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Abstract:
reverse Holder class. By the subordinative formula, we introduce the fractional heat semigroup

Let L = —A + V be a Schrodinger operator, where the potential V belongs to the

{e‘”‘” }=0,0 < & < 1, associated with L. By the aid of the fundamental solution of the heat equation:
o + Lu = oiu — Au+ Vu = 0, we estimate the gradient and the time-fractional derivatives of
the fractional heat kernel KOLCJ(-, -), respectively. This method is independent of the Fourier trans-
form, and can be applied to the second-order differential operators whose heat kernels satisfy the
Gaussian upper bounds. As an application, we establish a Carleson measure characterization of the
Campanato-type space BMO] (R") via the fractional heat semigroup {e~%" },-.

Keywords: Schrodinger operator; Carleson measure; BMO-type space; regularity of semigroup

JEL Classification: 35]J10; 42B20; 42B30

1. Introduction

The aim of this paper is to investigate the fractional heat semigroup of Schrodinger
operators
L:=—-A+V(x),

n
where —A denotes the Laplace operator A = Y° 9%/9x?, and V is a non-negative potential
i=1
belonging to the reverse Holder class B;.

Definition 1. A non-negative locally L1 integrable function V on R" is said to belong to By, 1 <
g < oo, if there exists C > 0 such that the reverse Holder inequality,

1 g _ C
J— q <
<|B| /BV (x)dx) < 5] /BV(x)dx, 1)
holds for every ball B in R".
This kind of operator was firstly noted in the famous paper by C. Fefferman [1]. For

the special case V = 0, L = —A, the fractional heat semigroup can be defined via the
Fourier transform:

(e () (@) = e T F(E), a e (0,1]. @)

In the literature, the fractional heat semigroup {e~t(=2)"},_ ¢ has been widely used
in the study of partial differential equations, harmonic analysis, potential theory, and
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modern probability theory. For example, the semigroup {e7t =8 g is usually applied to

construct the linear part of solutions to fluid equations in mathematical physics, e.g., the

generalized Navier-Stokes equation, the quasi-geostrophic equation, and the generalized

MHD equations. In the field of probability theory, the researchers use {e (=2}, to

describe some kind of Markov process with jumps. For further information and the related

applications of fractional heat semigroups {e~*(=2)"} ., we refer the reader to [2-5].
Denote, by K, +(+), the integral kernel of e t=8) e,

Kurl) = @) /2 [ ometiiag, ®

Rn
and denote, by K¢ ,(-), the integral kernel of (—A)?/2e=H(=2)"In [6], by an invariant
derivative technique and the Fourier analysis method, Miao—Yuan—-Zhang concluded that

the kernels K, and Ket satisfy the following pointwise estimates, respectively (cf., [6],
Lemmas 2.1 and 2.2):

Ct

(tl/th + |x|)n+2a
C

K ( ) (t1/2a+ |x|)n+9

Kat(x) < ¥ (x,t) € R

Y (x,t) € RTL

Compared with —A, for arbitrary Schrodinger operator L with the non-negative
potential V, the fractional heat semigroup {e~%"};~9, & € (0,1), can not be defined via (2).
In addition, it is obvious that the methods in [6] are invalid for the estimation of the integral
kernels of {¢™*1"},~. In this paper, by the functional calculus, we observe that the integral
kernel of the Poisson semigroup associated with L can be defined as:

o e—u

\f Vi t2/4u(x y)du 2\/>/ 372 Kg (x,y)ds 4)

0 e—t /45

PF(x,y) =

sL

where KL (-, -) denotes the integral kernel of e 5L, i.e.,

eSL(A)(x) = /Rn Ki(x,y)f(y)dy.

Recall that KF(-,-) is a positive, symmetric function on R” x R”, and satisfies
fR" (x,y)dy < 1. Generally, for « > 0, the subordinative formula (cf., [3]) indicates
that there exists a continuous function #{(-) on (0, 00), such that:

Keir) = [ np (K (o). ©

The identity (5) enables us to estimate K‘%’t(-, -) via the heat kernel KF(-,-). Let p(-)
be the auxiliary function defined by (12) below. In Propositions 7 and 8, we can obtain
the following pointwise estimates of Ko[Z,t('/ -): for every N > 0, there exists a constant Cy,
such that:

11/2u 11/2a N
+ ,
p(x)  po(y) )

and for every N > 0,0 < ¢’ < min{1,2 — n/q}, and all |1| < t/%, there exists a constant
Cyy, such that:

Cnt
L N
Ka,t(-’@]/)‘ S (t1/2a+|x7y|)n+20( (1+

(6)

CNt |h|/tl/21x) t1/2a t1/21x _N
7
ey m g Y ew) @

KE(x+1,y) = Kb, (x,y)] <
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Based on the estimates (6) and (7), we consider the regularity properties of Ko%,t('/ .
Let V,; denote the gradient operator on R’_LH, thatis, Vy¢ = (Vy,9/9tf), where V, =
(0/0x1,0/0x2,...,0/0xy). Generally speaking, for a differential operator L, if the semi-
group {e 'L}~ is analytic, then the estimate of the derivative in time of integral kernels
can be deduced. However, for the derivatives in spatial variables, it is relatively difficult.
Specially, let H = —A + |x|?> be the Hermite operators. The heat kernel related to H,
denoted by KtH (+,+), can be expressed precisely. Hence, the derivative VfoI (-,) can be
obtained via a direct computation. (cf., [7,8]). For a general Schrodinger operator, obviously,
there does not exist an exact expression of Kt (-, -), and the regularity estimates of K (-, )
cannot be obtained directly as the case of the Hermite operator H. Alternatively, we obtain
an energy estimate of the solution to the equation:

oiu+ Lu = dyu — Au+ Vu = 0. (8)

By the fundamental solution of —A, we prove that, for any N > 0, there exists a
constant Cy, such that:

Cn —clx—y?/t (4 Vi Vi — Yl
fnr1)/2° ( p(x) +p(y)> ' veshe—ol
C 2 Vi ViEN
ViKE(x )| < § — SN pmeleyPre( 4 VL ;o Vi =yl
’ x t( y)’ |xfy|t”/2 ( p(x) P(y)) _| yl
Cn Vi VENN
D)2 (Hp(x) +p(y)) ' e

in Lemma 8. A direct computation, together with the subordinative formula, gives:

CNtl—l/Za (1 N tl/th)_N <1 N t1/21x>_N.
(#1720 4 [x — y|nt2e p(x) py)/

see Proposition 11. By a similar method, we obtain the Holder regularity of V xK,,%/t (-,), e,
for |h| < |x —y|/4and &' =1—n/q,

VK (x,y)] <

(VLKL (x + 1, y) — VLKL ( )|<c(|h‘)y1 ! ;
Ky (X1 Y ot Y)NS N2 ) f72a (1720 1 | — y|)nt2a’

see Proposition 12.

In Section 3.3, we focus on the time-fractional derivatives of Kg;,t (+,-)- Recently, there
has been an increasing interest in fractional calculus, since time-fractional operators are
proven to be very useful for modeling purposes. For example, the following fractional
heat equations,

afu(x, £) = Au(x,t), )

are used to describe heat propagation in inhomogeneous media. It is known that, as
opposed to the classical heat equation, Equation (9) is known to exhibit sub-diffusive
behaviour and is related to anomalous diffusions or diffusions in non-homogeneous media,
with random fractal structures. Recall that the fractional derivative of K[ (-, -) is defined as:

6717'[
AKe(o9) = T / KL ety P, B> Oandm = B +1. (10)

For some recent works in the frame of confromable derivatives and Mittag—Leffler
kernels, see [9,10]. In Section 3.1, we first obtain the regularity estimates of tma;”Kg;,t(-, )

denoted by ﬁﬂetm (+,-); see Proposition 9. Then, the desired estimates of af KL, (-,-) canbe
deduced from (10) and Proposition 9; see Propositions 1416, respectively.
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As an application, in Section 4, we characterize the Camapnato-type spaces associated
with L, denoted by BMO] (R"), via the fractional heat semigroup {e~*"};~¢. In the last
decades, the characterizations of function spaces associated with Schrodinger operators
via semigroups and Carleson measures have attracted the attention of many authors. Let
V € By, q > n/2. Using the family of operators {td;e~L}.(, the Carleson measure
characterization of BMO}, (R") was obtained by Dziubariski-Garrigés—-Martinez-Torrea—
Zienkiewicz [11]. Replacing the potential V by a general Radon measure y, in [12], Wu-Yan
extended the result of [11] to generalized Schrodinger operators. The analogue in the
setting of Heisenberg groups was obtained by Lin-Liu [13]. Ma-Stinga—Torrea-Zhang [14]
characterized the Campanato-type spaces associated with L via the fractional derivatives
of the Poisson semigroup. For further information on this topic, we refer to [15-21] and
the references therein. Assume that L = —A +V, with V € B;, g > n. By the regularity
estimates obtained in Section 3, we establish the following equivalent characterizations: for
0 <y < min{2«, 2ap},

1 3 " dxdt
YR Bab ,—tL 2
f e BMOI(RY) ~ sup oo [ [P0 () (PR < oo

1 L P o dxdt
~ Sl;pm/(; /B|t Vae (f)(x)| T <OO,,

where V, := (V,,9}/%). See Theorems 3 and 4, respectively.

Remark 1.

(i) The reqularity estimates obtained in this paper generalize several results on the reqularities
of the Schradinger operators. Letting o = 1/2, KlL/z,t(" -) = P}(-,-) is the Poisson kernel
associated with the Schrodinger operator. For this case, Propositions 11 and 12 come back
to ([15], Lemma 3.9). Moreover, the regularities of af Kﬁlt(', -) obtained in Section 3.3
generalize ([14], Proposition 3.6, (b), (c), and (d)).

(ii)  The regularity results for V+KF(-,-) obtained in Section 3.2 all are pointwise estimations,
which is stronger than the norm estimates. As a corollary of Lemma 8, by a trivial computation,
we can obtain the estimates appearing in ([22], Lemma 2.1) in our suitable setting; see
Proposition 10.

Remark 2. For the case of « = 1/2, the reqularities of af Kk /2, have been studied by Ma—Stinga—
Torrea—Zhang [14]. We point out that our method is slightly different from that of [14]. In [14], via
the Hermite polynomials H,,(-), the authors converted the estimate of af PE(.,-) to the estimate of
0:KFE (-, -); see ([14], (3.12)). In Section 3.3, we estimate the time-fractional derivatives ofKD%,t(-, 3
via If'KL (-, -), instead of the Hermite polynomials.

Remark 3.

(i) In the reqularity estimates of Ko%,t('/ -), one of the main tools is the subordinative formula.
Due to the analytic property of the heat semigroup {e~'L'},~, the estimates of :KF(-, ) can
be deduced from the Cauchy integral formula. Then, we can use the subordinative formula
to obtain the related estimates of atK(,Lc,t(', ). However, for the derivatives of KF(-,-) in the
spatial variables, i.e., VK}(-,-), the method of 0:KF(-, ) is invalid and we need a more
technical estimate; see Lemmas 8—11 for details.

(i)  Following the idea of [11], we can apply the regularities of Koe,t(-, -) obtained in Section 3
to establish the characterizations of the BMO-type space BMOy (R"). Since the proofs are
similar to those in Section 4, we omit the details.

Some notations:
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. U ~ V represents that there is a constant ¢ > 0, such that ¢V < U < ¢V, whose right
inequality is also written as U < V. Similarly, one writes V 2 U for V > cU;

e  For convenience, the positive constants C may change from one line to another and
usually depend on the dimension #, &, 8, and other fixed parameters;

*  Let B be a ball with the radius . In the rest of this paper, for ¢ > 0, we denote by B,
the ball with the same center and radius cr.

2. Preliminaries
2.1. The Schrodinger Operator

Let L = —A + V be the Schrodinger operator on R”, n > 3. Throughout the paper, we
will assume that V is a nonzero, non-negative potential, and that it belongs to the reverse
Holder class By, g > n/2,, which is defined in Definition 1. By Holder’s inequality, we
can obtain By, C By, for g1 > g2 > 1. One remarkable feature about the class Bj is that if
V € B, for some q > 1, then there exists ¢ > 0, which depends only on 7 and the constant
Cin (1), such that V' € By .. It is also well known that if V € By, q > 1, then V(x)dx is a
doubling measure. Namely, for any » > 0,x € R",

V(y)dy < C V(y)dy. 11
/B(w) (y)dy < Co /B o (y)dy (11)

The auxiliary function m(x, V) is defined by:

1
m(x, V)

= sup {r >0: 1’%2 /B(x,r) V(y)dy < 1}. (12)

Clearly, 0 < m(x,V) < oo for every x € R", and if r = 1/m(x,V), then
r’%z fB(x " V(y)dy = 1. For simplicity, we sometimes denote 1/m(x,V) by p(x) in the
proofs. We state some properties of m(x, V') which will be used in the proofs of the main
results.

