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Abstract: This study focuses on numerically addressing the time fractional Cattaneo equation involv-
ing Caputo-Fabrizio derivative using spline-based numerical techniques. The splines used are the
cubic B-splines, trigonometric cubic B-splines and extended cubic B-splines. The space derivative
is approximated using B-splines basis functions, Caputo—Fabrizio derivative is discretized, using
a finite difference approach. The techniques are also put through a stability analysis to verify that
the errors do not pile up. The proposed scheme’s convergence analysis is also explored. The key
advantage of the schemes is that the approximation solution is produced as a smooth piecewise
continuous function, allowing us to approximate a solution at any place in the domain of interest. A
numerical study is performed using various splines, and the outcomes are compared to demonstrate
the efficiency of the proposed schemes.

Keywords: cubic B-splines; trigonometric cubic B-splines; extended cubic B-splines; Caputo-Fabrizio
derivative; Cattaneo equation

1. Introduction

The time fractional Cattaneo differential equation (TFCDE) under consideration is [1]

90(s,t)  CF ~a _ 9%0(s, t)
T+a @tv(s,t) = T +g(s,t>, (1)
with initial conditions
v(s,0) = 9(s),
0<s<L, 2
{vt<s,o> — p(s), =8 @
and the boundary conditions,
0(0,t) = f1(t),
t>0, 3
{ o(L 1) = fo(t), = )

where (s,t) € A = [0,L] x[0,T], 1 < a <2, g € C[0,T], and f1(t), f2(t),¢(s), ¥(s) are
known functions. Moreover, $¥D%v(s, t) is the Caputo-Fabrizio derivative given by

CEDip(s, t) = % /‘tv”(s,x)exp[a(t — x)]dx,

where M(0) = M(1) = land o = 2.

=2
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For mathematical modeling of real-world problems, fractional differential equations
are often used. Scientists in a variety of fields are pushed to improve the interpretations of
their findings by utilizing the fractional order derivatives, which are particularly useful. In
mathematical modeling of many scientific situations, fractional order differential equations
provide more accurate information than regular differential equations. Fractional deriva-
tives are used to describe a variety of physical phenomena [2]. This is owing to the fact that
fractional operators assess both global and local properties when analyzing system evolu-
tion. In addition, integer-order calculus can sometimes contradict the experimental results;
therefore, non-integer order derivatives may be preferable [3]. It is difficult to determine
the solution to fractional differential equations (FDEs). As a result, a numerical method
must be used to obtain the solution to these partial differential equations. To tackle these
problems numerically, many approaches have been developed and extended. The existence
of solution of FDEs can be seen in [4]. Diethelm et al. presented the predictor-corrector
method [5] for the numerical solution of FDEs. Meerschaert and Tadjern [6] developed a
finite difference method for a fractional advection-dispersion equation. The homotopy
analysis method [7] for the fractional initial value problem was developed by Hashim et
al. An eigenvector expansion method for motion containing fractional derivatives was
presented by Suarez and Shokooh [8].

When compared to the finite difference approach, other spectral methods, such as the
operational matrix method, are particularly popular since they provide good accuracy and
take less time to compute. This method works well with fractional ordinary differential
equations (ODEs), fractional partial differential equations (PDEs), and variable order PDEs.
Jafari et al. [9] gave applications of Legendre wavelets in solving FDEs numerically. The
Haar wavelet operational matrix of fractional order integration and its applications in
solving fractional order differential equations can be seen in [10]. Chebyshev wavelets [11]
were used by Yuanlu for solving a nonlinear fractional order differential equation. Li and
Sun [12] developed a generalized block pulse operational matrix method for the solution of
FDEs. Obidat [13] used Legendre polynomials to approximate the solution of nonlinear
FDEs. Genocchi polynomials [14] were used by Araci to find numerical solutions of FDEs.
Grbz and Sezer [15] solved a class of initial and boundary value problems arising in science
and engineering using Laguerre polynomials. Caputo and Fabrizio proposed one of the
most recent fractional order derivatives. For more applications of this new derivative and
the related work, the reader is referred to [1,16-29].

In comparison to polynomials, the B-splines based collocation methods provide a good
approximation rate, are computationally quick, numerically consistent, and have second-
order continuity. To obtain numerical solutions to differential equations, multiple numerical
approaches based on various forms of B-splines functions were recently utilized. Inspired
by the popularity of spline approaches in finding numerical solutions of fractional partial
differential equations, various splines-based numerical techniques have been developed for
the numerical solution of the Cattaneo equation involving the Caputo-Fabrizio derivative.
The main motivation behind this work is that to the authors” knowledge, this equation
has not been solved using the B-splines basis functions. In the current work, B-splines
are used to approximate the space derivative, while the Caputo-Fabrizio derivative is
approximated using finite differences. Moreover, the presented schemes are tested for
stability and convergence analysis.

2. Numerical Schemes

In this section, the cubic B-splines, extended cubic B-splines and the trigonometric
cubic B-splines are used to develop numerical techniques for the numerical solution of time
fractional Cattaneo equation (TFCE) (1).

