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Abstract: The prediction of permeability and the evaluation of tight oil reservoirs are very important
to extract tight oil resources. Tight oil reservoirs contain enormous micro/nanopores, in which
the fluid flow exhibits micro/nanoscale flow and has a slip length. Furthermore, the porous size
distribution (PSD), stress sensitivity, irreducible water, and pore wall effect must also be taken into
consideration when conducting the prediction and evaluation of tight oil permeability. Currently,
few studies on the permeability model of tight oil reservoirs have simultaneously taken the above
factors into consideration, resulting in low reliability of the published models. To fill this gap, a fractal
permeability model of tight oil reservoirs based on fractal geometry theory, the Hagen–Poiseuille
equation (H–P equation), and Darcy’s formula is proposed. Many factors, including the slip length,
PSD, stress sensitivity, irreducible water, and pore wall effect, were coupled into the proposed model,
which was verified through comparison with published experiments and models, and a sensitivity
analysis is presented. From the work, it can be concluded that a decrease in the porous fractal
dimension indicates an increase in the number of small pores, thus decreasing the permeability.
Similarly, a large tortuous fractal dimension represents a complex flow channel, which results in a
decrease in permeability. A decrease in irreducible water or an increase in slip length results in an
increase in flow space, which increases permeability. The permeability decreases with an increase in
effective stress; moreover, when the mechanical properties of rock (elastic modulus and Poisson’s
ratio) increase, the decreasing rate of permeability with effective stress is reduced.

Keywords: permeability model; fractal theory; slip length; irreducible water; stress sensitivity;
tight reservoir

1. Introduction

With the development of conventional resources, much attention has been paid to
unconventional resources, especially for tight oil [1,2]. In 2019, the Changqing oil field,
which is the biggest oil field in China, extracted more than 5700 t of oil, 90% of which was
tight oil [3]. The porous medium of tight reservoirs is different from that of conventional
reservoirs and shale reservoirs. Compared with the conventional reservoir, the porous size
of tight reservoirs is small, and the medium in tight reservoirs exhibits stress sensitivity [4].
The fluid flow in tight reservoirs is more complex than that in conventional reservoirs.
Although there are many micro/nanopores in shale reservoirs, similarly to tight reservoirs,
the pores are divided into organic pores and inorganic pores, which have different proper-
ties [5–7]. The fluid flow in shale reservoirs is distinct from that in tight reservoirs. Thus,
an investigation into the flow capability, which is characterized by permeability, of fluid
flow in tight reservoirs is urgently needed.
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Tight reservoirs contain enormous micro/nanopores, in which the fluid flow exhibits
micro/nanoscale flow [8–10]. The oil flow in micro/nanoscale pores is distinct from
that at a macroscopic level [11], and many indoor experiments on fluid flow through
micro/nanopores have been conducted. Majumder et al. [12] conducted experiments on
water flowing through a freshly fabricated membrane consisting of aligned multiwalled
carbon nanotubes with a diameter of about 7 nm. They found that the flow rates were
four to five orders of magnitude faster than conventional fluid flow as predicted for pores
7 nm in diameter using the Hagen–Poiseuille equation (H–P equation) with ‘no slip’. The
reason for this scenario was water slippage, and the slip length ranged from 3 to 68 µm. In
the next year, Holt et al. [13] reported water flow measurements through microfabricated
membranes in which aligned carbon nanotubes with diameters of less than 2 nm served
as pores. They found that the measured water flow exceeded the value calculated from
continuum hydrodynamics models by more than three orders of magnitude. Qin et al. [14]
presented an experimental approach for measuring the water flow rate through individual
ultralong carbon nanotubes. They exhibited a rate enhancement of 882–51 and a slip
length of 53–8 nm for ultralong carbon nanotubes with diameters of 0.81–1.59 nm. Whitby
et al. [15] conducted many flow experiments using different fluids, including water, ethanol,
and decane, through carbon nanopipes with an inner diameter of 43 nm. They found that
the flow rate of decane is larger than that of water. Secchi et al. [16] conducted a comparison
between the water slip length on carbon nanotubes and that on boron nitride nanotubes
through indoor experiments. They revealed an unexpectedly large slip length in carbon
nanotubes, whereas they observed no slippage in boron nitride nanotubes. From the
experiments above, it can be concluded that there is a slip length when fluid flows through
tight reservoirs with micro/nanopores [12–14], and the length of slippage is related to the
properties of the pore and fluid [15,16]. In addition, the fluid viscosity at the interface
region is higher than that at the bulk region due to the pore wall effect. Tight reservoirs
have abundant irreducible water [17,18], and the medium in these reservoirs exhibits
stress sensitivity [4]. Thus, it is challenging to investigate the flow capability, which is
characterized by permeability, of fluid flowing in tight reservoirs while considering the
effects of multiple factors, such as fluid/oil slip, irreducible water, stress sensitivity, and
the pore wall effect.