Lemma 1. ([23], Lemma 1.2) There exists a constant C > 0, such that for every 0 < r < R < o0
and y € R", we have:

r}% /B oy VS c(%)%"/q% /B oV

Lemma 2. ([24], Lemma 3) For every constant C1 > 1, there exists a constant Cy > 1, such that

lf
1 < 1 / ()d <
C1 o 2.B(x,r) Yy =+

then Cgl <rm(x,V) < Cs.
Lemma 3. ([23], Lemma 1.4) For every constant C1 > 1, there is a constant Co > 1, such that:

i< m(x,V)
C, —

<
m(y, V) =

for|x —y| < ClW' Moreover, there exist constants ko, C,c > 0, such that

m(y, V) < C(1+ |x — ylm(x, V))om(x, V);
{m(y, V) > em(x, V)(1+ |x — y|m(x, V) ko/ (ko)
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Lemma 4. ([23], Lemma 1.8) There exist constants ko, C > 0, such that for R > m(x, V)’l,

1 ko
Ri1—2 /B(X,R) V(y)dy < C(Rm(x,V))

Lemma 5. ([25], Lemma 1) Suppose V € By, g > n/2. Let my > log, Co + 1, where Cg is the
constant in (11). Then, for any xo € R", R > 0,

1
< 7172‘
{1—|—Rm(x0, )}mo / B(xo,R) (x)dX_ CR

As a corollary of ([26], Corollary 4.8), we have:

Lemma 6. There exist constants C, 5, and 1, such that:

C/ Vi B
L[ eyt TGg) Vism )
W/Rne vy < T

Tag) Vizma )

Since the potential V is non-negative, it follows from the Feynman-Kac formula that
the kernels KF (-, -) have a Gaussian upper bound:

1 Clyy2
0 < KF(x,y) < W@ lx—yl*/4t,

Furthermore,

Proposition 1. ([27], Theorem 4.10) For every N > 0, there exist constants Cy and c, such that
forall x,y € R",

CN —clx—yp Vi W/t

0 < Kh(x,y) < =N pmelyl/t (1 4 Y- 4 (13)

RTE e p<y>)

Proposition 2. ([27], Proposition 4.11) For every 0 < ¢’ < 6y = min{1,2 —n/q} and every
N > 0, there exist constants Cy > 0 and c, such that for |h| < Vi,

IKE(x + I, y) — KE(x, y)_tn%(@)yefxyz/t( e VE f)

p(x)  py)
Remark 4. By Proposition 1, it is easy to see that the condition |h| < +/t in Proposition 2 can be
replaced by |h| < |x —y|/2.
Let Qf,,(x,y) := t"0}"K}-(x,y), m € Z, . Then,

Proposition 3. ([28], Proposition 3.3) Let m € Z...
(i) Forevery N > 0, there exist constants Cy > 0 and c > 0, such that:

NG \ﬁ)w

CN _clx—y?
Qb(x,y)| < =DechylP/e(p 4 Y Yo
Qem () < 575 ( p(x) ~ p(y)

(ii) Let0 < &' < &y, where & appears in Proposition 2. For every N > 0, there exist constants
Cn > 0and c, such that for |h| < /t,

Qb+ 1) — ()| = e P (UL (1 Yy VYT
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(iii) Forevery N > 0and 0 < &' < &y, there exists a constant Cy > 0, such that:

VENT L V-
‘/R Qf,m(x/y)dy\ SCN(p(—;)) (1 ﬁ) y

2.2. Fractional Heat Kernels Associated with L

In this section, we first state some backgrounds on the fractional heat semigroup
and the fractional heat kernel associated with L. For the case V # 0, the fractional heat
semigroup associated with L can not be defined using the Fourier multiplier method (2)
as the Laplace operator. We strike out on a new path and introduce the fractional heat
semigroup via the subordinative formula.

The Schrodinger operator L can be seen as the generator of the semigroup {e~*L};-0,
ie,

where the limit is in L2(R"). L is a self-adjointed, positive operator. The integral kernels of
the semigroups {e L'}, are denoted by K} (-, -). It is easy to verify that the kernel K} (-, -)
satisfies the following:

(i) Kf(x,y) >0, x,y € R";
(if) KF (x,y) = KF (v, %);
(it) Kby () = [ KEGo2)KE(2,0)d2

(iv) Jim [ Ki(xy)f(y)dy = f(x), VfeL*R").

For & € (0,1), the fractional power of L, denoted by L%, is defined as:

L) = g [ (V) = ) s VS € LR,

Here, {e’tﬁ}bo denotes the Poisson semigroup related to L, with the kernel P (-, )
defined as:

0 o=l 00 e—t /4s

Py = —= [ Sk i = 5o [T G K s

By the subordinative formula, we know that there exists a non-negative continuous
function 7§ (-) satisfying (cf., [3]):

1
M) = (/1)

o

t
ni(s) < ey Vs, t>0;

o (14)
/ s Tyi(s)ds < oo, ¥ > 0;
0
ot 1/
17‘;‘(5)_@, Vs>t/*>0,
such that Koe,t(-, -) can be expressed as:
Khi(xy) = [ 6K (e ) (15)

see [3] for some examples of #{(-). The function #7{(-) plays an important role in the
estimate of the fractional heat kernel K‘%’t(-, -). Take & = 1/2 for example: by (4), we can
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1/2 _ t ,—1?/4s : ; 1/2¢, s ofi
see that 17,/ “(s) = 53¢ , Vs, t > 0.1t is easy to verify that such #,/(-) satisfies
conditions in (14). For the special case L = —A, a direct computation gives:

2
oo /45y 2 cnt
P A (xy) = s M2yl s g — . ,
y (%) 0 2y/ms’/2 (2 + [x — y2)(ntD)/2

which coincides with the classical Poisson kernel obtained via (3).

2.3. Campanato-Type Spaces Associated with L

The Campanato-type space associated with L is defined as follows:

Definition 2. The space BMO] (R"), 0 < y < 1is defined as the set of all locally integrable
functions f, satisfying that there exists a constant C, such that:

1
sup gy [, 1f() — f(BV)ldx < C, (16)

where the supremum is taken over all balls B centered at xp with radius rp, and:

F(B,V) = {fB/ rg < p(xp);

0, rg > p(xp).

The norm ||f|| 5 Moy 1 defined as the infimum of the constants C, such that (16), above, holds.

Proposition 4. ([14], Proposition 4.3) Let B = B(x,r) withr < p(x). If f € BMO] (R"),0 <
v < 1, then there exists a constant C.,, such that | fg| < CW(p(x))”'fHBMOZ'

The space BMO] (R") is equivalent to the following Lipschitz-type space related to L:
Definition 3. For 0 < vy < 1, a continuous function f defined on R" belongs to the space Cg’v(]R”)

if
o PO )
x,yelllz" x —yl|v = dxe]lgvp(x)7

< 0

Proposition 5. ([14], Proposition 4.6) If 0 < y < 1, then the spaces BMO7 (R") and C)7 (R")
are equal, and their norms are equivalent.

It is well known that Hardy spaces HP(R"),0 < p < 1, are the predual spaces of
Campanato spaces (cf. [29]). In the 2000s, such a dual relationship was extended to function
spaces associated with operators; see [11,30-34]. For Schrodinger operator L, the following
Hardy-type spaces, HE(R”),O < p <1, were introduced in [26,27]:

Definition 4. For 0 < p < 1, an integrable function f is an element of the Hardy-type space
HY (R") if the maximal function

T*(f)(x) = sup | T (f) (x)]

5>0

belongs to LP(R™). The quasi-norm in H (R") is defined by: ||f||HLp = [T*(f) |-
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Let §o = min{1,2 —n/q} and n/(n+ &) < p < 1. An atom of H} (R") associated
with a ball B(xp, ) is a function 4, such that:

supp a C B(xp, ), r58 < p(xB);
llallp~ < |B(xp,rp)|~?;

/]R” a(x)dx =0, rg < p(xp)/4.

In [27], Dziubaniski and Zienkiewicz obtained the following atomic characterization of
HY(R"):
L

Proposition 6. ([27], Theorem 1.13) Let n/(n+6y)) < p < 1. f € H} (R") if and only if
f =Y Ajaj, where {a;} are HY -atoms and Y AP < oo

Theorem 1. ([14], Theorem 4.5) Let 0 < v < 1. Then, the dual space of HZ/("JW) (R™) is

BMO] (R™). More precisely, any continuous linear functional ® over HZ/ (n+) (R™) can be
represented as

d(a) = . (x)a(x)dx

for some function f € BMO] (R") and all HZ/ ) _gtoms a. Moreover, the operator norm
[@llop ~ [IfIlBamor-

Lemma 7. ([14], Lemma 5.4) Let g;(x,y) be a function of x,y € R", t > 0. Assume that for
every N > 0, there exists a constant Cy;, such that for some ' > ¢,

9:(x,y)] < CN(1+t/p(x) +t/p(y)) N (1 + [x = y|/6) 7).

Then, for every HZ/ ) _atom g supported on B(xo, 1), there exists Cy x, » > 0, such that:

sup| [ 45 1g(0)db] < Coayr(1-+ 31077, x € R
£>0
3. Regularities on Fractional Heat Semigroups Associated with L

The aim of this section is to estimate the regularities of the fractional heat kernel

Kk/t(-, -). By the use of (5), we first estimate a;"Kgrt(v -),m > 1. Then, via the solution to
(8), we investigate the spatial gradient of KOLC,t(y -). At last, we obtain the estimation of the

time-fractional derivatives of KDLM ().

3.1. Regularities of the Fractional Heat Kernel
We first investigate the regularities of K%, (-, -).

Proposition 7. Let « € (0,1) and V € By, q > n/2. For every N > 0, there exists a constant
Cy, such that:
t1/2rx t1/21x

-N
o )

Proof. By Proposition 1, we use (13)—(15) to obtain for any M, N > 0, a constant Cy v,
such that:

Cpnt
L N
Ka,t(x,y)‘ < (11728 1 [x — y|)n+2e (

¢t
Kiwn| 5 [ skl
o fe=cl-yl*/s Vs 7N Vs M
- Vs
~ CM,N/O sltatn/2 (1+p(x)) (1+P(]/)) -
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By changing variables, we have:
IS tlJrl/tX 7c\x—y\2 tl/ZlX\/a _N tl/za\/a -M
KE(xy)| S / (V)2 (14 VY (g d
a,t(x y)‘ S Cun 0 (tl/ocu)l+a( ) e ! (+ p(x) ) (+ p(y) ) !
N CM,N(fl/Z"‘)_N(tl/Z“)‘M/m 1 —n/z—N/z—M/ze—C‘thdu_
~ /2 \p(x) p(y) o ulte
Let I;cwyl = r2. Then,
/2 — 1/2a\ —M poo —y|2\ —1-a—n/2-N/2-M/2 _yl2
L —n/ou(t t x — | e lx—yl
K:x,t(x'y)‘ < Cmnt " 04( p(x )) (p(y)) /0 ( t1/ay2 ) r t1/ay3 dr
i’l/z“ _N t]/za M tl+(M+N)/(2a) © DA MAN—1 —cr?
= CMW( ) ( ) |x — y|2FntNTM 20+ o gy
t1/2zx tl/ztx -M t1+(M+N)/(2a)
< CM,N( ) ( ) Y| NTM’
which gives:
(tl/Zoc)N(tl/Zac)M L (x )‘ _ CM,Nt1+(M+N)/(2“) 17)
o)/ \ply)/) 1PtV = Ty =yt
On the other hand, using the change of variables again, we obtain:
00 —N \/g -M
L < / —n/2, \ﬁ V-
Ka,t(x,y)‘ < CunN A ﬂl(tl/f’f)<1+p(x)) (1+p(y)) ds
00 1/2a0  —N ﬁtl/er -M
< 1/a.\—n/2 ® \/?t 1/«
< CM’N/O (t"7) tl/anl(T)(l+ o) ) (1+ o) ) /%t
1720 —N ,1/20( —M oo
< Cynt "2 / /2 M/2N 2 (1 g,
<p(X)) (p(y)) 0 n
The above estimate implies that:
tl/ZIX N tl/ZtX M I CMN
pE— < —.
Gm) Gy) [Kuten] =3 o
Now, combining (17) and (18), we have:
P26\ N /20 M) {1+ (M+N)/ (20)
< . —n/2ua
() o) [Kestew] < Comsomin{ ez 12}

which, together with the arbitrariness of M, N, indicates that:

(1+

tl/Zuc

p(x)

tl/sz

Cnt
+
p(y)

L
K ( |x_y|)n+2a

ot x'y)‘ < (t1/2a+

) -N
This completes the proof of Proposition 7. [

Proposition 8. Let « € (0,1) and V € By, q > n/2. For any N > 0, there exists a constant
Cn > 0, such that for every 0 < &' < 69 = min{1,2 — n/q} and all |h| < t1/2%,

(1+ )_N.

Proof. The proof is similar to that of Proposition 7. We first assume that |h| < |x — y|/2.
By the subordinative Formula (15), we can use Proposition 2 to obtain, for any M, N > 0, a
constant Cp; , such that:

tl/ZIX

p(x)

tl/ti

p(y)

Cn([nl/£72%)°

[Ki(x +hy) = (11726 3 [x — y|)n+2s

Kei(x,y)] +
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o t _ _ 12 & \/g -N \/E -M
L _xL < n/2 ,—clx—y|*/s
Kii(x+hy) —Ky(x,y)| < CM’N/O T e <|h|/\@) <1+ p(x)) (H_p(y)) ds
/2 tl/2u¢ M t1+(M+N)/(2tx)+6’/21x

hl \¢ -N
CmN ( tl|/2|uc) <p(x) ) (p(y) ) |x — y|2atnt MAN+S
1720 —N ,41/2a( —M tl+(M+N)/(2¢x)‘h‘5’
CM’N(p(x)) (p(y)) |x =yt MEN

IN

IN

which implies:
tl / 2(X tl / 20(

) Gw)”

On the other hand, letting T = s/ t1/% we have:

CM,Ntl+(M+N) /(2a) |h |5’

K,,e,t(x +hy) - K,,%,t(x,y) = |x — y|21x+n+M+N+5’

(19)

< CmnN ./O‘oos_n/ztll/“ﬂ%(s/tl/zx)(%)5/ (1+p\(fxs))_N(1+p(\/y§))_Mds

® (s -n/2 a h| N\ STV N, gl M
SCM,N/O (£ )" 51 (7) ﬁtl/sz) (1+ e ) <1+ g ) gt

— o0
) t—n/Za—é//2a|h|5//0 T—n/Z—M/Z—N/Z—(S’/Z;ﬁ(T)dT.

tl /20{ —N
p(x) ) ( p(y)
This gives:

< CM,N(

tl/21x tl/Za

Ge) Gw)”

The estimates (19) and (20) indicate that:

_ hl N\
KE(x+h,y) = Kby (xy)| < Cut ”/2“(t1|/2|a) .0

tl/th N t1/21x M
(o) Gw)

t1+(M+N)/(2rx)|h|(5’ ; \h| 5

. —n/2u

< Cymin e MiNT L /24 :
|x =y t

KEi(x+1,y) = Kby (x,)|

Due to the arbitrariness of M, we have:

Cnt |h| S5 tl/ZtX t1/2ﬂc -N
L L N
Kyi(x +hy) Ka,t(x'y)‘ = (72 |x — y| )it (tl/zlx) (1+ o(x) + p(y)> :

This proves Proposition 8 under the assumption |h| < |x —y|/2.