2.1. Numerical Scheme Based on Cubic B-Splines

Lett = % and h = L be the step length in space and time direction, respectively. Set
tm = mT,s; = jh, where the positive integers, N and M, are used. The knots Sj divide the
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SFQ?v(sj,t

solution domain A equally into M equal subintervals [sj, s]-H], j=0,1,...,M—1, where
a=sy<s] <---<spy = Db. The approximate solution V (s, t) to the exact solution v(s, t)
in the following form is acquired by our scheme for solving (1)

M+1

V(s t) = Z Ci(t)Bj(s), 4)

j=-1

where C;(t) are unknowns to be found, and B;(s) [30] are cubic B-splines basis (CuBS)
functions given by

(s —s7)%, s € [sj,8j41]
3+ 3h%(s — sj41)
1 +3h(s —sj41)* = 3(s —sj11)°, s € [5j11,5)12)]
Bj(s) = s W+ 3h2(s]-+3 —) ®)
+3h(sj13 —5)> = 3(sj41 —5)°, s € [s)12,5)13]
(sj+4—5)°, S € [sj43,5j+4]
0, otherwise.

Here, B;_1(s), Bj(s) and Bj1(s) are survived due to the local support characteristic of
the cubic B-splines so that the approximation v}” at the grid point (s, ty) at the mth time
level is given as

j+1
(s, t") = U}" = ) Ci(t)Bu(s). (6)
w=j—1

The time-dependent unknowns C}” (t) are found using the specified initial and bound-
ary conditions as well as the collocation conditions on B;(s). As a result, the approximation
v}" and its required derivatives are

'U;n - ﬂlc;,n_l + llzc;n + Il]C}Z_l,
(Um)s = _blc;‘n_l + blc]’?j,_y (7)
(U;‘n)ss = C1C]7-111 + CZC]m + ClC]’?jH/

—

where a; = %, ay = %, by = ﬁ, 1 = h%’ and ¢ = —%.Letg: {g":0<m< N}
be the collection of grid functions on a uniform mesh of the interval [0, T] such that

g™ = w A discrete approximation to {TD%v(s, t) at (Sjs b 1 ) can be obtained
as [1]
= (M Y (M — M 50t — Mypy) + R 8
wid) = Ty Mod]" = LMoy = Man142)810) = M) + Ry, ®)
where,
1—a . 1—a .
M;j = exp(5—1j) —exp(5—_7(j+1)), )
and

1
R3] = O(?).
Lemma 1 ([1]). From the definition ofM]- in (9), we have M; > 0 and M1 < M;, Vj < m.

Lemma 2 ([1]). Suppose that v(t) € Ci’f([O, L] x [0, T]), then

0<M;<Cr
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and
0< M]- — Mj+1 < CTM]-.

Now, we employ the Caputo-Fabrizio fractional derivative and CuBS to establish
the numerical scheme for solving (1). Using CuBS and the approximation given in (8),
we obtain

1 m
W(MOJW}“H = L (Myy g = My 11)80) — M) = (01 )ss + g7+ R™H, (10)
=1

where R"*1 = O(7? + h?). Thus, by ignoring R”*! and using the discretization (©f")e =
v}vz+170;rz
T

, we have

M 1 & _
(0= D)@ =) + @ =) = = ) (Mg = My—1) (0 — 2} )
=1

= Mupj) = (& — 1)(0}”“)55 + (a0 — 1)Tg;”+l.

Rearranging the above equation, we obtain
1 1 1y 11 1
GO — (o o = 00!+ Y (M = My 1) (0 = 0f1) + My + g, (1)
I=1

whereo = (0 — 1+ @) and y = (a« — 1)7. Using the CuBS approximation (7) in (11), we
obtain
G+ aCl i CI = 3 Cly + aCJ 4 13Cly
+ % li(Mmz — My—1)[(@1Cj_y +a2C} + a1 Cl )
— (mC7{ +aaCi ™+ Ci )] + Moty + pg' ™, (12)

where 11 = ca; — pcy, 2 = oay — pcy, 43 = oay ,and #4 = oap. In matrix notation, the
above equation is expressed as

1 _
A CMHL = A0 4 Bi(— Y (Mg = My 141)(C' = C'7Y) + My ¥4 16,
=1

where the matrices A1, Ay, By, ¥ and G are

771 172 171 0 07
0 m m m :
Av=t o o]
0O ... m 2 m O
_0 0 771 772 171_
_1/]3 174 1’]3 0 07
0 3 7na 73 -
A=l ]
0 ... 73 na n3 O
_0 0 1’]3 1’]4 1’]3_
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0 ay a a

0o ... ap dy a1 0
0 a1 a m

‘P:[%HH, IP{”H L IPTAH]T/
and

— [om+1 +1 +11T
G=gn, &t ..., it
The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. For this purpose, the boundary
conditions are utilized as

{ a1 C" 1+ a4 a1 CF Y = £ (b)), (13)

alcl’\”,ltll + aZCR”A“ + ﬂ1C;\n/f:11 = fZ(tm-&-l)'

By combining Equations (12) and (13), we have (M + 3) x (M + 3), a system of linear
equations which can be solved uniquely.

