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Abstract: In this paper, we give an affirmative answer to a question about the sufficient conditions
which ensure that the set of mild solutions for a fractional impulsive neutral differential inclusion
with state-dependent delay, generated by a non-compact semi-group, are not empty compact and
an R;-set. This means that the solution set may not be a singleton, but it has the same homology
group as a one-point space from the point of view of algebraic topology. In fact, we demonstrate that
the solution set is an intersection of a decreasing sequence of non-empty compact and contractible
sets. Up to now, proving that the solution set for fractional impulsive neutral semilinear differential
inclusions in the presence of impulses and delay and generated by a non-compact semigroup is an
Rs-set has not been considered in the literature. Since fractional differential equations have many
applications in various fields such as physics and engineering, the aim of our work is important. Two
illustrative examples are given to clarify the wide applicability of our results.

Keywords: impulsive fractional differential inclusions; neutral differential inclusions; mild solutions;
contractible sets; Rs-set

1. Introduction

Impulsive differential equations and inclusions describe phenomena in which states
are changing rapidly at certain moments. In [1-8], the authors examined whether a mild
solution for different types of impulsive differential inclusions exist.

The study of neutral differential equations appears in many applied mathematical sci-
ences, such as viscoelasticity and equations that describe the distribution of heat. The struc-
ture of neutral equations involve derivatives related to delay beside the function. Neutral
differential equations and inclusions were studied in [9-12]. These papers examined the
mild solutions and controllability of the system.

Because the set of mild solutions for a differential inclusion having the same initial
point may not be a singleton, many authors are interested in investigating the structure
of this set in a topological point of view. An important aspect of such structure is the
Rs-property, which means that the homology group of the set of mild solutions is the
same as a one-point space. We list some studies in which the authors demonstrated the
solution sets satisfying Rs-property: Gabor [13] considered impulsive semilinear differen-
tial inclusions with finite delay on the half-line of order one generated by a non-compact
semi-group; Djebali et al. [14] worked on impulsive differential inclusions on unbounded
domains; Zhou et al. [15] studied the neutral evolution inclusions of order one generated
by a non-compact semi-group; Zhou et al. [16] considered fractional stochastic evolu-
tion inclusions generated by a compact semi-group; Zhao et al. [17] studied a stochastic
differential equation of Sobolev-type which is semilinear with Poisson jumps of order
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« € (1,2); Beddani [18] examined a differential inclusion involving Riemann-Liouville frac-
tional derivatives; Wang et al. [19] worked on semilinear fractional differential inclusions
with non-instantaneous impulses; Ouahab et al. [20] considered fractional inclusions that
are non-local and have impulses at different times; Zaine [21] studied weighted fractional
differential equations. Recently, Zhang et al. [22] proved that the set of C?-solutions for
impulsive evolution inclusions of order one is an Rs-set and generated by m-dissipative op-
erator. Wang et al. [23] proved that the solution for evolution equations that have nonlinear
delay and multivalued perturbation on a non-compact interval is an Rs-set.

In [6,24-26], the authors studied different kinds of fractional differential inclusions,
and, in all cases, they showed that the set of solutions is a compact set. For more work
related to this, the reader can consult the book in [27] about the topological properties for
evolution inclusions.

However, up to now, proving that the solution set for fractional impulsive neutral semi-
linear differential inclusions involving delay and generated by a non-compact semigroup is
an R;-set has not been considered in the literature. Thus, this topic is new and interesting
and, hence, the question whether there exists a solution set carrying an R-structure remains
unsolved for fractional differential inclusions when there are impulses, delay (finite or
infinite) and the operator families generated by the linear part lack compactness. Therefore,
our main goal is to give an affirmative answer to this question. In fact, we study a neutral
fractional impulsive differential inclusion with delay which is generated by a non-compact
semigroup, and we show that the set of solutions is non-empty and equal to an intersection
of a decreasing sequence of sets each of which is non-empty compact and has a homotopy
equivalent to a point.

Leta € (0,1),r >0, ] =[0,b], T = {Y() : n > 0} a semigroup on E, which is
Banach space, and A the infinitesimal generator of T. Let F : | x @ — 2F — {¢} be a
multifunction, h: [ x©® = E,0 =10 <11 < -+ < fim < 41 = b, and ¢ € O be given.
Foreveryn € J,letx(n) : H — ©, (5(n)x)(0) = x(n +0);60 € [—r,0]; where © and H are
defined later.

The present paper shows the solution set of a fractional neutral impulsive semilinear
differential inclusion with delay having details as follows:

Dy [x(n) = h(n, 5()x)] € Ax(y) + F(y, (n)x), a.e.n € [0,b] = {n1,-., o},
Lx(n;) =x(n7) —x(ph),i=1,...,m, ¢y
x(n) = (), € [=r,0],

is not empty, compact and an Rs-set, where I; : E — E,i = 1,...,m, and x(7;"), x(1;")
are the limits of the function x evaluated at #; from the right and the left. Furthermore,
Dy, denotes the Caputo derivative that has order a € (0,1) and lower limit at zero [28].

"In the following points, we clarify the originality, importance and the main contribu-
tions of this article:

1. Up to now, proving that the solution set is an R;-set for fractional impulsive neutral
semilinear differential inclusions involving delay and generated by a non- compact
semigroup has not been considered in the literature.

2. Demonstrating that the set of solutions is an Rs-set for fractional neutral differential

inclusions involving impulses and delay has not been considered yet.

We do not assume that the semi-group which generates the linear part is compact.

4. Proving that the set of solutions is an R;-set for neutral differential inclusions (without
impulses) with a finite delay, « = 1, and generated by a non-compact semigroup,
has been investigated in [15], while stochastic neutral differential inclusions (without
impulsive effects) with finite delay of order &« € (0,1) and generated by a compact
semigroup has been examined in [16].

5.  Gabor [13] considered Problem 1 on the half-line whenx = 1 and h = 0.

6.  Problem 1 is investigated in [19] when & = 0 and in the absence of delay.

@
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7. Our technique can be used to derive suitable conditions, which implies that the solu-
tion set is an Rs-set for the problems studied in [13-23] when they contain impulses
and delay.

In order to clarify the difficulties encountered to achieve our aim, we point to the
normed space PC([—r, b], E], which consists of piecewise continuous bounded functions
defined on [—7, b] with a finite number of discontinuity points and is left continuous at the
discontinuity points, and is not necessarily complete. Moreover, unlike the Banach spaces
C([—r,b],E) and PC(J, E), the Hausdorff measure of noncompactness on PC([—r,b], E] is
not specific. Thus, when the problem involves delay and impulses, we cannot consider
PC([—r,b], E] as the space of solutions. To overcome these difficulties, a complete metric
space H is introduced as the space of mild solutions (see the next section). In addition,
the function # — 2(17)X; X € H is not necessarily measurable (see Remark 1, and so, a norm
different from the uniform convergence norm is introduced (see Equation (2) below).

For recent contributions on neutral differential inclusions of fractional order,
Burqgan et al. [29] give a numerical approach in solving fractional neutral pantograph equations
via the ARA integral transform. Ma et al. [30] studied the controllability for a neutral differ-
ential inclusion with Hilfer derivative, and Etmad et al. [31] investigated a neutral fractional
differential inclusion of Katugampola-type involving both retarded and advanced arguments.

For more recent papers we cite [32-34].

