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Abstract: This paper is involved with synchronization of fractional order stochastic systems in finite
dimensional space, and we have tested its time response and stochastic chaotic behaviors. Firstly, we
give a representation of solution for a stochastic fractional order chaotic system. Secondly, some useful
sufficient conditions are investigated by using matrix type Mittag-Leffler function, Jacobian matrix via
stochastic process, stability analysis and feedback control technique to assure the synchronization of
stochastic error system. Thereafter, numerical illustrations are provided to verify the theoretical parts.

Keywords: fractional calculus; stochastic calculus; stability analysis; synchronization theory

MSC: 26A33; 34A08; 93B05; 93C05

1. Introduction

A stochastic fractional-order chaotic system states that within the apparent random-
ness of chaotic complex systems, there are underlying patterns, interconnectedness, con-
stant feedback loops, repetition, self-similarity, fractals, and self-organization. The syn-
chronization of chaotic system has attracted many researchers by its potential applications
in many areas: biological models and engineering systems (see [1,2]). Synchronization
of two different pairs of fractional order systems with Lotka–Volterra chaotic system is
studied in [3] using active control method. Chaos synchronization of two identical sys-
tems via a suitable linear controller applied to the response system was investigated in [4].
Based on the idea of tracking control and stability theory of fractional-order systems, a
novel synchronization approach for fractional order chaotic systems is proposed in [5]. A
modified chaotic system under the fractional operator with singularity has been studied
in [6]. The global asymptotic synchronization problem of nonidentical fractional-order
neural networks with Riemann–Liouville derivative is proposed in [7]. Fractional-order
disturbance observer-based adaptive sliding mode synchronization control for a class of
fractional-order chaotic systems with unknown bounded disturbances is studied in [8]. An
adaptive control law consisting of fractional order feedback and sliding mode control is
proposed for synchronization of fractional order chaotic systems with uncertain parame-
ters in [9]. By employing appropriate methodology, some useful sufficient conditions for
exponential synchronization of non-integer order chaotic systems is presented in [10]. On
the theory and applications of the fractional-order chaotic system described by the Caputo,
fractional derivative is presented in [11].

Extensions of deterministic synchronization concepts to stochastic systems have been
discussed simplest in a restrained variety of publications. Synchronization among two
solutions and among distinctive additives of answers beneath certain dissipative situations
have been acquired in [12]. Based on the orthogonal polynomial expansion, modified
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projective synchronization of fractional order chaotic systems with random and uncertain
parameters is analyzed in [13]. With the aid of the usage of suitable controllers and adaptive
laws of the unknown parameters, adaptive synchronization of a stochastic fractional order
device with unknown parameters is studied in [14]. Several sufficient conditions are derived
for adaptive synchronization of neural networks with uncertainty and stochastic noise
by utilizing adaptive feedback methods and linear matrix inequality in [15]. Exponential
synchronization criteria for a new class of stochastic neural networks driven by fractional
Brownian motion have been established in [16].

Recently, a new differentiation concept has been introduced where the operator has
two orders such as: (1) fractional order and (2) fractal dimension. Only a few researchers
have studied this type of differential and integral operators. Atangana et al. [17] considered
the new generalization of integer order diffusion equations to second order fractional
diffusion equation. Moreover, this kind of problem has been applied to model chaotic
systems, and also biology models with much of success. Additionally, many studies exist
on synchronization of fractional systems by using Lyapunov exponents technique, chaotic
analysis, etc. The idea proposed in this paper is new, and it should also be mentioned that
the stochastic Jacobian matrix is utilized to prove our main results.

In this paper, we study a fractional order stochastic chaotic system using the Mittag-
Leffler functions. The main contributions of this paper are mentioned in this paragraph. A
key problem of a nonlinear fractional stochastic chaotic system to prove the synchroniza-
tion results by using convergence concept of Mittag-Leffler matrix functions. The main
advantage of the proposed model is that the time response of master systems makes an
impact in the slave systems. These kind of models are more interesting and meaningful to
investigate the synchronization effects through feedback controller.