2.2. Initial State

First of all, it is essential to find the initial vector C* = [C°,, CJ, ... ,C%;, C% 4] r

to initiate the iteration procedure. This vector is obtained from initial conditions as

v = ¢'(s0),

’U}) :(P(S])/ j:O/1/2/3/"-/M/

oy = ¢ (sm)-

Thus, (M + 3) x (M + 3) a system of linear equations results, and this system can be
written in matrix notation as

A3CY = B,,
where the matrices A3, CY and B, are

by 0 by 0 ... 07

a4y @ 0 ... 0

A3 _ 0 a ap a )

. .0

0 . 0 a a ad
L 0 e 0 _bl 0 bl_

T
=1, & ..., % Chil,

and

By = [¢/(s0), ¢(s0) ,-orr @(sm), ¢ (sm)] "



Fractal Fract. 2022, 6, 50

6 of 22

2.3. Numerical Scheme Based on Extended Cubic B-Splines

A cubic B-spline of degree four with a free parameter 7 is called an extended cubic
B-spline. This kind of cubic B-spline was introduced by Han and Liu in 2003. We follow the
same notations for the time and space discretizations that we used before. The extended
cubic B-spline (ECuBS) basis functions, B;l(s, 1) are given by

4h(1—1n)(s —sj)> +3n(s —s;)*, s € [s,5)41]
(4= I+ 1235 — 5140) + 612(2 4 )5 — 571)?
1 —12h(s — sj+1)3 —3n(s— s]-+1)4, s € [sj41,5/42]
= o | (4= M +121%(s55 — ) + 682 (2 + 17) (145 — 5)° (14)
—12h(sj45 — s)° — 31 (sj41 — s)%, s € [sj42,5j43]
4h(1 =) (sj44 —5)> +31(sj1a — )%, s € [sj43,5j14]
0, otherwise,

where 17 € [—8,1]. Here, B]{l(s),B;L(s) and B;L+1(s) are survived due to local support
characteristic of the cubic B-splines so that the approximation v]m at the grid point (s;, tm)
at mth time level is given as

j+1

(s, t" Z Cl(t)Bg (s, 17)- (15)

The time-dependent unknowns C]m (t) are found using the specified initial and bound-

ary conditions as well as the collocation conditions on B;(s). As a result, the approximation

U}ﬂ and its required derivatives are

v]’” C] 1+wzC 4w C"

1
(v]")s = —wsCiLy + wyCf" + w3y, (16)
(U;n)ss = CUSC] 1+ wéc + (USC]_H,
where w; = 42;4'7, wy = 8%'7, w3 = ﬁ, wy =0, ws = 22% and wg = th By following

the same procedure as was done for cubic B-splines and using the ECuBS approximation
given in (16), we obtain the following approximation to the solution of (1)

175ij_+1 + 176CT”+1 +15C = Gy + s CJ - 17CfY

Z My, l+1)[(wlc]l¥1 + WZCJI' + WIC]I‘+1)

(w1Cl —|-CU2CJZ- ' w0 C )]+ Mungpy + g, (17)

where, 5 = cw — Uws, g = Cwy — Hws, 7 = cwy and g = owy. In matrix notation, the
above Equation (17) is expressed as

m
A CM L = AsC™ 4 Ba(= Z M, - 1+1)(Cl -c™h) + M ¥+ G,
I=1

=
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where the matrices A4, A5 and Bj are

5 16 15 0 ... 07
0 75 16 15 -
Ay = STl el e .0l
0 ... 75 16 15 O
L0 ... 0 5 e 75l
(7 ns n7 O 0]
0 #n7 mns w7
As = STl el .0l
0 . 177 778 777 0
L0 ... 0 #n7 ng 77l
and
w wy wp 0 ... 0

0 w wy w

0O ... w3 wp w; O
0 ... 0 w w w

The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. From the boundary conditions, we
obtain the required equations as follows

{wlcmfl + W CY T + w1 CM = £ (bt), (18)

w1 Ch + WO+ w1 CIY = fo(ban)-

By combining Equations (17) and (18), we have (M + 3) x (M + 3), a system of linear
equations, which can be solved uniquely.