The sections of the paper are organized as follows: We include some background
materials in Section 2 as we need them in the main sections. Section 3 is assigned for
proving that the solution set of Problem (1) is non-empty and compact. In Section 4, we
show that this set is an R;-set in the complete metric space H. In Section 5, e give an
example as an application of the obtained results. Sections 6 and 7 are the discussion and
conclusion sections.

2. Preliminaries and Notation

In all the text we denote for the set of mild solutions for Problem 1 by Zi [—r,bland by
LY(J, E) to the quotient space consisting of E—valued Bohner integrable functions defined
on | having the norm |[f|[11(; gy = fObe(G) |d6. Let P (E) = {B C E : B be non-empty,
convex and compact}.

Definition 1. (Ref. [35]) Let h : ] — E, {Y(y) : n > 0} a Cy—semigroup and A be the
infinitesimal generator of it. A continuous function x : | — E is called a mild solution for the
problem:

{ ‘D *z(n) = Az(n) +h(n),n €],
Z(O) =zp €E,

200) = 20+ [ (=) aly — Dh(DT €,

where 81(17) =[5~ €a(0)Y (1 *0)d6, Ra(17) = [ 02.(60)Y (17*6)d6,
Za(0) = %6‘1_%50,,‘(6_%) > 0,w,(0) = %Zle(—l)”’l(f”‘”’lw sin(nma),0 €

(0,00) and [~ ¢ (6)d6 = 1.

Lemma 1. (Ref. [35] (lemma 3.1)) The properties stated below are held:

(i) For every fixed 1 > 0, 81(11), R2(y) are linear and bounded.
(it) Assuming ||n(n)|| < M,y > 0, we have that for any x € E,||%(n)x|| < M||x|| and

1820)al] < 245 [ .
(iii) Ifn, T > O; then for any x € E,

%E||ﬁl(ﬂ)x*ﬁl(7)x|| =0, and %iggllﬁz(ﬂ)x*ﬁz(f)xll =0.
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Consider the spaces:
1.  The normed space
® : ={x:[-r0] — E, where x is discontinuous at finite number of
points T # 0, and all the limits x(7") and x(7~) are less than co}
endowed with the norm: 0
o= [ |lx(x)]ldr @
2. The Banach space
PC(J,E) : =A{u:]—=E:uy, €C(J,E),i=0,1,2,...,m and u(y;"),

u(n;) = u(y; ) are finite for every i = 1,2,....m},
where Jo = [0,m1], Ji = (i, 1i41], i = 1,2,...,m, and ||9]|pc(j:p) = Tupyesllo(m)]]-
3. The complete metric space
H = {x:[—r,b] — E: where x is continuous at 7 = 0, X| o = WX € PC(J,E)},
where the metric function is given by:
d(x,y) = tupyey||x() —y(n)ll-
4. The Banach space
H:={x:[-r,b] > Ewherex(y) =0,Vy € [—r,O],x“i € PC(J,E)}

together with the norm [|x[[3 = tupye|[x()l| + x|, llo = Tupyesllx(m)ll-

The Hausdorff measure of noncompactness on a Banach space PC(], E) is given by

B) := (B, +
xpc(B):=_max xi(B|),

where B is a bounded subset of PC(], E) and y; is the Hausdorff measure of noncompact-
ness on the Banach space C(J;, E) and

By = {x":J; = E:x"(y) = x(y),1 € Jyand x*(;) = x(;"),x € B}.
The Hausdorff measure of noncompactness on H is defined by:
xn(B) = _max xi(Bp),
where B is a bounded subset of H.
Remark 1. Since the function 1 — (n)x;X € H is not necessarily measurable, we do not

consider the uniform convergence norm to be the norm defined on the space © (see Example 3.1, [36]).
Therefore, the multivalued superposition operator

X = Sp( ) = U € LYLE) : f(n) € F(y, 5()x), a.e.n € ]}
would not be well defined. Therefore, we consider a norm defined by Equation (2).

Definition 2. A function ¥ € H is said to be a mild solution for (1) if
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( ), € [=1,0],
R1()[9(0) = h(0,9)] + h(y, (17)X)
x(n) = +f0 (W—T)“ lAﬁz(ﬂ T)h(T, 2(T)x)dT ®)
+ J) (1 =1 R (y — 1) f(1)dT

+ZO<17,<17 ﬁ1(’7 771) z( (77;))/77 €= [O/b]/

where f € 511:(.,%(.),5)-

We assume the following conditions:

(HA) A is the infinitesimal generator of T, 0 is an element of the resolvent of A, p(A)
and sup, .o [[Y(y)[| < M, where M > 1.

(HF) F : ] x © — P4(E) where:

(HF,) For any z € O, the multifunction # — F(#,z) has a measurable selection,
and for 7 € ], a.e., the multifunction z — F(#,z) is upper semicontinuous.

(HF,) There exists a ¢ € LP(I, R*)(P > 1) satisfying

IF(1,2)ll < (1) (1 + |lzllg), ¥z € © and for a.. 1 € J.

(HF;) Thereisa g € LP([0,b],E), p > 1 such that, for any D C @ that is bounded, we
have

xe(F(n,D)) < B(n) ; s[upo] xe{z(0) :z € D}, ae forn €. 4)
el-r,

(HI) Foranyi =1,...,m, the function I; : E — E is continuous, and there are ¢; > 0
and ¢; > 0 satisfying ||I;(x)|| < ¢;|x||, and for any bounded subset D C E,

xe(Ii(D)) < ¢ixe(Li(D)).

Lemma 2. (Ref. [37]) Under condition (HA), for any «y € (0,1), the fractional power AY can be
defined, and it is linear and closed on its domain D(A"). In addition, the following properties are
satisfied:

(i)  D(AY) is a Banach space with the norm

[|x[ly = [[A7x].

(i) Foranyn > 0, x € E, we have Y(y)x € D(A") and, assuming x € D(A"), we get
AYY(n)x =Y(n)ATx.
(iii) For every 1 > 0, AYY (1) is bounded on E, and there is a constant C,, > 0 such that

C
ATY ()| < 17% ®)

(iv) A~7 is a bounded linear operator on E.
(v) Forevery x € E,
Afo()x = AT R () Ax, €, ©)
and
aCyT(2—1)
o _ 2
7T (L +a(l—17))

1A 82 ()] < € (0,]. @)

We need the next lemmas in order to prove our main results.

Lemma 3. Assume W C E to be bounded, closed and convex, ®1 : W — E is a single-valued
function, @, : W — Py (E) is a multifunction, and forany x € W, ®1(x) +y € W, Yy € Op(x).
Suppose that

(a) D is a contraction with the contraction constant k < % ;
(b) Dy is a closed and completely continuous multifunction.



Fractal Fract. 2022, 6, 188

6 of 26

Then, the fixed point set of ®; 4 &, is not empty. Moreover, the set of fixed points for
@4 + P, is compact if it is bounded.

Proof. @, is continuous on W since it is a contraction and, hence, it follows by the closeness
of ®,, that the multifunction R = ®; 4 &, is closed. We show that R is g —condensing,
where x is the Hausdorff measure of noncompactness on E. Let Z be a bounded set of W.
Since @1 is a contraction with the contraction constant k, we get ug(®1(Z)) < kugp(2) <
2kxe(Z) < xe(Z), where g is the Kuratowski measure of noncompactness on E. Because
®, is compact, xg(P2(Z)) = 0. Therefore,

Xe(R(Z)) = xe(®1(2)) + xe(P2(2)
= Xe(®1(2)) < pe(@1(2))
< xe(2).
This means that R is yg—condensing. By Proposition 3.5.1 in [38], the fixed point set
of 1 + P, is not empty. The second part follows from Proposition 3.5.1in [38]. O

3. The Compactness of 25 [—r,b]

In this section, we show that the set of mild solutions for Problem 1 is nonempty
and compact.
For any x € H with x(0) = ¢(0), let ¥ € H be defined by

s = { S € o ®

Lemma 4. For any X € H, the function j — 3(1)X is continuous from | to ©.

