η  x x x y   ,     η  x y y y   ,  η  σ , t    . Furthermore, the extended infinitesimal    η x  ,  η y  ,  η  x y   ,  η  z w   ,  η  x x x y   ,  η  x y y y   ,  η  σ , t     have the forms:


     η x     =  D x   ( η )  −  u x   D x    ξ 1   −  u y   D x    ξ 2   −  u t   D x   ( τ )  −  u z   D x    ξ 3   −  u w   D x    ξ 4   ,       η y     =  D x   ( η )  −  u y   D y    ξ 2   −  u x   D y    ξ 1   −  u t   D y   ( τ )  −  u z   D y    ξ 3   −  u w   D y    ξ 4   ,       η  x y      =  D y    η x   −  u  x x    D y    ξ 1   −  u  x y    D y    ξ 2   −  u  x t    D y   ( τ )  −  u  x z    D y    ξ 3   −  u  x w    D y    ξ 4   ,       η  z w      =  D w    η z   −  u  z x    D w    ξ 1   −  u  z y    D w    ξ 2   −  u  z t    D w   ( τ )  −  u  z z    D w    ξ 3   −  u  z w    D w    ξ 4   ,       η  x x x y      =  D y    η  x x x    −  u  x x x x    D y    ξ 1   −  u  x x x y    D y    ξ 2   −  u  x x x t    D y   ( τ )  −  u  x x x z    D y    ξ 3   −  u  x x x w    D y    ξ 4   ,       η  x y y y      =  D x    η  y y y    −  u  y y y x    D x    ξ 1   −  u  y y y y    D x    ξ 2   −  u  y y y t    D x   ( τ )  −  u  y y y z    D x    ξ 3   −  u  y y y w    D x    ξ 4   ,       η  σ , t      =  D  t  σ    η x   +  ξ 1   D  t  σ    ξ 1   u  x x    −  D  t  σ    ξ 1   u  x x    +  ξ 2   D  t  σ    u  x y    −  D  t  σ    ξ 2   u  x y           +  ξ 3   D  t  σ    u  x z    −  D  t  σ    ξ 3   u  x z    +  ξ 4   D  t  σ    u  x w    −  D  t  σ    ξ 4   u  x w    +  D  t  σ    D t   ( τ )   u x          −  D  t   σ + 1    τ  u x   + τ  D  t   σ + 1     u x   ,     








where   D  t  σ   is the total fractional derivative operator, and the total derivative    D x  ,  D y  ,  D z  ,  D t   ,   D w   are defined as


         D t  =  ∂  ∂ t   +  u t   ∂  ∂ u   +  u  t t    ∂  ∂  u t    +  u  t x    ∂  ∂  u x    +  u  t y    ∂  ∂  u y    + ⋯ ,           D x  =  ∂  ∂ x   +  u x   ∂  ∂ u   +  u  x x    ∂  ∂  u x    +  u  x t    ∂  ∂  u t    +  u  x y    ∂  ∂  u y    + ⋯ ,           D y  =  ∂  ∂ y   +  u y   ∂  ∂ u   +  u  y y    ∂  ∂  u y    +  u  y x    ∂  ∂  u x    +  u  y t    ∂  ∂  u t    + ⋯ ,           D z  =  ∂  ∂ z   +  u z   ∂  ∂ u   +  u  z z    ∂  ∂  u z    +  u  z x    ∂  ∂  u x    +  u  z t    ∂  ∂  u t    + ⋯ ,           D w  =  ∂  ∂ w   +  u w   ∂  ∂ u   +  u  w w    ∂  ∂  u w    +  u  w x    ∂  ∂  u x    +  u  w t    ∂  ∂  u t    + ⋯ .     



(15)







With the generalized Leibnitz rule and the chain rule of composite functions, we can obtain:


      η  σ  τ  =         ∂ σ  η   ∂  t σ    +   η u  − σ  D t    ξ 2       ∂ σ  u   ∂  t σ    − u    ∂ σ   η u    ∂  t σ    −  ∑  n = 1  ∞      σ     n      D  t  n    ξ 1    D  t   σ − n     u x            +  ∑  n = 1  ∞       σ     n        ∂ α   η u    ∂  t α    −     σ      n + 1       D  t   n + 1     ξ 2     D  t   σ − n    ( u )  + R a ,     



(16)




where


  R a =  ∑  n = 2  ∞   ∑  m = 2  n   ∑  k = 2  m   ∑  r = 0   k − 1       σ     n         n     m         k     r      1  k !     t  n − σ    Γ ( n + 1 − σ )     [ − u ]  r    ∂ m   ∂  t m      u  k − r      ∂  n − m + k    ∂  t  n − m   ∂  u k    .  











With   f ( t ) = 1  , we have


      η x  =       η x  +  u x   η u  −  u x   ξ  1 x   −  u  x  2   ξ  1 u   −  u y   ξ  2 x   −  u y   u x   ξ  2 u   −  u z   ξ  3 x   −  u z   u x   ξ  3 u          −  u t   τ x  −  u t   u x   τ u  −  u w   ξ  4 x   −  u w   u x   ξ  4 u   ,        η y  =       η y  +  u y   η u  −  u y   ξ  2 y   −  u  y  2   ξ  2 u   −  u x   ξ  1 y   −  u x   u y   ξ  1 u   −  u z   ξ  3 y   −  u z   u y   ξ  3 u          −  u t   τ y  −  u t   u y   τ u  −  u w   ξ  4 y   −  u w   u y   ξ  4 u   ,        η z  =       η z  +  u z   η u  −  u z   ξ  3 z   −  u  z  2   ξ  3 u   −  u x   ξ  1 z   −  u x   u z   ξ  1 u   −  u y   ξ  2 z   −  u y   u z   ξ  2 u          −  u t   τ z  −  u t   u z   τ u  −  u w   ξ  4 z   −  u w   u z   ξ  4 u   ,        η  x y   =       D y   (  η x  )  −  u  x x    D y   (  ξ 1  )  −  u  x y    D y   (  ξ 2  )  −  u  x t    D y   ( τ )  −  u  x z    D y   (  ξ 3  )  −  u  x w    D y   (  ξ 4  )         =  η  x y   +  u y   η  x u   + 2  u  x y    η u  +  u x   η  u y   +  u y   u x   η  u u   − 2  u  x y    ξ  1 x   −  u x   ξ  1 x y   −  u y   u x   ξ  1 x u          − 4  u x   u  x y    ξ  1 u   −  u  x  2   ξ  1 u y   −  u y   u  x  2   ξ  1 u u   − 2  u  y y    ξ  2 x   −  u y   ξ  2 x y   −  u  y  2   ξ  2 u x   − 2  u  y y    u x   ξ  2 u          − 3  u y   u  x y    ξ  2 u   −  u y   u x   ξ  2 u y   −  u  y  2   u x   ξ  2 u u   − 2  u  z y    ξ  3 x   −  u z   ξ  3 x y   −  u y   u z   ξ  3 u x          − 2  u  z y    u x   ξ  3 u   − 2  u z   u  x y    ξ  3 u   −  u z   u x   ξ  3 u y   −  u z   u x   u y   ξ  3 u u   − 2  u  t y    τ x  −  u t   τ  x y          −  u y   u t   τ  u x   − 2  u  t y    u x   τ u  − 2  u t   u  x y    τ u  −  u t   u x   τ  u y   −  u t   u x   u y   τ  u u   − 2  u  w y    ξ  4 x          −  u w   ξ  4 x y   −  u y   u w   ξ  4 u x   − 2  u  w y    u x   ξ  4 u   − 2  u w   u  x y    ξ  4 u   −  u w   u x   ξ  4 u y   −  u w   u x   u y   ξ  4 u u          −  u  x x    ξ  1 y   −  u  x x    u y   ξ  1 u   −  u  x y    ξ  2 y   −  u  x t    τ y  −  u  x t    u y   τ u  −  u  x z    ξ  3 y   −  u  x z    u y   ξ  3 u          −  u  x w    ξ  4 y   −  u  x w    u y   ξ  4 u   ,     