2.4. Numerical Scheme Based on Trigonometric Cubic B-Splines

We follow the same notations for the time and space discretizations used before. The
trigonometric cubic B-spline (TCuBS) basis functions are given by [31]

B(s,), & [5),5511)
gy _ 1 I(s;)(L(sj)m(sjy2) +m(sj13)l(sj+1)) +m(sj+4)lz(5]‘+1)/ € [sj11,842)
TB}(s) ) (19)
p m(51+4)(l(5]+1) (sj+3) +m(sj4a)l(sj42)) +1(sj)m (5j+3)/ € [sj+2,5i13)
(S]+4)r [S]+3/S]+4)

where [(s}) = sin(sj2 ), m(s;) = sin(Z L —)and p = sm(g) sin(h) s1n(3h)

Here, TB;{l (s), TB;L( s) and TB;1 (s) are survived due to the local support character-
istic of the trigonometric cubic B-splines so that the approximation v}" at the grid point
(sj,tm) at mth time level is given as

j+1
o(sj, t") = v}" =) C™(t)TB2 (s). (20)
w=j—1
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The time-dependent unknowns C}" (t) are found using the specified initial and bound-
ary conditions as well as the collocation conditions on B;(s). As a result, the approximation

U;-" and its required derivatives are

o' = 0iCLy + DG + 4Gy,

(0f")s = =0aCjLy + CuCly + 03CTLy, (21)
(U]m)ss = §5C]*Wi1 + CGC]T” + CSC]TH,
where
1 = csc(h) esc(2L) sin? (L),
2 2
_ 2
G = 142 cos(h)”’
(3= %CSC(%),
Ca=0,
_ 349cos(h) 5h
G5 = 4cos(l) 4COS( )’
- 3cot2(1)
Co = 72+4cos%h) :

By following the same procedure as was done for cubic B-splines and using the
approximation (8) in (1), we obtain

1 ¢ _
ool — (0] )ss = 00" + = Y (Mg = My—p41) (v = 0 ) + Mntpy + i, (22)
I=1

where o = (a — 1+ @) and y# = (a« — 1)7. Using the CuTBS approximation given in (21),
we obtain the following approximation to the solution of (1)
1oCIEt + moCH T+ o Clyt = i ClLy + maC + i Clly
+ % li(Mml ~ My 1 )[(G1Cfy +82C) + 861Gl q)
— Q1G] + 6+ TG + M + g, (23)

where N9 = 0C1 — uls, 10 = 0Cr — V€6, M1 = 01, and 712 = 0¢>. In matrix notation, (23)
is expressed as

1 & _
A;C" = AgC™ + B5(; Y (M — Myy_131)(C' = C'71) + My ¥ 4 16,
=1

where the matrices Ay, Ag and Bs are

9 fio 9 0 ... 0

0 19 Mo 1o :
Ar=|

0 M9 1o M9 O

0 0 179 1o 1o
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mi 12 1 0 ... 0
0 m1 M2 11 :
As= 1 - gl
0 ... 71 m2 nma O
0 ... 0 mu m2 11
and
1 &2 &n 0 ... 0
0 &1 &2 & :
Bs=|. . . .

: . S O ¢
0 ... & & & 0
0 ... 0 & & &

The above system gives (M + 1) equations in (M + 3) unknowns. For a unique
solution, two additional linear equations are necessary. From the boundary conditions, we
obtained these equations as follows

GO+ L+ GO = filtwan), 28)
LWL + L + 4Oty = faltwa)-

By combining Equations (23) and (24), we have (M + 3) x (M + 3), a system of linear
equations, which can be solved uniquely.

2.5. Stability Analysis

This section deals with stability analysis of the scheme based on cubic B-splines. The
stability analysis of the schemes based on extended and cubic trigonometric B-splines can
be carried out by a similar argument. We use the Fourier method to study the stability
analysis of the scheme. Let V0 be the perturbation vector of initial values V* and V",
1 < m < N — 1 be the approximate solution of the scheme (12). The error vector 6" is
defined as

FM=V" V", 0<m<N-1, (25)
where,

vr=[vm, v, v 1,

vr=[om, o, L, v
and

/L U P

Define the grid functions as follows:

h
o, si— - <s<si+ =,
"M (s) = ) Fo2

h h
< g < — — — .
0,0_5_20rL 2<s<L

We can expand 6™ (s) into Fourier series as

5'(s) = Y. dn()exp( 2T,

|=—00

where,

1 (L, —I27ls
dm(l):z/o 8" (5) exp(—— " )ds.
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Denoting
L 1
16" 112 = (/O 16 () [2ds)z,
and using the Parseval’s equality,

[ lds = 3 Il

|=—0

we obtain
16™(s)1> =Y lldm(D)]*
|=—0c0

We can expand ¢! into Fourier series, and because the difference equations are linear,

we can analyze the behavior of total error by tracking the behavior of an arbitrary nth
component. Based on the above analysis, we can suppose that the solution of (11) has the

following form
(5]’71 = dy exp(losjh), (26)

where 05 = ZT”Z, I = v/—1. Substituting the above expression into (11), we obtain
m
(0" ) = u(lT) = Y (Mypg = My 141)5:(8") + 0(8™). (27)
I=1

Using the CuBS approximation given in (7) and Equation (26) in the above equation,
we obtain

dy11(0(ay exp(—Iosh) + ap + ay exp(losh) — p(cy exp(—Iosh) + cp + c1 exp(Iosh)))

(My—1 — My, 141)0¢d; (a1 exp(—Iosh) + az + ay exp(Iosh)) + ody (a1 exp(—Iosh))