This paper is systematized as follows: In Section 2, some preliminary contents are
given based on a nonlinear stochastic chaotic system. In Section 3, important Lemma
and main Theorem are proved based on the right hypothesis on nonlinear stochastic term.
Numerical examples are provided to verify the theoretical results, and to show the accuracy
and effectiveness of the proposed method in Section 4. In the end, a conclusion is given in
Section 5.

2. Preliminaries

In this section, we define the finite dimensional stochastic space and recall some basics
of fractional calculus definitions, appropriate assumptions and useful lemmas that will be
used in investigate our main results.

Let (Ω,F,P) be a probability space with probability measure P on Ω and let {Ft|t ∈
R+ := [0, ∞)} be a filtration generated by {w(s) : s ≥ 0} and for every T > 0, F = FT . Let
L2(Ω,FT ,Rn) be the Hilbert space of all FT−measurable square integrable variables with
values in Rn. Let B := C(R+, L2(Ω,FT ,P,Rn)) be the Banach space of all square integrable
and Ft−adapted processes x(t) with norm ‖x‖2

C = sup
t∈R+

E‖x(t)‖2. We consider the matrix

norm ‖A‖ = sup
‖x‖=1

‖Ax‖ for the matrix A : Rn → Rn.

Definition 1 ([18]). The fractional integral of order q with the lower limit 0 for function f is
defined as

Iq
0 f (t) =

1
Γ(q)

∫ t

0
(t− s)q−1 f (s)ds, t > 0, q > 0

provided the right-hand side is pointwise defined on [0,+∞), where Γ is the gamma function.
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Definition 2 ([18]). Caputo derivative of order q with the lower limit 0 for a function f :[0, ∞) −→
R can be written as

¯̃Dq
0 f (t) =

1
Γ(n− q)

∫ t

0
(t− s)n−q−1 f (n)(s)ds = In−q

0 f (n)(t), t > 0, 0 < n− 1 < q ≤ n.

Particularly, when 0 < q < 1, it holds

¯̃Dq
0 f (t) =

1
Γ(1− q)

∫ t

0
(t− s)−q f ′(s)ds = I1−q

0 f ′(t), t > 0.

The Laplace transform of Caputo fractional derivative ¯̃Dq
0 f (t) is

L[ ¯̃Dq
0 f (t); s] =

∫ ∞

0
e−st(C ¯̃Dq

0 f (t))dt = sq f (s)−
n−1

∑
k=0

sq−k−1 f (k)(0), n− 1 < q ≤ n,

where f (s) is the Laplace transform of f (t).
Especially, for 0 < q < 1, it holds∫ ∞

0
e−st( ¯̃Dq

0 f (t))dt = sqx(s)− sq−1x(0).

Definition 3 ([18]). The two-parameter Mittag-Leffler function is defined as

Mp,q(z) =
∞

∑
k=0

zk

Γ(qk + p)
, (q > 0, p > 0).

Laplace transform of the Mittag-Leffler function is

L
[
tqk+p−1M(k)

q,p(±atq); s
]
=
∫ ∞

0
e−sttqk+p−1M(k)

q,p(±atq)dt

=
k!sq−p

(sq ∓ a)k+1 , (Re(s) > |a|
1
q )

where Re(s) denotes the real part of s. In addition, the Laplace transform of tq−1 is

L
[
tq−1; s

]
= Γ(q)s−q, Re(s) > 0.

For t, s ≥ 0, the converge properties of Mittag-Leffler functions are

(i) ‖Eq(Atq)‖ ≤ N1e−ωt, N1 ≥ 1
(ii) ‖Eq,q(A(t− s)q)‖ ≤ N2e−ω(t−s), N2 ≥ 1

where ω is a eigenvalue of a matrix A.

Lemma 1 ([19]). If the functions f ∈ L2(R+ ×Ω, L0
2) and ψ : R+ → L0

2 satisfying for every
T > 0 ∫ T

0
‖ψ‖2

L0
2
ds < ∞,

then we have the following inequalities

E
∥∥∥∥∫ t

0
f (s)dB(s)

∥∥∥∥2
≤
∫ t

0
E‖ f (s)‖2

L0
2
ds

here E denote the mathematical expectation.