Now, we prove this proposition for the case || < t1/2*. For || < |x —y|/2 < or
|h| < t1/2% < |x — y|/2, the desired estimate can be deduced from (19) and (20). The case
|x —y|/2 < |h| < t1/2* remains to be considered. We split:

tl/ZtX

Khi(x+hy) —Kb(xy)| < Si+5,

where

L « L _ L .
5= /|h‘<\/§;7t (S) K,,(,S(x—kh,y) sz,s(xfy)‘ds’

-— o
So= [ o)

KEo(x+hy) = Kk (x,y)|ds.
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For S1, since || < /s, we can follow the procedure of (20) to deduce that:

s -/Ih<ﬁs_n/21ﬂ1/’"n{((s/tl/a)<%)5/ (1+p\(fxs))_N(1+p(\/y§)>_Nds
< [Tem () (1 55) (e ) e
1/20 — 1/2a« — — ,
S (N N (L[ g

#1/2u 11/ 2

_ _ 5!
s G o) e ()

We further divide S; into Sy = Sp1 + S22, where

Syq:= “(s)|KE ds;
217 fo O |KEs () s
Spo = %(s)|KE h,y)|ds.
2,2 wz\/gnt (S) oc,s(x+ ]/)’ s

Noticing |h| > /s, for 8’ > 0, it follows from Proposition 7 that:

/\hlzﬁfn/z tll/tx i (s/t") (1 + p\([xS))N (1 + p(\f)) N

/:o s—n/ztl%;ﬁ‘(s/tl/a) ('\%)5/ (1 + p}{;) _N(l + p\(/ys))_Nds

® o —n/2, | NG STV N, /2 N
/0 (t1/%7) Wl(T)(ﬁtl/m) (1+ o) ) (1+ o ) gt
tl/ZIX tl/zlx

-N N &
S (m) (p(y)) t_n/za(t1|1/12|“) ’

For S5, similarly, we use Proposition 7, again, to deduce that:

—n/ZL o 1/a \/g —2N ﬁ -
/\hlzﬁs e s/t )<1+p(X+h)> (Hp(y)) *

[ st () 1 )

h 1/a \—n/2_ « & & \/?tl/ZIX _9N
/O (/%) Wl(T)(ﬁtl/2a> (1+ ) ) it
tl/Z:x

( e ) N 2 ( t1|i12|a )5"

which, together with the arbitrariness of N, indicates that:

S1

N

N

N

N

So»

N

N

s s (1 5) o ()

Because |x — y|/2 < t1/2%, by Lemma 3, it holds that:

m(x,V) > m(x,V)
(1+ |x — y|m(x, V))ko/ (ko) ™~ (1 4 $1/203(x, V) )ko/ (1+ko) ”

m(y, V) >c¢
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which gives:

(1+ ';(/;;) s (1+ 82 m(y, v)) -

(1 + £1/22m(x, V))koN/ (1tko)

N
((1_’_t1/2am(xlv))ko/(l+k0)_|_t1/21xm(xlv))

A

/20 N/
S (14— .
( py) )
The estimates for S; and Sy, together with |x —y|/2 < t1/2%, imply that:

/ 1/2a —N 1/2a —N
L gL < onz( BV t t
Kixot ) =Ky o] s 07 (47) (Hp(x)) (Hp(y))
(\h\/tl/z‘)‘)ét $1/2u #1/20( —N
+
(#1728 4 |x — y[)nt2e ( p(x)  p(y) )

A

O
Form € Z* and t > 0, define: 55;" () = t"3y"KL ,(-,-). We can obtain the following

estimates about the kernel: 150%[" ().

Proposition 9. Let « € (0,1), V € By,q > n/2, m € Z, and 6 = min{2a,dy}, where &
appears in Proposition 2.

(i) Forany N > 0, there exists a constant Cy > 0, such that:

t1/20¢ tl/sz _N
1+ + ;
p(x) p(y))

(i) Let0 < ¢ < 4. Forany N > 0, there exists a constant Cyy > 0, such that for all |h| < $1/20

Cnt™ (

~L,m
Dyt (x,y)| < (11728 1 |x — y|)n2am

11/20 /20 N
+ ;
p(x) ~ p(y) )

(iii) Let0 < ¢’ < 6. Forany N > &, there exists a constant Cyy > 0, such that:

B (x4 ) = B ()| < Oy () & (1+
ot ot = 11/2a (tl/Zac 4 |x _ y‘)n-&-thm

(tl/sz /p(x))é/
T+ 175 /p(0)"

| Ve (x,y)dy| < Cx

Proof. For (i), since #{(s) = tll/a, ni(s/t/®),

oo 1 (e9)
Kii(vy) = [ nt (/8K s = [tk ()

0
Hence,
o m e o0 o
kb = 5w ([ @K )| = | [ Sk ey

By (i) of Proposition 3 and the higher-order derivative formula of the composite
function, we can obtain:
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am < L *© ® i/a—m iai L
gk S | [ @ Sk )|, ]

00 1/20  —N ﬁtl/sz —-N
< —m « 1/ \—1/2 ,—c|x—y|? /T \Et ]
< Cpt /0 nf ()t 4T) " %e (1+ o) ) (1+7p(]/) ) dt

Notice that 7§ (1) < C/t!**. By changing the variables, we obtain:
9" Cn p1/20\ =N fl/20y =N peo —1-a—n/2—N ,—c|x—y|?/t1/*
_ =N (P o yl# /%
atm lxt(x y)’ -  pmtn/2a (p(x)) <p(y)) /O T e dt
CNtl-'rN/ﬂL—m tl/ZIX —N t1/206 —N
[x — y[Perme2n (P(x)) (p(y))
On the other hand,
am L [ee] am L
sk = | [ @ 5K, ]
/20 —N ,41/20( —N foo
< —m o 1/ay—n/2_—N
< Cnt <p(x)) (p(y)> /0 n1 () (tte) TVt

1/2 — 1/2 _
< orm () Goy)

Finally, we have proved that, for arbitrary N > 0,

1720 (N ,41/20( N| gm L 1+N/a—m 1
—_ —_ - < H
(p(x)) (p(y)) atha,t(x,]/)‘ < CNmm{\x—y|2“+”+2N' proTEyP }/

which gives:

tl/sz tl/le)fN
+ .
p(x)  py)

For (i), via the subordinative Formula (15), we can complete the proof by using (ii) of
Proposition 3. We omit the details.
For (iii), it is easy to see that e™5L" (f = Jo 1 (1)e "L (f)(x)dt. Hence,

=T m Cnt™
Dyt (x, )| < (F1720 4 | — y|)nt2am (1 +

m m
m

d 0 o0
t (-,TmKoLz,t(xr]/) = tmaTm(/o i (T)K tl/a(x Y) dT CmtxZ/ (T tl/arz(x y)dt

It follows from (iii) of Proposition 3 that:

oDy 5 [Tapo)] [ Qg (xdy]de
© ey (V1T /p(0)”
< oy ) (Hﬁ"/p(xw

If t1/2% > p(x), since N > ¢, then:

‘/R,, 55:?1(%1/)61}/! < CNP(X)nyt(‘SLNW“/O 7t (t)t -N)24¢

Cn (2 /p(x))?
(1+ 872 /p(x))¥
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If t1/2¢ < p(x), then:
[ B nar] < e/ o)) [ ey
0

Because the function #{ (-) is continuous, the integral fol 17{‘(1’)1"5,/ 2dt < c0. On the
other hand, recalling that #{ (1) < 1/ 1% we obtain:

/°°17 5/2dr</ o’/sz<oo/
1
which implies that:
" tl/z“/p(x))y
‘ R ok (xy) y‘ 1+t1/ (20) /p(x))N

O

3.2. Estimation on the Spatial Gradient

In this section, we investigate the spatial gradient of Kg;rt(-, -), « > 0. For the special
case « = 1/2,i.e., the Poisson kernel, the regularity estimates have been obtained in ([15],
Lemma 3.9).

Lemma 8. Suppose that V € B, for some q > n. For every N > 0, there exist constants Cy > 0
and ¢ > 0, such that for all x,y € R" and t > 0, the kernels K&(-, -) satisfy the following estimates:

CiNefCIxfy\z/% +i+ \[) S VES [x—yl;

n+1)/2
IV KL (2, )] < t(cﬂ p\([) p\(%)
N —clx—y|?/t 14+ Yo \[
—_— ¢ + + t> |x —vy|.
e |2 (4 + agy) - V>l

Proof. Let I'y(-, -) be the fundamental solution of —A in R”, i.e

1 1
= — >
0y = e ey "2

where w(n) denotes the area of the unit sphere in R". Fix t > 0 and xp, o € R". Assume
that u(-, -) is a weak solution to the equation:

ot + Lu = dpu + (—A)u + Vu = 0.
Let 7 € C5°(B(x0,2R)), with some R > 0, such that 7 = 1 on B(xo,3R/2), |Vy| <

C/R,and |V?y| < C/R2. Noticing that d;u + Lu = 0, we can obtain:

92 ou 9 02
Y AP R

= \ox; ax, ox; 8xi
= —Au-yn—=2Vu-Vy—u-Ag
— (o) — Vuy —2VuVny —uVy,

—A(un)
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which, together with integration by parts, gives:

_./ To(x,y)Vu(y,t) - Vn(y Z/nro X, y t) ag](/}l/)dy
- Z /n Byl Wi:ly) M(y, t)dy + 1; /]R" Fo(x’ y) aﬂx(zzy) ) ”(% t)d]/

- /R VyLo(x,y) - Vi (y)uly, t)dy + /R To(x,y) - An(y)uly, t)dy.
Then we can obtain:
u(x, )y(x) = /R To(x,y){ = V)uly, hn(y) = n(y)deuly, ) = 2uly, 1) - Vn(y) = uly, HAN(y) dy
= /R Fo(x,y){ = Vy)uly, )n(y) —n(y)owu(y,t) + An(y) - uly, t)}dy
2 [ VyTo(x,y) Vi (y)u(y, dy.

Notice that it follows from Lemma 5 that (cf., [23], (1.7)):

V(y) C / C R \mo
dy < Viydy < =14+ —— , > 1.
Sy g S Tt fy VO S (15 50y) e

Thus, for x € B(xg, R), it holds that:

[Veu(x, t)| = [Vx(u(x, t)y(x ))I
V(y v, )l () / |9¢u(y, t)|[1(y)| C /
< d d ,t)|d
= JB(x02R) —y[n1 y+.B(x0,2R) x —y[r1 y+ R Jp(x2R) u(y, t)|dy
C R \mo
< & sup |u (y, N1+ ——=) +1;+CR sup |du(y,¢t)|.
R B(x0,2R) {< p(x())) } B(xo,R)

Take u(x,t) = KF(x,y0) and R < min{|xo — yo|/8, p(x0)}. We obtain:

C R \mo
IVaKf(x0,90)| < = sup |KF(x,y0)l{ (1+——=) +1{+R sup [9:Kf(x,y0)l-
o R p(xy2R) : { ( P(x0)> } B(x0.2R) :

If x € B(xp,2R), then |x — yo| ~ |xo — yo|. Additionally, p(x) ~ p(xg) for |x — xp| <
2R < 2p(xp). It follows, from Propositions 1 and 3, that for any N > 0 there exists a
constant Cy;, such that:

CN _ilyn—y |2
sup |K1‘L(x,y0)| < We c[xo—yol /t<1+

x€B(xp,2R) (21)

Cn _ 2
sup [iKH(x yo)| < oage-cha s /f(1+ v
x€B(xp,2R) o(x

Finally, it can be deduced from (21) that:

CN . /2 —clxounl? Vit VvVt N R?
L < ZNyp=n/2,—clxo—yol*/t fll
VK oy) < Sz (Tt i) U

The rest of the proof is divided into three cases:
Case 1: R > +/t. For this case, v/t < R < min{|xo — y0|/8, p(x0)}. We split

|VKE (x0,y0)| < Cn(My + M),
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where

1:= ﬁ#e—c\xo—yo\z/f(1+ Vi + Vi )_N-

R tn+1)/2 p(xo)  p(yo)/ '
_N R2
M, ;:ﬁ 1 e—C\xo—yo\Z/f<1+ Vi + Vi ) NR®
R tnt1)/2 p(xo) ~ p(vo) t

It is obvious that:
My Loy YL VY
tn+1)/2 p(xo0) ~ p(yo)

Similarly, for the term Mj, we can also obtain:

< e—Clxo—yol?/t Vi Vi
M S e (1+ 2 o) F
—-N _ 2
< o—clro—yol?/t X0 — o
~ t(n+l)/ <1+ (xo) ( 0)) t
< e—Clxo—yol?/t
~ t(n+l)/ (1 * p(x ) e(vo ))

Case2: 0 < R < v/t <min{|xg —yo|/8, p(x0)}. We write:

R Vi

Because R < v/t < min{|xo — yo|/8, p(x0)}, taking the infimum for R yields:

L Cn —clxg—yo|?/t \/E \/E -N \/E R
VK (xoyo)l < foyme ™" (1+P(xo) P(yo)) { }

CN 7c\x —yo|?/t \/E \/E -N
IVxKi (o 0)| < e 0" @+p&w+p@w)

Case 3: 0 < R < min{|xg — yo|/8, p(x0)} < v/t. Similarly, we can see that:

CN _ a2
|VthL(x0,y0)| < W@ clxo—yol /t<1+

Vit VvVt \"N/y/t R
o r) (R

Since 0 < R < min{|xo — yo0|/8, p(x0)} < V', the function v/t/R + R/+/t is decreas-
ing and with the infimum at R = min{|xp — y0|/8, p(x0)}. Then,

L Cn —c|xo—yo|?/t \/E i -
|V.KF(x0,10)] < t(n+1)/2e 0—Y0 (1 + (o) + P(y0)> (22)
y Vi +min{|x0—yo|/8/ p(xo)}
min{|xo —yo|/8, p(x0)} Vi .

Case 3.1: p(xp) < |xp — yo|/8. Since N is arbitrary, we can deduce from (22) that:

o—clxo-yol? Vi W Vit | p(xo)
[V2KE (x0,50)] < t(n+1)/2 [¥o=yol ”<1+ o) p(yo)) (p(xo) o+ \/‘tf )
—CXO 02 t \/> \/>
= t(n+1)/2 romwel/ (1+ p(xo) T p(yo))
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Case 3.2: p(xg) > |xp — yo|/8. For this case, by (22) again, it holds that:

CN  —elxg—ypl? Vi ViENN WV |x0 — ol
V. KE(xo, < N clxo—yol?/t (1 vt
|VxKi (x0,y0)] < t(n+1)/ze <+p(xo)+p(yo)> (IXO—yo|+ 7 )
—c\xo yo\z/t 1+ \[ \[
2° ( (xo) (3/ )>

+C7Ne—6|xo—yo|2/t(
|x0 — yolt"/?