      η  z w   =       D w   (  η z  )  −  u  z x    D w   (  ξ 1  )  −  u  z y    D w   (  ξ 2  )  −  u  z t    D w   ( τ )  −  u  z z    D w   (  ξ 3  )  −  u  z w    D w   (  ξ 4  )        =       η  z w   +  u w   η  z u   + 2  u  z w    η u  +  u z   η  u w   +  u w   u z   η  u u   − 2  u  z w    ξ  3 z   −  u z   ξ  3 z w   −  u w   u z   ξ  3 u z          − 4  u z   u  z w    ξ  3 u   −  u  z  2   ξ  3 u w   −  u y   u  z  2   ξ  3 u u   − 2  u  x w    ξ  1 z   −  u x   ξ  1 z w   −  u x   u w   ξ  1 u z          − 2  u  x w    u z   ξ  1 u   −  u x   u  z w    ξ  1 u   −  u x   u z   ξ  1 u w   −  u x   u z   u w   ξ  1 u u   − 2  u  y w    ξ  2 z   −  u y   ξ  2 z w          −  u y   u w   ξ  2 u z   − 2  u  y w    u z   ξ  2 u   − 2  u y   u  z w    ξ  2 u   −  u y   u z   ξ  2 u w   −  u y   u z   u w   ξ  2 u u   − 2  u  t w    τ z         −  u t   τ  z w   −  u t   u w   τ  u z   − 2  u  t w    u z   τ u  − 2  u t   u  z w    τ u  −  u t   u z   τ  u w   −  u t   u z   u w   τ  u u          − 2  u  w w    ξ  4 z   −  u w   ξ  4 z w   −  u  w  2   ξ  4 u z   − 2  u  w w    u z   ξ  4 u   − 2  u w   u  z w    ξ  4 u   −  u w   u z   ξ  4 u w          − 2  u  w  2   u z   ξ  4 u u   −  u  z x    ξ  1 w   −  u  z x    u w   ξ  1 u   −  u  z y    ξ  2 w   −  u  z y    u w   ξ  2 u   −  u  z t    τ w  −  u  z t    u w   τ u         −  u  z z    ξ  3 w   −  u  z z    u w   ξ  3 u   −  u  z w    ξ  4 w   −  u  z w    u w   ξ  4 u   ,     










      η  x x x y   =       D x   (  η  x x y   )  −  u  x x x y    D x   (  ξ 1  )  −  u  x x y y    D x   (  ξ 2  )  −  u  x x y t    D x   ( τ )  −  u  x x y z    D x   (  ξ 3  )           −  u  x x y w    D x   (  ξ 4  )        =       η  x x x y   + 3  u x   η  u x x y   + 6  u  x x    η  u x y   + 3  u  x  2   η  u u x y   + 12  u  x x y    η  u x            + 6  u  x y    η  u x x   + 12  u x   u  x y    η  u u x   +  u y   η  u x x x   + 3  u x   u y   η  u u x x   + 4  u  x x    u y   η  u u x            + 3  u  x  2   u y   η  u u u x   + 8  u  x x x y    η u  + 12  u x   u  x x y    η  u u   + 8  u  x x    u  x y    η  u u   + 6  u  x  2   u  x y    η  u u u            + 4  u  x x x    η  u y   + 6  u x   u  x x    η  u u y   +  u  x  3   η  u u y   + 4  u  x y  2   η  u u   + 4  u y   u  x x y    η  u u   + 2  u y   u  x y    η  u u x            + 6  u x   u y   u  x y    η  u u u   +  u y   u  x  3   η  u u u u   − 11  u  x x x y    ξ  1 x   − 9  u  x x y    ξ  1 x x   − 30  u x   u  x x y    ξ  1 u x            − 2  u  x y    ξ  1 x x x   − 12  u x   u  x y    ξ  1 u x x   − 27  u  x x    u  x y    ξ  1 u x   − 18  u  x  2   u  x y    ξ  1 u u x   − 8  u  x x x    ξ  1 x y            − 5  u  x x    ξ  1 x x y   + ⋯     



(17)






      η  x y y y   =       D y   (  η  x y y   )  −  u  x x y y    D y   (  ξ 1  )  −  u  x y y y    D y   (  ξ 2  )  −  u  x y y t    D y   ( τ )  −  u  x y y z    D y   (  ξ 3  )  −  u  x y y w    D y   (  ξ 4  )  ,       =       η  x y y y   + 3  u y   η  u x y y   + 6  u  y y    η  u x y   + 3  u  y  2   η  u u x y   + 4  u  y y y    η  u x          + 6  u y   u  y y    η  u u x   +  u  y  3   η  u u u x   + 8  u  u y y y    η u  + 12  u  x y y    η  u y   + 12  u y   u  x y y    η  u u          + 6  u  x y    η  u y y   + 12  u y   u  x y    η  u u y   + 12  u  y y    u  x y    η  u u   + 6  u  y  2   u  x y    η  u u u   +  u x   η  u y y y          + 3  u x   u y   η  u u y y   + 6  u x   u  y y    η  u u y   + 3  u x   u  y  2   η  u u u y   + 4  u  y y y    u x   η  u u   + 6  u x   u y   u  y y    η  u u u          + 3  u x   u  y  3   η  u u u u   − 8  u  x y y y    ξ  1 x   − 12  u  x y y    ξ  1 x y   − 12  u y   u  x y y    ξ  1 u x   − 6  u  x y    ξ  1 x y y          − 12  u y   u  x y    ξ  1 u x y   − 12  u  y y    u  x y    ξ  1 u x   − 6  u  y  2   u  x y    ξ  1 u u x   −  u x   ξ  1 x y y y   − 3  u x   u y   ξ  1 u x y y          − 6  u x   u  y y    ξ  1 u x y   + ⋯ ,     










     η  σ , t      =  ∂  t  σ    η x   +     η x   u  − σ  D t   ( τ )    ∂  t  σ  u − u  ∂  t  σ     η x   u  + μ        +  ∑  n = 1  ∞       σ     n      ∂  t  n     η x   u  −     σ      n + 1       D  t   n + 1    ( τ )    ∂  t   σ − n   u        −  ∑  n = 1  ∞      σ     n      D  t  n    ξ 1    ∂  t   σ − n     u  x x    −  ∑  n = 1  ∞      σ     n      D  t  n    ξ 2    ∂  t   σ − n     u  x y           −  ∑  n = 1  ∞      σ     n      D  t  n    ξ 3    ∂  t   σ − n     u  x z    −  ∑  n = 1  ∞      σ     n      D  t  n    ξ 4    ∂  t   σ − n     u  x w    .     











The infinitesimal generator X is obtained by Lie symmetry theory:


     X =       ξ 1   ( x , y , z , w , t , u )   ∂  ∂ x   +  ξ 2   ( x , y , z , w , t , u )   ∂  ∂ y   +  ξ 3   ( x , y , z , w , t , u )   ∂  ∂ z            +  ξ 4   ( x , y , z , w , t , u )   ∂  ∂ z   + τ  ( x , y , z , w , t , u )   ∂  ∂ t   + η  ( x , y , z , w , t , u )   ∂  ∂ u       



(18)







According to the infinitesimal invariance, Equation (14) is possible to write as


        P  r  ( n )   X  ( Δ )    Δ = 0   = 0 ,  n = 1 , 2 , 3 , ⋯ ,       Δ = 4  D  t  σ   u x  −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   .      



(19)







From Equations (16) and (19), we obtain the following operator


  p  r σ  X = X +  η x   ∂  ∂  u x    +  η y   ∂  ∂  u y    +  η  x y    ∂  ∂  u  x y     +  η  z w    ∂  ∂  u  z w     +  η  x x x y    ∂  ∂  u  x x x y     +  η  σ , t     ∂ σ   ∂  D  t  σ   u x    + ⋯ ,  



(20)




and from Equation (18), we can get


  4  η  σ , t   + η  ( 12  u  x y   )  +  η x   ( 12  u y  )  +  η y   ( 12  u x  )  +  η  x y    ( 12 u )  − 6  η  z w   −  η  x x x y   +  η  x y y y   = 0 .  



(21)







Substituting Equation (17) into Equation (21), the following equations can be obtained:


         ξ  1 u y   =  ξ  3 u z   =  ξ  1 u y    ξ  3 x y   =  ξ  4 x y   =  ξ  2 u x   =  τ  x y   =  ξ  2 u u u y   =  ξ  3 w   =  ξ  4 z   = 0 ,           η  u x y   −  ξ  1 x x y   = 0 ,  3  ξ  3 x x y   −  ξ  3 y y y   = 0 ,  3  ξ  1 u u x y   −  η  u u u y   = 0 ,           ξ  3 x x x   − 3  ξ  3 x y y   = 0 ,  − 3  η  u x x   +  ξ  1 x x x   +  η  u x y   −  ξ  2 y y y   + 12 η = 0 ,          6  ξ  3 z w   +  ξ  3 x x x y   −  ξ  3 x y y y   = 0 ,  6  ξ  4 z w   +  ξ  4 x x x y   −  ξ  4 x y y y   = 0 ,          − 12  ξ  1 y   + 3  ξ  1 u x x y   −  η  u u x y   = 0 ,  − 12  ξ  2 x   − 3  ξ  2 u x y y   −  η  u u x y   = 0 ,          3  ξ  2 x   +  ξ  2 y   − 3  ξ  1 y   −  ξ  1 x   = 0 ,   ξ  2 x x x   + 3  η  u y y   − 3  ξ  2 x y y   = 0 ,          − 3  η  u x y   + 3  ξ  1 x x y   −  ξ  1 y y y   = 0 ,   η  u y   −  ξ  1 x y   −  ξ  2 y y   +  ξ  2 x x   = 0 ,          6  ξ  1 z   + 6  ξ  1 w   + 3  ξ  4 x x y   −  ξ  4 y y y   = 0 ,  3  τ  x x y   −  τ  y y y   = 0 ,           τ  x x x   − 3  τ  x y y   = 0 ,  6  ξ  2 z   + 6  ξ  2 w   +  ξ  4 x x x   − 3  ξ  4 x y y   = 0 ,           η u  −  ξ  4 w   − 3  ξ  3 z   −  ξ  2 w   = 0 ,   τ z  +  τ  w = 0   ,   η  u x   − 3  ξ  2 x y   = 0 ,          12  η y  − 3  η  u x x y   +  ξ  1 x x x y   −  ξ  1 x y y y   + 6  ξ  1 z w   = 0 ,          12  η x  + 3  η  u x y y   −  ξ  2 x y y y   +  ξ  2 x x x y   + 6  ξ  2 z w   = 0 ,          6  τ  z w   +  τ  x x x y   −  τ  x y y y   = 0 ,  3  ξ  2 u u x y   −  η  u u u x   = 0 ,          − 3  ξ  3 y   −  ξ  3 x   = 0 ,  3  τ x  +  τ y  = 0 ,   ξ  4 z   +  ξ  4 w   = 0 ,          3  ξ  4 x   +  ξ  4 y   = 0 ,  3  ξ  4 y   +  ξ  4 x   = 0 ,  −  η  u y   + 3  ξ  1 x y   = 0 ,           ξ  3 x x   −  ξ  3 y y   = 0 ,   τ  x x   −  τ  y y   = 0 ,   ξ  4 x x   −  ξ  4 y y   = 0 ,          6  ξ  z u x   − 6  ξ  1 u y   = 0 ,  −  η u  + 3  ξ  1 x   +  ξ  1 y   = 0 ,           η u  − 3  ξ  2 y   −  ξ  2 x   = 0 ,  3  ξ  3 x   +  ξ  3 y   = 0 ,   τ x  − 3  τ y  = 0 .     



(22)







The solution of the above system is obtained


        η ( x , y , z , w , t , u ) = 0 ,           ξ 1   ( x , y , z , w , t , u )  =  A 1   ( z − w )  +  C 1  ,           ξ 2   ( x , y , z , w , t , u )  =  A 2   ( z − w )  +  C 2  ,           ξ 3   ( x , y , z , w , t , u )  =  A 3  z +  B 1  u +  C 3  ,           ξ 4   ( x , y , z , w , t , u )  =  B 2  u +  C 4  ,          τ  ( x , y , z , w , t , u )  =  A 4  t +  B 3  u +  C 5  ,     



(23)




where    A 1  ,  A 2  ,  A 3  ,  A 4  ,  B 1  ,  B 2  ,  B 3    and    C i   ( i = 1 , 2 , 3 , 4 , 5 )    are arbitrary constants.



Therefore, the Lie algebra of a series of point symmetry of Equation (13) can be rewritten as follows


       X 1  = z  ∂  ∂ x   ,  X 2  = z  ∂  ∂ y   ,  X 3  = z  ∂  ∂ z   ,  X 4  = u  ∂  ∂ w   ,  X 5  = t  ∂  ∂ t   ,        X 6  =  ( − w + 1 )   ∂  ∂ x   +  ( − w + 1 )   ∂  ∂ y   +  ( u + 1 )   ∂  ∂ z   +  ∂  ∂ w   +  ( u + 1 )   ∂  ∂ t   .      



(24)








3.2. Conservation Laws


In this part, based on the Lie symmetry analysis method, the conservation laws of the (4 + 1)-dimensional time-fractional Fokas equation is further discussed, and the conservation vector of the equation is constructed.



First, the conservation law of Equation (13) satisfies the following equation:


   D t   (  C t  )  +  D x   (  C x  )  +  D y   (  C y  )  +  D z   (  C z  )  +  D w   (  C w  )  = 0 ,  



(25)




where    C ℓ  , ℓ = t , x , y , z , w   are conservative vectors.



The Lagrange equation of Equation (13) is expressed as follows:


  L = v  ( x , y , z , t , w )   ( 4  D  t  σ   u x  −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   )  = 0 ,  



(26)




where   v ( x , y , z , t , w )   is a new dependent variable. According to the above equation, the integral of action can be defined as


   ∫  0  T   ∫ Ω  L  x , y , z , w , t , v ,  v x  ,  ∂  t  σ   u x  ,  u y  ,  u  x x   ,  u  x y   ,  u  z w   ,  u  x x x y   ,  u  x y y y    .  



(27)







The Euler–Lagrange operator is defined as


      δ  δ u   =      ∂  ∂ u   +    D  t  σ   *   D x   ∂  ∂  D  t  σ   u x    −  D x   ∂  ∂  u x    −  D y   ∂  ∂  u y    +  D  x y    ∂  ∂  u  x y              +  D  z w    ∂  ∂  u  z w     +  D  x x x y    ∂  ∂  u  x x x y     +  D  x y y y    ∂  ∂  u  x y y y     .     



(28)




where     D  t  σ   *   is the adjoint operator of   D  t  σ  , which is defined as follows:


     D  t  σ   *  =   ( − 1 )  n   I  T   n − σ     D  t  n   =    t  C   D  T  σ  ,  



(29)




where   I  T   n − σ    is the right fractional differential operator,      t  C   D  T  σ    is the right Caputo fractional differential operator, and


   I  T   n − σ   f  ( t , x )  =  1  Γ ( n − σ )    ∫  t  T    f ( τ , x )    ( τ − t )   1 + σ − n    d τ ,  n =  [ σ ]  + 1 .  



(30)







The adjoint equation of Equation (13) can be written as


     F *     =    D  t  σ   *   v x  + 12 u  v  x y   −  v  x x x y   +  v  x y y y   − 6  v  z w   = 0 .     



(31)







The Lie characteristic function W is shown as follows:


  W = η −  ξ 1   u x  −  ξ 2   u y  −  ξ 3   u z  −  ξ 4   u w  − τ  u t  .  



(32)







According to Equation (24), the following Lie characteristic function components can be obtained:


       W 1  = − z  u x  ,  W 2  = − z  u y  ,  W 3  = − z  u z  ,  W 4  = − u  u w  ,  W 5  = − t  u t  ,        W 6  =  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  .      



(33)







According to the Riemann–Liouville fractional derivative, the t-components of conserved vectors can be obtained from


   C t  = τ L +  ∑  k = 0   n − 1     ( − 1 )  k   D  t   σ − 1 − k    ( W )   D  t  k     ∂ L   ∂   D  t  σ  u     −   ( − 1 )  n  J  W ,  D  t  n     ∂ L   ∂   D  t  σ  u      .  



(34)




where   J ( · )   is defined as


  J  ( f , g )  =  1  Γ ( n − β )    ∫  0  x   ∫  x  p    f ( x , s ) g ( x , r )    ( r − s )   β + 1 − n    d r d s ,  



(35)







  C i   can be expressed as follows:


     C i     =  ξ i  L +  W β     ∂ L   ∂  u  i  β    −  D j     ∂ L   ∂  u  i j  β     +  D j   D k     ∂ L   ∂  u  i j k  β     − ⋯           +  D j    W β      ∂ L   ∂  u  i j  β    −  D k     ∂ L   ∂  u  i j k  β     + ⋯  +  D j   D k    W β      ∂ L   ∂  u  i j k  β    − ⋯  + ⋯     



(36)




where   n = [ σ ] + 1  .



Taking   W 6   as an example, by substituting   W 5   into Equations (35) and (36), The conserved vector’s   x , y , z , w , t   components can be derived as follows:


      C  σ , t   =      τ L +  D  t   σ − 1     W 6     ∂ L   ∂  D  t  σ  u   + J   W 6  ,  D t    ∂ L   ∂  D  t  σ  u          =      4 v  D  t   σ − 1    [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]         + J (  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ,  v t  ) ,        C x  =       ξ 1  L +  W 6   [   ∂ L   ∂  u x    −  D y   (   ∂ L   ∂  u  x y     )  −  D  x  2   D y   (   ∂ L   ∂  u  x x x y     )  −  D  y  3   (   ∂ L   ∂  u  x y y y     )  ]         +  D y   (  W 6  )   [   ∂ L   ∂  u  x y     +  D  x  2   (   ∂ L   ∂  u  x x x y     )  +  D  y  2   (   ∂ L   ∂  u  x y y y     )  ]         +  D  x  2   (  W 6  )    ∂ L   ∂  u  x x x y     +  D  y  2   (  W 6  )    ∂ L   ∂  u  x y y y     +  D  y  3   (  W 6  )    ∂ L   ∂  u  x y y y           =       ξ 1  L +  [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]   · [ 24 v   u y         − 12  v y  u −  v  x x y   −  v  y y y    ] + [   ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w         −  ( u + 1 )   u t    ] y  ·  [ 12 u v +  v  x x   +  v  y y   ]  + v [   ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z         −  u w  −  ( u + 1 )   u t    ]  x x   + v ·  [ 12 u v +  v  x x   +  v  y y   ]  + v [   ( w − 1 )   u x  −  ( w − 1 )   u y         −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t    ]  y y   + v ·  [ 12 u v +  v  x x   +  v  y y   ]  + v [   ( w − 1 )   u x  ,        −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t    ]   y y y   ,        C y  =       ξ 2  L +  W 6   [   ∂ L   ∂  u y    −  D x   (   ∂ L   ∂  u  x y     )  −  D  x  3   (   ∂ L   ∂  u  x x x y     )  −  D x   D  y  2   (   ∂ L   ∂  u  x y y y     )  ]         +  D x   (  W 6  )   [   ∂ L   ∂  u  x y     +  D  x  2   (   ∂ L   ∂  u  x x x y     )  +  D  y  2   (   ∂ L   ∂  u  x y y y     )  ]         +  D  y  2   (  W 6  )    ∂ L   ∂  u  x y y y     +  D  x  2   (  W 6  )    ∂ L   ∂  u  x x x y     +  D  x  3   (  W 6  )    ∂ L   ∂  u  x x x y           =       ξ 2  L +  [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]   · [ 24 v   u x         − 12  v x  u −  v  x x x   −  v  x y y    ] + [   ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w         −  ( u + 1 )   u t    ] x  ·  [ 12 u v +  v  x x   +  v  y y   ]  + v · [   ( w − 1 )   u x  −  ( w − 1 )   u y         −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t    ]  y y   + v · [   ( w − 1 )   u x  −  ( w − 1 )   u y         −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t    ]  x x   + v · [   ( w − 1 )   u x  −  ( w − 1 )   u y         −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t    ]   y y y   ,        C z  =       ξ 3  L +  W 6   [ −  D w    ∂ L   ∂  u  z w     ]  +  D w   (  W 6  )   [   ∂ L   ∂  u  z w     ]        =       ξ 3  L −  v w   [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]         + v   [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]  w  ,     










      C w  =       ξ 4  L +  W 6   [ −  D z    ∂ L   ∂  u  z w     ]  +  D z   (  W 6  )   [   ∂ L   ∂  u  z w     ]        =       ξ 4  L −  v z   [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]         + v   [  ( w − 1 )   u x  −  ( w − 1 )   u y  −  ( u + 1 )   u z  −  u w  −  ( u + 1 )   u t  ]  z  .     













4. The Exact Solutions of the Time-Fractional Fokas Equation


4.1. Rogue Wave Solutions of the (4 + 1)-Dimensional Time-Fractional Fokas Equation


First, let us introduce Hirota bilinear methods. The Hirota bilinear method’s main goal is to convert the equation into a bilinear form by using variable transformation and bilinear derivative to generate an auxiliary function, which can then be solved. Using fractional transformation and the bilinear approach, we investigate the rogue wave solution of the (4 + 1)-dimensional Fokas equation.



Definition 5.

The Hirota bilinear operator (d-operator) is defined as follows


         D  x  n   ( a , b )  ≡    ∂  ∂ x   −  ∂  ∂ y    n  a  ( x )  b  ( y )    y = x   =     ∂ n   ∂  y n    a  ( x + y )  b  ( x − y )    y = 0   ,          D  t  m   D  x  n   ( a , b )  ≡   ∂ m   ∂  s m      ∂ n   ∂  y n    a  ( t + s , x + y )  b  ( t − s , x − y )    s = 0 y = 0   .      



(37)









According to the definition of Hirota bilinear operator, we can obtain


         D  x  2   ( f · f )  = 2  f  x x   f − 2    f x   2            D x   D t   ( f · f )  = 2  f  x t   f − 2  f x   f t            D  x  4   ( f · f )  = 2  f  x x x x   f − 8  f  x x x    f x  + 6    f  x x    2      



(38)







For the (4 + 1)-dimensional time-fractional Fokas equation:


  4  D  t  σ   u x  −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   = 0 .  



(39)







At the same time, we perform fractional transformation:


  T =   m  t σ    Γ ( 1 + σ )   ,  








where m is a constant. It can be obtained from the above equation


     ∂ σ  u   ∂  t σ    = m   ∂ u   ∂ T   ,  











Equation (39) can be written as


  4  u  T x   −  u  x x x y   +  u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   = 0 .  



(40)







First, we take the following transformation:


  ζ = α x + β y ,  



(41)




where  α  and  β  are undetermined constants. Then, Equation (40) becomes


     u T  +  1 4  β   β 2  −  α 2    u  ζ ζ ζ   +  3 2  β    u 2   ζ   ζ  −  3 2   u  z w   = 0 .  



(42)







We introduce the following variable transformation


  A = R   ( ln f )   ζ ζ   ,  R =  β 2  −  α 2  .  



(43)







Equation (39) can be transformed into bilinear form as follows:


    D ζ   D t  +  1 4  β   β 2  −  α 2    D  ζ  4  −  3  2 α    D z   D w   f · f = 0 .  



(44)







According to Definition 5, the bilinear form Equation (44) can be expanded as


          D ζ   D t  +  1 4  β   β 2  −  α 2    D  ζ  4  −  3  2 α    D z   D w   f · f          =  f  ζ T   f −  f ζ   f T  +  1 4  β  (  β 2  −  α 2  )   (  f  ζ ζ ζ ζ   f − 4  f  ζ ζ ζ    f ζ  − 3  f  ζ ζ  2  )  −  3  2 α    (  f  z w   f −  f z   f w  )  = 0 .     



(45)







Let us assume that


      f =   ( m  ( ζ , z , w , T )  )  2  +   ( n  ( ζ , z , w , T )  )  2  +   ( l  ( ζ , z , w , T )  )  2  +  b 13  ,       m  ( ζ , z , w , T )  =  b 1  ζ +  b 2  z +  b 3  w +  b 4  T ,       n  ( ζ , z , w , T )  =  b 5  ζ +  b 6  z +  b 7  w +  b 8  T ,       l  ( ζ , z , w , T )  =  b 9  ζ +  b 10  z +  b 11  w +  b 12  T ,      



(46)




where    b i   ( i = 1 , 2 , ⋯ , 13 )    are real parameters to be determined.



Through calculation, we obtain the solution of the following parameters:


       b 4  =   − 3  d 1    2 α  d 4    ,  b 8  =   3  d 2    2 α  d 4    ,  b 12  =   3  d 3    2 α  d 4    ,             b 7  =    b 3   (  b 3   b 10  −  b 6   b 9  )  +  b 11   (  b 1   b 6  −  b 2   b 5  )     b 1   b 10  −  b 2   b 9    ,             b 13  =   α β   β 2  −  α 2      b  1  2  +  b  9  2  +  b  5  2   3    a 1   b 10  −  b 2   b 9     2   b 1   b 11  −  b 3   b 9       b 1   b 10  −  b 2   b 9   2  +    b 5   b 10  −  b 6   b 9   2  +    b 1   b 6  −  b 2   b 5   2     .      



(47)




where


      d 1  =      b 3     b 2   b 9  −  b 1   b 10     b 1   b 2  +  b 9   b 10   −  b 1   b  6  2   b 9  −  b 2   b  5  2   b 10  + 2  b 2   b 5   b 6   b 9          +  b 11      b 1   b 10  −  b 2   b 9   2  +    b 1   b 6  −  b 2   b 5   2   ,        d 2  =      b 3     b 5   b 10  −  b 6   b 9     b 9   b 10  +  b 5   b 6   +  b  2  2   b 5   b 9  +  b  1  2   b 6   b 10  − 2  b 1   b 2   b 6   b 9          +  b 11    b 2   b 6    b  1  2  −  b  5  2  −  b  9  2   +  b 1   b 5    b  6  2  −  b  2  2  −  b  10  2   + 2  b 1   b 6   b 9   b 10   ,        d 3  =      b 3      b 1   b 10  −  b 2   b 9   2  +    b 6   b 9  −  b 5   b 10   2   +  b 11    b 1   b 9    b  10  2  −  b  2  2  −  b  6  2            +  b 2   b 10    b  1  2  −  b  5  2  −  b  9  2   + 2  b 1   b 5   b 6   b 10   ,        d 4  =       b  1  2  +  b  5  2  +  b  9  2     b 1   b 10  −  b 2   b 9   .     











Given the particularity of f, we find the following conditions:


    α β   β 2  −  α 2     b 1   b 10  −  b 2   b 9      b 1   b 11  −  b 3   b 9    > 0 ,  








with


   a 1   a 11  −  a 3   a 9  ≠ 0 .   











By importing the calculated parameters into Equation (43), the solution of Equation (39) is obtained


  u =   2  (  β 2  −  α 2  )   [  (  b  1  2  +  b  5  2  +  b  9  2  )   (  m 2  +  n 2  +  l 2  +  b 13  )  − 2   (  b 1  m +  b 5  n +  b 9  l )  2  ]     (  m 2  +  n 2  +  l 2  +  b 13  )  2   ,  



(48)




when   T =   m  t σ    Γ ( 1 + σ )    , we obtain the fractional solution of the equation.