In our previous work, we have initiated to present a solution for fractional system
of deterministic case by using matrix type Mittag-Leffler function and Jacobian matrix.
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Further, a series of required conditions are established for main system using stability
analysis and feedback control techniques (see [20]). The main aim of the present work
is extend to stochastic settings and prove the sufficient for synchronization between the
following drive system: {

C ¯̃Dp
0

¯̂Q(t) = ¯̌A ¯̂Q(t) + ¯̌g( ¯̂Q, ¯̂Q) dw(t)
dt ,

¯̂Q(0) = ¯̂Q0
(1)

and its corresponding response system of (1) is{
C ¯̃Dp

0
¯̂P(t) = ¯̌A ¯̂P(t) + ¯̌g( ¯̂Q, ¯̂P) dw(t)

dt + Č(t),
¯̂P(0) = ¯̂P0,

(2)

here t ∈ R+, p ∈ (0, 1), C ¯̃Dp
0 denotes the Caputo derivative [21] with lower limit at 0,

¯̂Q(t) ∈ Rn is a state, ¯̌A is a matrix of dimension n× n, the function ¯̌g : Rn ×Rn −→ Rn×n

is C1-smooth and Č : R+ → Rn is a controller. Set of all n−dimensional Wiener process
w = (w1(t), w2(t), · · · , wn(t))T is defined on probability space.

Define the feedback controller

Č(t) = BE(t) (3)

for an n× n matrix B. Now, we define the error system E(t) = ¯̂P(t)− ¯̂Q(t){
C ¯̃Dp

0E(t) =
(

¯̌A+B+ ¯̌G( ¯̂P , ¯̂Q) dw(t)
dt

)
E(t),

E(0) = E0 = ¯̂P0 − ¯̂Q0
(4)

where

¯̌G( ¯̂Q, ¯̂P) =
∫ 1

0

∂ ¯̌g

∂ ¯̂P
( ¯̂Q, θ̌ ¯̂P + (1− θ̌) ¯̂Q)dw(s)

‖ ¯̌G( ¯̂Q, ¯̂P)‖2 =
∫ 1

0
‖ ∂ ¯̌g

∂ ¯̂P
( ¯̂Q, θ̌ ¯̂P + (1− θ̌) ¯̂Q)‖2ds (5)

is a stochastic Jacobian matrix.
From [21,22], we represent the solution E(·) ∈ B of Equation (4) is given by

E(t) =Mp(Dtp)E0 +
∫ t

0
(t− s)p−1Mp,p(D(t− s)p) ¯̌G( ¯̂P(s), ¯̂Q(s))E(s)dw(s) (6)

where D = ¯̌A+B,Mp(D) andMp,p(D) are the well-known matrix type Mittag-Leffler
functions for 1-parameter and 2-parameters, respectively, for more details one can refer [21,23]
references therein.

Definition 4 ([24]). The error system (4) is said to be stable if for every ε > 0 ∃ a δ > 0 such that
‖E0 − Ee‖ < δ, then for every sup

t≥0
‖E(t)− Ee‖ < ε for every t ≥ 0, where Ee is a equilibrium

point.

Definition 5 ([25]). System (1) is said to be synchronized with (2) if, for a suitable designed linear
feedback controller. That is, the state of error system (4) ‖E(t)− E0‖ < ε is said to be stable if ∃
‖E0 − E0‖ < δ implies sup

t≥0
‖E(t)− E0‖ < ε, for every t ≥ 0.

Expect that the following hypotheses for in addition process:
[A1]: The function satisfies sup

( ¯̂Q, ¯̂P)∈R2n

E‖ ¯̌G( ¯̂Q, ¯̂P)‖2 = l < ∞.
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[A2]: Diagonal matrix D = ¯̌A+B satisfies (7).

3. Main Results

In this section, we present the explicit solution, stability results and synchronization
results for considered system.

Lemma 2. Assume that the following diagonal matrix

D = diag(−λ1,−λ2, · · · ,−λn), (7)

for 0 < λ1 ≤ λ2 ≤ · · · ≤ λn. Then, we have the following square norm estimation for Mittag-
Leffler diagonal matrices

‖Mp(Dtp)‖2 =M2
p(−tpλ1), ‖Mp,p(D(t− s)p)‖2 =M2

p,p(−(t− s)pλ1).