=

1=1
+ ap + ay exp(Iosh)),

= dy1(0(ag +a1(2cos(osh)) — p(ca + c1(2cos(osh)))

m
=Y (My—; — Myy—131)81d; (a2 4 a1 (2 cos(osh)) 4 od (a2 + a1 (2 cos(osh)),
=1

which, on further simplification, reduces to

dl_dlfl)_i_ (o
o — ur

1
o —ur|

dp, 1<m<M-1, (28

(Mmfl - Mmfl+1)(

hgE

dm+1 =

1

cy+2cq cos(osh) )

where, r = (a2+2a1 cos(osh)

Definition 1 ([32,33]). A scheme is called stable if there exists a positive number C, independent

of j and m such that
v =7 < Cl[v? =V,

where V" and V" are the exact solutions of the difference scheme and its perturbed equation,

respectively.
Theorem 1. Suppose that dy,, (1 < m < N — 1) are defined by (28), then for a € (1,2), we have

dm| < (142CT)"|do|, m=1,2,...,M—1.
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Proof. We use the mathematical induction for proof. For m = 1, we have from (28),

Now, suppose that
dm| < (1+2CT)"|do|, m=12,..., M—2.

Then, by using Lemmas 1 and 2, we obtain

m
Z|dl dj_ 1|Jr

<
|dm+l| = o— 1"7 ‘ur| m|
Ct 1o
= —d —1d
U_W|(dm 0)|+‘7_W| m|
!
= Z(Sj:,fT(l—i—ZCT)mdd < (1+2Cr)m+1|d0|.

This completes the proof. [
Theorem 2. The scheme (12) is unconditionally stable for « € (1,2).

Proof. By using Theorem 1, Parseval’s equality and m7T < T, we obtain
v — V™, = Z e (1)

< (1+2Ct)*" Z ldo(D))?

I=—00
= (1+2CT)*™(|8°(DI7,
< exp(4Ctm)||V° — 170||122.
so that
V™ = V", < exp(2v/Cr)||V° —

which means that the scheme is unconditionally stable. [

ll1,-

3. Convergence Analysis

The convergence of the scheme based on cubic B-splines is presented in this section.
The convergence analysis of the extended and cubic trigonometric B-splines based nu-
merical scheme follows accordingly. Let e}" = v]’.” — ij, 1<j<M-1,1<m<N-1
and
e = (ef', ey, ... 1),
R" = (RY,RY,...,Ryy_1), 0<m<N-1

From Equation (11) and R]’.’1+1 = O(7? + h?) and noting that e? =0, we have

m
ol — (el s = Y (Mg — My 141)81¢) + o€ + R". (29)

Define the functions

7 _E<S<S+h 1§]§M_1/
e"(s) = ] i 2h h2
0,0§s§§orL—§<s§L.
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and
m h h :
R~,sj—f<s§sj+f, 1<;j<M-1,
0,0gsgiorL—§<s§L.
We expand the above functions into Fourier series expansions as
> 127tls
2 Em(l)exp L
|=—c0
Z )\m( eXplanq
|=—00
where,
1 / 71%7rls d
=1 s) exp s,
1 —1Z7ls
=7 / s) exp S ds,
Applying Parseval’s equalities,
/ e (s) | 2ds = 2 Hlle" |12, and
L m 2 — m||2
IR s) s = S
to the above expression, we have
{ ™3 =X G (DI, (30)
IR™ 3 = X2 o IAn(D]%.
Now, we suppose that
el = & explosih,
R = Amexp oI,

where 0; = ZT"l Substituting relations (31) in Equation (29).

Ema]o(ag exp@ U=V Lgy exp!®0 a1 exp!@UHDIY — yy(oq explos=1h

+crexp!® " oy exp!®UFIN] = 3 (Myy g = My 141)0i61 (a1 exp™UD"

=1
Ta, eXpIUb( j)h +a explas(j+1)h] + (Tgm [al eXpIUs(j Dh +ay explas( j)h

+ay exp UV 1AL [ay exp U= gy exp! Dl 4 g; explos (DR,
= Cpi1lo(ap + 2aq cos(osh)) — u(cp + 2c1 cos(osh)))]
= Z m—1 — My — l+1)5t§l(a2 + 2aq COS(Ush)) +08m (”2 + 2aq COS(Ush))

+ )\m+1 (ap + 2a; cos(osh)).
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The above expression is further simplified as
61— 611 v
Cmt1 = 0, yr 1221 m—1 — My — l+1)( T )+(0'—]/H’)§m
1
———Apg1, 1 <m<M-1 32
tlo—pnytmr Isms (32)

Theorem 3. Let ¢y, be the solution of (32), then, there is a positive constant C such that
|G| < C(14+ 1) A, m=0,...,N—1.

Proof. We use the mathematical induction to prove this claim. For m = 1, we have
from (32)

A
< < C(1+1)M].
|Cl|_|0_w\_c( T)|M|

Assume that
I&n| <CA+T)"|Aq], m=0,...,N—2.