Proof. Assume 1,7 € [, < 7. Then,

0
[[<()x = »(1)%|le = /_r [[X(7 +6) —x(7 + 0)]|d6.

Because X is continuous on [—r, b] except for a finite number of points, it follows that
lim, ¢ [[X(n +6) —x(T+0)|| = 0,a.e. Sincex € H, lim; ¢ f?r ||X(n+6) —X(T+06)||d6 =
0, and the proof is completed. [

Theorem 1. Assume that (HA) and (HF) are held and that {Y(n) : n > 0} is equicontinuous.
Assume also that the following conditions are satisfied.

(Hh) The function ki : | x ® — E is continuous and there exists a y € (0,1) satisfying
h(n,u) € D(AY),¥(y,u) € ] x ® and

(i) Foranyy €], AVh(y,.) is strongly measurable.
(ii) There are d; > 0 and dy > 0 with

dlb’”Cl_vF(l + ’)/) 1

- -
dl| AT + YI(1 4 ay) < 2r’ ©)
[[ATh(n,u)[| < d2(1+ [[ulle), V(17,u) € ] x O, (10)
and
[[ATh(n,u1) — ATh(y,up)|| < dil|lur —uzlle, Yy € J. (11)

Then, Zf;, [—7,b] is not empty and a compact subset of H provided that

C L1+ M

A7T||d d A

+r—i—(TM<1, (12)
)
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and

4AM i 1
T(a) 1BllLe(j, m+y +2M l; Gi <5 (13)

where 0 = Zﬁj” o;and A = (153 11)7b"‘_’

Proof. A multioperator ® : /{ — P(?{) is defined as the following: let x € H, hence, as a
consequence of (HF;), the multifunction # — F(#, >(17)X) admits a measurable selection
which, by (HF,), belongs to S}E ()T and, therefore, y € ®(x) can be defined by

0,7 €[-r0],
R () [9(0) — h(0,9)] + h(1, (17)x)
y(n) = +f0( — )" ARy (1 — T)h(T, #(T)T)dT (14)

+ Jo (=) 1 Ra(yp — ) f(T)dT
+20<;71<;7ﬁ1(’7 ni)Li(x(n;7)),m €],

where f € S1 () and ¥ is defined by (8).

We show that a point x is a fixed point for ® if and only if ¥ € X} pl—7/b]. Assume x is
a fixed point to ®. Hence,

0,7 € [-r,0],
£a(n)[$(0) — h(0, 9)] + h(n, 2(17)%)

x(n) = —|—f0 — 1) VAR (n — T)h(T, 2(7)X)dT
+ Jo (1 = 0)* 1R — 1) f(7)dT
+Zo<r;,<;7ﬁ1(’7 ni)Li(x(n;)),m €]

Therefore,

( )1 € [=1,0],

f1(7)[$(0) —h(0,9)] + h(n, 2(17)X)

x(n) = +f’7(;7 ) Ay (1 — T)h(z, 2(T)T)dT
+ Jo (n — O R (7 — 7) f(7)dT
+X;0<17,<17 ﬁl(” 771) ( (77;))/77 €

which means that ¥ satisfies (3), and, thus, it is a mild solution for problem (1). In a similar
way, it can be seen that if X satisfies (3), then x is a fixed point for ®. Let &; : H — H and
®, : &, — P(H) be such that

O € [=r,0]
@1 (x) (1) = { fa () [p(0) —h(0, )] + (i, (3)%) (15)
—I—foﬂ(iy —T7)* 1AR2(17 T)h(t, »(T)X)dT, 5 €],
and a function y € ®,(x) if and only if
0,7 € [-r,0],
—{+f0 (7 — )" 'R (n — 1) f(T)dT (16)
+Zo<m<;7 fa(n —n)L(x(n;))m €],
where f € S}:(-,%(-)Y)' Notice that ® = @1 + P. Let § = supye|_, g llp(0)]],
w = Mg+ |[AT]|d2(1+rE)]

Cr LA+ M

A
T(1+ay)y +P(1x) ||¢”Lf;,,R+)]

+(A+rO)[[ATTd2 + do
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and v be a positive real number satisfying

w
v T ‘ (17)
— A=l + ST s allglyy r+aM

Put B, = {u € H : ||u||yx < v}. Due to (12), v is well defined. The rest of the proof is
divided in the following steps:

Step 1. This step shows that ®(B,) C B,. Let x € B, and y € ®(x). There exists
fe 511:(./%(_),() where

0,7 € [-r,0],
#1(7)[$(0) — h(0, )] + h(1, 5(17)x)
y(n) =< + [ (1 = 1) T AR () — T)h(t, #(T)X)dT
+ Jo (1 =) ' Ra(yp — ) f(T)dT
+ Lo<p<p Ba(n —mi) Li(x(n;)),m €]

Let 7 € J. For every x € ‘H, we get

0
[><(m)%[le = /4 X0 +6)]d6 < (& +v),

which implies that (HF,), ||f(7)|| < ¢(7)(1 + |[2¢(7)X|le) < r(¢ +v);a.e.T € ]. So, by (ii)
of Lemma 1, and the Holder inequality, it follows that

[t =ty = ) (i
M

< FyHrE+o) [ =0 e

M
< ridleluy | (o)

Then, from (6), (7), (10)and (HI), one has, fory € ],

vl < MG+ [|AZTATR(O, 9)[I] + [[A™Y AVR(y, 2 ()X) |
+/ VYAV YRy (7 — T) ATh(T, 22(T)) | |dT

F( )A||(p||Lp (1+r(&+v))+ Muo

Mg+ [[A7 7IIdz(1 +rO)] + AT [d2(1+ [[(7)x][0)

aCi, F2—(1-9) 1 (g—1)*"
Fao(1+1(G+v)) r(11+7¢x(1 —(1—7)) /o oy

IN

M
T
M G+ [|[ATT]|do(1+78)] + [|ATT[|d2(1 +7(E +v))
Ci—o T (14 7)b*7

T(1+ay)y
+ M@ o)Algll e+ Moo
I'(a) UL e '

(I +r(E+v)Allollr  + Moo
(RH)

IN

+da(1+1(C +v))
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This equation with (12) leads to

Wl < MIE+ (A7 |lda(1 4 72)

Ci_,I(1 by

1+ r)l4 7+ S I Mg, )

Cr_yT(1 4 )b
I'(1+ay)y

M
A77|d d A M
+[[|AT7||dar + d2 ) ||q)HLZHR+)r+U ]

< .
Then, ®(B,) C By.
Step 2. @ is a contraction with a contraction constant k < %

Letu,v € By and 57 € . Then, ||2()u — »(1)0||e = f?r [[i(n +6) —o(n + 6)||do <
r||u — v||3. From (6), (7) and (11), for every u,v € B, and any 1 € ], we have that

|| @1 (u)(n) — @1(v) (17)]]

< G, ) — b))

HI [ = 0 Ay ) (e, () — b, (D)D)
< ATTA b, )) — b, OO |

[ =2 ARy — AT (0 — bz, (D)D)
< 1A TIHIATHO (7)) — AT G, (r)0) |

G L [y — 0yt AT (00) — AT, (2)0)
< ]| () - (ol

dl“%lfii)_ ) e ||5¢()7T — 5¢(7)7] I@IZ:

< el flar|+ BTGl L),

YI(1 4 ay)

which yields with (9) that ®; is a contraction with a contraction constant k < %

Step 3. @, has a closed graph and ®,(x); x € B, is compact.