Proof. From (7), the Mittag-Leffler diagonal matrix for 1-parameter and 2-parameters are
give by

M2
p(Dtp) = diag(M2

p(−tpλ1),M2
p(−tpλ2), · · · ,M2

p(−tpλn))

and

M2
p,p(D(t− s)p) = diag(M2

p,p(−(t− s)pλ1),M2
p,p(−(t− s)pλ2),

· · · ,M2
p,p(−(t− s)pλn)).

Since M2
p(−z) and M2

p,p(−z) are completely monotonous [23], one can have the
following inequalities

0 <M2
p(−tpλi) ≤M2

p(−tpλ1),

0 <M2
p,p(−(t− s)pλi) ≤M2

p,p(−(t− s)pλ1)

for any i = 1, 2, · · · , n and s ∈ [0, t]. The proof is completed.

In this theorem, we prove some novel sufficient conditions to assure the synchroniza-
tion of fractional stochastic system using Mittag-Leffler matrix functions.

Theorem 1. Let the hypothesis [A1] − [A2] hold. If l < λ1 then system (1) is synchronized
with (2) by (3).

Proof. The solution of systems (1) is

E(t) =Mp(Dtp)E0 +
∫ t

0
(t− s)p−1Mp,p(D(t− s)p) ¯̌G( ¯̂P(s), ¯̂Q(s))E(s)dw(s)

we take square norm estimation on both sides for above equation

E‖E(t)‖2 =E
∥∥∥∥Mp(Dtq)E0 +

∫ t

0
(t− s)p−1Mp,p(D(t− s)p) ¯̌G( ¯̂P(s), ¯̂Q(s))E(s)dw(s)

∥∥∥∥2

≤2E‖Mp(Dtp)E0‖2

+ 2E
∥∥∥∥∫ t

0
(t− s)p−1Mp,p(D(t− s)p) ¯̌G( ¯̂P(s), ¯̂Q(s))E(s)dw(s)

∥∥∥∥2

By employing hypotheses [A1], [A2] and Lemmas 1 and 2, we obtain
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E‖E(t)‖2 ≤2‖Mp(Dtq)‖2E‖E0‖2

+ 2
∫ t

0
(t− s)2(p−1)‖Mp,p(D(t− s)p)‖2E‖ ¯̌G( ¯̂P(s), ¯̂Q(s))‖2E‖E(s)‖2ds

≤2M2
p(−tpλ1)E‖E0‖2 + 2l

∫ t

0
(t− s)2(p−1)M2

p,p(−(t− s)pλ1)E‖E(s)‖2ds. (8)

Define ¯̌θ(·) = E‖E(·)‖2. Now, define a linear bounded operator Θ : B → B as

(Θ ¯̌θ)(t) = 2M2
p(−tpλ1)

¯̌θ(0) + 2l
∫ t

0
(t− s)2(p−1)M2

p,p(−(t− s)pλ1)
¯̌θ(s)ds.

Then, the Equation (8) becomes as follows:

¯̌θ(t) ≤ (Θ ¯̌θ)(t), t ∈ R+.

Here Θ is non-decreasing, we know that {Θk ¯̌θ}∞
k=0 is non-decreasing and its limit ¯̌θ∞

that satisfies ¯̌θ∞ = Θ ¯̌θ∞. That is,

¯̌θ∞(t) = 2M2
p(−tpλ1)

¯̌θ∞(0) + 2l
∫ t

0
(t− s)2(p−1)M2

p,p(−(t− s)pλ1)
¯̌θ∞(s)ds, (9)

and ¯̌θ(t) ≤ ¯̌θ∞(t) for any t ∈ R+. However, Equation (9) represents

C ¯̃Dp
0

¯̌θ∞(t) = −2λ1
¯̌θ∞(t) + 2l ¯̌θ∞(t) = 2(−λ1 + l) ¯̌θ∞(t).

The above system has following solution

¯̌θ∞(t) =M2
p(t

p(l − λ1))
¯̌θ∞(0).