<

t(n+1)/

pLx

Finally, we obtain the following estimates:

| VK (x0, 90)|
Cn —clxg—yo|?/t Vit Vi N . _ )
< e e olx) P(}/o)) o Vi< min{Jx0 = yol /8, plxo)

CN pclro—voP/t( L 1 VE VBN
' (\/E—i_ |x0—y0|)(1+p(xo)+p(y0)>

Then, if v/t > |xo — yo| /8,

,VE> min{|xo —ol/8, P(xo)}-

C el |2 t Vf\N
W%ﬂmmﬂémhﬁwme”wm“@+‘[ )

This proves Lemma 8. [J

Our spatial gradient estimates in this paper all are pointwise estimations, which is
stronger than the norm estimates. From the spatial gradient estimates in Lemma 8, we can
obtain the estimates appearing in ([22], Lemma 2.1) in the following.

Proposition 10. Suppose that V € By for some q > n, n > 3. For a > 0, the spatial derivative of
Ké,t(', ) satisfies the following L'-estimate and L2-estimate, respectively.

L -1/2
||VXK0(,t(./y)HLl(ea\xfy\/ﬂdx) Sty

19K ) e airvigey S 5

Proof. We only give the details for the L'-estimate, and the estimate for || - ||, can be dealt
with similarly. By Lemma 8, we obtain:

||VXKL£J,t('/ 3/) HL] (ezx\xfy\/\/fdx) S Ml + MZ/

where

1 —clx—y|? -
— Y12/t x—y|/VE 5.
‘A}mwﬂwwf ‘ A

1
Jjx—y|<vi tV/2|x —y|

By the change of variables, we can obtain:

e—C|X—y\2/f6“\X—y|/\/de'

1 1
M2 5 tl/z/ efcuzeauun72du 5 t71/2.
0
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For M, applying the change of variables again,

$1/2
1
t1/2

1 2 _
Ml S / o ity 1 1d1/l
1

< / e*vz(v—i—zx/Zc)”*ldv.
1

—u/2c

Case 1: a < 2c¢. For this case, it is obvious that My < =172,
Case 2: @ > 2c. Then, we spilt My < Mj 1 + My 2, where:

My, = 1 /oo 67U2(0+a/26)”*1dv'
L1 /2 «/2c—1 ’
1 a/2c—1 2 / " 1d
Mj, = —/ e’ (v+a/2c)" “do.
12 /2 1—a/2c ( )

Obviously, My 1 < t~1/2. For Mj », we have:
= 1-k
Ml,z = Z Cnfl(ﬂé/ZC)ni - M1,2,k/
k=0

where

1 a/2c—1 2k

Noting that
0, k is odd;
Ml,Z,k = 2 a/2c—1 >
7/ e " v*dv, kiseven,
0
we can obtain M; < t71/2. O

Lemma 9. Suppose that V € B for some q > n. For every N > 0, there exists a constant C > 0,
such that for all x,y € R" and t > 0, the semigroup kernels K} (-, ) satisfy the following estimate:

c VE | VE\N
w1 o )

\VthL(x,y)\ < ;

Proof. Assume that u(-,-) is a weak solution of the equation
osu + Lu = o+ (—A)u+ Vu = 0.

Similar to Lemma 8, we can prove that for all x € B(xo, R),

A

C R \mo
|Viu(x, t)]| < = sup |u(y, )3 (1+— +1¢+CR sup |ou(y,t)|.
R Bxo,2R) i p(xo) ) } B(x0.R)

Take u(x,t) = KF(x,yo) for fixed yo, and let R € (0,min{p(xp),/t}). It can be
deduced from Propositions 1 and 3 that:

C Vit Vit N
su KE(x, + [t KE (x, §7N1+7+7 .
xeB(xEZR) {| P g0)| + iRk y0)|} f”/Z( p(xo) P(yo))
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This, together with R < p(xp), implies that:

. vt i)7N{1+R—2} (23)

V. KE (xo, < LR PR
| t( 0 1/0)| R tn/z p(X(]) P(yO) t

C VE | VENNVE
= t(”ﬁ)/2 (Hp(xZ) +p(y2)) (Rt+5f)

If v/ < p(xp), taking the infimum for R on both sides of (23) reaches:

L Cn Vi VE N
VK (x0,90)| < t(”+1)/2(1+p(xo)+p(yo)>

If V't > p(xg), note that the function h(t) := R/+/t + /t/R is decreasing on R €
(0,p(xp)). Taking the infimum again, we obtain:

VK (x0,90)| - <

Cn Vi VENN( VE p(x)

tn+1)/2 (1+p(xo)+p(yo)> {p(xo)Jr Vi }
Cn Vit Vi N

w7 (U ) )

This completes the proof of Lemma 9. [

Now, we give the gradient estimate of K% (-, -).

Proposition 11. Suppose & > 0and V € By for some q > n. For every N > 0, there exists a
constant Cy > 0, such that for all x,y € R" and t > 0,

tl/th tl/29¢ _

N
o )

Cnt (

1/2«
/207 Kg 4 (x, )] < (172 ¢ [x — y[)n+2a

Proof. The subordinate formula gives:

VKL (xy) = /0 F(s)VKE(x,y)ds

which, together with Lemma 8, implies that | VKL, (x,y)| < Cn(Ly + Lz), where:

lx—y[? N 1 clr—yl2 NG Vs N
.: —elyPrs(14 V5 VS .
Lyp: /0 Un (S)S(nJrl)/Ze (1 + p(x) T p(y)) ds;
0 1 —elx—y|? Vs s\ N
= ) pe—" LAY & R R L B
/|x y2 s"/2|x —y| ( p(x) p(y>)

For L, letting s = 172y we can obtain:

o _“ V\ tl/zﬂé u\ —N tl/2a N —N
It 1 Y

- p(x) p(y)

< (tl/h) (tl/zu) Nt*(n+1)/2a /oo lf(nJrl)/27(1+1>c+1\l)e*Cﬁ;ﬂ2 du
11/ #1/20\ —N 14N/

g e N

Similarly, for the term L, a change of variables yields:
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tl/“ )~ —n/2,~ H/,xyj, (1+

#1728 fy\ ~N /2% fuN =N
L < = \/ tw T ( (x) ) (- ) )
y ) 0 Py

1/2 1/2 cleuP?
1/ zx) (t / w) N/°° u,n/27(1+a+N)€* ‘tl/ay,‘, du
0

)
1 tl/Za t1/20( —_N joo tl/oc 2 1+a+N+n/2 ]2
n/2u ( ) ( ) / ( : 2) o |x1/ocy3‘ d
[x —ylt p(x) p(y) 0 \x—yl t/uy
tl/20¢ —-N tl/Za —-N t1+N/06
(p(x)) (p(y)> |x — y[pataNEntd

The estimates for L1 and L; indicate that:

t”/z"‘lx*yl(

tl/Zﬂc tl/Zoc CNt1+N/1X
(m) (p(y)) |ViKyy (%, y)] < x — y[2e 2N

On the other hand, by Lemma 9 and changing variables T = s/t!/%, we obtain:
e 1 S \/g -N \/g -N
L < (n+1)/2 o Ve Ve
|Vszx,t<x/y)| = CN/O s tl/”‘ﬂl(tl/”‘)(1+p(x)) <1+P(]/)> ds

) Q n ® tl/Zﬂéﬁ -N tl/z”‘\/? N
< o [ (1 e ) (1+ o ) ar

1/20 —N ,41/20 —N
< womGer) Gw)

Finally, we obtain:

t1+N/lx }

t1/21x
x — y|r 12N+

C?l(/;;)N (M)NVXKDIZJ(JC/JM < Cymin {t*(nﬂ)/ztxl

The arbitrariness of N indicates that:

Cn t <1+t1/2"‘>—N(1+

tl/ZtX —N
L
VaeKay (%, )] < 1172 (11726 4 |x — y|)n+2a o(x) ) '

o)

O

Below, we estimate the Lipschitz continuity of |V KF(-, -)|.

Lemma 10. Suppose that « > 0and V € By for some q > n. Let 6’ =1 —n/q. For every N > 0,
there exist constants Cy > 0 and ¢ > 0, such that for all x,y € R", t > 0and |h| < |x —y|/4,

|VKE(x +h,y) — ViKE (x, )]
5 —N
Cn (lhl) e—c\x—y\z/t(1+i+i) ,VES [x—yl;

i 1)/2\ p(x)  p(y)
Cn ] N eyt Vi | VENN
e 1+ —+—— L VE> |x—).
77 =71 (e =yl) (267 + 5) =

Proof. The proof is similar to that of Lemma 8. Let I'y(+, -) be the fundamental solution of

—Ain R". Assume that o;u + (—A)u + Vu = 0. Let 5 € C§°(B(x0,2R)), such that 7 = 1 on
B(x0,3R/2),|Vn| < C/R,and |V?y| < C/R?. Itis easy to see that:
(=8)(un) = (=Bu)y = 2Vu - Vi +u- (=Ay).

Similar to the proof of Lemma 8, an integration by parts implies that:
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— [ Tolx.)Vuly,t)- V(y)dy = [ VyTo(x,)Vn)u(y, Oy + [ To(xy)anyu(y, by,

which yields:

u(x, t)y(x) = /]R To(x,y){ (=0eu(y, ))1(y) = V)uly, O)n(y) + uly, HAn(y) dy
+2 /R VyTo(x,y)u(y.t) - Vi (y)dy.

Then, for x € B(xo, R), u(x,t) = u(x,t)n(x), and

Vi) = V3{ [ Toley){(=amy,0)nv) = V)ul, ) +uly, 08 by
2 [ 9oyl )iy},

4
which gives || V2u(-,t)|ls < T [|Si(-, 1) |4, where:
i=1

S100,8) = [ 1V3T0(x, )|~ In(v)] - Pruty, B)ldy;
Sa(x,t) := /R V3o (x, )| - [An(y)| - [u(y, ) |dy;
Sa(t) =2 [ VAV, To(xy)] - [V(w)] - [u(y,£)ldy;

Sq(x,t) := /Rn IV3To(x, )| - W)V ()] - [u(y, )ldy.

Now, we estimate the terms [|S;(-, t)||4,i = 1,2,3,4 separately. For the term ||S1(-, )4,
because it is well known that V2Ty(-, ) is a Calderén-Zygmund kernel (see [35]), we have:

100 = || L, @)ty DIVETo( yldy]
< { sup oI} [ nIIVEC )y,
yeB(x0,2R)
S lle{  sup ey 1.
yeB(x(,2R)

The estimate of S; is similar to that of S;. Noting that # = 1 on B(x(,3R/2), we can
obtain:

sz(x,t)g/ \u(y,t)llAz(y)ldyg{ sup |u(y/t>|}/ IAn(y)i
B(x02R)\B(x03R/2)  [x =Yl yeB(x02R) B(x0,2R)\B(x0,3R/2) |X = Y|

For 3R/2 < |y — xp| < 2R and x € B(xp, R), a direct computation gives |x —y| ~ R
and

SUPy B (xg,2R) [4(Y, )] /
A d
R B(xO,ZR)\B(x0,3R/2)| 1(y)ldy

SUP,cp(xy2r) [1(Y )] / p < SUPB(x,2R) |1y, )]
B(x0,2R) )

Sz(x,t)

N

~ Rn+2 UN RZ
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Additionally,
120,805 S { sup Jul )|} Al
y€B(x0,2R)
1/q
< su u(y,t / A id
{yEB(X&R)| GOy am miesanya) 110 11)
S R sup Ju(y b}
yE€B(x0,2R)

Following the same procedure, we apply the Young inequality to obtain:

S3(-,t < su u(y,t / ViV, To(-,y)| - |V d
15300 5 {_swp OO e s [ TTOC D 910,
< { sup [uw DI}Vl |[VEVL L0 X 2mp pcoar2) |
B(x9,2R)
d
< su u(y,t R”/q’lf 4y
{yGB(x(lJD,ZR)| g )|} ( B(x0,2R)\B(x0,3R/2) Ix—yI”“)

S RV sup Juy )l
y€B(x0,2R)

At last, for the term S4, by Lemma 5 and the condition V € By, we can obtain, via the
LP-boundedness of the operator with the kernel V2T(-, ), the following:

ISsC.0lly S VOGOl

S { WO} (f iy VT 00)

S {, oo WO (G " O)
s { s moijre (32 Jrpan V)

s { s IR (1 22)"

The estimates for ||S; (-, t)||;,7 = 1,2,3,4 indicate that:

R \mo
IV2 () agseory S RYT2{ (14 -5 41 sup Jun )} + R sup [auy, 0]}
HBGoR) { ( p(xo) ) }{ yEB(x0,2R) } { yEB(x0,2R) }

Let u(xo,t) = KF(x0,v0)- Then,
|VxKF (x0 + b, y0) — V<K (x0,0)|

1/q
< |p|1-n/q 2L q
S IVEKE o) )

<D RO ) N e s e, ot

\ﬁ x€B(xp,2R) x€B(x9,2R)
1=n/q ;\/t\1-n/ o—clx—yol/t VNN L—N
<SR T ) e e () () )

+CNR—2{ sup o eelr W‘z”( + \/E) N(1+pﬂ))_N}.

t x€B(x0,2R) tn/z p(x) (vo
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Take 0 < R < min{p(xp), |xo — yo|/8}. If x € B(xp,2R), then |x — xg| < 2p(xp), that
is, p(x) ~ p(xp). Moreover, if x € B(xg,2R), |x — x9| < 2R < |xp — yo|/4, which means
that |x — yo| ~ |x0 — yo|- We can obtain:

|VKF (x0 + h,y0) — VKF (x0,10)| (24)
h|\1-7/9 . o102 Vi N L -N l 1-n/q /\/t R
- t(n(jrll\[)ﬁ (|\/|{) qe o /t(l + p(xZ)) (1 p(yé)) ( Rt) q( Rt + 5{)'