The fractal theory has been widely used to characterize permeability [19,20]; however,
not all scholars have published studies showing that the pore size distribution (PSD) follows
a fractal dimension [21,22]. Guarracino [23] presented a physical conceptual model for
water retention in self-similar fractured hard rocks, and all model parameters could be
calculated from the density of the main fractures, the maximum and minimum values of the
fracture aperture, and the residual water content. In 2014, Guarracino et al. [24] proposed
a fractal model to describe the evolution of multiphase flow properties during mineral
dissolution. Nguyen et al. [25] developed a permeability model for fractal porous mediums
saturated by one or two fluid phases. The model was related to the microstructural property
of porous media, such as the fractal dimension for the pore space, fractal dimension for
tortuosity, porosity, maximum radius, ratio of minimum pore radius and maximum pore
radius, water saturation, and irreducible water saturation. On the basis of the hysteresis
effect, Chen et al. [26] and Solidi et al. [22] presented analytical capillary models using fractal
theory. The above studies were related to the fractal permeability of a porous medium
without micro/nanopores, which is distinctly different from that of tight porous media.

The medium of tight reservoirs exhibits stress sensitivity, indicating that the pore is
subject to deformation with the variation in effective stress. Makhnenko et al. [27] inves-
tigated the poroelastic and inelastic deformation of a porous, fluid-saturated rock under
different limiting regimes, and they found that the material under undrained conditions
was stiffer than under drained conditions. Pride et al. [28] provided an analytical model
to describe the fluid flow permeability of rocks as a function of stress and fluid pressure.
On the basis of mechanics of materials and the fractal characteristics of solid cluster size
distribution, Tan et al. [29,30] proposed a permeability model of porous media consid-
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ering the stress sensitivity. Lei et al. [31,32] proposed a fractal model of permeability in
microporous media with lower permeability by considering the stress sensitivity effect.
The proposed permeability model was expressed as a function of the effective stress, rock
elastic modulus, microstructural parameters, initial irreducible water saturation, etc. Each
parameter had clear physical meaning without the use of empirical constants. However,
in the studies of Lei et al. [31,32], the effects of fluid/oil slip and the pore wall on flow
behaviors were ignored.

Wang et al. [33] and Huang et al. [34] built fractal permeability models for oil transport
in tight reservoirs by considering the effect of the boundary layer, and they found that
the permeability was related to the fluid viscosity, pore structure, driving pressure, etc.
The reason for this scenario is that the thickness of the boundary layer in their works was
related to the fluid viscosity, pore structure, and driving pressure, etc. On the basis of
the assumption that tight sandstones with natural microfractures can be represented by
a bundle of tortuous capillary tubes and parallel plate fractures, Wang and Cheng [35]
proposed a fractal stress-sensitive permeability model of tight sandstones considering
the effect of tortuosity, and they compared their model with the permeability expression
derived from classic theory. Dong et al. [36] developed a permeability model by considering
the microstructural parameters and tortuosity effects of low-permeability sandstone using
fractal geometry theory. All of the above studies presented a method for calculating the
permeability of tight oil reservoirs, with each only partially considering the factors and not
their combined effect. In addition, these studies did not take the effects of pore walls and
fluid/oil slip into consideration. However, the effects of pore walls and especially fluid/oil
slip on permeability are great.

As stated above, there is no permeability model simultaneously considering the effects
of multiple factors, such as fluid/oil slip, irreducible water, stress sensitivity, PSD, and the
effect of pore walls. To fill this gap, this paper proposes a fractal permeability model of
tight oil reservoirs considering the effects of multiple factors based on the fractal geometry
theory, H–P equation, and Darcy’s formula. To this end, the fractal geometry theory is
presented in Section 2, and then the fractal permeability model of tight oil reservoirs is
described in Section 3. The model verifications and analysis are presented in Section 4,
while the conclusions are drawn in Section 5.

2. Fractal Geometry Theory

The fractal scaling law has been widely utilized for porous medium in petroleum
fields and presents a relationship between pore number and pore radius as follows [37–40]:

N(ξ ≥ r) =
( rmax

r

)D f
(1)

where N denotes the number of pores; ξ denotes the length scale; r and rmax are the
pore radius and the maximum pore radius, respectively; D f denotes the pore fractal
dimension; and the value of D f ranges from 1 to 2 in two dimensions or ranges from 2 to 3
in three dimensions.

According to the work of Yu [38], the expression of the pore fractal dimension is

D f = dE −
ln(φ)

ln(rmin/rmax)
(2)

where dE is the Euclidean dimension; φ denotes the porosity of pore media; and rmin
represents the minimum pore radius.