Now by using the convergence of the series on the RHS of (30), we know that there
exists a constant C, such that

Am| < CotlAy|, m=1,...,N—1

From (32), we have

|_|_‘ m+1|
o—ur

|gm+l| =

Ct &
< —
P l; 61— G11

_Cr & o At
_U'_I/”’;Em §0|+0._‘ur|§m|+‘0._‘ur‘

=Ct(1+1)" A 4+ Cat(1+ 1) |A1] + Cot| A4
< (14 1)™CN|.

O
Theorem 4. The scheme (12) is convergent, and the order of convergence is O(T? + h?).

Proof. By Theorem 3, Equation (30) and mt < T, we have

[0}

le™ |17, = Zl\é‘m OIF< ¥ ca+o™m0l?

[=—c0 [=—o00
_ 2 2 12
=C(1+1)™[R7[l;,
< CZC%EZmT(TZ + h2)2
< C? (2 41?2

This completes the proof. [

4. Numerical Findings and Discussion

The efficiency and the validity of the suggested methodologies are confirmed in this
part using various test problems by utilizing the L, and L error norms. The numerical
results obtained by the proposed schemes are compared. Mathematica 12 was used to
obtain the numerical and graphical results.
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Example 1. Consider the time fractional Cattaneo equation,

dv(s, t)
ot

0%v(s, t)
9%s

+5FD%0(s, t) = +g(s,t),1<a<?2,

with initial constraint,
v(s,0) =0, v4(5,0)=0,s >0,

and with boundary constraint,
v(0,t) =0, v(1,£) =0, 0<t< 1.

The corresponding source term is

O]+ (505 -

1—a
2—u

(st = 2(1—s2)s 5 [t + ﬁa — exp(

208 10
753

The analytic solution of the given problem is v(s, ) = t>(1 — 52)513*6. The suggested
schemes are implemented on the aforementioned problem to obtain the numerical re-
sults. The errors obtained by the schemes are compared with each other in Tables 1-3.
Figure 1 presents an efficient comparison of approximate and exact solutions at various
times. Figure 2 exhibits the 2D error profile. The 3D comparison between the exact and
approximate solutions is depicted in Figure 3. The approximate solution using the scheme
based on cubic B-splines when 7 = 0.0l and M =20at T = 0.5 and T = 1 for Example 1

are given by

—2.3293 x 102! 4-1.9849 x 10~4s — 3.03577 x 1071852 + 1.5661 x 107353, s € [0

—8.7474 x 1077 +2.5097 x 10™*s — 1.0497 x 1073s*> +8.5639 x 107353, s € [

—1.7230 x 107> +7.4162 x 10~*s — 5.9562 x 10~3s? + 0.0249s>, s €[5
V(s,0.5) =

1.5989 — 6.1887s + 8.0414s? — 3.4502s, se|

2.5132 — 9.2363s + 11.4277s% — 4.704453, se|

3.8346 — 13.4089s + 15.8199s2 — 6.2455s°, se|

and

—8.3009 x 10720 4 1.4517 x 10735 4 2.9490 x 10~17s% + 6.8016 x 1073s3, s € [0,

—3.5058 x 1076 +1.6620 x 10735 — 4.2069 x 1073s% + 3485 x 107%s%, s € [

—6.8991 x 107° + 3.6266 x 10735 — 2.3853 x 10~2s* 4 0.1003s>, se|

V(s 1) =
6.3895 — 24.7327s + 32.1435s% — 13.7945s°, s€ |
10.0419 — 36.9074s + 45.6709s — 18.8046s°, se|

15.3213 — 53.5792s + 63.22025> — 24.9623s3, se|

respectively.

1
)
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Table 1. Comparison of errors using various B-splines when « = 1.1, df = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS

Ly Norm Lo Norm L; Norm Lo Norm L; Norm Lo Norm
20 1.63x1073 260x1073 1.65x1073 264x103 946x107%* 147x103
40 411x107% 655x107% 416x107% 6.65x107% 245x107% 3.94x10~*
80 1.08x107% 1.71x107% 1.09x10~* 1.73x107% 6.61x107° 1.04x10°*
160 320x107° 5.00x107° 323x107° 5.06x107° 203x107> 325x10°°

Table 2. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L, Norm Lo Norm L, Norm Ls Norm
20 154%x1073 249x107° 156x1073 253x1073 142x103 8.89x10°%
40 390x107% 627x107% 394x107* 637x107% 233x107* 3.77x107*
80 1.02x107% 1.64x107% 1.04x107% 1.67x107% 642x107° 9.99x 105
160 3.08x107° 4.83x107° 3.11x107> 4.89x10° 200x107> 321x10°°

Table 3. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 1.