Assume (x,),>1 and (y,),>1 are sequences in B, where x, — x,y, — yand y, €
Dy (xy);n > 1. Then,

0,n € [-r,0],
yn(n) = { +fo — 1) 1R ( — T) fu(T)dT (18)
+>:0<17k<17 fa(n — Wk)li(xn(ﬂl;))/ﬁ €]/,

where f, € T;(',%(.)En). Using (HE,), it yields that

f2(DIl < o) (A +1(v+8)),aen €.

So, (fu)n>1 is bounded in L (], E) and, hence, there exists a subsequence of {f, }%_;.
We denote them by (f,),>1, where f, — f € LP(], E). From Mazur’s Lemma, there exists
a sequence of convex combination, {z, }5 ; of {f,}$> ; that converges almost everywhere
to f. Note that by (HF,), again, forany n € J,T € (0, and any n > 1,

107 =" Ol < I =D p(0)(A+1(v+)) € LE((0,5], R).
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Set

0,7 € [-r,0],
yn(n) = { + JJd (1 = 1) R (y — T)zu(T)dT (19)
+ZO<171<17 ﬁ1(77 Wl)Ii(xﬂ(U;)>/77 €J.

Note that by (18), 7.(7) — y(17), n € ]. Moreover, since »(1)x, — »(n)%;1 € ],
F(y,.);a.e. n € ] is upper semicontinuous, it yields f() € F(y,(n)x), a.e. Therefore,
from the continuity of £(7 — 7);T € [0,7], I; (i =1,2,...), and by taking the limit of (19)
asn — oo, one gets y € Op(x).

To prove that the values of ®;, are compact, assume x € H and y, € Pp(x),n >
1. Using similar arguments to the above, we get that {y, : n > 1} has a convergent
subsequence (1),>1. So, ®,(x) is relatively compact. Since the graph of ®; is closed its
values are closed and, hence, ®,(x) is relatively compact in H.

Step 4. We claim that the subsets Z I (i=0,1,...,m) are equicontinuous, where

Zg, ={y" € CULE) 2y (n) = y(n),n € (i, nial, y" (1) = y(1;"),y € P2(x), x € By}

Assume y* € Z\Ti' Then, there exists x € By and f € S;(. #()F) 7 where, fory € J;,

v = [l=0 %0 - D f(xdr

+ )Y, &l —m)Lk(x()),
0<me<y

and y*(17;) = y(;")-
Case 1. Let 171, 172 (111 < 172) be two points in (#;, 7i41]. Then,

ly*(12) —y*(m) |

< [0 = 0 el — (e
~ [ n =0 e ln - ()
+ Y, fp—m)LE ) — )Y, falm —m) L&)l
0<m < 0<n;<im
< wﬁ%m—ﬂ“mxm—ﬂﬂﬂwu
+ [ 10 =0 = (g — DY (|8, — T (T)] T

-+ /0'71 (7, = 0)* Y |Ra (2 — T) f(T) — Ko (1 — ) f(7)|] dT .
X a0 ) — S — ] B

The hypothesis (HE,) implies ||f(7)|| < ¢() (1 +r(v+{)),a.ey € ], and, hence,
by Lemma 1, we get

i = i T2 a1 _
A
MOATr+d) [
< T [ om0 (e
M@ +r(v+Q)) 7y e ~
= WHgDHLP ]]RJr)WhE{}? (/71 (772*'() 1 dT) P =0
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For I, we have

. . U - -
lim L < lim [, = 1) = (g, = 0" [[820, - T)f(7)]ld

772%771 172%}71 0
 M(+r(0+8) . . »
= Ty 1m0 = i =D el

Note that w = f‘__; € (—1,0), then, for T < 1, we have (7, — T)¥ > (72 — 7)¥. Asan

application of Lemma 3 in [8] and considering 25 € (0,1), we get

411 P _ b1
=07 "= [n=0%] "1 < [m-0"=-0"] 7.
Then,
. 2t
(O, =) = (=N < [ =0T = (=] T
This leads to
- a—1 251 @ @
=0 =+ A= < (=0T = (p+ A - D)7,
Therefore,
lim 12
772‘”]1
M(l + T(U + C)) : 'h _oa—1 a1
< Tl [, =) = (=0 p(n)dr
pP-1
MA+r+8) o [ e vt | T
< g i | O == = e | gl
P-1
M1 +r(v+9Q))) .. [/’71 = = ]P
< — _ _
< om0 =0 = O =0T gl
P-1
MA+r(v+¢Q)) .. 1 oo @kl ol D
S T ol —emm) m loller .
= 0.
For I3,

tim Iy < tim [] [" (7, =) |80~ 0 () = Sl — ) f(D)]| dr.

M, =1 =M
Observe that for every T € [0, 1],

(11, = ) HIKe (12 = ) f (1) = Ka (1 = T) f(7)

mf(l(jvs;l)(m - 1) to(r) € LP(J,R).

Moreover, since {7(#) : 7 > 0} is equicontinuous, and, using the Lebesgue-dominated
convergence theorem, one gets
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M(1 1
Jim po< MO g [ o i - 1) - el — Dl
_ MQO+rw+d) moe a1
= W/O /0 0(m — )" Ca(6) x
[ fim (Y ((r2 —7)"0) = Y (i — 7)"6)) || db@(T)dT
= 0
For 1,
Jm Iy <ov lm Y. &G — k) = fa(m — m)l| = 0.

0<mp<t2

Case2. n=1mn;,i=1,...,m. Assume d > 0,1+ 6 € (1;,1i+1] and A > 0 where
ni < A <+ <y1. Hence, as above, it can be shown that

1y (i +6) =y () || = lim [ly(y; + &) — y(A)[| = 0.
A=

Then, Z 7 (i=0,1,...,m) are equicontinuous.
Step 5. Set By = conv®(B,) and B, = conv®(B,,_1), n > 2. Then, the sequence (By,),
n > 1is a decreasing sequence of not empty, closed and bounded subsets of H. So, the set

B = (N By, isbounded, closed, convex and ®(B) C B. Next, we show that B is compact.
n>1
According to the generalized Cantor’s intersection property, we only need to prove that

lim x5(B,) =0, (20)

n—oo

where )y, is the Hausdorff measure of noncompactness on H. Assume n € Nand n > 1 are
fixed. From the fact that @, is a contraction with a contraction constant k < %, it follows that

x1P(By-1)
< XHCDl(Bn—1)+XHq>2(Bn—1)
1
< EXH(anl)'f'XH‘DZ(anl)- (21)

Let e > 0. Using Lemma 5 in [39], there is a (yi)x>1 in P2(B,—1) with

XuP2(Bu1) < 2xuf{yk k> 1} +e

From the fact that the subsets Z I (i=0,1,...,m) are equicontinuous, one obtains

X1 P2(Br-1)
< 2xufyk k> 1} +e
< 2 sup xe{wk(n) :k>1}+e. (22)
n€(0,b]

Now, let x; € B,_1 and yx € ®y(x¢), k > 1. Then, for every k > 1, there is a
fr € T;(. ()% such that, for any 57 € J,