By differentiating Equation (1), the expression of pore numbers in a limited scope of
pore size is, as follows [37]:

− dN = D f r
D f
maxr−(D f +1)dr (3)
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When the r is equal to rmax in Equation (1), the expression of total pore number is as
follows [37]:

Nt(ξ ≥ rmin) =

(
rmax

rmin

)D f

(4)

where Nt denotes the total pore number.
Combining Equations (3) and (4), we can obtain

−dN
Nt

= D f r
D f
mixr−(D f +1)dr (5)

From Equation (5), the probability density function is defined as follows [37]:

f (r) = D f r
D f
mixr−(D f +1) (6)

where f (r) denotes the probability density function.
In reality, the flow path in porous medium is tortuous. According to published

works [37], the length of a tortuous pore obeys the fractal scaling law as follows:

L(r) = r1−DT LDT
0 (7)

where L denotes the length of a tortuous pore; L0 denotes the distance between the inlet
and outlet of the tortuous pore; and DT is the tortuosity fractal dimension, the expression
of which is as follows [41,42]:

DT = 1 +
ln(τ)

ln(L0/r)
(8)

where r and τ are, respectively, the average pore radius [42] and the average tortuosity [43],
the expressions of which are as follows:

τ =
1
2

1 +
1
2

√
1− φ +

√
(1−

√
1− φ)

2
+ 0.25(1− φ)

1−
√

1− φ

 (9)

r =
L0

2
D f−1√

D f

√
1−φ
4φ

π
2−D f

rmax
rmin

(10)

Equations (1)–(10) are the fractal geometry theory used in the paper.

3. Fractal Permeability Model of Tight Oil Reservoirs

For a tight core composed of numerous tortuous micro/nano pores (Figure 1a), the
flow capacity of the core equals the sum of the flow capacity of all tortuous pores. Thus,
the flow capacity of a pore must be determined first, and then the core flow capacity is
obtained by summing all these together. A cross-section named AB in Figure 1a was taken
as an example to investigate the oil flow in the pore seen in Figure 1b, which is the oil flow
velocity profile considering the effects of multiple factors, including the oil slip, irreducible
water, and pore wall effect. As seen in Figure 1b, the irreducible water is as an immovable
water film in the pore. The oil flow region can be divided into the bulk region and interface
region [44]. The oil viscosity in the interface region is different from that in the bulk region
due to the effect of pore walls [45].
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Figure 1. Schematic representation of oil flow in tight reservoirs: (a) oil flow in a core with numerous
tortuous pores; (b) oil velocity profile in a pore considering the effects of multiple factors, including
oil slip, irreducible water, and the effect of the wall.

According to the definition of irreducible water saturations, we can obtain the follow-
ing expression:

Swc =

∫
f (R)

{
πR2 − π[(1− ε)R]2

}
dR∫

f (R)πR2dR
(11)

where Swc denotes the irreducible water saturation; R denotes a pore radius in the core (m);
ε denotes the ratio of the thickness of the irreducible water film to the pore radius, which is
a constant [39].

Simplifying Equation (11), we can obtain a relationship between irreducible water
saturation and the ratio of the thickness of the irreducible water film to the pore radius,
as follows:

ε = 1−
√

1− Swc (12)

Based on the physical model of fluid flowing in a pore in Figure 1b and the Tolstoi
model [46], we can obtain the flow velocity profile as follows:

u1(r) =−
∆p
L

1
4µ1

r2 + C1, 0 ≤ r ≤ (1− ε)R− δ (13)

u2(r) =−
∆p
L

1
4µ2

r2 + C2, (1− ε)R− δ ≤ r ≤ (1− ε)R (14)

where u1 and u2 are the velocity in bulk region and interface region (m/s), respectively; µ1
and µ2 are the fluid viscosity without a pore wall effect and that without a pore wall effect
(Pa·s), respectively; and C1 and C2 are the undetermined coefficients. ∆p is the driving
pressure (Pa); L denotes the pore length (m); and δ is the thickness of interface region (m).

The boundary conditions for ensuring the continuity of velocity and shear stress are
as follows:

∂u1(r)
∂r

∣∣∣∣
r=0

= 0 (15)

u1(r)|r=(1−ε)R−δ = u2(r)|r=(1−ε)R−δ (16)

µ1
∂u1(r)

∂r

∣∣∣∣
r=(1−ε)R−δ

= µ2
∂u2(r)

∂r

∣∣∣∣
r=(1−ε)R−δ

(17)

− λ
∂u2(r)

∂r

∣∣∣∣
r=(1−ε)R

= u2(r)|r=(1−ε)R (18)

where λ denotes the oil slip length (m), the expression of which is as follows [44]:

λ =
2µ2

R
Ds

kBTnL
(19)
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where Ds denotes the surface diffusion coefficient (m2/s); kB denotes the Boltzmann’s
constant (J/K); T is the temperature (K); and nL is the number of molecules per unit volume
(1/m3).