Define a function F(x) = x'~"/9(x +1/x), x > 0. Then, we can see that for x >
\V/1n/(2q —n), F'(x) > 0,i.e., F is increasing, which means that the function f := F(y/t/R)
is decreasing for R € (0,/(29 —n)t/n). Below, we divide the rest of the proof into
two cases:

Case 1: 0 < R < min{p(x9), |xo — yo|} < V't. We further divide the discussion into
two subcases:

Case 1.1: 0 < R < p(x9) < V't < /(29 —n)t/n,ie., p(xo) < |xo — yol|. For this case,
the function f(R) has the infimum f(p(xg)) for R € (0, p(xo)). Then, taking the infimum
for R on both sides of (24), we can use the fact that p(x) < +/f to obtain:

|VxKF(x0 + h,y0) — V<KF (x0,10)|

1=n/ —c|xo—yo|?/t \[ —-N \[ -N \[ 1=/ \[

< () et e ) ) {G) T Gl )
eyl YE YN VENTY

S t(n(i]l\])/Z (|\h[|t) e /t(l + p(x:))) (1 * P(yZ)) ‘

Case 1.2: 0 < R < |xg — yo| < V1, i-e., p(x0) > |x0 — yo|- Similar to Case 1.1, taking
the infimum for f(R) gives:

I e I e I (e vy

X — +
R Rt |x0 — Yol |x0 — Yol Vi
1-n/
() ™ (),
|x0 — ol |0 — yol

Then, we obtain:

|vthL(x0 +h,y0) — VthL(xOIJ/O)|
Cn (Ihl)l—"/‘7< Vi )1—"/qe_c\xo—yo\2/t(1+i)‘N<1+ Vi )—N< Vi

= tm+1)/2\ /7 X0 — yo|

Vi

It is easy to see that:

|V K (x0 + I, y0) — VKF (x0,%0)|

|h| 1-n/q 1 _ 2 \/E —-N \ﬁ —N \/E
< clxo—yol*/t (1 1 1
~ (|x0 —]/o|) fn1)/2¢ ( * P(xo)) ( - P(]/o)) (|x0 — Yol - )
<( |h| )1—1’1/‘7 1 e—C\Xo—yo\z/f(1+ \/E )—N(1+ \ﬁ )—N \/E
~ \xo — yol t(n+1)/2 p(xo) p(Yo) X0 — o
|h| 1=n/q 1 —clxg—yo|?/t \/E —N \ﬁ -N
A S 1 1
+(|xo —]/o|) fn1)/2° (+ P(xo)) ( - P(yo))
|h| 1-n/q 1 1 e Vi NN VE N
< (= clxo—yol*/t Vs
) Goron * w72 =) (o) (o)
|h| 1-n/q 1 e Vit N Vi N
< (1 = e—cmwlt/t(q 4 14 Y .
~ (Ixo —yol) £/2]x0 — Yol ( p(xo)> ( p(yo)>
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Case 2: v/t < min{p(xp), |xo — vo|/8}. Similar to Case 1, we divide the discussion into
two subcases again:

Case 2.1: 0 < R < v/t < /(29 —n)t/n < min{p(xo), |x0 — yo|/8}. It follows from

(24) that:

V<K (x0 + 1, y0) — V2K (x0,50)] (25)
1|\ 1=/q e=¢lxo=vol*/t VE \-N VEN-N/VENI/9 4 /F R

= CN(ﬁ) t(n+1)/2 (1 p(xo)) (1 p(yo)) (?) (? ﬁ)

Taking the infimum on both sides (25) reaches:

I VEN-N/ VEAN
L _ L N clxg—yol*/t
IV KE(x0 + h, y0) — VK. (xo,y0)|§7n+1)/2(\/i> 0—¥0 (Hp(xo)) (1+—p(y0)) .

Case 2.2: 0 < R < v/t < min{p(xp), |x0 — vo|/8} < /(29 — n)t/n. Similarly, taking
the infimum on both sides of (25), we obtain:

VK (x0 + 1, y0) — V2K (x0,50)]
BN Vi N VE N
< 0—Yol*/t
v () e (1+ )) (1+ )

i e p(xo p(vo)
X ( Vi >1 n/q( Vit n min{p(xo),|x0—y0|/8})
min{p(xo), [xo — yol/8} min{p(x0), [xo — yol/8} NG )

If p(x0) < |x0 — yo|/8, then:
V2K (x0+h, Yo) — VthL(XO/VO)|

CN(@E)l " <n+11>/ze_c‘x°_y°‘2/t(1+ - ) (1+ o )"

VE NI
A) " Gl o))

<CN(|5|{)1 n/qt(njl)/zeidxoiyowt(1+ v >7N(1+ v >7N'

If p(xg) > |x0 — yo|/8, we have:

|V 2KE (x0 + 1, y0) — VaKf (x0,y0) |
Cn (|h|>1— /q c|xofy0|2/t<1+ Vi >—N(1+i>—1\1

~ D2\ p(x0) (o)

() (G x”ﬁ’”')}
<) ) ") e
—tn/qff_yd(uo'ﬁ'yof"” el W(H ) ™

+t(n<izlv)/2(|x0\ﬁyo|)l”/q o—clro- yo|2/t(1—|— )*N( )7N.

If v/t < |xo — yol, then:

|h|)1n/fie”€0y02/t (1 Vi \/E))N

L B L <
|VXKt (xo + h/yO) vXKt (xo,yo)l = CN(\/E Hn+1)/2 P(x()) + P(}/o



Fractal Fract. 2022, 6,112 26 of 51

If v/t > |x0 — yo|, then:

( |h| )1*”/‘7 e—Clxo—yol*/t (1+ Vit \/f))N

Kf h,yo) — ViKF —_—
|vx t(x0+ /]/0) Vx t(X0/y0)| N |x0_y0| tn/2|x0—y0| p(x())

O

Lemma 11. Suppose that V € By for some q > n. Let §' =1 —n/q. For every N > 0, there
exists a constant Cy > 0, such that for all x,y € R" and t > 0, the semigroup kernels KF(-,-)
satisfy the following estimate: for |h| < |x —y|/4,

Cn (IHN \/i VEN-N
{2 (ﬁ) (o o)

ViKf(x +h,y) — VLKE (x,
Proof. Similar to Lemma 10, we take R € (0, min{p(xp),+/t}) and obtain:

|VxKF (x0 + h,y0) — V<KE (x0,y0)|

1-n/ o—clxo—yol2/t Vit N Vit VN9 \F
= t(n?l\])/Z (@[) el (1 + p(xf))) (1+ p(yo)) {<?) q(? 5})} (26)
1-n/ Vi N Vi NN (i o\ F
<o () ) () R T e )
Case 1: p(xg) < v/t. This implies 0 < R < p(xp) < vt < /(29 —n)t/n. We can

obtain:

|V 2KF (x0 + h,y0) — VaKi (x0,40)|
1-n/ Vi N Vi NN Vit 11/ Vit
= t(”ill\l)/Z(L%) q(l—i_ﬁ) (1+@) {(p(xf])> q(p(x:)) +p$(§))}

—n/ \/‘ _ \[ _
() ) ()

IN

Case 2: p(xp) > V/t. For this case, 0 < R < v/t. Then, the following two cases are
considered:

Case2.1: 0< R <t<p(x) <+/(29—n)t/n;
Case2.2: 0<R<t</(29—n)t/n < p(xo).

It is obvious that Case 2.1 comes back to Case 1. For Case 2.2, letting R — 1/t on the
right-hand side of (26), we have:

|V 2KE(x0 + 1, y0) — VxKE (x0,y0)| <
O

1-n/ \/> —-N \[ —-N
t(n?rll\])/Z(\%) q(Hp(xZ)) (1+p(y£)) :

Proposition 12. Suppose that & > 0 and V € By for some q > n. Let 8' = 1 —n/q. For every
N > 0, there exists a constant Cy > 0, such that for all x,y € R" and t > 0, the fractional heat
kernels KL (-, ) satisfy the following estimate: for |h| < |x —y|/4,

L L ] N1 t
VK -) = VoK (o)) < O (7)) ji7ae G =y

Proof. By the subordinative formula and Lemma 10, we can obtain:

©
|VxK£,t(x +hy)— VxKﬁ,t(x/}/” < CN/O sl+a

KF(x + ,y) — VaKF(x,)|ds < Cn(Ms + My),
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where
N 1 e VSN VAN
— iids —clx—y|*/s .
M : /0 Sm(ﬁ) et (1+p(x)) (1+p(y)) ds;
© |\ 1 elx—yl? Vs N Vs \ N
My = | chovPle (14 22T (14 22 s,
’ |xfy|sl+“(|xfy|) S72x =y (+p(X)> (+p(y)) i
We first estimate Mg and apply a change of variables to obtain:
b N T eyp Vs \ N Vs \ N
< ik} clx=y[*/s
Me S /0 s1+“(¢§) srD/2° (Hp(x)) (Hp(y)) *
< t*(n+1)/2a(t1/2“)7N<t1/2“)7N( |1 )5/ /oou*Nflfaf(n+1)/275’/2e*c\x7y|2/tl/“udu
~ p(x) p(y) #1720/ Jo
1/20 —N ,41/20 —N 8 oo 241/a \ N+1+at(n+1)/24+6'/2 _yl2
< t*(nJrl)/ZDc(t ) (t ) (le) / (rt 2) ac+(n+1) e*"”xl/ y3| ir
p(x) p(y) 2 Jo N —yl t/er
/20 N ,41/20( —N ‘h‘ 5 t1+N/a
<
~ (P(x)) <p(y)) (Ix—yl) [x — y [Nl

Similarly, for M7, we have:

1 © t shN T ep Vs N Vs N
< PN 2 p—clx—yP/s VS Vs
My =< Ix—yl/o S“”‘<\/§) 5172 (1+P(x)) <1+p(y)> &
t1/24x “’l‘

-N ,41/2a —N 5 1+N/
S (p(x)) (;(y;) (|X—y|) |x_yt|206+2;+71+1’

which gives:
Cntl+N/a |h| o ,41/20 —N ,41/2a —N
L B L < N
ViRt ) = VoK) < e (=) Gey) - Gey)

On the other hand, we can deduce from Lemma 11 that:

VK s(x +h,y) = VK (x,y)]
) o' — —
ch/o S(n+1)/2t11/nc'ﬁ(tls/ﬂt><|\l}|§) (1+p\(f)) N(p\([;)) Vs

1/20 —N ,41/2a — !
<on(oi) G) (o) s

Finally, the arbitrariness of N indicates that:

#1/2a (N $1/20 (N L L
(1"‘@) (1"‘ m) |VxKa,t(x+hry) _VXKN,[(x’y)|

cumn (LY e
= LN mmn (\x—y|) |x—]/!2”‘+2N+”“'(t1/2“> tn+1)/20 (7

which proves Proposition 12. [J

Proposition 13. Assume that V € By for some g > n. Let a € (0,1/2 —n/2q). For every
N >0,
tl/Za

e s smind (55) ™ (i)

Proof. We divide the proof into two cases:
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Case 1: t1/2% > p(x). By Proposition 11, we use a direct computation to obtain:

1/2a —N t1/204 —N
1/2a —tL* < / ! i (1)
Ve (M@ S [ (/20 4 |x — y|)nt2e (1 - p(x)) (1 - p(y)) i

/20 —N ¢
S 5 d
~ (p(x)) /R" (11720 4 |x — y|)nt2e Y
tl/Za —N
< -
~ (P(x)> '

Because t'/2* > p(x), then

tl/er

|t1/2avx87tu‘(1)(x)| 5 min { (p(x) )6, (:;1(/;;)1\[}

Case 2: t1/2% < p(x). It follows from (5) that:

117267 e (1) (x) = /207, / KL (x,y)dy = I + b,
JRn ’

where:
_ 41/2a « L .
L=t /2(x 7t (s) ( /Rn VK (x,y)dy)ds,
0% (x)
I := tl/z“/o nf‘(s)(/Rn VxKSL(x,y)dy>ds.

We claim that:
Ly / VKL (x,y)dy < \[ 27)

In fact, by Lemma 8, we have Lg(x) < Ls1(x) + Ls2(x), where:

1 2
= —clx—yl*/s
Ly (x) : /{y:\/gg\w\} L (1+ p

. # —clx— |2/S L \[
() /{y:|y—x|<ﬁ} Sy ( e )+p(y)> .

Taking N as large enough, it is easy to see that:

1 w2
Ls,l(x) S /n We clx—y| /def,

Similarly, a direct calculus gives, together with changing variables: |x — y|/+v/s = u,

1 1 2 1 /> 1
Lio(x) < — | —— = p=cl=yl/sgy, < 7/ un—2p—c? gy <
Then, we can deduce from (27) that:
oS ds I 1 H1/20 1420
< 1/20c/ « < 1+1/20¢/ <
Il ~ t U ( )\/>Nt 02(x) S“Jr?’/zdSN (p(x)) (28)

For Iy, it follows from the perturbation formula (see [36], p. 497, (2.3), also [11], (5.25)),
that:

hy(x —y) — Kk (x,y) / / (x —2)V(2)Ky—s(z,y)dzds
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and thatfor6 =2 —-n/q > 1,

N < [ [ ) e < (p{j))‘?

Therefore, noting that 0 < 2a < 1 —n/q, we can use the change of variables to obtain:

0%(x) 1
L o< A /O qf‘(s)\ﬁ(ﬁ /R VKL (x,y)dy ) ds (29)
) 1 1/ /5
< 41/2a e 1/04 V-
~ /0 7 (s/t )\/g(p(x))ds
(x)2/t/% NIVITSNY
< e [T ) (YT
0 VitZer A p(x)
<t1/206)1+21x
p(x)

The above estimates, (29) and (28), imply that:

' 1/20 | 1420
/207 ,—tL* < (t
Ve W15 ()

O

3.3. Estimation on Time-Fractional Derivatives

In this section, we give some gradient estimates for the fractional heat kernel associated
with the variable t. Define an operator:

Di,’f (f) = tFofe " F, & € (0,1), and B > 0.