0,7 € [-r,0],
y(n) = { Jo (1 = 0O 1 Ra( — 7) fie(T)dT
+ Lo<y<y Ba(n — i) Li(xe(n;7)),m € J.
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Note that the assumption (HI) implies that for 77 € J,

xeld Y &8 —n)Li(x(n;)) : k>1}
0<i<y

IN

Ml:Zin xe{%e(n7)) k> 1}
i=1

MY cxelalny)) k> 1)
i=1

i=m
< Mxu(Bi—1) Y i (23)
iz

IN

Moreover, from (4) , we have that for a.e.T € ],

Xelfe(r) + k>1} < x{F(t,»(7)x) : k > 1}
< B(t) sup x{xx(t+6):k>1}

fe[—r,0]
< B(r) sup x{x(d):k>1}
s€[—r,7]
< B() sup x{xld) k> 1)
6€10,7]
< B(O)xu(Bu-1) = (1) (24)

Again, by (HF,)*, for every k > 1, and for almost 7 € J, ||fe(n)|| < ¢(n) 1+ r(v+
¢)) and, hence, {f; : k > 1} is integrably bounded. As a consequence of Lemma 4 in [40],
there is a compact set Ke C E, a measurable set [ C ] having a measure less than € and
{z£} € LP(J,E) such that forevery 7 € ], {z{(t) : k > 1} C Kc and

[l fe(t) —zg(7)|| <29(t)+eforallk >1andallt e ] — . (25)

Then, by (24) and (25) and Minkowski’s inequality, it follows that for k > 1,

I /]_16(77 =) Ry = 1) (fi(r) — 25(7))d7]]

< sl gy o ([ 0= 0 a7
< ol = g
< g @l g+ ebh)
— e QUIBlLr mey Xn(Ba) + b, 26
and
I /]6(17 — 1) R ( — 1) fi(7)d7|
< lj(\dpé)(l +r(v+9)) /]6(77 — ) lg(t)dr
= r(]\i)<1 +ro+ollellr, R*)(/]e(’? — 1) ar) 7 27)

Moreover, from the fact that {z{(7) : k > 1}; T € ] is contained in a compact subset,
we get
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X{/jfje(’? - T)tx—lﬁ2(17 — 1)z (t)dt: k> 1} =0.

Combining this relation with (26) and (27), it follows that

[ =0 - AT s k=1

AM 1
m(ZHISHLP(], r+) X#(Bn1) +€bP)

1+r(v+EM
I'(a)

IN

eller ., me)Be,  (28)

(a—1)P _
where Ac = ( I (n —7) 71 dT) a Using the fact that ¢ is chosen arbitrary, relation (28)

becomes

[ -0 - DAdT ¢ k=1

2AM
S m ||‘B||LP(], R+) X (Bu_1)-

Using the above inequality and (21)—(23), in addition to the fact that ¢ is arbitrary, it
follows that

4AM icm 1
X (By) < (W 1BllLp(y, ) +2M 1:21 Gi + )X (Bu-1)-
This leads to
4AM i 1.,1
X (Bn) < (W BllLe(f, ry +M Z Git E)n x#(B1), Vn > 1.

The above inequality holds for any natural number 7, and by (13) together with taking
the limit as n — oo, we get (20). Then, B is not empty and a compact subset of H. So,
® : B — Py(B) is completely continuous. By applying Lemma 3, we conclude that the
fixed points set of ® is not an empty subset of H. Furthermore, by arguing as in Step 1,
we can prove that the set of fixed points of ® is bounded and, hence, by Lemma 3, it is
compact in H. Therefore, the set Zi [—r,b] is not empty and a compact subset of H. [J

4. The Structure Topological of }25, [—7,b]

In the section we prove that Zi [—r, D] is an Rs-set

Definition 3 ([41]). A topological space X, which is homotopy equivalent to a point, is called
contractible. In other words, there is a continuous map h : [0,1] x X — X, h(0,.x) = x and
h(1,x) =xp € X.

Lemma 5 ([41]). Let A C X, where A is not empty and X is a complete metric space. Then, A is
said to be Rs-set if and only if it is an intersection of a decreasing sequence { A, } of contractible sets

and xx(An) — 0,as n — oo.

Now, consider the multi-valued function F : | x ® — P, (E) that is given by:

Fo o Fulull <o,
FW””—{HmﬁWAMZu
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where v is defined by (17). Since [ = F on D,, the set of solutions consisting of mild
solutions for Problem (1) is equal to the set of solutions consisting of mild solutions for
the problem:

Dy [x(n) = h(n, 32(n)x)] € Ax(n) + E(y, (n)x), a.e.p € [0,b] = {1, ..., 1jm},
Li(x(n; )) x(n7)—x(yt)i=1,...,m,
) =v(n),n € [0

/—\
\/

Obviously, F verifies (HF;) and, for 7 € ], a.e.,

@(m)(1+|[u H) p(M)(A+r(G+v)) =), |lull <wv,
(X + [l

IIf(W)IIS{ 11D =) +r(&+0v)) = (), [|ul] = v.

Then, we can assume that F verifies the next condition:
(HF,)* There exists a function & € L (I, R*)(P > 1), where for every z € O,

IE(r,2) || < (), ae.ip €.

We recall the next Lemma. For its proof, we refer the reader to the second step in the
proof of Theorem 3.5 in [13].

Lemma 6. Assume that (HF;) and (HF,)* are satisfied. Then, there exists a sequence of multi-

functions {F;}°, with F; : ] X © — Py (E) such that:

(i)  Every F; (n,.) is continuous for almost € J.

(i) F(p,x) C .... € Fya(n,x) © F(y,(p)x) € -+ C coF(7,{y € © : |l[y —x|| <
31=11),i > 1, foreachyy € J and x € ©.

(iii) F(y,2) = N >1F(7, 2).

(iv) Foralli > 1, there is a selection g; : | x ® — E of F; such that g;(., x) is measurable for each
x € O and for g;(n,.) is locally Lipschitz.

Remark 2. (Ref. [19]) The property (iv) in Lemma 6 implies that, for almost 5 € ], gi(1,.),i > 1
is continuous.

Assume Zf;" [—7, b] is the mild solutions set of the following fractional neutral impulsive
semilinear differential inclusions with delay:

Dy, [x(17) — h(1, ¢
Li(x(n;)) = x(n;) —
x(n) =¢(n).n € [—

(m)x)] € Ax(n7) + Fi(n, »(17)x), a.e.1 € [0,b] — {n1,...,7m},
x(pt)i=1,...,m
r,0].
(29)

Theorem 2. Assume that the conditions in Theorem 1 after substituting (HF2) by (HF2)* are

held. Then, there exists Ny € N such that, for i > Ny, the set 25," [—1, b] is compact and not empty
in H.