According to the published works [44,47], there is a relationship between the adhesion
work and kBTnL as follows:

WA = kBTnL × (εR) (20)

where WA denotes the work of adhesion (J/m2).
Substituting Equation (20) into Equation (19), we can obtain

λ =
2εµ2Ds

WA
(21)

In addition, the viscosity of oil considering the pore wall effect can be calculated
by [45]

µ2 = (−0.018θo+3.25)µ1 (22)

where θo is the contact angle (◦).
Combining Equations (13) and (18), we can obtain the flow rate of fluid flow through

a pore considering the multiple factors’ effects, including the oil slip, irreducible water,
and pore wall effect, a detailed derivation of which is provided in Appendix A and the
expression of which is as follows:

q(R) =
π

8
∆p
L
(

1
µ1
− 2

µ2
)[(1− ε)R]4 +

π

4µ2

∆p
L
[(1− ε)R]4 +

π

2µ2

∆p
L

{
λ[2δ + (1− ε)R] + δ2

}
[(1− ε)R]2 (23)

where q(R) is the flow rate of fluid flowing through a pore considering multiple factors’
effects (m3/s).

Combining Equations (6) and (23), we can obtain the flow rate of fluid flow through
a core considering the effects of multiple factors based on the fractal theory, a detailed
derivation of which can be seen in Appendix B and the expression of which is as follows:

Q1 =
π∆pD f R

D f
max(1−ε)4

8LDT
0 21−DT µ1(3−D f +DT)

(R
3−D f +DT
max − R

3−D f +DT
min ) +

π∆pD f R
D f
max(1−ε)2

2LDT
0 21−DT µ2

[ 2λδ+δ2

1−D f +DT
(R

1−D f +DT
max − R

1−D f +DT
min )

+ λ(1−ε)
2−D f +DT

(R
2−D f +DT
max − R

2−D f +DT
min )]

(24)

where Q1 is the flow rate of fluid flowing through a core considering the effects of multiple
factors (cm3/s).

Due to the decrease in pore sizes with the increase in effective stresses, we can obtain
the relationship of the pore radius and effective stress using the classic Hertzian contact
theory, the expression of which is as following [31,32]:

R = R0{1− 4[
3π(1− ν2)peff

4E
]β
}

(25)

where R0 denotes the pore radius when the effective stress is zero (cm); peff is effective
stress (MPa); ν denotes Poisson’s ratio; E denotes the rock elastic modulus (MPa); and β is
a power index related to the pore roughness, the value of which is 2/3 or 3/4 in the work
of Lei et al. [31,32]

Combining Equations (24) and (25), we can obtain the flow rate of fluid flow through
a core considering the effects of PSD, oil slip, irreducible water, stress sensitivity, and the
pore wall. The expression of the flow rate is as follows:
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Q =
π∆pD f R

D f
0,max {1−4[

3π(1−ν2)peff
4E

]β

}
D f

(1−ε)4

8LDT
0 21−DT µ1(3−D f +DT)

(R
3−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

3−D f +DT

−R
3−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

3−D f +DT

) +
π∆pD f µ1R

D f
0,max {1−4[

3π(1−ν2)peff
4E

]β

}
D f

(1−ε)2

2LDT
0 21−DT µ2

[ 2λδ+δ2

1−D f +DT
(R

1−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

1−D f +DT

− R
1−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

1−D f +DT

)

+ λ(1−ε)
2−D f +DT

(R
2−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

2−D f +DT

− R
2−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

2−D f +DT

)]

(26)

where Q denotes the flow rate of fluid flowing through a core considering the effects of
multiple factors (m3/s).

By combining this with the Darcy equation, we can obtain the permeability considering
the effects of the PSD, oil slip, irreducible water, stress sensitivity, and pore wall. The
expression of the permeability is as follows:

K =
πD f R

D f
0,max {1−4[

3π(1−ν2)peff
4E

]β

}
D f

(1−ε)4

8LDT−1
0 21−DT (3−D f +DT)ψA

(R
3−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

3−D f +DT

−R
3−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

3−D f +DT

) +
πD f µ1R

D f
0,max {1−4[

3π(1−ν2)peff
4E

]β

}
D f

(1−ε)2

2LDT−1
0 21−DT µ2ψA

[ 2λδ+δ2

1−D f +DT
(R

1−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

1−D f +DT

− R
1−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

1−D f +DT

)

+ λ(1−ε)
2−D f +DT

(R
2−D f +DT
0,max {1− 4[ 3π(1−ν2)peff

4E

]β
}

2−D f +DT

− R
2−D f +DT
0,min {1− 4[ 3π(1−ν2)peff

4E

]β
}

2−D f +DT

)]

(27)

where ψ is the unit conversion constant, the value of which is 10−15; A is the cross-section
of cores (m2); and K is the reservoir permeability considering the effects of multiple factors
(10−3 µm2).