Summarizing, we obtain

E‖E(t)‖2 ≤M2
p(t

p(l − λ1))E‖M(0)‖2. (10)

Moreover, the Equation (10) is reduces to the following (see, [26], Lemma 2.5)

E‖E(t)‖2 ≤
∣∣∣∣m(p, 1, λ1 − l)

tp

∣∣∣∣2E‖E(0)‖2, (11)

where

m(p, 1, λ1 − l) =
sin(π(1− p))

∫ ∞
0 e(−η

1
p )dη

sin2(πp)πp(λ1 − l)
.

Therefore, the error system (4) is stable with the above convergence rate (11), so one
can conclude that the error system (1) is synchronized with the response system (2). Proof
is completed.

4. Examples

In this section, two numerical examples are given to test the effectiveness obtained
theoretical results.

Example 1. Let us consider the following error system:{
C ¯̃Dp

0
¯̂Q(t) = ¯̌A ¯̂Q(t) + ¯̌g( ¯̂Q, ¯̂Q) dw(t)

dt , t ≥ 0, p ∈ (0, 1),
¯̂Q(0) = ¯̂Q0,

(12)
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where

¯̌A =

 10 3 0
40 5 0
0 0 2.5

,

¯̂Q(t) = ( ¯̂Q1(t),
¯̂Q2(t),

¯̂Q3(t))
T ,

¯̌g( ¯̂Q, ¯̂Q)dw(t)

dt
=

 0.1
0.3e−

¯̂Q

0.5 ¯̂Q

.

Remark 1. The state trajectories of the system (12) is manifestly stable for the fractional power
p < 0.818. In addition, the chaotic behaviors are accrue for the fractional power p ∈ [0.818, 1], that
is, the system is unstable. Consequently, it is required to comprise the control parameter Č(t) to
synchronize the error system (14), it is shown in instance Example 2.

Remark 2. Based on the following inequality, one can study our results via the usual fixed point
approach instead of Jacobian matrix. That is, the hypothesis [A1] can be enfeebled in Theorem 1 to

‖ ¯̌g( ¯̂Q, ¯̂P1)− ¯̌g( ¯̂Q, ¯̂P2)‖2 ≤ l‖ ¯̂P1 − ¯̂P2‖2

for any ¯̂Q, ¯̂P1, ¯̂P2 ∈ Rn.

Example 2. Consider the following system:{
C ¯̃Dp

0
¯̂P(t) = ¯̌A ¯̂P(t) + ¯̌g( ¯̂Q, ¯̂P) dw(t)

dt + Č(t), t ≥ 0, p ∈ (0, 1),
¯̂P(0) = ¯̂P0,

(13)

and the errors between (12) and (13) satisfying{
C ¯̃Dp

0E(t) = ( ¯̌A+B+ ¯̌G( ¯̂P , ¯̂Q) dw(t)
dt )E(t), t ≥ 0, p ∈ (0, 1),

E(0) = E0 = ¯̂P0 − ¯̂Q0,
(14)

where D = ¯̌A+B =

 −1 0 0
0 −3 0
0 0 −2

 and (λ1, λ2, λ3) = (−1,−3,−2),

¯̌g( ¯̂Q, ¯̂P)dw(t)

dt
=

 0.1 +
¯̂P−2 ¯̂Q

4

0.3e−
¯̂Q

0.5 ¯̂Q

.

The values of ¯̌A & ¯̌g( ¯̂Q, ¯̂Q) have been already defined in Example 1. From Remark 2, one can
enfeebled in Theorem 1 to

‖ ¯̌g( ¯̂Q, ¯̂P1)− ¯̌g( ¯̂Q, ¯̂P2)‖2 ≤ 1
4
‖ ¯̂P1 − ¯̂P2‖2.

Set, l = 1
4 and satisfies the Theorem 1 i.e., l < λ1 = 1.

Let us choose the control function Č(t) = BE(t), step size ĥ = 0.01 and p = 0.9,



Fractal Fract. 2022, 6, 192 8 of 13

Č(t) = (Č1(t), Č2(t), Č3(t))
T ,

B =

 −11 −3 0
−40 −8 0

0 0 −4.5

,

Ei(t) =
¯̂Pi(t)− ¯̂Qi(t), i = 1, 2, 3.