Based on the solution Equation (48) of the (4 + 1)-dimensional fractional Fokas equation obtained by the bilinear method, the phenomenon of rogue waves in higher dimensional higher-order Fokas model is studied.



By selecting appropriate parameters, the image of the (4 + 1)-dimensional time-fractional order Fokas equation when the order of the fractional order is equal to 1 is drawn, see Figure 1a,b. Rogue waves have the property of appearing in a particular space and time, taking on a local structure in time. It is also easy to see from the image that they have significant features: large amplitude, sharp crest, short duration.



In order to study the rogue wave phenomenon in the fractional model, we select parameters   σ = 0.75   and   σ = 0.5   to obtain the rogue wave image of the (4 + 1)-dimensional temporal fractional Fokas equation, as presented in Figure 2a,b and Figure 3a,b. We can clearly observe the rogue wave similar to that in Figure 1 in Figure 2 and Figure 3. From the three sets of images, we find that when the value of  σ  is reduced, the rogue wave’s fluctuation range is enlarged and its amplitude remains unchanged.




4.2. Multiple Soliton Solutions of the (4 + 1)-Dimensional Time-Fractional Fokas Equation


Based on the Hirota bilinear transformation introduced above, the multiple solution of Equation (39) is constructed by using Equation (44). First, we can suppose that there is a single soliton solution of Equation (39). Its form is


  u  ( ζ , z , w , T )  = R   ( ln f )   ζ ζ   , R =  β 2  −  α 2  ,  



(49)




where the auxiliary function   f ( ζ , z , w , T )   is calculated by


  f  ( ζ , z , w , T )  = 1 +  e   ρ 1   ( ζ , z , w , T )    = 1 +  e   r 1    c 1  ζ +  p 1  z +  q 1  w −   1 4  β  (  β 2  −  α 2  )   c  1  4   r  1  2  −   3  p 1   q 1    2  c 1  α    T    ,  



(50)




and    c 1  ,  p 1  ,  q 1    are constant.



Thus, the soliton solution of the (4 + 1)-dimensional Fokas equation is


  u  ( ζ , z , w , T )  =  (  β 2  −  α 2  )    ln ( 1 +  e  ρ 1   )   ζ ζ   =  1 4   r  1  2   (  β 2  −  α 2  )  s e c  h 2    ρ 1  2  ,  



(51)




where


   ρ 1  =   r 1    c 1  ζ +  p 1  z +  q 1  w −   1 4  β  (  β 2  −  α 2  )   c  1  4   r  1  2  −   3  p 1   q 1    2  c 1  α    T   .  











Then, the soliton solution of the (4 + 1)-dimensional time-fractional Fokas equation is:


        u  ( ζ , z , w , t )  =  (  β 2  −  α 2  )    ln ( 1 +  e  ρ 1   )   ζ ζ            =  1 4   r  1  2   (  β 2  −  α 2  )  s e c  h 2     r 1    c 1  ζ +  p 1  z +  q 1  w −   1 4  β  (  β 2  −  α 2  )   c  1  4   r  1  2  −   3  p 1   q 1    2  c 1  α      t σ   Γ ( 1 + σ )     2  .     



(52)







Assuming   ζ = 3 x + 5 y  , Figure 4a–c obtain isolated wave motion images with different T values under integer solutions. In order to study the soliton solution in the fractional model, we assume that   σ = 0.2 , σ = 0.5 , σ = 0.8   at t = 2 to obtain the motion of the bell soliton in Figure 5.



We can see from the figure that the bell solitary wave is moving in the negative direction of the x-axis. Figure 5 illustrates the solution of the (4 + 1)-dimensional time-fractional Fokas model with similar wave form of integer order form. As  σ  increases, the bell wave moves along the negative X-axis. For the double-soliton solution, we suppose


  f  ( ζ , z , w , T )  = 1 +  e  ρ 1   +  e  ρ 2   +  e   ρ 1  +  ρ 2  +  A 12    .  



(53)







According to Definition 5, we can obtain   e  A 12    in the above equation as:


   e  A 12   =   α β   β 2  −  α 2      r 2  −  r 1   2  + 2   p 2  −  p 1     q 2  −  q 1     α β   β 2  −  α 2      r 2  +  r 1   2  + 2   p 2  −  p 1     q 2  −  q 1     .  











Substitute Equation (53) into


  u =  (  β 2  −  α 2  )    ( ln f )   ζ ζ    



(54)







We obtain the two-soliton solution of (4 + 1)-dimensions Fokas as follows


  u =  (  β 2  −  α 2  )    [ ln  ( 1 +  e  ρ 1   +  e  ρ 2   +  e   ρ 1  +  ρ 2  +  A 12    )  ]   ζ ζ   ,  



(55)




where


   ρ i   ( ζ , z , w , T )  =  r i   {  c i  ζ +  p i  z +  q i  w +  [ −  1 4  β  (  β 2  −  α 2  )   c  i  4   r  i  2  +   3  p i   q i    2 α  c i    ]  T }  , i = 1 , 2 .  



(56)







Then we obtain the two-soliton solution of the (4 + 1)-dimensional time-fractional Fokas equation.


    u    =  (  β 2  −  α 2  )    [ ln  ( 1 +  e  ρ 1   +  e  ρ 2   +  e   ρ 1  +  ρ 2  +  A 12    )  ]   ζ ζ   ;       ρ i     =  r i  {  c i  ζ +  p i  z +  q i  w          +  −  1 4  β  (  β 2  −  α 2  )   c  i  4   r  i  2  +   3  p i   q i    2 α  c i       m  t σ    Γ ( 1 + σ )   } , i = 1 , 2 .     



(57)







Next, we find the three-soliton solution. Assuming that


     f =     1 +  e  ρ 1   +  e  ρ 2   +  e  ρ 3   +  e   ρ 1  +  ρ 2  +  A 12    +  e   ρ 1  +  ρ 3  +  A 13             +  e   ρ 2  +  ρ 3  +  A 23    +  e   ρ 1  +  ρ 2  +  ρ 3  +  A 12  +  A 13  +  A 23    .     



(58)







Substituting into Equation (54), the three-soliton solution of the (4 + 1)-dimensional time-fractional Fokas equation is obtained.


     u =       β 2  −  α 2    ln  1 +  e  ρ 1   +  e  ρ 2   +  e  ρ 3   +  e   ρ 1  +  ρ 2  +  A 12    +  e   ρ 1  +  ρ 3  +  A 13                  +  e  ξ  ρ 2  +  ρ 3  +  A 23    +  e   ρ 1  +  ρ 2  +  ρ 3  +  A 12  +  A 13  +  A 23       ζ ζ   ,     



(59)




where


   ρ i  =  r i    c i  ζ +  p i  z +  q i  w +  −  1 4  β  (  β 2  −  α 2  )   c  i  4   r  i  2  +   3  p i   q i    2 α  c i       m  t σ    Γ ( 1 + σ )    , i = 1 , 2 .  








and


   e  A  i j    =   α β   β 2  −  α 2      r j  −  r i   2  + 2   p j  −  p i     q j  −  q i     α β   β 2  −  α 2      r j  +  r i   2  + 2   p j  −  p i     q j  −  q i     .  











Similarly, we assume:


   f n  =  ∑  μ = 0 , 1    e   ∑  i = 1  n   μ i   ξ i  + A  ∑  1 ≤ i < l  n   μ i   μ j   A  i j     ,  



(60)







We can obtain the formula of n-soliton solution of the (4 + 1)-dimensional time-fractional Fokas equation:


  u =   β 2  −  α 2     ln   ∑  μ = 0 , 1    e   ∑  i = 1  n   μ i   ξ i  + A  ∑  1 ≤ i < l  n   μ i   μ j   A  i j        ζ ζ   ,  



(61)




where   i , j = 1 , 2 , … , n  .





5. The Numerical Solutions of the Time-Fractional Fokas Equation


Definition 6

([49]). The Riemann–Liouville fractional integral operator of order   σ > 0   for a function   ξ ( x )   is defined as


   Φ α  ξ  ( x )  =  1  Γ ( σ )    ∫  0  x    ( x − t )   σ − 1   ξ  ( t )  d t , σ > 0 , x > 0 ,  



(62)




and some properties are given as follows:


         Φ σ   Φ ϱ  ξ  ( x )  =  Φ ϱ   Φ σ  ξ  ( x )  ,           Φ σ   Φ ϱ  ξ  ( x )  =  Φ  α + ϱ   ξ  ( x )  ,           Φ σ   x γ  =   Γ ( γ + 1 )   Γ ( σ + γ + 1 )    x  σ + γ   .     



(63)









Lemma 1.