4. Model Verifications and Analysis
4.1. Fractal Permeability Model Verification

In this section, we present verifications of the fractal permeability model by comparing
it with published experimental results and models. Liu et al. [48] and Zhong et al. [49] con-
ducted permeability stress sensitivity evaluation experiments of tight reservoirs by means
of core flooding, thin-section analysis, and the nuclear magnetic resonance/high-pressure
mercury intrusion. The core’s parameters in the works of Liu et al. [48] and Zhong et al. [49]
are given in Table 1. By combining the data in Table 1 and Equations (3) and (8)–(10), we
could obtain the pore fractal dimension and the tortuosity fractal dimension seen in Table 2.

Table 1. The core’s parameters in the works of Liu et al. [48] and Zhong et al. [49].

Sources Core’s
No. Porosity,% Permeability,

10−3 µm2
Core’s

Length, cm

Core’s
Diameter,

cm

The Maximum
Pore Diameter,

µm

The Minimum
Pore Diameter,

µm

Liu et al. [48]
S161-1 13.95 1.00 3 2.5 32.6482 0.0123
S148-2 10.54 0.55 3 2.5 0.6701 0.0021
Z41-9 6.16 0.20 3 2.5 4.9643 0.0001

Zhong et al. [49]
M132-1 15.01 1.99 3.11 2.51 12.9105 0.0067
M217-1 6.21 0.95 3.12 2.51 7.2083 0.0068
M23-1 3.06 0.22 2.97 2.52 2.3986 0.0068
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Table 2. The pore fractal dimension and the tortuosity fractal dimension.

Sources Core’s No. The Pore Fractal Dimension The Tortuosity Fractal Dimension

Liu et al. [48]
S161-1 1.8916 1.1374
S148-2 1.8300 1.2100
Z41-9 1.8851 1.1632

Zhong et al. [49]
M132-1 1.8912 1.1358
M217-1 1.8267 1.2298
M23-1 1.7418 1.3408

By using the data in Tables 1 and 2 and Equation (27), we could obtain the initial
permeability and dimensionless permeability. The comparison between calculated results
and experimental results are seen in Figures 2 and 3 and Tables 3 and 4. Figure 2 shows the
comparison between initial permeability calculated by the proposed model and that found
in experiments in the works of Liu et al. [48] and Zhong et al. [49]. From Figure 2, we can
see that the initial permeability is consistent with that found in experiments in the works of
Liu et al. [48] and Zhong et al. [49]. The relative errors ranged from 0 to 3.85%, which is
less than 5%. Therefore, our presented model can calculate initial permeability accurately.

Figure 2. The comparison between initial permeability calculated by the proposed model and that
found in experiments.

Figure 3. The relative errors of the permeability calculated by the proposed model and that found in
experiments under various effective stress conditions; ((a) the relative error when compared with
the experimental data published by Zhong et al. [49]; (b) The relative error when compared with the
experimental data published by Liu et al. [48]).
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Table 3. The comparison between the dimensionless permeability calculated by the proposed model
and that found in experiments by Zhong et al. [49].

The
Effective

Stress, MPa

Core’s Number: M132-1 Core’s Number: M217-1 Core’s Number: M23-1

Experimental
Results

Calculated
Results

Relative
Errors

Experimental
Results

Calculated
Results

Relative
Errors

Experimental
Results

Calculated
Results

Relative
Errors

0 1.000 1.000 0.000% 1.0000 1.0000 0.000% 1.000 1.000 0.000%
5 0.731 0.759 3.818% 0.6906 0.6629 4.014% 0.629 0.640 1.741%

15 0.596 0.591 0.802% 0.4487 0.4710 4.984% 0.430 0.445 3.484%
25 0.502 0.489 2.622% 0.3651 0.3668 0.469% 0.357 0.340 4.801%
35 0.435 0.414 4.846% 0.3284 0.2949 10.208% 0.298 0.269 9.806%
40 0.410 0.383 6.443% 0.3160 0.2665 15.651% 0.263 0.242 8.230%

Table 4. The comparison between the dimensionless permeability calculated by the proposed model
and that found in experiments by Liu et al. [48].

The
Effective

Stress, MPa

Dimensionless Permeability

Core’s Number: S161-1 Core’s Number: S148-2 Core’s Number: Z41-9

Experimental
Results

Calculated
Results

Relative
Errors

Experimental
Results

Calculated
Results

Relative
Errors

Experimental
Results

Calculated
Results

Relative
Errors

0 1.000 1 0.000% 1.000 1.000 0.00% 1.000 1.000 0.000%
10 0.709 0.674 4.937% 0.585 0.558 4.62% 0.531 0.515 3.107%
20 0.462 0.508 10.043% 0.264 0.314 18.75% 0.170 0.239 40.588%
29 0.415 0.450 8.386% 0.219 0.265 21.05% 0.110 0.162 47.364%