Proof. Let i be a fixed natural number. We define a multioperator ®; : # — P(#) as the
following : y € ®;(x) if and only if

0,1 € [-r,0],
() (0) h(0,9)] + h(1, »(17)X)
y(n) = +f0”( )AL ARy (17 — T)h(T, 2¢(T)X)dT
+ Jo (= T)”‘ L8 (np — 1) f(T)dT
+ Zo<m<;7 fa(p =) Li(x(;))m €7,
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where f € T; (e ()7)" Due to Lemma 5, F; verifies (F;), (F>)*. As a result of Theorem 1,
®; is closed , ®;(B,) C B, and ®;(B,) is equicontinuous. Set By ; = convo®;(B,) and
B, ; = cono®;(B,_1;), n > 2. As in Theorem 1, the sequence (B, ;), n > 1is a decreasing
sequence of non-empty, closed and bounded subsets of 7. We show that

im X c((—p],E) (Bn,i) = 0. (30)

n—o0

Let e > 0. Choose a natural number Ny with 31~No and let i > Ny be a

< €

zngllLl’(L RT)
fixed natural number. Using a similar argument as the one used in the proof of Theorem 1,
one gets

XH(Bn,i)

I
< 2sup xp{yk(n) :k>1} + X
nej

where
0,7 € [-r,0]
ye(n) = { Jo 1 =) 1 Ra( — 7) fie(T)d
+ Yo<n <y fa(n —mi) Li(x(n; ), €7,

and f; € T;i(.,%( )" Next, due to Remark 4.2 in [7], it follows that for any bounded subset
DCO,

xe(Fi(n,D)) < /3(’7)[9 S[up ]XE{Z(9) :ze D} 437 (31)
el-ry

Then, it yields from (ii) in Lemma 5 and (31), for a.e.t € ],

xe{fi(t) = k=13

< xe{F(7 »(t)x) : k = 1}
< B(0)[ sup xe{x(t+0):k>1} +317Noj
fe[—r,0]
< B[ sup  xe{x(8) 1k > 1} 43N]
se[—r,1]
< B(t)[ sup xe{xx(d):k>1} +31*N0]
0€0,,7]
< B(O)xu(Bu-ri) + ()3 N0 =7(1). (32)

As in (28) but by using (32) instead of (24), we get

[ =0 S —DAmdT k=1

AM 1 €
W(ZH,BHLP(L r+) X#(By-1) +eb?) + 5

IN

+I}(\40()(1+rv+r§) X

oo,z ([ (= 0)ran) 7.

Similarly, as in the proof of Theorem 1, we confirm the validity of (30). Therefore, by
the generalized Cantor’s intersection property, the set B; is not empty and compact in H.
As in Theorem 1, the fixed points set of the multivalued function ®; : B; — P(B;) is not
empty and a compact subset in 7{. Consequently, the set 25,” [—7,b] is not empty and a
compact subset of H. [

Theorem 3. Under the conditions of Theorem 2, Zi[—r, bl = N3y, Zi” [—1,b].
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Proof. In view of (iii) in Lemma 8, it can be seen that Zi[—r, b] C NN, Z [—r,b]. Let
X € ﬂ;’f:No Zi" [—7,b]. Then, there is f, € T;n(‘ ()" > Ny such that

w(n),n [—7,0],
(77)[111 (0) = h(0,9)] + h(1, (n)x)
x(n7) = +fo (n—1)"" lAﬁz(ﬁ — T)h(T, 3(T)x)dT (33)
+ JJ(n "‘ L8 (n — T)fu(7)dT

+Zo<;7,<17 ﬁ1(17 ni)li(x(n;7)),m € J.

It follows from (HF2)* that

[Fn ()| < (1), foraen € .

This means that the sequence (f,), >1 is weakly relatively compact in L” (], E), so we
can assume §, — f weakly, where f € LP(J,R*). As in the proof of Theorem 1, there is a
sequence of convex combinations (z),>1 of (fu),>1 that converges almost everywhere to
f. Note that

( ). € [-1,0],
£1(n)[$(0) — h(0, 9)] + h(n, >(17)x)
x(ny) = +fo (1 — T ARy (5 — T)h(T, 2(T)F)d (34)
+f0 1R (1 — T)zu(T)dT

+20<,7,<,7ﬁ1(11 ni)li(x(n;7)).m €7,
and z, (1) € F, (17, (n)X),n > 1. It yields, from (ii) of Lemma 8, that for almost 77 € J,

zn(i7) € COF (1, {y € @ : |ly — >(m)x|| <3'7"}),n > 1,

which implies that f() € F(y,(n)x), for a.e. n € ]J. Moreover, using the fact that
£2(n)(n > 0) is continuous, and taking the limit as n — co in (34), one gets

( ),n € [-1,0],
£ (n)[9(0) — h(0,9)] + h(n, »(17)%)
x(n) = +fo (77* )* L AR (7 — T)h(T, %(T)X)dT

+ Jo (1 =) R (n — T) f(T)dT
+ZO<11,<77 R1(77 7]1) z( (77;))/77 €]

This means that X € Zi [—r,b]. O
To prove our main results, we need the next lemma.

Lemma 7 ([19], Lemma 4.5). Assume that (X,d) and (Y, p) are two metric spaces. Then, if
f:(M,d) — (Y,p) is locally Lipschitz, then it is Lipschitz on all subsets of X that are compact.

Theorem 4. Under the assumptions of Theorem 2, the set 25, [—7,b] is an Rs-set in H provided
that rd1||A77]| < 1.

Proof. Using Lemma 4 and Theorems 1-3, we only need to prove that 25,” [—1,b], where
n > Ny is contractible. Assume that # € Nand n > N . Consider the following fractional
neutral impulsive semilinear:

Dy, [x(11) = h(n, 52(n)x)] = Ax(n) +gn(77,%(17>x), ae.n €[0,b] = {n,...,qm},
Li(x(n; ) = x(n; ) —x(y;"),i=1,...,m,
x(n) =y(n),n € [-1,0].

(35)
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Using Lemma 6 and Remark 3, g, (., #) is measurable, and for y € J,a.e., gu(7,.) is
continuous. Since the multi-valued F satisfies (F,)*and (F3), then, following the arguments
employed in the proof of Theorem 2, the fractional differential Equation (35) has a mild
solution iy € Zi” [—1, b] satisfying the following integral equation:

€ [-r0],
(0

( )1
R () [y ) h(0,9)] + h(n, »(n)y)
y(n) = +fo (= 1)* TAR ( — D)h(T, 2(T)7)dT (36)
+ Jo (1 =) "‘ Yo (7 — T)gn(, >(n)y)dt
+20<;7,<;7ﬁ1(’7 ni)Li(y(n;)).m €.

Next, we show that the solution is unique. Assume that x € Zi” [—7,b] is another
mild solution for (35). Then,

( )1 € [=1,0],
(77)[4](0) h(0,9)] + h(1, 5(1)X)
xX(n) =9 + fo (n —1)* AR (n — T)h(T, >(T)X)dT (37)
+ Jo (n ”‘ Yo (7 — 1)8u (1, (1)%)dt

+ZO<17,<17 Rl(ﬂ 7]1)11(7(771‘7))/7] eJ

Let 7 € [0,71] be fixed. Due to (6), (7), (11) (36) and (37), it yields

17n) =0l
< {1k, 0)7) = O, )5 |
HI 0= 0 ARy = ) (e, 5(0)7) — (D)
=020 = 1) (0 (1, 5(0)7) = gl (0D )i
< 1A IAThO 7)) — A7hCy, ()|
+ / ATy = DI [[ATH(z, (1)) — ATh(T, 5(x)5) dT
o) /O”w =0 g, #(1)7) = a(, (0)7))
< A7) [ty — ()l
a4 S [ 0 )y - (o) o
a7 o =0 g (5, 24(0) = g, (7)) @)