Denote, by Dl,l:é5 (+,-), the integral kernel of Dif . Then, we can obtain the following
proposition:

Proposition 14. Let « € (0,1), V € By, q > n/2and B > 0. For every N > ap, there exists a
constant Cy > 0, such that:

tl/ZtX t1/20¢ N
+ + .
p(x)  py) )

Lp CntP
|D1:t,t (x’y)| S (t1/2“+ |x—y|)”+2”‘ﬁ< (30)
Proof. The following two cases are considered:

Case 1: B € (0,1). It is easy to see that:

ﬁ —tL® . o _ e dS B IeS) B L dS
tﬁate t _ Cﬁtﬁ/@ 9se~ (9 7 —C/gt‘B /0 (—L)% (t+s) =
= « ds
= tﬁ/ t —L)* —(t+s)L s
cpt” | (t+s)(=L)% D

which, together with Proposition 9, gives:
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o 1/26  —N /20 —-N 4
L /5/ 1 (t+5s) w 4s
D < Cpt 1 1
‘ ot (x'y)‘ = N ((t+s)1/2"‘+|X—y|)"+2“( R—ey ) ( o) ) s
o 1/20 —N 1/20 —N
. cNtﬂ/ 1 <(t+S) ) (%) ds
0 (t+s)n/2a+l p(x) p(y) S,B
< thﬁp(x)Np(y)N/ R
0
120 N ,$1/20 —N
< amlom) Gy
#1/20 \ p(x) p(y)
On the other hand, since e 1L = Iy U%(T)e_tl/mﬂd'fr
e [} =) 1/a dr
Bofe il = Cytb / ar ( /0 (e 0 ) S
B ﬁ 1/a—1 (t+r)1/aTL dr
— Cpt / / T)(t+7)/ " rle” aT )rﬁ

dr
— B _dr N
= Cﬁt /O ‘/0 Q(t+r)1/acT,1 (t i T)T‘B ) /R (T)dT
By Proposition 3, we can obtain:
’D"ef(x'y)‘ < Ot /O Wi‘(f){ /0 ((£+ r)/ag) =1/ 2p=clx=y P/ (b4n) /e

(t+r)V/2/T\-N (t+r)V/2/T\-N dr
<”T) (=) rﬁ<t+r>}‘”

th o CNJae1
< CN|£(_> 2P / 0y (T)TF~ N(/o (t 4 r)PN/azly ﬁdr)dr
< CNtﬂ (tl/ZtX) <t1/20¢) —N
~x -yt A p(x) py)/

By the arbitrariness of N, we obtain:

Lp . 1 t‘B t1/2lx —-N tl/th N
il < Cmin e e} (1 ) (4 )

CNt‘B tl/Za tl/sz -N
(1t t=—) -
(#1720 4 Jx —y[)r2Pe A p(x)  p(y)
Case 2: p > 1. Let m = [B] 4+ 1. We can obtain:
4T °° _ « ds
tofe " = Cﬁtﬁ/ et SBii-m
o ds
— —(t+s)L
- Cﬁtﬁ/ )"te ” g1+p—m
o ds
— —(t+s)L
= Cﬁfﬁ/o (£ +5)™ (=)™ e () (Es)mstHbm”

It follows from Proposition 9 that:
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1/2a —N 1/2a — d
Lp /3/ (t+s)"  /(t+5) (t+5s) s
}Da,t (x/y)‘ S t+5 n/2a+m ( p(x) ) ( p(y) ) (t+s)m51+lg7m
B T ds
< Ot ply)N [t s
CN tl/Za —N t1/20‘ -N
< N - P
N/ (Hp(x)) (Hp(}/)) ’

On the other hand, we obtain:

L, dr
’Daf(x,y)’ < tﬁ/ {/ amKtJrr)l/le(x y)‘W}U%(T)dT

SV {/ () (8 4+ 1))~/ 2gebeyP ) e
VT(t+1r)V28\ =N JT(t+1)V/2\ =N dr N
Cowm ) (T —) e i
tPo()NoWN _nje (2 ([ —m+B—N/B, m—p—1 (N ap—N

< CNWt /0 (/0 (14 u) u du)lh(T)T dt
CNtﬁ /20 —N #1720\ —N

< 1 142

~ Ix—yl”““ﬁ( +P(x)> (+p(y)) '

which indicates that (30) holds. [

In the next proposition, we give the Lipschitz continuity of Dk{t ().

Proposition 15. Leta € (0,1), V € By, q > n/2,and p > 0. Let 0 < 8 <5 = min{2«,6}.
For every N > ap, there exists a constant Cy > 0, such that for all |h| < t1/2%,

Lp LB |h| \¢ tP /20 41720\ —N
Dty =Dl < (7 ) i —yes (o) o))
Proof. It is equivalent to verify:
LB B L || 1 B (/20 f1/20 —N
IDyf (x+ y) = Dyf (ey)] < o ( W) mm{tn/zlx, ; iy|n+m}(1 TR T(y)) .6

Without loss of generality, for m = [B] + 1, it holds that:

Be—tL® — oo 45
tPare =c tﬁ/ (t+s)"(—L)™ ) (Es)ns P

By Proposition 9, we can obtain:
L,
DLf e+ ) — DLf ()|

(£ )" (|h]/ (£ +5)1/20)¢ (t+5)1/22\ -N (f+45)1/20\ - s
< tﬁ/ 1 .
C (t+s 1/2a+ ‘xfy|)n+2am ( P(X) ) ( + P(]/) ) (t+s)msl+/57m

< CntP|h]” p(x)N p(y)N/O (t 4+ 5)—(+8)/22=N/a=m

ds
gl+p—m

/20 —N ,41/20 —

;
sew () Gay) ()

On the other hand, we obtain:
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L, L,
D4f (x+hy) - Dif ()|

) 00 h| 5
<C tﬂ/ / {4 p) T/ 20 mn/2 S
=N { 0 (t+7) ( (t+r)1/""r)

Xe*C\xfy|2/(t+r)1/“T<\E(t+”)1/2a>7N<ﬁ(t+7’)1/2a)7N dr }"‘(T)d”[

p(x) p(y) rpr1=m

tﬂ h & x N N (e 00 _ _ g a s
<oy AT | { [y N g 1dr}n%<r>r“f‘ N2

B AN 1/20( —N 1/2a —N
§|X_C;i+2aﬁ(tl|/2|A) (H—;(T)) <1+;<_‘/)) '

which implies (31). O

Proposition 16. Let x € (0,1), >0,V € By, g > n/2,and 0 < 8" < min{2a,2ap, 6 }. For
every N > 0, there exists a constant Cy > 0, such that:

1/2a 5
o] < o ORI

‘,Rn (1+tl/2¢x/p(x)>N’

Proof. Let m = [B] + 1. By (iii) of Proposition 9, we change the order of integrations to

obtain:
L, L, ds
‘/R" Dtx,tﬁ(x'y)dy’ = ‘/ﬂ tﬁ/o athxtﬁJrs( ]/)m}dy‘
dyds
< o[, oot
< c tﬁ/ ((t+s 1/2”‘/p( x))? ds
- 1_|_ t—l—S 1/2a/p( )) Sl+/37m(t+s)m

If t1/2% > p(x), then:

IA

CNtﬁp(x)N—(S//O (t+S)5//20¢—N/2a—msm_ﬁ_1ds

(tl/z"‘/p(x))y
= N+ p(x)N

| [, D ey

If t1/2% < p(x), then:

LB 5/00 1/2a 5'#
‘/RHDM (x,y)dy‘ < Cnt A ((f+5) /P(x)> STHB=m(f 4 g)m

< CNfﬁp(x)y/ (t+s)5//2a—msm—1_ﬁds
0

w o (#72%/p(x))”
< (2 /p()" < CN G 17 (]

which completes the proof of Proposition 16. [

4. Characterization of Campanato—Morrey Spaces Associated with L

Firstly, we deduce a reproducing formula:
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Lemma 12. Let « € (0,1) and B > 0. The operator tﬁaf e~tL" defines an isometry from L*(R™")
into L>(R"1, dxdt /t). Moreover, in the sense of L>(R"), it holds that:

f(x) = Cu,p lim lim N(tﬁa/tge—tm)z(f)(x)ﬂ

N—ooe—0 t-

Proof. Note that for dE(A), the spectral resolution of the operator L, it follows from

et = / e AE(N)
Jo

that:
B,—tLt  _ * ® —(t+s)A" ds
PPttt — tﬁ/ o / e (CNIE()) T
_ a ds
_ tﬁ/ / m/\txm (t+s)A dE()\)) T
— Ctﬁ/ m/\muc —t)\”‘)sz(ﬁ m)dE( )

- / (tA%)Be= N AE ().

0

Then, for f € LZ(R”), we have:
[¢3fe="" () ()| = [T ket (1)) ax)
t 2R dxdt/t) t
« _ _ dt
— /O <t,Ba.3 tL* tﬁaﬁ tL* (f)>T

" (tPaf et )2 at
/0 <(t dre ! f> t
” /°° fzﬁ/\zu‘ﬁe_zt)‘a?dl‘:f,f(}\)

0 Jo
LB ci2
S I
Below, we only prove that for every pair of sequences n; 1 co and € . 0 as k — oo,
13 Ek+m o
im [ (P3Pt Y2 (x )7 tim [ (Pt oM -0 @
k—yo0 N k—o0 (5% t

If (32) holds, there exists a function 1 € L?(R"), such that:

tim [ (tPafe 12 ()% = (),

k—oo Je; t

which implies that for all ¢ € L2(R"),

(h,g) = <lim /nk(tﬁafe—tm)zfﬂ, g>

k—o0 Jey
« dt
— i tﬁaﬁ —tL%\2
lim [ " f8)T
_ BB —tLY ¢ BB —tL® ﬂ
klgr; s <t dye " f, tPoye g> ;

= Ca,,B<fr g>
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This means h = C, g f. Now, we verify (32). As k — oo, we can apply the functional
calculus to deduce that:

Mitm _ra dt
| [ e 20T
Ny

2

""*'”(/ 2B\ 2B 2N GE (A ) H
0

= (L e ags |

L2

k+m vzdt
< 2/5 leﬁ —2tA dE O
< /0 ( /n k ) £r(A) =
since
lim /nHm tzﬁ)\z"‘ﬁe*w‘aﬂ‘ =0.
k—o0 ny t
The integral
€k+m P
lim [ @B 2y ()
—» 00 €k

can be dealt with similarly. O

The following inequality was established by Harboure-Salinas—Viviani [37]:

Lemma 13. ([37], (5.3)) Let 0 < v < 1. For any pair of measurable functions F and G on R’fl,
we have:

J[RCDIREETE

1 dxdt) oo dydtyn2men 1"
< Csup gz [y FOPSE 0 4 L O S lewnP
<cop{ ot LIPS L[ ([ ) oty
In Lemma 13, letting
o —sL* L
F(x,t) = 24001 | o (£)(x) = QP () (%)
Gx, 1) = 2%Fafe 1" | _p. (g)(x) = Qi (9)(x),
we have:
dxdt
[ RCGOIREHEITTES (33)
Lp ydxdt\1/2
< Csup (—WW JIRCRGIORE

pdydi n/2m) v/
/ﬂ / /|x y‘<t “' )| tn+1) X ’

On the left-hand side of (33), since

QB (f)(x) = PHPLEPe L (f);
QP (g)(x) = PHPLPe L' (o),
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we can obtain, via the change of variables,

L 10 ()1 10 @) P
= //]Rn+1 |t2a,3Lo¢ﬁeft2"‘L“ (f)(X)| . ‘tZaﬁLocﬁeftz"‘L"‘( )( )|@
= [ L () )] LR (g) ()| P

= [Pk (1)) 5P () )] .

S

On the right-hand side of (33), using change of variables again, we obtain:
1 B 20B7 af _faqa dedt 1/2
sup (s | [ 1 () () PEE)
e « dxds\1/2
< Brap,—sL 2
Sswp (g ) 1P (N@PES)

. B _La zdxds 1/2
_s%p(|B|1+2v/n/ /'Sﬁa TO@PE)

meanwhile,

dydtsn2omen) "
e 2 _tszsz 2 y
{/n (/0 /|x_y|<t|t aprape (g)(v)] th) dx}
1+y/n
« 1/20=1gqydg\ n/2(n+7)
,B «p ,—sL 25 Y
{/" / /\x y|<51/2w| € ( )(]/)| (n+1)/2a ) dx}

1 n
sBafe—sLt 2512 1dyds n/2(n+7) o
/n / /‘x ykslml &) W) W) dx :

Finally, we have:

[ 559 (£ ) 5P ) ()| 69

S

1 g " dxds\1/2
<o s 7 002

sPaPes( 581201y ds\ n/2(n+7) el
S L UL e @O ) Ty

Fora € (0,1) and B > 0, define an area function St p as follows:

_ B ,—tL* o dydt \1/2
= ([, ., IFofe )P Gme)

where T'y (x) denotes the cone {(y,t) : |x —y| < t1/2*}.

Lemma 14. Let a € (0,1) and B > 0. The area function St 15 bounded on L2(R™).

Proof. Let Y
L ([T BB L pat
skp ()= ([ 1o n(2 %)
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We can obtain:
L 2 ® BB —tL® pdt
lsks 3 = [ ([ 1#ofe ™ nx)PT)ax ©5)

(
(e
N (tPafe ", tﬂafe*t”h>?
I T eafe e, 1) Y

= [T e a0
0 0

t
< I3

|
S—

Hence, it follows from (35) that:

Istoni = [ (J[ . 1Feke o P i
B /R(/ / P e~ () () P, (o (y)ii:itl)dx
s 7Lt R ( [ e ) F
S A <>I2dy‘”<\|h||%.