Tables 3 and 4 present the comparison between the dimensionless permeability cal-
culated by the proposed model and that found in experiments under various effective
stress conditions. By extracting the relative errors and drawing the figure seen in Figure 3,
we could see that the relative error varied greatly. The relative error was less than 5%
when the effective stress was small. However, the relative error was larger than 5% when
the effective stress was great. In Figure 3a, it can be seen that the relative error between
permeability calculated by the proposed model and that found in experiments published
by Zhong et al. [49] under the condition of effective stress smaller than 25 MPa was less
than 5%. When the effective stress was 35 MPa or 40 MPa, the relative error was more than
5%. However, the absolute error of permeability ranged from just 0.021 × 10−3 µm2 to
0.049 × 10−3 µm2 when the effective stress was larger than 35 MPa (Table 3). Figure 3b
shows the relative error between the permeability calculated by the proposed model and
that published by Liu et al. [48]. When the effective stress was 20 MPa or 29 MPa, the
relative error was more than 5%, but the absolute error was small and ranged from just
0.035 × 10−3 µm2 to 0.069 × 10−3 µm2 when the effective stress was larger than 20 MPa
(Table 4). The reason for the scenario where the relative error is great when the effective
stress increases is that the classic Hertzian contact theory is no longer applicable due to the
rock nonlinear deformation. From the analysis above, we could conclude that our proposed
model can accurately calculate the tight reservoir permeability under a small effective stress
condition. For the scenario where the effective stress was great, although the relative error
was larger than 5%, the absolute error was tiny at less than 0.069 × 10−3 µm2, which meets
the field requirement.

In order to further verify the proposed model, we conducted a comparison (Figure 4)
between the results of our model and those of Lei’s model [32]. The used parameters can
be seen in the row with core No. S161-1 in Tables 1 and 2. The essential difference between
our model and Lei’s model [32] was that the oil slippage was ignored in Lei’s model. So, in
Figure 4, four curves with different slip lengths are drawn. From Figure 4, we could see that
the result of the proposed model without considering the effect of slippage is consistent
with that of Lei’s model [32]. When the slippage length increased, the difference between
the result of proposed model and that of Lei’s model [32] became greater.
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Figure 4. The comparison between the results of our model and that of Lei’s model [32].

4.2. The Effects of Multiple Factors on Tight Reservoir Permeability

This section shows the results from case studies we conducted to elaborate the effects
of factors, including PSD, stress sensitivity, irreducible water, slip length, and rock’s me-
chanical property, on the tight reservoir’s permeability. The parameters used in this section
are seen in Table 5. The other parameters used were the parameters of core M132-1.

Table 5. The parameters used in case studies.

Parameters Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

The pore fractal dimension 1.5–1.7 1.8912 1.8912 1.8912 1.8912 1.8912
The tortuosity fractal dimension 1.1358 1.1–1.5 1.1358 1.1358 1.1358 1.1358

Irreducible water 0.45 0.45 0.35–0.55 0.45 0.45 0.45
The length of slipage, nm 23 23 23 1–200 23 23

Poisson’s ratio 0.15 0.15 0.15 0.15 0.15–0.35 0.15
The rock elastic modulus, GPa 1.8 1.8 1.8 1.8 1.8 1–6

Using the data from cases 1 and 2 in Table 5, we could obtain the effect of PSD on
the permeability (Seen in Figure 5). Figure 5a shows the effect of pore fractal dimensions
on permeability under various effective stresses. As seen in Figure 5a, the permeability
decreased when the porous fractal dimension decreased. This is due to a decreasing
porous fractal dimension indicating an increasing small-pore number, which made the
flow capacity poor, and thus the permeability decreased. Figure 5b shows the effect of
tortuosity fractal dimensions on permeability under various effective stress. As can be
seen in Figure 5b, an increase in the tortuosity fractal dimension resulted in a decrease
in the permeability. The reason for this scenario is that an increasing tortuosity fractal
dimension indicates a more complex flow channel, which makes the permeability decrease.
Meanwhile, the increase in effective stresses resulted in a decrease in pore sizes, which
indicates that the permeability decreased.
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Figure 5. The effect of PSD on permeability under various effective stresses. ((a) Pore fractal
dimensions; (b) tortuosity fractal dimensions).

Using the data from case 3 in Table 5, the effect of irreducible water on the permeabil-
ity can be seen in Figure 6. From Figure 6, it can be seen that the permeability decreased
with the increase in irreducible water. The effective flow channel decreased when the irre-
ducible water increased, which resulted in a decrease in permeability. When the irreducible
water increased from 0.35 to 0.55, the permeability decreased from 2.78 × 10−3 µm2 to
1.33 × 10−3 µm2.

Figure 6. The effect of irreducible water on permeability under various effective stresses.