M CuBS TCuBS ECuBS
L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 139x1073 231x10% 141x10~3 235x1073 801x10~* 130x103
40 350x107% 585x107% 356x107% 595x107% 209x10~* 344x10~*
80 9.18x107° 151x107% 930x107> 154x10~% 570x107> 9.18x10~°
160 273%x1075  429%x107° 275x107° 435x107° 185x107° 296x10~°
V., ¥
0.12
0.0t
0.08 | e =073
0.06 |- o? 'I_ t=1
L
L
0.0 [ \ A t=03
]
pozf ./. |

0.6 0.2

[1 . 0.4

Figure 1. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based
scheme for Example 1 at various times when h = 61—0.
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Figure 2. The 2D error profile using cubic B-spline-based scheme for Example 1 when /1 = 10, T=1,
dt =0.01,« = 1.5.

Spare—Time graph of approximate solution

Space—Tirme graph of exact solution

Figure 3. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 1 when i = 61—0, T=1,dt=0.01,a=15.

Example 2. Consider the time fractional Cattaneo equation,

av(s,t) ¢ 9%v(s, t)
ot +0F ?U(S,t):T‘Fg(S,t), 1 <lX<2,
with ICs,
v(s,0) =0, v4(s5,0) =sinx, 0<s <1,
and BCs,

v(0,t) =0, v(1,t) =tsin(1), t > 0.

The corresponding source term is g(s,t) = (1 + t) sins. The analytic solution of the
given problem is v(s,t) = tsins. In order to achieve the desired numerical results the
presented schemes are applied on Example 2. The errors obtained by the schemes are
compared with each other in Tables 4-6. For various time stages, a sharp contrast between
the exact and approximate solutions is presented in Figure 4. The 2D absolute error profile
is plotted in Figure 5. Figure 6 depicts a 3D comparison between the exact and approximate
solutions.

The approximate solution using cubic B-spline-based scheme when 7 = 0.01 and
M =20atT =0.5and T = 1 for Example 2 are given by
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V(s,05) =

and

V(s 1) =

respectively.

—1.5548 x 1072 + 1.0671s — 0.1033s2 — 0.1068s3,
—2.0307 x 10~2 + 1.08297s — 0.1209s% — 0.1003s3,
—2.6118 x 1072 + 1.10132s — 0.1402s% — 0.0935s3,

3.0358 x 10~ 4 0.499995s + 4.4409 x 101552 — 0.08331s>,
—2.6046 x 1078 4 0.499996s — 3.12551 x 10552 — 0.08311s3,
—4.4227 x 1077 + 0.50001s — 1.56124 x 10~%s2 — 0.08267s3,

—7.78029 x 102 + 0.5336s — 0.05168s% — 0.05339s2,
—0.01016 + 0.5415s — 0.06050s% — 0.05013s3,
—0.01307 + 0.5507s — 0.07016s% — 0.04673s2,

—4.5103 x 10717 +0.99997s — 5.32907 x 101452 — 0.1666s>,
—5.2096 x 108 4 0.99998s — 6.25146 x 10~ °s2 — 0.1662s3,
—8.8457 x 1077 + s — 3.12256 x 10~%s? — 0.1654s°>,

Table 4. Comparison of errors using various B-splines with « = 1.1, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 715x107% 997x107® 671x107% 935x10°°® 287x10"7 399 x10~7
40 179 x 1076 249x107% 168x107°® 234x10°® 143x10°% 198x10°8
80 447 x 1077 623x1077 419x1077 584x107 615x107? 857 x 107
160 1.12x 1077 156 %1077 1.05x1077 146x1077 1.79x10710 250 x 10-10

Table 5. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS

L, Norm Lo Norm L Norm Lo Norm L, Norm Lo Norm
20 704x107% 981x107° 6.60x107® 920x107°® 282x1077 393x10~7
40 1.76 x 1076 245x107°% 1.65x107® 230x107® 140x10°% 1.96x 108
80 440x 1077 613x1077 412x1077 575x1077 6.05%x1077 844 x107°
160 1.09 x10=7 153x10~7 1.03x1077 144x1077 1.76x10710 246 x 10710

Table 6. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 2.

M CuBS TCuBS ECuBS
L, Norm Lo Norm L, Norm Lo Norm L, Norm Lo Norm
20 720x 107 1.01x10™° 675x107% 943x107°® 289x10~7  4.03x 1077
40 1.80x 107 251x107°® 1.69x107® 236x10°% 144x10"8 2.01x10°8
80 450x 1077 629x1077 422x1077 590x107 6.19x107°  8.65x10~?
160 1.12x 1077 157x1077 1.05x1077 147x1077 1.80x10710 252x 1010
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e t=073

+ t=1

A t=035

0.2 0.4 0.6 0.k 1.0

Figure 4. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based
scheme for Example 2 at various times when h = 61—0.
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Figure 5. The 2D error profile using cubic B-spline-based scheme for Example 2 when h = 6—10, T=1,
dt =0.01, & = 1.5.

Spare—Time graph of approxwmate solution Space—Tirme graph of exact solution

Figure 6. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 2 when 1 = 61—0, T=1,dt=0.01,a=15.
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Example 3. Consider the time fractional Cattaneo equation,

00(s,t)  CF ~a _ 9%0(s, t)
5 1o fo(s,t) = s +g(s,t),1<a<?2,
with ICs,
v(s,0) =0, v4(s5,0) = (1 —s)coss, 0<s<1,
and BCs

v(0,t) =t, v(1,t)=0, t>0.