If   u  ( t )  ∈  C 2   [ 0 , T ]   ,


    I  o +  σ  μ  (  t  k + 1   )  −  I  o +  σ  μ  (  t k  )  =   τ σ   Γ ( γ + 1 )    [ μ  (  t  k + 1   )  +  ∑  j = 0   k − 1    (  ω  j + 1   −  ω j  )  μ  (  t  k − j   )  ]  +  R  k , σ   ,   



(64)




in which


          |   R  k , σ    | ≤ C   ω K   τ  1 + σ   ,          1 =  ϖ 0  >  ϖ 1  > … >  ϖ k  > 0 ,           ϖ j  =   ( j + 1 )  σ  −  j σ  .      



(65)







Additionally,    I  0 +  σ  μ  (  t k  )    is referred to as the Riemann–Liouville fractional integral of order σ.





5.1. Time Discretization


The time-fractional Fokas equation is regarded as


     4  D  t  σ   u x  −  u  x x x y   +      u  x y y y   + 12  u x   u y  + 12 u  u  x y   − 6  u  z w   = 0 ,          0 < t ≤ T ,  ( x , y ) ∈ Ω .     



(66)







After dimensionality reduction, the equation becomes


   D  t  σ   u ζ  +  1 4  β  (  β 2  −  α 2  )   u  ζ ζ ζ ζ   +   3 β  2    (  u 2  )   ζ ζ   −  3  2 α    u  z w   = 0 ,  



(67)




with the boundary condition being extracted from the exact solution given in Equation (52) as follows:


        ( ζ , z , w , t ) = h ( ζ , z , w , t )       =       1 4   r  1  2   (  β 2  −  α 2  )  s e c  h 2  (    r 1   (  c 1  ζ +  p 1  z +  q 1  w )  −  (  1 4  β  (  β 2  −  α 2  )   c  1  4   r  1  2  −   3  p 1   q 1    2  c 1  α   )    t σ   Γ ( 1 + σ )    2  ) ,     



(68)




and the initial condition


  u  ( ζ , z , w , 0 )  = η  ( ζ , z , w )  =  1 4   r  1  2   (  β 2  −  α 2  )  s e c  h 2   (    r 1   (  k 1  ζ +  p 1  z +  q 1  w )   2  )  ,  



(69)







According to Lemma 5.1, Equation (66) becomes


         I  0 +  σ    ∂ u ( ζ , z , w ,  t  k + 1   )   ∂ x   −  I  0 +  σ    ∂ u ( ζ , z , w ,  t k  )   ∂ x            +  1 4  β  (  β 2  −  α 2  )   [    ∂ 4  u  ( ζ , z , w ,  t  k + 1   )    ∂ ζ ζ ζ ζ   −    ∂ 4  u  ( ζ , z , w ,  t k  )    ∂ ζ ζ ζ ζ   ]           +   3 β  2   [    ∂ 2   u 2   ( ζ , z , w ,  t  k + 1   )    ∂ ζ ζ   −    ∂ 2   u 2   ( ζ , z , w ,  t k  )    ∂ ζ ζ   ]           −  3  2 α    [    ∂ 2  u  ( ζ , z , w ,  t  k + 1   )    ∂ z ∂ w   −    ∂ 2  u  ( ζ , z , w ,  t k  )    ∂ z ∂ w   ]  = 0 .     



(70)







Then, we have


          ∂  u  k + 1     ∂ x   +  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u  k + 1     ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u  k + 1   )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u  k + 1     ∂ z ∂ w   ]           =  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u k    ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u k  )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u k    ∂ z ∂ w   ]  −  ∑  j = 0  1   (  λ  j + 1   −  λ j  )    ∂  u  k − j     ∂ x   ,     



(71)




in which


  μ =   τ σ   Γ ( 1 + σ )   ,  λ j  =   ( j + 1 )  σ  −  j σ  .  



(72)








5.2. Radial Basis Function Meshless Method


In   R 2  , we assume that  Ω  is an arbitrary domain. The following are approximate expansion of   u (  x i  ,  y i  ,  t n  )  :


  u   ζ i  ,  z i  ,  w i  ,  t n   =  ∑  j = 1  ℜ   c  j  n  Φ   r  i j    ,  



(73)




in which


  φ   r  i j    =      ζ i  −  ζ j   2  +    z i  −  z j   2  +    w i  −  w j   2  +  c 2    =    r 2  +  c 2    .  



(74)







We denote


   Φ j   ( ζ , z , w )  =     ζ −  ζ j   2  +   z −  z j   2  +   w −  w j   2  +  c 2    =    r  j  2  +  c 2    ,  



(75)




in which   r j   is the Euclidean norm given by    r j   = ‖ ζ −   ζ j   ‖ + ‖ z −   z j   ‖ + ‖ w −   w j   ‖    and c is the shape parameter. According to Equation (70), for   k = 0  , we can obtain


          ∂  u 1    ∂ x   +  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u 1    ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u 1  )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u 1    ∂ z ∂ w   ]           =  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u 0    ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u 0  )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u 0    ∂ z ∂ w   ]  ,     



(76)




and for   1 ≤ k ≤ N − 1  , we have


          ∂  u  k + 1     ∂ x   +  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u  k + 1     ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u  k + 1   )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u  k + 1     ∂ z ∂ w   ]           =  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4   u k    ∂ ζ ζ ζ ζ   +   3 β  2     ∂ 2    (  u k  )  2    ∂ ζ ζ   −  3  2 α      ∂ 2   u k    ∂ z ∂ w   ]  −  ∑  j = 0  1   (  λ  j + 1   −  λ j  )    ∂  u  k − j     ∂ x   .     



(77)







Now, substituting Equation (73) into Equations (76) and (77), we can obtain the following matrix in the following format:


   Qc  k + 1   =  P  k + 1   , k = 0 , 1 , … , N + 1 ,  



(78)




where


  Q =      Φ   r  1 , 1        Φ   r  1 , 2       ⋯    Φ   r  1 , n + 1       ⋯    Φ   r  1 , N          Φ   r  2 , 1        Φ   r  2 , 2       ⋯    Φ   r  2 , n + 1       ⋯    Φ   r  2 , N         ⋮   ⋮   ⋱      ⋯   ⋮      Φ   r  n , 1        Φ   r  n , 2       ⋯    Φ   r  n , n + 1       ⋯    Φ   r  n , N          L  Φ   r  n + 1 , 1         L  Φ   r  n + 1 , 2        ⋯    L  Φ   r  n + 1 , n + 1        ⋯    L  Φ   r  n + 1 , N          ⋮   ⋮   ⋯      ⋱   ⋮      L  Φ   r  N , 1         L  Φ   r  N , 2        ⋯    L  Φ   r  N , n + 1        ⋯    L  Φ   r  N , N          ,  



(79)






     L  Φ   r  i j          =   ∂  Φ j   (  ζ j  ,  z j  ,  w j  )    ∂ ζ   +  1 μ   [   1 4  β  (  β 2  −  α 2  )     ∂ 4   Φ j   (  ζ j  ,  z j  ,  w j  )    ∂  ζ 4             +   3 β  2     ∂ 2    (  Φ j   (  ζ j  ,  z j  ,  w j  )  )  2    ∂  ζ 2    −  3  2 α      ∂ 2   Φ j   (  ζ j  ,  z j  ,  w j  )    ∂ z ∂ w     ] |    ( ζ , z , w )  =  (  ζ i  ,  z i  ,  w i  )    ,     



(80)






      n + 1 ≤ i ≤ N ,  1 ≤ j ≤ N − 1 ,         c  k + 1   =    c  1   k + 1   ,  c  2   k + 1   , … ,  c  N   k + 1    T  ,  P  k + 1   =   p  1   k + 1   ,   p  2   k + 1   , … ,  p  N   k + 1    ,     








in which


   p  i  1    = η  ( ζ , z , w )  |    ( ζ , z , w )  =  (  ζ i  ,  z i  ,  w i  )    , n + 1 ≤ i ≤ N ,  








and also


   p  i   k + 1   =  1 μ   [  1 4  β  (  β 2  −  α 2  )     ∂ 4  Φ  (  r  i j   )    ∂  ζ 4    +   3 β  2     ∂ 2    ( Φ  (  r  i j   )  )  2    ∂  ζ 2    −  3  2 α      ∂ 2  Φ  (  r  i j   )    ∂ z ∂ w   ]  −  ∑  j = 0  1   (  λ  j + 1   −  λ j  )    ∂ Φ (  r  i j   )   ∂ x    










  n + 1 ≤ i ≤ N ,  1 ≤ k ≤ N − 1 ,  










   b  i   k + 1     = h  ( ζ , z , w )  |    ( ζ , z , w )  =  (  ζ i  ,  z i  ,  w i  )    ,  1 ≤ i ≤ n ,  1 ≤ k ≤ N − 1 .  