O

Theorem 2. Assume that « € (0,1), B > 0and 0 < v < min{2«a,2ap}. Let f be a linear
7)

combination of HZ/ (") _atoms. There exists a constant C, such that:

165 ()l sy < CIAII /-

Proof. Leta be an HZ/ ("+7)_atom associated with a ball B = B(xq, 7). Then, we write:

ISE g (@) 1751 < 1+ 10,

L/ (n+7)

where

L= [ Iskp(@ e
g WP

_ ) "
e /<88)f St () (0)" W

We use Lemma 14 and Holder’s inequality to obtain:

< L 27 \"
1< (/SB SE pax) k)

Now, we deal with I] in the following two cases:

/2("+7)|B|(n+27)/2(n+7) < Jalfp/ () gl (2 /2(nty) <,
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Case 1: r < p(xp)/4. For this case, [, a(x)dx = 0. We write (SLﬂ( a)(x))? < Li(x) +
I(x), where:

(r—xol/2)% ) 2 it
= B B — 1N BB —tL / / y
I /0 /‘ e {/( e (y,2") — 3f e 1" (y, x0) (' )’} Py

(o) _ T 2 dydt
12 :/( /|x y|<t1/2a{/n(tﬁafe e (y’x/) _tﬁafe . (y'xO))a(XI)dx,} m‘

|x—xo]/2)%

We first estimate I;. Since |x — y| < |x — x¢|/2, then |y — x| ~ |y — x¢| for x’ € B(x,7)
and x ¢ B(xp,87). We can use Propositions 14 and 15 to deduce that there exists 8’ > v,
such that:

—xgl/2 20 . ﬁ ’ 5
P e SRR A | L iy
~ 0 x—y|<t1/28 B t1/20¢ (tl/th + |y — xO|)n+20¢ﬁ |B|1+’y/n 1/ 20+1
< (Ix—x0|/2) th dx' 2 dydt
~ /0 Ax7y|<tl/2a /B t1/2"‘ tﬁ+n/2a(1 4 |]/ _ xO|/t1/21x)n+2zxﬁ \B|1+7/”} n/2a+1
o [l N 1 1 dydt
~ /0 /|x7y|<t1/2“ (tl/ZlX) tn/a(l + 1y — x0|/t1/21x)2n+4aﬁ |B‘2'y/n pn/2a41"
Because 0 < t < |x — x0|?*/2%* and |x — y| < t'/2%, then |x — y| < |x — x|/2. This
implies |y — xo| 2 |x — x0|/2. We have:
(Ix—x0l/2) N 1 1 dydt
w5 / (%)
0 |x—y|<t1/22 +1/2a tn/a(l 4 |x _ xO|/t1/2tx>2n+4a‘B |B|2'y/n n/20+1
< (lx=x0[/2) ro\20 1 1 dt
~ /0 (tl/sz) t”/"‘(l 4 |x _ xO|/t1/21x)2n+4aﬁ |B|27/n t

72(5,77)
X — P09

which, via a direct computation, gives:

( 9= )n/(nJr'y)dx <cC

|x—x0‘”+‘s/

/ |Il(x)|n/2(n+'y)dx <
(8B)¢ ~ J(sB

Let us continue with ;. Similarly, it follows from Proposition 15 that:

L@l s [ / {/(W*xol)‘s' 1 dx \2_dyi
~ |x—xq|24 /220 J|x—y|<t1/20 B t1/20 /2 |B‘1+7/” n/2a+1
< /°° / (L>25/ 1 1 dydt
~ |x—xq|2a /220 J |x—y| <£1/22 t1/2a m/a |B|2’y/n m/2u+1

7200'=7)

Hence, we still have f(SB)E | I (x)]"/ 20+ dx < 1.
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[1a(x)]

|1 (x)]

A

Case 2: p(xp)/4 < r < p(xp). For this case, the atom a has no canceling condition. We
have (Solzrﬁ(a)(x))2 < I(x) + Iy(x) + I5(x), where:

/4 2 dydt
— BB ,—tLY / INE yat
I3(x) : /0 /\xfy|<t1/2"‘ /R” tPaye " (y,x")a(x")dx Y TeSY
|X—XO‘2‘X/42“ 2 d dt
- BB ,—tL¥ / N g yat
la(x) - /,2a/4a /‘x,ykp/zfx R to;e (y’x Ja(x')dx n/2a+17
© « 2 dydt
Is(x ::/ / 8P et (y, ¥ )a(x')dx'| T2
5( ) |x—xq |2 /42¢ J|x—y|<t1/2¢ | JRr t (]/ ) ( ) tn/2a+1

Because x € (8B)° and x” € B, then |x' — xp| < |x — xp|/8. On the other hand, for
t € (0,72%/4%), |y — x| < t1/2* < r/2 < |x — x|/8. This means that |y — x'| > c|x — xo|.
We can obtain:

r2 /4 th dx' N2 dydt
Ll s [0 (/ =) o
0 |x—y|<tl/20 B (tl/Zuc 4 ’x _ xol)n+20c,8 |B|1+’y/n n/2a+1

< 1 e 12 dydt
~ ’B|2'y/n /0 /\x—y\<t1/2"‘ (tl/Za + |x _ x0|)2n+4a/3 1/ 20+1

- 1 /th¥/40¢ tz‘B ﬂ
~ |B|2'y/n 0 (t1/2¢x + |x _ x0|)2n+4a/§ t
< rAap—2y

|x _ x0|2n+4a¢ﬁ’

which indicates that:

20—y n/(n+v)
n/2(n+7) < -
/(SB)C [I3(x)] dx S /(83)C (| ) dx<C

x — xO|n+21x/S

Similarly,

x| /42 th 1 p(x)\N |, 12 dydt
S (7)o}
20 /40 |x—y|<t1/2 B (tl/th + |]/ _ x/‘)n+21x,3 |B|1+7/n t1/2a /2041

/X—on“/42“/ {/ th 1 (p(x0)>Ndx,}2 dydt
2 /4n |x—y|<tl/2 B (tl/sz + |y _ x/‘)n+2a/5 |B|1+7/n t1/2a n/2a+1"

Notice that /2 < £1/2% < |x — x| /4 for t € (r?%/4%, |x — xo|?* /4**). It can be deduced
from the triangle inequality that |y — x| ~ |x — xo|. Then,

|x—xq|? /4% 1 1 o(x0)\2N  dydt
/72”‘/4“ ~/\x7y\<t1/2”‘ /(1 + |x — xo| /t1/20)2n+4ap | B|27/n ( #1/2a ) #1/20+1
|x—xq |2 /42 n/20+p N 24t
/rzu/4a (tn/2a|x _ x0|n+2aﬁ tN/Zuc,/y) N
phap—2y

The estimate for I5 is similar to that of I4. In fact, due to r ~ p(xp),
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2
swl s [ ] J i ()
5 ~ x—xg[2 /428 J|x—y|<1/2 B (t1/21x + |y _ x/|)n+2aﬁ Frn \ §1/2a 1/ 2a+1

< /‘°° / r ZNL dydt
™ Jx—xgl2a /a2 S| x—y|<i1/2 (tl/Za) 127 $3n/2041

ON-—27

r
<

|x — xo|2(n+N)”
The estimates for I; and I5 indicate that:
/ | I4(x) + s (x) /20 dx S 1.
(8B)¢
O

Lemma 15. Let a € (0,1), g¢(+, ) be a function of x,y € R" and t > 0. Assume that for each
N > 0, there exists a constant Cy;, such that for 0 > vy,

) t‘”/z"‘(1+|§1723|) o), (36)

tl/th tl/Za
- _|_ -
p(x)  p(y)

lgr(xy)| < Cn(1+
Then, for any HZ/ () _atom a supported on B(xg, 1), there exists a constant Cx, r, such that:

Sup‘/ qt(x,y)a d}/‘ < Cnpxp (14 [x])7" 0 x e R
>0

Proof. If x € B(xp,2r), then 1+ |x| <1+ |x —xo| + |xo] < 14 2r+ |xp|. It follows from
the condition ||a]|e < |B(xq,7)|~177/" that:

| Loatoyawiar] 5 [ ety

—n/2u | y| —n=0 —n—y
/B(xo,r)iL (1 + 1/ 2 ) 4 dy

(1+2r + |xo| )"0
(1+ 27 + |xo|)t?

S CN,xo,r(l + |x|)_n_9

AN

—n—ry

N

If x ¢ B(xo,2r), then for any y € B(xo,7), |x —y| ~ |x — xp|. On the other hand,
p(y) ~ p(xp), since r < p(xp) and |y — x¢| < r. By (36), we have:

sl 5 (e By e )
(O DR

which implies that:

[ st

t/20 0 —n/2a ‘X'—-Xol (n+6)
o) CCam) ey

(n+6) . _ x — x0|—(n+9)'

N
~~

P — xo|

N
—~
=)
~—
=
(=]
N
~—

= Cyxorl
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Because x ¢ B(xg,2r), set x = xo + 2rz, where |z| > 1. Then, 1+ |x| < 1+ |xg| + 2r|z]

and
14 |xo| +2r .

2r |
which implies that |xg — x| > (1 + |x|)/Cx,,r. This completes the proof of Lemma 15. [

— x| = (1 + |xo| +2r)|z| > 1+ |xo| + 27|z,

Lemma 16. Given « € (0,1), B > 0and 0 < v < min{2a,2aB}. Let f € LY(R", (1+
|x|)~ (7 +e)dx) for any € > 0, and let a be an H"/(Hw -atom. Then, for

F(x,t) = tPafe L' (f) (x);
G(x,t) := tPale 11" (a) (x),

there exists a constant Cy g, such that:

dxdt
C“,ﬂ dx—//+1 (x,t)G(x,t) — ;

/(n+7)

Proof. Assume that a is an H; -atom associated with a ball B(xg,r). By Lemma 13

and Theorem 2, we obtain:

I = //Rw++ F(x, )G (x t)dxtdt

1/€ « - )
= lim t/gafe*tL (f)(x)tﬁétﬁe*t“(a)(x)—dxolt
e—0 Je Rn t
L Ve r 1p LB dxdt
= }:13}) - Jgn Dy (f)(x)Dy; (”)(X)T~

The inner integration satisfies the following:

N

DN @dx] < [ DL ()] [Dyf @) (x)|ax

IN
T

0 0| { sop [PEFa o) L

By Proposition 14, we can see that:

B 1/2a« 1/20 —N
Lp < i t t
Dy (x,y)| = (11720 4 |x —yy|)n+2eB (1 + o(x) * p(y))
tl/ZDé t1/204 —

+=—) )
p(x) )/

If x € B(xp,2r), then 1+ |x] <1+ |x — xg| + |xo| <1+ 2r+ |xg]. It follows from the
condition ||a|e < |B(xg,7)|~17/" that:

y)dy| < DyP(x, d 37
| Lo oty 5 [ DLy laty)ldy @)

—n/2u |X—y| —n—2up —n—7y
/B(xmt (1+ 1172 ) r dy

(1427 + |xo|)"H20P
(14 2r + |xq| ) H2ep
S O (14 1x]) 7" 2P,

1
< —n/2u
N (1 + |x — y|/tl/2a)n+2a/3 (1 +

N

r

A
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If x ¢ B(xp,2r), then for any y € B(xo,r), |[x —y| ~ |x — xg|. On the other hand,
p(y) ~ p(xp), since r < p(xp) and |y — xg| < r. By Proposition 14, we have:

L tlg tl/ZDc t1/21x —-N
D 3 < 1
D (y)l - S (11720 4 |x — y|)nt20B ( Tom T P(y))

/2 (1 + |3tc1/_20](/‘) (n+2ap) (1 N ;1(;20“))N

S (1 N |3;1/_23‘) n+21x/3)<

N

tl/Za 20
P(Xo)> ’

N

which implies that:

#1/2 72,15 |x_x | (n+2ap)
/2 0
) ) L

S (plx0) 21 — xg V) i € x| 2),

A
—

\Rn L (x,y)a dy\

Because x ¢ B(xg,2r), set x = xo + 2rz, where |z| > 1. Then, 1+ |x| < 1+ |xg| + 2r|z]

and
1+ ‘XO| + 2r

2r
which implies that |xg — x| > (14 |x|)/Cy,,r, and

lx — x| = (14 |xo| +27)|z| > 1+ |xo| + 2r|z|,

| [ DM )a)dy] < Cog (14 [l) 2%, @)

The above estimate indicates that Di’tﬁ (+,-) satisfies (36) with 6 = 2ap. On the other
hand, it can be deduced from (37) and (38) that:

f ()|t dx
/n /Rn (/Rn (lx—y| _._:l/tl/tZa)nJrZaﬁdy) (1+ [x] )P

S L+l
where

DEP(F) (x)||DEF (a) (x) | dx

N

e—yl>lyl/2 (|x —y|+ i.‘1/20¢)n+20</5 (1+ |x|>1’l+21X[3’

L= // [f(y)|tP dady
x-yl<lyl/2 (|x —y| + £1/20)n+20B (1 4 |x|)n+206
If [x —y| <[y|/2, then |y| < [x —y| + [x] < |y[/2 + |x], ie, |y| < 2[x].

P f W)
<
I ~ /n (/]R” (|x _y| + tl/2a)n+2aﬁdx) (1 4 |y|)n+2aﬁdy < 0.

For I, since |x — y| > |y|/2, we have:

/ f()[#P < 1 / lf ()] P
R (|x —y| + t1/20)n+2ep WS T Ja (1 + [y|/ £/ Cayyn2up -

If0 < t <1, then:

1 f ()] f ()]
n/ (2a) /Rn (1+ |y|/t1/(2 )n—i-szﬁdy ~ n/(2a) /]R” (1 4 |y|)n+2aﬁdy
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Ift > 1, then:
1 f ()] J 1 / f ()]
/@) Jgo (14 ||/ £/ o) ynr2ep ™Y p1/@0) Jpu (1/41/@0) 4 [y| /17 @20) )+ 20B dy

o
oo (1 Iy}

A

A

Hence, there exists a constant C;, such that:

L < // fly)|tP dxdy
1 < IR"XR” |x_y|+t1/2a>n+2a/3 (1+|y|)n+2aﬁ
dx
< C/ / Sl <
~ b e ( R (‘]/| +1)n+2aﬁ y) (1+ |x|)n+2a/3
Notice that
L, L, LBy, N, N
[ DA (A@DL @0 = [ F)(Dyf)2(a)(x)dx

= [, F(x)12P07P =211 (g) (x)dx,

which, together with the Fubini theorem, indicates that:

1/e : dt
— 28328 ,—2tLx et
D= dim [0 f)ea e 2 a) (y)dy |
/e dt
— 1 26528 ,—2tL% ad
tim [ ) { [ e ) ) Ly

For the term

1/€e
| et @),
€

we can see that
1/6 28 _ o« dt
| e @) 7| <
— ‘/ / tzﬁaf’gefma(x,y)?a(x)dx‘
" Je
+‘/ / t2ﬁafﬁe*2tm(x,y)ﬁa(x)dx‘.
nJjl1/e t
By the change of variables, we obtain:
® 2p2B L dt (2t-+5) L ds dt
[Fopeminn®] = fo [0 [Core o b
i3 ds dt
— 2 (2t+s)L
= o [T [T et ) S
ds dt
—(t+
C,B e t‘B/O a;ne s)L* (x,y)WT

/ " ettt (x,) .
2e t

e 2B o4« dt o0 2B _osya dt
Peafe 2 @) T+ | [ Pae ™ )T
€ t 1/e t

1

1

The rest of the proof is divided into three cases:
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Case 1: 2B < 1. For this case, [2] + 1 = 1. Then, a change of variables reaches:
228 ,—tL* . _ /00 28 /°° —(t+s)L" ds dt
LB ) = [T [T 4 () S5
o o o du dt
_ tz,z/ dye ML (x, ) — 4t
/Ze p o (x:) (u—1t)28 t
00 uL® u t zlgﬂ
2 due (x’y)(/2€ (u—t) t)d”

— /:aueum(x,y)(/zi/u (%)zﬁ%{))du.