The corresponding source term is g(s,t) = (1 +t)(1 — s) coss — 2t sins. The analytic
solution of the given problem is v(s,t) = t(1 — s) coss. The proposed methodologies are
utilized to acquire the numerical results for Example 3.

A comparison of computed errors is provided in Tables 7-9. For various time stages, a
close comparison between the exact and approximate solutions is displayed in Figure 7.
The 2D error function is plotted in Figure 8. Figure 9 depicts a 3D comparison between the
exact and approximate solutions.

The approximate solution using cubic B-spline-based scheme when 7 = 0.01 and
M =20atT =0.5and T = 1 for Example 3 are given by

0.5 — 0.5s — 0.25s2 + 0.2519s3, s €10, %)
0.5 — 0.49997s — 0.2505s2 + 0.2551s3, s € (55, 19)
0.499998 — 0.4999s — 0.2511s2 + 0.2571s>, s €[4, 5)
V(s,0.5) =
0.5282 — 0.6185s — 0.0778552 4 0.1681s°, s€ 3 5)
0.5375 — 0.64965 — 0.04329s2 4 0.1553s°, s €[4y, )
0.5491 — 0.6860s — 4.990 x 107352 +0.1419s%, s € [13,1).
and
1 —0.9999s — 0.552 4 0.5039s°, s€0,4)
0.9999 — 0.9999s — 0.5009s> + 0.5101s%, s € [%, 75)
0.9999 — 0.9998s — 0.502252 + 0.5142s%, s € [, 5)
V(s 1) =
1.0563 — 1.2367s — 0.1560s2 + 0.3364s%, s € [14, %)
1.0750 — 1.2989s — 0.0869s + 0.3108s%, s € [f5, 1)
1.0980 — 1.3716s — 0.0103s> + 0.2839s>, s € [13,1).
respectively.

Table 7. Comparison of errors using various B-splines with « = 1.1, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS

Ly Norm Lo Norm L; Norm Lo Norm L; Norm Lo Norm
20 221x1075 319x107° 223x107® 355x107® 4.04x107® 147x10°°
40 553x 1076 799x107® 558x107 889x107 1.01x10"® 394x10°°
80 138x107% 199x107% 140x10~7 223x10~7 297x10~7 1.04x1077

160 346x1077 499x10~7 349x1078 557x107® 671x1078 3.25x10°8
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Table 8. Comparison of errors using various B-splines with « = 1.5, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS

Ly Norm Lo Norm L; Norm Lo Norm L; Norm Lo Norm
20 218x 1075 314x107° 224x107® 356x107° 4.06x107° 6.07x10°
40 544x 1076 788x107° 560x1077 890x107 101x10"® 151x10°°
80 136x107% 197x10°% 140x1077 223x1077 298x10~7 458x107
160 340x1077 492x1077 350x1078 557x107% 674x1078 956x10°8

Table 9. Comparison of errors using various B-splines with « = 1.9, dt = 0.001, T = 1 for Example 3.

M CuBS TCuBS ECuBS
L; Norm Lo Norm L; Norm Lo Norm L; Norm L Norm
20 223%x107° 323x107° 233x107® 3.69x10° 422x10°° 6.30x10°°
40 557x1076 8.08x107° 581x1077 924x10~7 1.05x107® 157x10°°
80 139%x107% 2.02x107° 145x1077 232x1077 3.09x10~7 4.76x1077
160 348x 1077 5.05x1077 3.63x108% 579x10°8 720x10"% 996x108
w, ¥
1.04
t=0.75
t=1
A t=03

I 0.2

Figure 7. The exact and approximate (triangles, stars, circles) solutions using cubic B-spline-based

scheme for Example 3 at various times when h = 61*0'

Absolute Emor

- - -5
35=107"

AN

1

Figure 8. The 2D error profile using cubic B-spline-based scheme when for Example 2 when h = 5,
T=1,dt =001, =15
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Space—Tire graph of approximate solution Space—Time graph of exact solution

Figure 9. The approximate (left) and exact (right) solutions using cubic B-spline-based scheme for
Example 3 when 1 = 61—0, T=1,dt =001, =15.

5. Concluding Remarks

The spline-based collocation schemes are developed for the numerical solution of the
time fractional Cattaneo differential equation involving the Caputo-Fabrizio time fractional
derivative. To begin with, the space derivative involved is approximated using the cubic
B-spline. Secondly, using finite differences, the Caputo-Fabrizio derivative is approximated.
The stability and convergence analysis of the schemes are also discussed in detail. The
splines used are the cubic B-splines, extended cubic B-splines and the trigonometric cubic
B-splines. The key advantage is that the approximate solution is obtained as a piecewise
continuous function so that approximate solution at any desired position in the domain can
be tracked. The efficiency and accuracy of the proposed approaches are confirmed by the
experimental findings. The suggested schemes can be applied to a wide range of problems
in varied fields of applied sciences.
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