Now, from Lemma 5, the function T — »(7)X is continuous from [0,#1] to ® and,
hence, the subset Zz = {»(7)x : T € [0,1]} is compact in ©. Similarly, the set Z; =
{#(7)y : T € [0,111]} is compact in © and, therefore, the set Zz; = Zx U Zy is compact in ©,
and consequently, [0,71] X Zzj is compact in [0,7;] x ©. Thus, by (iv) in Lemma 6 and
Lemma 7, there exists ¢;; > 0, for which the estimate

|18 (T, 52(T)F) = &n (T, 2(D)F)|| < ey, [|2(1)7 = ()% ]]o,
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holds for T € J. Therefore, from (38), it yields

[1x(7) =y ()l
< di|[AT]| [5()y — >(n)%]|e

e[4S [y — ) (g — (o) o

el [0 =0 (g — ()5

Note that when 7 € [0, 7], we have

ey~ (0xlle = [ l[7(x+6) ~x(x-+6) a8

< r sup [|g(d) —x()ll.
5€(0,7]

It yields

[1xXCr) =y ()|
< di|[AT| [5(n)y = (n)xl|e

— lXle'yr(l + ')’) n _ ay—1 _ -
AT Sy ) e 196 =70}
rMcy, [ 1 _ -
+ —7)*" su 8) —x(d)||dr.
) 1= sop 190) ~=0)]

Since X and ¥ are continuous on [0,7], there is p € [0,7] with ||X(p) — ¥(p)|| =
SUPse o] ||X(6) —¥(4)]|. Then,

sup [[x(6) —y()Il = I[x(0) =y (o)l
s€0]
< di|[AT]] {|5(p)y — #(p)xlo
erl,WF(l + ’Y) /
0

—|—rd1||A_7|| F(l—i—oz’y))

4
(p—0)"" sup |[5(6) —%(6)]|dT
5€[0,7]

J?/(I;’;l l/(;p(P — )" sup |[5(6) —%(3)|ldc

6€[0,7]
< rdy||A7] sup [1%(6) ~ 7(6)]
6€[0.7]
_aC F(l—i—'y) 0 _ _ _

+rdp ||ATY || — — 7)1 su 6) —x(9)|ldt

A e L sop 190) -0

rMcy, [P 1 _ -
+ (o—7)" sup [[j(6) — %()|ldr.

r(a) /“ 6€(a,T]

Since rdq||A™7|| < 1, the last relations lead to
sup [[x(0) —y(9)]|
3e(0,y]

1 P Dc'y—l _ rmcl*ﬁ/r(l +r)/)
[ — d A=Y — '/
1_7’d1||A77H[/O (P T) 1|| H 1"(1+oc7))

Y w1 T"Mcy _ _
L | sup 190) = x(6) .
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Using the generalized Gronwall inequality [42], one has sups. g, |[X(6) — 7(5)]| = 0.
Since 7 € [0, 71] is arbitrary, we conclude that X = 7 on [0, 1]
Next, let 7 € [171,72] be fixed. Note that x(17; ) = y(#; ). Then,

9~ %)
< G, )5) <))l
L[ 0 Asaly )05 #(0) (|
L= 0 a0 = )55, 40) — g (|
< al| A7 ln)g — ()l
A 7"% [0 =2 () - (0l

+F](ww) /;:(77 = 1) HIgn(T, #(T)F) — gn(T, (7)T))||dT.

By repeating the arguments employed above, we get ¥ = 7 on [1, 112]. Continuing
with the same processes, we arrive to x = 7 on J.

Next, we prove that 25,” [—r, b] is homotopically equivalent to . To this end, we define
a continuous function Z, : [0,1] X ZF”[ r,b] — Zi" [-r,b], where Z, (0,X) = X and

(1,X) = y. Assume (A,x) € [0,1] x Z [—7,b] is fixed. Then, there exists a f € T}

Fu(.,5¢(.)%)
such that
1)1 € [=r,0],
( )[$(0) — h(0, )] + h(n, >2(17)X)
X(n)=4¢ + fo (n—1)%" 1Aﬁ2(11 T)h(T, 2(7)%)dT (39)
+ Jo (= 7)1 Ra(yp — 7) f(T)dT
+ZO<77,<77 ﬁl(” 771) z( (77;))/77 €]
Consider the partition { 0, . +1' mil, .., %} for | = [0, 1]. We consider the following
cases:

@A e€]o, m+1] Putal = #ys1 — A (m+ 1) (11 — 7m). The following fractional
neutral differential inclusion is a result of the above discussion:

{ D ,lx(n) =k, 5(n)x)] = Ax(i) + gu (1, 3¢(1)x), a.e.17 € [ar1,b],

x(n) =x(n),n € [-r,a}],

has a unique mild solution x} € Zi” [, b] satisfying the next integral equation:

(n), 1 € [-r,a}],
o) 1<(i>) (al, s(a} )% (a})
xl — + 77, X 40
= G o Aty - o, )i 4o
[ (1 =) Ry = 7)1, 3¢0) 33 ) 1 € lana, b

Note that xo(ry) x(n); 7 € [-r,b].
(i) A € (g, ag)-Put a3 = g — (m+1)(A — 3.55) (4w — 1m—1). Again, the follow-
ing fractional neutral differential inclusion:

Dz (1) = (i, #(n)x)] = Ax(17) + gn (17, ()x), a.e. 7 € [a3,b] = {1jm},

(
( ( m)) = X(1y) — x(1:4,),
x(p) = %(n), 7 € [ r,a3l,
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has a unique mild solution x3 € Z;” [—r,b] and

x(n), n € [-r,a3),
Ri(n —a3)[x(a3) — h(apq, »(a3)%(a3)]
, +h(n, ()23 (7))
() =9 + fa'%(ﬂ — 1) TARy (7 — T)h(T, ()23 () )dT
+ [ (1 = 1) a0y = T3 (1, 22(7) T
+ L2 <y f1 (1 = 1) L(x3 (7)), 1 € (a3, D).

1] and putai ™ = — (m+

1)(A = 327)m. Let me € Y [—r,b ] be the unique mild solution for the impulsive
fractional neutral dlfferentlal inclusion:

We continue up to m + 1—step. Thatis A € (

( ) =x()—x(n"),i=12,...,m

D“fn ”[X(n)—h(n,%(n)X)] = Ax(y7) + g (1, 2(n)x), a.e.yp € [y, 6] = {1, 72, ...},
Ii(x
x(n) = x(n),y € [-r,af ™).

Then,
x(n), 1 € [-r,a,
R () [F(@HY) = hap 1, se(al D F ()]
+h(n, 3(7) 27 )
() = o (0 = T AR (1 = TR(T, () ()T (41)

+f““ — 1) MRy = T)gn (1, 2¢(m)x} ) dT
+ZﬂX’“<m<n 107 = ) (), € [ay ™).