5.3. Discussion of the Solutions


We use the numerical solution obtained by the RBF method and the exact solution obtained by the bilinear method. Next, we will discuss the absolute error of the two solutions. To ensure the method’s correctness, we took the absolute errors when   σ = 0.75  ,   σ = 0.5   and   σ = 1   respectively, as shown in Table 1, Table 2 and Table 3. When   σ = 1  , it indicates that it is in the integer order. The numerical results of the time-fractional Fokas equation determined using the RBF approach are correct, as shown in the table.



By comparing the absolute errors of two solutions generated by the RBF method and the bilinear method, the accuracy of the RBF method may be determined. Furthermore, the numerical findings show that the RBF method suggested above yields a high-precision numerical solution to the fractional differential Fokas problem.



The accuracy of the RBF approach can be measured by comparing the absolute errors of two solutions given by the RBF method and the bilinear method. Furthermore, the numerical results demonstrate that the RBF method proposed above offers a high-precision numerical solution to the fractional differential Fokas issue.





6. Conclusions


In this paper, we first derived the (4 + 1)-dimensional time-fractional Fokas equation by using the semi-inverse method and fractional variational principle, and discussed the conservation law of the time-fractional Fokas equation by using the Lie symmetry analysis method. Then the rogue wave solutions and soliton solutions of (4 + 1)-dimensional time-fractional Fokas equation were obtained by using bilinear approach. Finally, the numerical solution of the (4 + 1)-dimensional time-fractional order Fokas equation was obtained by using the Radial Basis Function (RBF) meshless method, and the absolute error analysis under different conditions was given. The work in this paper promotes the research of high-dimensional integrable systems. The precise numerical solutions of the high-dimensional fractional model we have obtained are of great significance to the study of physical phenomena in real life.
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Figure 1. Evolution plots of Equation (48) by choosing   α = 2 , β = − 4 ,  a 1  = 1 ,  a 2  = − 1 ,  a 3  = 2 ,  a 5  = 1 ,  a 6  = 0 ,  a 9  = 1 ,  a 10  = 1 ,  a 11  = 1  . (a)   σ = 1  ; (b)   σ = 1  . 
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Figure 2. Evolution plots of Equation (48) by choosing   α = 2 , β = − 4 ,  a 1  = 1 ,  a 2  = − 1 ,  a 3  = 2 ,  a 5  = 1 ,  a 6  = 0 ,  a 9  = 1 ,  a 10  = 1 ,  a 11  = 1  . (a)   σ = 0.75  ; (b)   σ = 0.75  . 
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Figure 3. Evolution plots of Equation (48) by choosing   α = 2 , β = − 4 ,  a 1  = 1 ,  a 2  = − 1 ,  a 3  = 2 ,  a 5  = 1 ,  a 6  = 0 ,  a 9  = 1 ,  a 10  = 1 ,  a 11  = 1  . (a)   σ = 0.5  ; (b)   σ = 0.5  . 
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Figure 4. In the case of integer order solution, evolution plots of single soliton solution created by choosing    c 1  = 1 ,  r 1  = 1 , α = 3 , β = 5 ,  p 1  = 2 ,  q 1  = 3 , z = 0 , w = 0  . (a)   T = 1  ; (b)   T = 0  ; (c)   T = − 1  . 
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Figure 5. In the case of fractional solution, evolution plots of single soliton solution by choosing    c 1  = 1 ,  r 1  = 1 , α = 3 , β = 5 ,  p 1  = 2 ,  q 1  = 3 , z = 0 , w = 0  . (a)   t = 2 , σ = 0.2  ; (b)   t = 2 , σ = 0.5  ; (c)   t = 2 , σ = 0.8  . 
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Table 1. The absolute errors obtained by the radial basis function method with regard to exact solution obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at different points of  ζ  and t taking   σ = 0.75 ; α = 1 ; β = 2 ;  r 1  = 2 ;  c 1  = 1 ;  p 1  = 1 ;  q 1  = 2 ; τ = 1 / 80 ; c = 1  .
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     ‖   u  RBF ( MQ )   −  u Exact   ‖     






	
  ζ  

	
t = 0.1

	
t = 0.2

	
t = 0.3

	
t = 0.4

	
t = 0.5

	
t = 0.6

	
t = 0.7

	
t = 0.8

	
t = 0.9

	
t = 1




	
0.1

	
4.17   ×   10  − 2    

	
1.11   ×   10  − 1    

	
1.51   ×   10  − 1    

	
1.63   ×   10  − 1    

	
1.50   ×   10  − 1    

	
1.16   ×   10  − 1    

	
6.65   ×   10  − 2    

	
1.01   ×   10  − 2    

	
4.48   ×   10  − 2    

	
8.95   ×   10  − 2    




	
0.2

	
1.75   ×   10  − 2    

	
6.93   ×   10  − 2    

	
1.06   ×   10  − 1    

	
1.28   ×   10  − 1    

	
1.40   ×   10  − 1    

	
1.43   ×   10  − 1    

	
1.40   ×   10  − 1    

	
1.34   ×   10  − 1    

	
1.31   ×   10  − 1    

	
1.34   ×   10  − 1    




	
0.3

	
6.50   ×   10  − 3    

	
3.07   ×   10  − 2    

	
4.53   ×   10  − 2    

	
5.37   ×   10  − 2    

	
5.96   ×   10  − 2    

	
6.65   ×   10  − 2    

	
7.81   ×   10  − 2    

	
9.78   ×   10  − 2    

	
1.29   ×   10  − 1    

	
1.73   ×   10  − 1    




	
0.4

	
9.50   ×   10  − 3    

	
1.60   ×   10  − 2    

	
1.51   ×   10  − 2    

	
1.03   ×   10  − 2    

	
5.13   ×   10  − 3    

	
3.65   ×   10  − 3    

	
1.01   ×   10  − 2    

	
2.87   ×   10  − 2    

	
6.36   ×   10  − 2    

	
1.18   ×   10  − 1    




	
0.5

	
8.60   ×   10  − 3    

	
1.04   ×   10  − 2    

	
5.83   ×   10  − 3    

	
2.44   ×   10  − 3    

	
1.17   ×   10  − 2    

	
1.87   ×   10  − 2    

	
1.97   ×   10  − 2    

	
1.02   ×   10  − 2    

	
1.43   ×   10  − 2    

	
5.82   ×   10  − 2    




	
0.6

	
7.40   ×   10  − 3    

	
2.19   ×   10  − 4    

	
2.16   ×   10  − 3    

	
3.05   ×   10  − 4    

	
5.74   ×   10  − 3    

	
1.21   ×   10  − 2    

	
1.65   ×   10  − 2    

	
1.50   ×   10  − 2    

	
3.06   ×   10  − 3    

	
2.43   ×   10  − 2    




	
0.7

	
4.22   ×   10  − 2    

	
2.15   ×   10  − 2    

	
6.35   ×   10  − 3    

	
2.96   ×   10  − 3    

	
6.49   ×   10  − 3    

	
5.06   ×   10  − 3    

	
6.45   ×   10  − 4    

	
3.41   ×   10  − 3    

	
2.63   ×   10  − 3    

	
8.12   ×   10  − 3    




	
0.8

	
9.53   ×   10  − 2    

	
5.73   ×   10  − 2    

	
2.57   ×   10  − 2    

	
1.99   ×   10  − 3    

	
1.24   ×   10  − 2    

	
1.74   ×   10  − 2    

	
1.41   ×   10  − 2    

	
5.46   ×   10  − 3    

	
4.00   ×   10  − 3    

	
8.87   ×   10  − 3    




	
0.9

	
1.64   ×   10  − 1    

	
1.08   ×   10  − 1    

	
5.92   ×   10  − 2    

	
2.13   ×   10  − 2    

	
3.29   ×   10  − 3    

	
1.36   ×   10  − 2    

	
1.05   ×   10  − 2    

	
3.39   ×   10  − 3    

	
2.33   ×   10  − 2    

	
4.34   ×   10  − 2    




	
1

	
2.47   ×   10  − 1    

	
1.73   ×   10  − 1    

	
1.09   ×   10  − 1    

	
5.93   ×   10  − 2    

	
2.70   ×   10  − 2    

	
1.38   ×   10  − 2    

	
1.91   ×   10  − 2    

	
3.99   ×   10  − 2    

	
7.14   ×   10  − 2    

	
1.07   ×   10  − 1    
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Table 2. The absolute errors obtained by the radial basis function method with regard to exact solution obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at different points of  ζ  and t taking   σ = 0.5 ; α = 1 ; β = 2 ;  r 1  = 2 ;  c 1  = 1 ;  p 1  = 1 ;  q 1  = 2 ; τ = 1 / 80 ; c = 1  .
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     ‖   u  RBF ( MQ )   −  u Exact   ‖     