Using the data from case 4 in Table 5, the effect of slip lengths on the permeability can
be seen in Figure 7. Based on the work of Li et al. [44], it was concluded that the slip length
ranges from 1 nm to 600 nm when the rock is oil wet, and the pore radius ranges from
0.001 µm to15 µm. Thus, it can be seen that the slip length ranged from 1 nm to 600 nm in
Figure 7. Figure 7a presents the effect of slip length on permeability with various effective
stresses. From Figure 7a, it could be determined that an increase in slip length results in
an increasing actual flow channel, which makes permeability increase. Figure 7b shows
the effect of slip lengths on the initial permeability and shows that the initial permeability
linear increased with an increasing slip length. When the slip length increased from 1 nm
to 600 nm, the initial permeability increased from 1.98 × 10−3 µm2 to 2.19 × 10−3 µm2, and
the increase rate was 10%.



Fractal Fract. 2022, 6, 153 12 of 17

Figure 7. The effect of slip lengths on permeability: ((a) various effective stresses; (b) initial permeability).

Using the data from cases 5 and 6 in Table 5, the effect of rock’s mechanical property
on the permeability is seen in Figure 8. Figure 8a,b illustrate the effects of the rock elas-
tic modulus and Poisson’s ratio on permeability, respectively. From Figure 8, it can be
concluded that different rock elastic moduli and Poisson’s ratio indicate a different trend
of permeability changing with the effective stress. An increase in the rock elastic modu-
lus or Poisson’s ratio resulted in a decrease in permeability changing with the effective
stress. For the scenario where Poisson’s ratio was 0.15, the permeability decreased from
1.41 × 10−3 µm2 to 0.71 × 10−3 µm2 when the rock elastic modulus decreased from 6 GP
to 1 GP.

Figure 8. The effect of rock’s mechanical property on permeability: ((a) rock elastic modulus;
(b) Poisson’s ratio).

5. Conclusions

A fractal permeability model of tight oil reservoirs considering the effects of multiple
factors by the fractal geometry theory, H-P equation, and Darcy’s formula is proposed.
Many factors, including the PSD, oil slip, irreducible water, stress sensitivity, and pore wall,
were coupled into the proposed model, which was verified by comparing it with published
experiments and models. From this work, we can conclude:

(1) A decreasing porous fractal dimension results in a decrease in permeability. The per-
meability decreases with the increase in tortuosity fractal dimension and irreducible
water. When the irreducible water increased from 0.35 to 0.55, the permeability de-
creased from 2.78 × 10−3 µm2 to 1.33 × 10−3 µm2, and reduced by more than half
the permeability.
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(2) An increase in slip length results in an increasing actual flow channel, which makes
permeability increase. The initial permeability linear increases with an increasing slip
lengths. When the slip length increased from 1 nm to 600 nm, the initial permeability
increased from 1.98 × 10−3 µm2 to 2.19 × 10−3 µm2, and the increase rate was 10%.

(3) The permeability decreases with the increase of effective stress. The porous fractal
dimension, tortuosity fractal dimension, slip length, and irreducible water have a tiny
effect on the permeability changing rate with effective stress. When the parameters
of the rock’s mechanical property (the rock elastic modulus and Poisson’s ratio)
increased, the permeability’s decreasing rate with effective stress became small.
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Appendix A. The Flow Rate of Fluid Flowing through a Pore considering Multiple
Factors’ Effects

In this section, we present a detailed derivation of flow rate of fluid flowing through a
pore considering multiple factors’ effects, including oil slip, irreducible water, and the pore
wall effect. Combining Equations (13), (14), (17) and (18), we can obtain

− ∆p
L

1
4µ1

[(1− ε)R− δ]2 + C1 = −∆p
L

1
4µ2

[(1− ε)R− δ]2 + C2 (A1)

− ∆p
L
−λ

2µ1
(1− ε)R = −∆p

L
1

4µ2
[(1− ε)R]2 + C2 (A2)

Combing Equations (A1) and (A2), we can obtain the expression of undetermined
parameters as follows:

C1 =
∆p
L

1
4µ1

[(1− ε)R− δ]2 − ∆p
L

1
4µ2

[(1− ε)R− δ]2 +
∆p
L

1
4µ2

[(1− ε)R]2 +
∆p
L

λ

2µ1
(1− ε)R (A3)

C2 =
∆p
L

1
4µ2

[(1− ε)R]2 +
∆p
L

λ

2µ1
(1− ε)R (A4)

Substituting Equation (A3) into Equation (13), we can obtain the flow velocity of oil in
the bulk region of the pore as follows:
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u1(r) =−
∆p
L

1
4µ1

r2 +
∆p
L

1
4µ1

[(1− ε)R− δ]2 − ∆p
L

1
4µ2

[(1− ε)R− δ]2 +
∆p
L

1
4µ2

[(1− ε)R]2 +
∆p
L

λ

2µ1
(1− ε)R (A5)

Substituting Equation (A4) into Equation (14), we can obtain the flow velocity of oil in
the interface region of the pore as follows:

u2(r) =−
∆p
L

1
4µ2

r2 +
∆p
L

1
4µ2

[(1− ε)R]2 +
∆p
L

λ

2µ1
(1− ε)R (A6)