Note that aTH =0and xTH = 1y. Now, we define Z, at (A, X) as

x}\, if A€o, +1]

x3,if A e (m+1,mi1]
Zu(A, %) = (42)
TH, if Ae (30,1

Therefore, Z,(0,%) = x} = ¥and Z,(1,%) = xI"" = y.
It remains to clarify the continuity of Z,. Let (A, u ), (0,v) € [0,1] x ZFH[ /. Let
A = g = 0. Then, by (42), limy—o Zn(A, u) = limy—p ut = v = Zy(0,v). Let A, ¢ € (

4 m+l}'
So, Zy (A, u) = ﬁ}\ and Z,(A,0) = 5},, where

)
LAy (1 — T, () () e @)

1R (n — 1)gn(n, 2(n)ay)dT, 1 € [ar1,b],
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and
x(n), n € -, y]
fa(y — a})[X(a}) — h(ay, ><(a;)%(ay,)]
o) =4 Thn, (77)5},(17)) (44)
' [} (1 = D A — D)h(T, 52(T)7} () dT
+ [ 01 = 0 o = ©)gu (. 5()B)dT, 1 € [ay, ],

al =b—pu(m+1)(b—1ty,)and a}l =b—p(m+1)(b— 7). Obviously, lim, al =a
and, hence, by (43) and (44), and by arguing as above, we get

lim Z, (A, u) = Zy(u,0),
A—

u—v

which implies the continuity of Z,(.,.), when A € [0, ;:37]. Similarly, we can show the
continuity of Z,, and consequently, Zi" [—7, b] is contractible. This completes the proof. []

5. Example

Example 1. Assume that E = L2([0, 7], R), J=[0,1], r=1, m=1, 3 =0andp =},
o = 1. Forany x : | — E = L2([0, 7], R), we denote by x(1, w); 17 € J,w € [0, rt] the value of
x(n) at w. Let A : D(A) C L?[0, 1] — L?[0, 71] , Ax(1, w) 1= — 5% 2x(17, w) and domain A be
defined as

D(A) = {x¢&L2[0,7]:x,x areabsolutely continuous, x" € L*[0,1],
x(n,0) = x(n,7) = 0}.

Using [37], there is a compact analytic semi-group {Y(#) : # > 0} generated by A and

[ee]
Ax =) n? < x, xp > x,,x € D(A), (45)

n=1

where x,(y) = V2 sin ny,n = 1,2,... is the orthonormal set of eigenvalues of A. In
addition, for all x € L?[0, 1], one gets

o]

2
=Y e <x, xp > xp.

So, M = sup{||Y(#)|| : 7 > 0} = 1. Furthermore, for each x € L?(]0, 7], R),

1 > 1
ATx:EE<x,xn>xn.

n=1

N\'ﬂ

00
2 <X, Xp > Xy,

and | \A%l || = 1. The domain of A? is defined as

N—

D(A?) = {x € L*([0, 7], R Zn<x xXn > x, € L2([0, 7], R)}.

n=1
Leth: ] x ® — E be such that

-1

hn,u) == AT(/i Au(6)d6), (46)
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where A > 0. We have

0
1A%h(n, 1) = A3n(p )]s < ALl [ (02(6) — ua(8))do]
0
< A [ 1ln(6) - ua(6)]|do
< AMlug —uzlle,

and

| ARy, u )||<AII/ 0)do|| < Allulle-

Then, (10) and (11) are satisfied with dy = dp, =
Let A be a convex compact subset in E, sup{||z|| :z € Z} = gand x > 0. Define
F:]x@ — 20 py
-
e jull

F(n,u):= o

(47)

We have

IF )l =sup(I1= 0z 2 € A < e e .
Moreover, for any bounded subset D C ©, we have F(17,D) C Q%A, where ¢ =
sup{||u|| : u € D} and, hence, xg(F(y,D)) = 0. Then, F satisfies (HF1), (HF2)*and
(HF3) with &(y) = e ™,B(n) =0;n € J.
Next, let
[:E— E, Ii(x) := 0 projpx, (48)

where ¢ is a positive number. Obviously, I verifies (HI) withg; =0;i=1,2,....
Therefore, by applying Theorems 1 and 4, the set of solutions for the following frac-
tional neutral impulsive semilinear differential inclusions with delay:

CD”‘[ (17) = h(n, 5(17)x)]

€ —Lx(n,w) + F(y, #(n)x), ae.n €0,1] = {4,1}, (49)
Lx(n; ,w) =x(y7,w) —x(y},w),i=1,2w € [0,7],

x(n,w) = (y,w),7 € [-1,0],5 € [0,1] = {},1},

is a not empty, compact and an R;-set provided that

le'yr(%)
/\(1 + m) <1, (50)
and C ( )
A 1— 1 P - P

where F, h [ are given by (45)—(47). By choosing A and ¢ small enough and « large enough,
we arrive to (50) and (51).

Example 2. Let |, E, A, v,10,11, 12 A\, and o be as in Example (1) and 6 € [—r,0] be a fixed
element.

Leth: ] x ® — E be such that

h((n, —A / O+ ) (@dyw e (0,7 €01, (52
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where A > 0, U : [0,71] x [0,71] — R is measurable, [;" [," U(w,y)dydw <loo, W is
measurable, U(0,y) = U(7,y) = 0,Vy € [0, 7] and ([, [* (W}zdydw)f < 0.

Next, let F : ] x @ — 2807, F((1, s¢()x) (w) = 120N A where y > 0, G -
J xR — R is a continuous function. Then, by choosing A and ¢ small enough, one can
show that / and F satisfy all assumptions of Theorems 2 (see [15,43]) and, hence, the set of

mild solutions for the partial differential inclusions of impulsive neutral type with delay:

“Dyfy (1, @) = fo" Ulw,y)x(6 + 1) (w)dy,

€ —%x(ﬂ,w) + w[\’ ae.n €01 — {11},
Lx(n; ,w) =x(y;,w) —x(n},w),i=1,2,w e [0,n],
x(y,w) = (1, @), € [=1,0,1 € [0,1] = {3,1},

(53)

is an Rg-set.

6. Discussion

The neutral differential equations and inclusions appear in many applied mathematical
sciences such as viscoelasticity, and the equations describe the distribution of heat. Since
the set of mild solutions for a differential inclusion having the same initial point may
not be a singleton, many authors are interested to investigate the structure of this set in
a topological point of view. An important aspect of such structure is the Rs- property,
which means that the homology group of the set of mild solutions is the same as a one-
point space. In the literature, there are many results on this subject but no result about
the topological properties of the set of mild solutions for a fractional neutral differential
inclusion generated by a non-compact semigroup in the presence of impulses and delay.
As cited in the introduction, when the problem involves delay and impulses, we cannot
consider the space PC([—r, b], E] as the space of solutions. To overcome these difficulties,
a complete metric space H is introduced as the space of mild solutions. In addition,
the function 7 — »(57)X; X € H is not necessarily measurable, therefore, a norm different
from the uniform convergence norm is introduced on © (see Equation (2)).

7. Conclusions

During the past two decades, fractional differential equations and fractional differen-
tial inclusions have gained considerable importance due to their applications in various
fields, such as physics, mechanics and engineering. For some of these applications, one can
see [28] and the references therein. In this paper, we have given an affirmative answer for a
basic question, which is whether there exists a solution set carrying an Rs-structure when
there are impulsive effects and delay on the system, the operator families generated by the
linear part lack compactness and the order is fractional. More specifically,

1. By utilizing the properties of both multivalued functions, fraction powers of operators,
measures of non-compactness and analytic semi-groups, we showed that the mild
solutions set for a fractional impulsive neutral semilinear differential inclusions with
delay and generated by a non-compact semi-group is not empty, compact and an
Rs-set. This means that, from an algebraic topological perspective, it is equivalent to
a point.

2. Our work generalizes the obtained results in [19], where Problem 1 is investigated
without delay and h = 0.

3. Our work generalizes the obtained results in [15] to the case when there are impulsive
effects on the system.

4. Our technique can be used to prove that the solutions set is an Rs-set for problems
considered in [13-23,30] when it is generated by a non-compact semi-group, the order
is fractional and there are impulsive effects and delay.

5. As a future work, we suggest to extend the work conducted in [24-26] to find the
sufficient conditions that guarantee that the solution set is an R;-set.
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