	
  ζ  

	
t = 0.1

	
t = 0.2

	
t = 0.3

	
t = 0.4

	
t = 0.5

	
t = 0.6

	
t = 0.7

	
t = 0.8

	
t = 0.9

	
t = 1




	
0.1

	
2.18   ×   10  − 1    

	
1.49   ×   10  − 1    

	
9.79   ×   10  − 2    

	
6.20   ×   10  − 2    

	
3.85   ×   10  − 2    

	
2.42   ×   10  − 2    

	
1.58   ×   10  − 2    

	
9.66   ×   10  − 3    

	
2.37   ×   10  − 3    

	
9.43   ×   10  − 3    




	
0.2

	
1.86   ×   10  − 1    

	
1.58   ×   10  − 1    

	
1.43   ×   10  − 1    

	
1.37   ×   10  − 1    

	
1.36   ×   10  − 1    

	
1.34   ×   10  − 1    

	
1.26   ×   10  − 1    

	
1.08   ×   10  − 1    

	
7.54   ×   10  − 2    

	
2.57   ×   10  − 2    




	
0.3

	
1.13   ×   10  − 1    

	
1.09   ×   10  − 1    

	
1.16   ×   10  − 1    

	
1.30   ×   10  − 1    

	
1.47   ×   10  − 1    

	
1.62   ×   10  − 1    

	
1.68   ×   10  − 1    

	
1.62   ×   10  − 1    

	
1.38   ×   10  − 1    

	
9.23   ×   10  − 2    




	
0.4

	
5.37   ×   10  − 2    

	
5.94   ×   10  − 2    

	
7.44   ×   10  − 2    

	
9.52   ×   10  − 2    

	
1.18   ×   10  − 1    

	
1.39   ×   10  − 1    

	
1.53   ×   10  − 1    

	
1.57   ×   10  − 1    

	
1.44   ×   10  − 1    

	
1.11   ×   10  − 1    




	
0.5

	
2.39   ×   10  − 2    

	
2.87   ×   10  − 2    

	
4.09   ×   10  − 2    

	
5.80   ×   10  − 2    

	
7.76   ×   10  − 2    

	
9.67   ×   10  − 2    

	
1.12   ×   10  − 1    

	
1.19   ×   10  − 1    

	
1.14   ×   10  − 1    

	
9.27   ×   10  − 2    




	
0.6

	
2.43   ×   10  − 2    

	
2.03   ×   10  − 2    

	
2.24   ×   10  − 2    

	
2.92   ×   10  − 2    

	
3.97   ×   10  − 2    

	
5.21   ×   10  − 2    

	
6.39   ×   10  − 2    

	
7.21   ×   10  − 2    

	
7.27   ×   10  − 2    

	
6.14   ×   10  − 2    




	
0.7

	
5.06   ×   10  − 2    

	
3.26   ×   10  − 2    

	
1.99   ×   10  − 2    

	
1.29   ×   10  − 2    

	
1.15   ×   10  − 2    

	
1.54   ×   10  − 2    

	
2.28   ×   10  − 2    

	
3.13   ×   10  − 2    

	
3.70   ×   10  − 2    

	
3.56   ×   10  − 2    




	
0.8

	
9.69   ×   10  − 2    

	
6.19   ×   10  − 2    

	
3.26   ×   10  − 2    

	
1.07   ×   10  − 2    

	
2.57   ×   10  − 3    

	
6.74   ×   10  − 3    

	
2.66   ×   10  − 3    

	
7.30   ×   10  − 3    

	
1.94   ×   10  − 2    

	
2.89   ×   10  − 2    




	
0.9

	
1.57   ×   10  − 1    

	
1.05   ×   10  − 1    

	
5.93   ×   10  − 2    

	
2.36   ×   10  − 2    

	
2.56   ×   10  − 4    

	
9.63   ×   10  − 3    

	
6.49   ×   10  − 3    

	
7.35   ×   10  − 3    

	
2.79   ×   10  − 2    

	
5.00   ×   10  − 2    




	
1

	
2.28   ×   10  − 1    

	
1.59   ×   10  − 1    

	
9.90   ×   10  − 2    

	
5.24   ×   10  − 2    

	
2.21   ×   10  − 2    

	
9.84   ×   10  − 3    

	
1.52   ×   10  − 2    

	
3.58   ×   10  − 2    

	
6.72   ×   10  − 2    

	
1.03   ×   10  − 1    
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Table 3. The absolute errors obtained by radial basis function method with regard to exact solution obtained by the bilinear method for (4 + 1)-dimensional Fokas equation given in Equation (13) at different points of  ζ  and t taking   σ = 1 ; α = 1 ; β = 2 ;  r 1  = 2 ;  c 1  = 1 ;  p 1  = 1 ;  q 1  = 2 ; τ = 1 / 80 ; c = 1  .
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     ‖   u  RBF ( MQ )   −  u Exact   ‖     






	
  ζ  

	
t = 0.1

	
t = 0.2

	
t = 0.3

	
t = 0.4

	
t = 0.5

	
t = 0.6

	
t = 0.7

	
t = 0.8

	
t = 0.9

	
t = 1




	
0.1

	
3.86   ×   10  − 2    

	
8.85   ×   10  − 2    

	
1.09   ×   10  − 1    

	
1.05   ×   10  − 1    

	
8.04   ×   10  − 2    

	
4.48   ×   10  − 2    

	
9.08   ×   10  − 3    

	
1.42   ×   10  − 2    

	
1.21   ×   10  − 2    

	
2.78   ×   10  − 2    




	
0.2

	
5.36   ×   10  − 2    

	
9.70   ×   10  − 2    

	
1.19   ×   10  − 1    

	
1.22   ×   10  − 1    

	
1.08   ×   10  − 1    

	
8.30   ×   10  − 2    

	
5.52   ×   10  − 2    

	
3.47   ×   10  − 2    

	
3.30   ×   10  − 2    

	
6.20   ×   10  − 2    




	
0.3

	
2.75   ×   10  − 2    

	
5.40   ×   10  − 2    

	
6.82   ×   10  − 2    

	
7.22   ×   10  − 2    

	
6.87   ×   10  − 2    

	
6.16   ×   10  − 2    

	
5.62   ×   10  − 2    

	
5.95   ×   10  − 2    

	
7.94   ×   10  − 2    

	
1.25   ×   10  − 1    




	
0.4

	
8.43   ×   10  − 3    

	
1.70   ×   10  − 2    

	
1.75   ×   10  − 2    

	
1.31   ×   10  − 2    

	
7.59   ×   10  − 3    

	
5.24   ×   10  − 3    

	
1.14   ×   10  − 2    

	
3.20   ×   10  − 2    

	
7.35   ×   10  − 2    

	
1.42   ×   10  − 1    




	
0.5

	
6.02   ×   10  − 3    

	
6.82   ×   10  − 3    

	
1.13   ×   10  − 4    

	
1.16   ×   10  − 2    

	
2.40   ×   10  − 2    

	
3.22   ×   10  − 2    

	
3.05   ×   10  − 2    

	
1.18   ×   10  − 2    

	
3.11   ×   10  − 2    

	
1.05   ×   10  − 1    




	
0.6

	
4.23   ×   10  − 3    

	
1.16   ×   10  − 2    

	
9.64   ×   10  − 3    

	
5.15   ×   10  − 4    

	
1.30   ×   10  − 2    

	
2.66   ×   10  − 2    

	
3.44   ×   10  − 2    

	
2.90   ×   10  − 2    

	
2.03   ×   10  − 3    

	
5.49   ×   10  − 2    




	
0.7

	
2.00   ×   10  − 2    

	
6.26   ×   10  − 3    

	
2.12   ×   10  − 2    

	
2.52   ×   10  − 2    

	
1.96   ×   10  − 2    

	
7.32   ×   10  − 3    

	
6.44   ×   10  − 3    

	
1.45   ×   10  − 2    

	
8.14   ×   10  − 3    

	
2.21   ×   10  − 2    




	
0.8

	
8.74   ×   10  − 2    

	
3.40   ×   10  − 2    

	
5.72   ×   10  − 3    

	
3.05   ×   10  − 2    

	
4.00   ×   10  − 2    

	
3.59   ×   10  − 2    

	
2.21   ×   10  − 2    

	
5.28   ×   10  − 3    

	
5.84   ×   10  − 3    

	
1.40   ×   10  − 3    




	
0.9

	
2.14   ×   10  − 1    

	
1.30   ×   10  − 1    

	
6.14   ×   10  − 2    

	
1.22   ×   10  − 2    

	
1.62   ×   10  − 2    

	
2.41   ×   10  − 2    

	
1.46   ×   10  − 2    

	
6.12   ×   10  − 3    

	
2.97   ×   10  − 2    

	
4.60   ×   10  − 2    




	
1

	
4.11   ×   10  − 1    

	
2.96   ×   10  − 1    

	
1.99   ×   10  − 1    

	
1.25   ×   10  − 1    

	
7.76   ×   10  − 2    

	
5.65   ×   10  − 2    

	
5.94   ×   10  − 2    

	
8.10   ×   10  − 2    

	
1.13   ×   10  − 1    

	
1.44   ×   10  − 1    
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