Here,

Č1(t) = b11E1(t) + b12E2(t) + b13E3(t); b11 = −11, b12 = −3, b13 = 0,

Č2(t) = b21E1(t) + b22E2(t) + b23E3(t); b21 = −40, b22 = −8, b23 = 0,

Č3(t) = b31E1(t) + b32E2(t) + b33E3(t); b31 = 0, b32 = 0, b33 = −4.5.

The chaotic behavior of the states ( ¯̂Q1(t),
¯̂Q2(t)), (

¯̂Q1(t),
¯̂Q3(t)) and ( ¯̂Q2(t),

¯̂Q3(t)) of the
drive system (12) and response system (13) with fractional power p = 0.9 are shown in Figures 1–3.
The graphical representation of chaotic behaviors in three dimensional is shown in Figure 4. The time
response of the state trajectories ( ¯̂Q1(t),

¯̂P1(t)), (
¯̂Q2(t),

¯̂P2(t)) and ( ¯̂Q3(t),
¯̂P3(t)) of the error

system (12) for fractional power p = 0.9 are shown in Figure 5, Figure 6 and Figure 7, respectively.

−20 −15 −10 −5 0 5 10 15 20
−30

−20

−10

0

10

20

30

Q
1
(t)

Q 2(t)

 

 

(Q
1
(t),Q

2
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Figure 1. Chaotic behavior of ( ¯̂Q1(t),
¯̂Q2(t)) with fractional power p = 0.9.
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Figure 2. Chaotic behavior of ( ¯̂Q1(t),
¯̂Q3(t)) with fractional power p = 0.9.
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Figure 3. Chaotic behavior of ( ¯̂Q2(t),
¯̂Q3(t)) with fractional power p = 0.9.
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Figure 4. 3-D phase figure of ( ¯̂Q1(t),
¯̂Q2(t),

¯̂Q3(t)) of the error system (12) with fractional power
p = 0.9.
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Figure 7. The time reaction of ( ¯̂Q3(t),
¯̂P3(t)) with fractional power p = 0.9.

From the assumed matrices in the examples ¯̌g( ¯̂Q, ¯̂Q) and ¯̌g( ¯̂Q, ¯̂P) one can get
E‖ ¯̌G( ¯̂Q, ¯̂P)‖2 = l = 1

4 .Thus, [A1] is tested by adapting the stochastic Jacobian matrix (5).
Further, the Figure 8 shows that the time response of the state trajectory (E1(t), E2(t), E3(t)) of the
error system (14) for fractional power p = 0.9.

We have given synchronized time response for (t, ¯̂Q1(t)), (t,
¯̂P1(t)), (t,

¯̂Q2(t)), (t,
¯̂P2(t)),

(t, ¯̂Q3(t)) and (t, ¯̂P3(t)) of the drive system (12) and response system (13) with fractional power
p = 0.9 in Figures 8–11. Finally, the synchronized time response of the states (E1(t), E2(t), E3(t))
for the error system (14) with fractional power p = 0.9 is given in Figure 12.

So, we conclude from Theorem 1 that system (12) is synchronized with (13) under the control
Č(t) as shown in the Figures 8–10. Figure 11 says that the time responses of synchronization of
errors between Equations (12) and (13) from that one can understand that the convergence of
the synchronization errors goes to 0. Herewith all the assumptions of our main Theorem 1 is
tested numerically.
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p = 0.9.
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system (12) and (13) with fractional power p = 0.9.
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Figure 12. Time reaction of (E1(t), E2(t), E3(t)) for the error system (14) with fractional power p = 0.9.

5. Conclusions

In this manuscript, we have employed a new type of sufficient results for synchroniza-
tion of fractional order stochastic system by using feedback controller and stochastic Jaco-
bian matrix. These kinds of results are more interesting and useful to show the responses
and behaviors of the considered system numerically. Numerous numerical assessments are
given to demonstrate the effectiveness of the acquired theoretical effects. By using the same
methodology and ideas as discussed in this paper, one can extended the result to fractal
fractional stochastic differential equations to model chaotic systems, biology models, Rift
Valley Fever model, etc.
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