Considering that the flow rate of fluid flowing through a pore equals the sum of the
flow rate flowing through the bulk region and that flowing through the interface region,
we can obtain

q(R) = q1(R) + q2(R) (A7)

where q(R) denotes the flow rate of fluid flowing through a pore (m3/s); and q1(R) and
q2(R) are the flow rate flowing through the bulk region and that flowing through the
interface region (m3/s), respectively. The expressions of q1(R) and q2(R) are as follows:

q1(R) =
∫ (1−ε)R−δ

0
2πru1(r)dr (A8)

q2(R) =
∫ (1−ε)R

(1−ε)R−δ
2πru2(r)dr (A9)

Substituting Equation (A5) into Equation (A8), we can obtain

q1(R) =
π

8
∆p
L
(

1
µ1
− 2

µ2
)[(1− ε)R− δ]4 +

π

4µ2

∆p
L
[(1− ε)R]2[(1− ε)R− δ]2 +

πλ

2µ2

∆p
L
(1− ε)R[(1− ε)R− δ]2 (A10)

Substituting Equation (A6) into Equation (A9), we can obtain

q2(R) =
π

8µ2

∆p
L
{δ[2(1− ε)R− δ]}2 +

πλ

2µ2

∆p
L

δ[2(1− ε)R− δ](1− ε)R (A11)

In general, the interface region is small, so we can obtain

(1− ε)R− δ ≈ (1− ε)R (A12)

2(1− ε)R− δ = 2(1− ε)R (A13)

Simplifying Equations (A10) and (A11) using Equations (A12) and (A13), we can
obtain a novel flow rate as follows:

q1(R) =
π

8
∆p
L
(

1
µ1
− 2

µ2
)[(1− ε)R]4 +

π

4µ2

∆p
L
[(1− ε)R]4 +

πλ

2µ2

∆p
L
[(1− ε)R]3 (A14)

q2(R) =
π

8µ2

∆p
L
[2δ(1− ε)R]2 +

πλ

µ2

∆p
L

δ[(1− ε)R]2 (A15)

Substituting Equations (A14) and (A15) into Equation (A7), we can obtain

q(R) =
π

8
∆p
L
(

1
µ1
− 2

µ2
)[(1− ε)R]4 +

π

4µ2

∆p
L
[(1− ε)R]4 +

π

2µ2

∆p
L

{
λ[2δ + (1− ε)R] + δ2

}
[(1− ε)R]2 (A16)
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Appendix B. The Detailed Derivation of the Flow Rate of Fluid Flowing through a
Core considering the Effects of Multiple Factors

In this appendix, a detailed derivation of the flow rate of fluid flowing through a
core considering the effects of multiple factors is presented. The flow rate of fluid flowing
through a core without considering the effect of tortuous pores is as follows:

Q0 =
∫ Rmax

Rmin

f (R)q(R)dR (A17)

where Q0 is the flow rate of fluid flowing through a core without considering the effect of
tortuous pores (cm3/s).

Substituting Equations (6) and (23) into Equation (A17), we can obtain

Q0 =
∫ Rmax

Rmin
D f R

D f
mixR−(D f +1)

{
π
8

∆p
L ( 1

µ1
− 2

µ2
)[(1− ε)R]4 + π

4µ2

∆p
L [(1− ε)R]4 + π

2µ2

∆p
L
{

λ[2δ + (1− ε)R] + δ2}[(1− ε)R]2
}

dR (A18)

With Equation (7), a corrected flow rate of fluid flowing through a core considering
the effect of tortuous pores can be obtained, as follows:

Q1 =
∫ Rmax

Rmin

D f R
D f
mixR−(D f +1)

{
π
8

∆p

R1−DT LDT
0

( 1
µ1
− 2

µ2
)[(1− ε)R]4 + π

4µ2

∆p

R1−DT LDT
0

[(1− ε)R]4

+ π
2µ2

∆p

R1−DT LDT
0

{
λ[2δ + (1− ε)R] + δ2} [(1− ε)R]2

}
dR

(A19)

where Q1 is the flow rate of fluid flowing through a core considering the effects of multiple
factors (cm3/s).

Simplifying Equation (A19), we can obtain a new expression of the flow rate of fluid
flowing through a core considering the effect of multiple factors as follows:

Q1 =
π∆pD f R

D f
max(1−ε)4

8LDT
0 21−DT µ1(3−D f +DT)

(R
3−D f +DT
max − R

3−D f +DT
min ) +

π∆pD f R
D f
max(1−ε)2

2LDT
0 21−DT µ2

[ 2λδ+δ2

1−D f +DT
(R

1−D f +DT
max − R

1−D f +DT
min )

+ λ(1−ε)
2−D f +DT

(R
2−D f +DT
max − R

2−D f +DT
min )]

(A20)
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