« 1 w \2Bdw
li —2eL , / = =0,
im e (x,y) e/ (1 — w)

u—(2e)* w

Notice that

and, as u — oo,

uld u 1

(xy)| < (ul/2a 4 |x —y|)rt2e < uh/2a — 0.

le”

An application of integration by parts gives:

2p 52 p— 11" at o 8 w \2Bdw
[ e T = /Ze Vo (/26/1,(1_ ) )
_ _ 2e Zﬁdu
o _/ —2e> u
= I+1],

where

u

00 « 2¢ \2B du

o —ulL . we
== [ e ey (=5) xS

and where A := {u: u —2¢ < e+ |x — y|**}. By Proposition 7,

) (2w)

0 a 2€ 2/3 du
N —ulL .
I:= /Zee o) (=) a2

o) u u1/2a ul/Za
N / 1/2 +2 (1+ +
2e (ul/2+ |x —y|)nt p(x)  p(y)

1]

< e (1+ e '51/2“)7N / R ey 2ba
~ (et [x —yl)rre p(x) ~ p(y) 2¢
1 1 el/2n el/2a —N

< I+ -5+ %
N en/ (1+\x—y|/el/2“)”+4“ﬁ( T " P(y)>

For 11,

el/2x  el/2\ =N, 2¢ 28 du
< )
RS / u1/2“+\x—y|)”+2“ (1+ o(x) + p(y)> (u—26> K (1) u

© u el/2u el/2a —N ¢ 28 du
< 7 =1+ 50 o) ( =)
Bect—y[2 (ul/2 + [x — y|)m+an p(x) ~ p(y) et+lx—yP/ u
28 1/20( 1/2a —N poo
= 14_7_»_7 / ul/th_I_ x — —n—Zadu
(crpgm) (5 +5m) Loy @™+
el/2u el/2a\ —N

+

1 1 (1 n )
€n/2% (1 4 [x —y|/el/2x)n+dap p(x)  p(y)
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Case 2: 23 = 1. A direct computation gives:

A

o e dt T
I e I e C]
J2e t
1 1 61/204 el/2zx -N

/2 (1+ [x —y|/el/2n)n+an (H o) p(y)>

Case 3: 2 > 1. Letk € Z4, such thatk —1 <28 <k, k > 2. We obtain:

M o= [ Bt (U
2¢ t

- /26 t2f5< /000 a’fe*(tﬁm(x,y)sli%)?
/2:0 £2B 1 ok ( /0°° e*(t+S)L“(x,y)SlJi%)?

- /:tzﬁ</°°mk —uL(y, y>(:;114+2/3—k)d:

= [ e (-Sﬁzw)d;

= /26 aﬁe*um(x,y)</2€ tzﬁ(u—t)kfzﬁflﬁ)du

®© « 1 dZU
_ k—1~k —uL 261 _ . \k—2p—14W
/25 u“ " ae (x,y)(/ze/uw (1—w) - )du,

where, in the last step, we have used the change of variables: w = t/u. Notice that

Wk (yy) = (WO e (v, ) — (k— 1), (uF 20k 2 (x, )
4+ (D) k= 1) 19,07 (v, y).

Then, the integration by parts yields M = 2 lem, where Cy, = (—1)""1(k —
1)!/(k—m+1)!and

o oo mAm ,—uL* (Ze)z'gulik dj
Iy = /25 u™ole (x,y) (i —20) 172 o
We obtain:
|] | < /oo u (1 N yl/2u N ul/Z“)fN (Ze)zﬁulfk dl < 1(1) N 1(2)
" e =yl oG ) ) (et
where
(1) 62[3 1/204 l/20< _N 3e 1 du
L™= (e1/2  |x — y|)nt2um ( + p(x /26 —2e)TH2pk ykm’
@) 2B 1/21x 1/21x —N o 1 du
L™ = (e1/20 4 |x — y[)n+2am (1 + p(x /36 (1 — 2€) 2Pk yk—m’
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For I,(n1 ), since 2e < u < 3€, we obtain:

M < e?f ( n el/2n n 61/2"‘)—1\’ 1 /3"? du
2 1/2 1/2a —
< e2p (1+e 0é+e 06) N k17 k28
(el/20 4 [x — y[)nt2em p(x) = p(y)/ ekm
1/2« 1/2a0 ( —N
< 1 1 (1 n € n € ) '
eh/2u (1 + |x _ y‘/€1/2a)n+2am p(x) P(]/)

Similarly, for I,(ﬂz), because u € (3¢,00), then1/u < 1/(u — 2€). Noticing that m < 28,
we obtain:

2B 1/2a 1/2a . —N joo
11512) < € (1—1-6—4-67) / %
(€l/20 4 Jx —y[)rr2em = p(x) — p(y) 3¢ (u—2e)t+2pmm
28 1/20 1/2a —N
< € (1 + e + 57) em—2p
(el/28 4 |x — y|)n+2am p(x) — p(y)
el/sz €1/21x

< 1 ! (1+ + )_N
N2 (14 |x —y|/ e /2 )n+2um o(x) ~ ply)/

By Lemma 15, the above estimates in Cases 1-3 indciate that:

sup
e>0

1/e oL dt (ntvte
|7 Eate M @) ) T < ),

where
4af—y, 28 < 1;

2am — 1y, 28 > 1.

Therefore, we can use Lemma 12 to complete the proof. [J

Finally, we can obtain the following characterization of BMO] (R") corresponding to
the time-fractional derivative:

Theorem 3. Let V € By, q > n/2. Assumethata € (0,1), 8 > 0,and 0 < v < min{1,2a,2Ba}.
Let f be a function, such that:

/ N VGOl NN (39)
R (

1 + |x|)n+7+€

for some € > 0. The following statements are equivalent:

() f € BMOJ(R");

(ii) There exists Cy g, such that HDif (F)lleo < Capt?/?%;
(ii) Forall B= B(xp,rg) C R",

1 5 LB o dxdty1/2
- , wAnr < y/n
(@ ) 1o D@PE) " < s (40)
Proof. (i)==>(ii). If f € BMOJ(R"), then |tﬁ85e_t”f(x)| < I+ 11, where:

7

L= | [ Dby (F) = FGx)dy

1= |f(x) [ Duf ey
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For I, we have:

thx —y|7 /2
I < ”f”BMOZ /R” (t1/2“ e _y|)n+2,x,gd]/ St “”fHBMOZ'

We further divide the estimation of I into the following two cases:
Case 1: p(x) < t1/2%, By Proposition 14,

I s ||f||BM07P ’/ Doct xydy‘
P
/2
S ”f”BMOZﬂ a/n (1172 ¢ |x_y‘)n+21x/5dy

2
5 Hf”BMOZtW ‘.

Case 2: p(x) > t1/2%. We use Proposition 16 to obtain that there exists 6’ > v, such

that:
I s Hf”BMO”P ‘/ D’” x,y)dy’

(t1/2a/p(x))5’

< v

S Ifllsmore(x) (1+£1/20/p(x))N
1/2 &'y

. o (172 /p(x))

~ HfHBMOZt (14120 /p(x))N

2
< 1 llamopt™’™

(ii)==-(iii). Assume that (ii) holds. Then,

dxdt\1/2 _ dxdt
|B|/ /' )P \B|/ /W )" < 1B

(iii)==-(i). Assume that (40) holds. Let a be an HZ/ (") _atom associated with B =
B(xp,rg). Then, by Lemma 16,

atidx > [[ | #ofe () (x)tbafe-r1s (@) (0%

tl

which, together with (34) and Theorem 2, gives:

—_ ,x dxdt\1/2
< BoPo—tL paxat
| fpo ] S s p(|B|1+2WH/ /'ta @F=)
1+y/n
1/20—1
< L] thabe L (a)(y) P IE dyds)"“(””) dx
n x y‘<sl/2a t(n+1)/204
L Babe L (£ o dxdt\1/2
S E-ROT o Sup(\mmw/ [ et () P
S lall s
Hence,

T(s) = [ f3dx, g € H "R,

is a bounded linear functional on H"/ (n+7)( R"); equivalently, f € (HZ/ (n+7) RM)" =
BMO] (R"). O
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Below, we consider the characterization of BMO/ (R") via the the spatial gradient.
Define a general gradient as V, := (Vy,91/2*).

Theorem 4. Let V € By, q > n. Assume that « € (0,1/2—n/2q), p > 0,and 0 < ¢ <
min{1,2x,2aB}. Let f be a function satisfying (39). The following statements are equivalent:

(i) f € BMO](R");
(ii)  There exists a constant C > 0, such that:

||t1/2"‘Vae*tL“fHoo < Ct'y/sz/,

(i) u(x,t) = e L f(x) satisfies that, for any balls B = B(xp, 73),

1 7%& 1/2a L 2 dxdt
|B|”2W”/o /B\t Ve () PEE < C (41)

Proof. (i) = (ii). Let f € BMO] (R"). By Theorem 3, ||#1/249}/2*e=tL" (f)||o, < Co pt"/?".
One writes:

AT ) = [ VK (2) (f2) ~ f0)dz 4 fR Ve (1))
= I(x) + II(x).

We first estimate the term I. Because f € BMO] (R"), then | f(x) — f(z)| < ||f||BMOz\x -

z|7. Since
t

/20y gL S
‘t vxle,t(x’Z)‘ ~ (t1/2a+ |x—Z|)Yl+2al

and a direct computation gives:

1) S 1 fllsaoy /R 117227 KL (x,2)| - |x — 2|7dz
tlx —z|7
<
~ HfHBMOZ /R” (t1/2“+\x—z|)”+2“dz
S t’y/zaHfHBMoZ-

By Proposition 13, we have:
|t1/2avx€7tl‘a(l)| S, min{(tl/ZtX/p<x))1+2a, (tl/ZtX/p<x))fN}'

The estimate of I] is divided into two cases:
Case 1: p(x) < t1/2%, f € BMO] (R") implies that |f(x)| < pV(x)||f||BMOz. Then,

1) S I lpwope” (X2 Vee ™ (1) (x)]

t1/2tX —N

< Y R

S 1oy (5 5)
tl/ZtJt 7]\]7')/

< Y2

S lsor™™ (5iy)

S ﬂ/Z“HfHBMoZ-
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Case 2: p(x) > t1/2%, We can obtain:

() S 0T fllpmoy |2 Ve ™ (1) (x)]
tl/sz

S O ooy (7).

11/ 2 ) 1+2a—y

N th“”fHBMoz (m

S tW2“||fHBMoZ-

(ii)==(iii). For every ball B = B(xp,73),

1 o, 2dxdt 5 dxdt >
/205y ot £(y < / /tv/w s
L7 flreve e[ S5 < [0 [ SR

which implies that (41) holds.
(iii)==(i). Assume that (41) holds. For any ball B = B(xp, rp), it holds that:

_ 3 . dxdt
supry " [T /gl () ()P < oo
B 0 JB(xprp) t

It is a corollary of Theorem 3 that f € BMO] (R") with

20
. —(n+27) /VB / 1/2051/20 ,— L8 2 dxdt
”f”BMOZ ~ S‘ép g 0 B(xprs) |t 9; e (f)(x)] ; < oo

O

A positive measure v on R’fl is called a x-Carleson measure if

v(B(x,r) x (0,r
e = sup VDX
x€R”,r>0 |B(x/7)|

The following result can be deduced from Theorem 4 immediately:
Theorem 5. Let V € By, q > n. Assume that « € (0,1/2 —n/2q), B > 0,and 0 < v < 1, with
0 < v < min{2«,2ap}.
Let dv, be a measure defined by:
dvg(x,t) := |tVe*t2aL“ (f)(x)[*dxdt/t, (x,t) € RIL

() Iff € BMOJ(R"), then dvy is a (1 + 27y /n)-Carleson measure;
(i) Conversely, if f € LY((1+ |x|)~"dx) and dv, is a (1 + 27 /n)-Carleson measure, then
f € BMO] (R").

Moreover, in any case, there exists a constant C > 0, such that:
—1 £112 2
CH 207 < lvalle < ClFIB 0

Proof. (i). In Theorem 3, letting f = 1, we obtain for f € BMOZ (R™),

1 'r%}“ LK 2d.th 2
<
|B|1+2,),/n /O /B |tat€ (f)(X)| PR Hf”BMOZ’
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which, together with a change of variable, gives:

_tZALa dedt . Qa2 dedt
mm fy fy e DRSS = e [1 ] e (o pEE
1 rB T dxdt
W/o [ e () 0PEE
5 Hf”BMO'Y

The estimation

1 B 71‘2”‘[4“ 2dxdt
B fy e S OPEE S 1 oy

can be obtained in the manner of Theorem 3.
(ii). Assume that dv, is a (1 4 27 /n)-Carleson measure, i.e.,

7t2“L’X
wp sz o, Ve @)

Subsequently,

dxdt
2
| — <

1 B _f2aqa zdxdt
sup iz ), e T (D@PTE <o

It can be deduced from Theorem 4 that f € BMO] (R"). O

5. Conclusions

In this paper, with the aid of the fundamental solution of the heat equation associated
with the Schrédinger operators, we estimate the gradient and the time-fractional derivatives
of the fractional heat kernel Kélt (+,-), respectively. Finally, as an application, we establish
a Carleson measure characterization of the Campanato-type space BMO] (R") via the
fractional heat semigroup {e~*L" };~y.
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