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Abstract: The main purpose of this paper is to investigate the existence and Ulam-Hyers stability
(U-Hs) of solutions of a nonlinear neutral stochastic fractional differential system. We prove the
existence and uniqueness of solutions to the proposed system by using fixed point theorems and the
Banach contraction principle. Also, by using fundamental schemes of fractional calculus, we study
the (U-Hs) to the solutions of our suggested system. Besides, we study an example, best describing
our main result.

Keywords: caputo fractional derivative; laplace transformation; neutral stochastic fractional
differential system; Ulam-Hyers stability; Ulam-Hyers-Rassias stability

1. Introduction

As we know, modeling natural phenomena is one of the ways to understand and
interpret them. Therefore, the discovery of new modeling tools has always been of interest
to researchers. Fractional calculus is one of these useful and new tools. Fractional differ-
ential equations have been used in different fields, such as control theory, biomath [1,2],
thermodynamics, signal processing, and so on [3,4]. The application of fractional calculus
by new researchers has been developed in the field of time-dependent damping behavior
in the viscoelastic behavior sciences. Furthermore, fractional differential equations (FDEs)
also have great applications in the nonlinear oscillation of earthquakes, with several phys-
ical phenomena such as fluid dynamics, traffic models, seepage flow in porous media,
etc. [5-23]. Disavowing FDEs is like saying that irrational numbers do not exist. In addition,
boundary value problems play a special role in solving and interpreting real-world prob-
lems, for example, population dynamics, thermoplasticity, chemical engineering, blood
flow, underground water flow, etc. [24].

The concept of stability is one of the qualitative aspects of dynamic systems. Stability
theory is very significant, as each practicable control system is structured to be stable.
Additionally, in physical use, the stability of solutions is very beneficial because variations
in mathematical models undoubtedly stem from measurement errors. A stable solution
may become variable through such variations. The analysis of the stability properties
of solutions has captivated a lot of research workers through its promising applications.
Specifically, the Ulam-Hyers stability analysis and its uses have been studied by legion
researchers. The definition of (U-Hs) has applicable significance; it means if someone is
capitalizing upon the (U-Hs), then one does not necessarily need to approach the exact
solution. It testifies that there is a consistently exact solution to each of the approximate
solutions. This is advantageous in all fields, including economics, numerical analysis,
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optimizations theory, biology, etc., where finding the exact solution is quite tiring or time-
consuming; see [25-30].

On the other hand, physical models often fluctuate due to stochastic noise or perturba-
tion, so it makes sense to include stochastic effects into the fractional differential equation
to investigate this type of modeling. This leads us to focus on this type of equation in this
study. One can find many published works in this area; see, for example, refs. [31-34].

According to the lack of investigations on the existence and the (U-Hs) of the solutions
of a nonlinear neutral stochastic fractional differential system, it is of great interest to
perform some investigations in this area. Dai et al. [35] investigated the following fractional
differential equation for existence and Ulam-Hyers type stability

v'(t) 4+ DY v(t) = v(t,v(t)), t € [0,1],

o) = Beolp) = g [ (6= Mote)as,

where CDS; (-) and Ig+ represents the fractional Caputo derivative of order p € (0,1) and
the fractional Riemann-Liouville integral such that & > 0, respectively. The function
v:[0,1] x R — R s continuous and v € C![0, 1], while 8 € (0, 1] is a fixed number.

Y. Guo et al. [36], investigated the impulsive neutral functional stochastic differential
equation for existence and UH stability as follows:

o0+ [0(t) = 1(t, v5)] = K (t, vr) + O(t, vt)d“;lgt), te[0,b],t # ty,

)
AL (o)) = L(v(t), AL (u(te)) = Te(v(t),

% (v(0) = 1(0,v9)) = ¢1 € By,  To:*(v(0) — 1(0,v)) = ¢ € By,
where Dé;z represents the Riemann-Liouville fractional derivative of order « € (1,2], and
k=1,2,...,m Wealsohave 0 = tg < f; < tp < --- < tyy < tu41 = b. The functions
x,1,0 : (0,b] x By are continuous and w(t) (t € (0,b]), is the Wiener process, while By
is a phase space. The notations I, [, represent appropriate functions, and I(l)j ~, IS: * are
Riemann-Liouville fractional integrals with orders 1 — & and 2 — «, respectively. The AI(l)I"‘,

AIS; * are defined by

Al (v(t)) = Tr*(o(80) = 17" (v(t),
AL () = Tt (o(80) =T (o).

Here, the maps (v; : (—oo,b] — R) € B, have been defined by v;(v) = v(t +v),v <0.

Sathiyaraj et al. [37] studied (U-Hs) results of the solutions of the following fractional
p

stochastic differential system involving the Hilfer fractional derivative f Dg; of order
a € [0,1] and type B € (0,1) fort € [0, T], (T > 0)

HDYP (1)) = Au(t) + 8(t, u(t), DY (u(t))) + /0 (s u(s), HDYE (u(s)) e (s),
LT (u(t) =ug, v =a+p—ap,

where 1 € R" and A are a matrix of dimension n x n. The functions 9,7 : (0, T| x R" x
R" — R"and 57 : (0, T] x R" x R" — R" x R" are nonlinear and continuous.

There exists extensive prose about the existence and uniqueness (EU) of solutions
related to FDEs involving ordinary and fractional derivatives, etc., while in the setting of a
nonlinear neutral stochastic FDEs system involving ordinary derivative, as far as we know,
existence, uniqueness, and stability have not been discussed.



Fractal Fract. 2022, 6,203

30f16

Motivated by the above content, in this article we study the EU and (U-Hs) of the
following nonlinear stochastic fractional differential system:

{CDng [v(t) —x(t,v(t))] = Av(t) + l(t,v(t),v’(t))dvt\;ft), te):=[0,0],

v(0) =B,

)

where A represents the diagonal matrix of dimensions n x n, with the Caputo fractional def-
erential operators “D¥: (-) = (“D¥1 g4, D2+, ..., D91 )T, each of order p; _._ € (0,1).
(W(t))t>0 is a standard Brownian motion on the complete probability space (Q, Fy, P),
b > 0 along with some filtration F, = {3} }j satisfy some conditions, while §, consists of P-
null sets. Additionally, [ := (I1,lp,...,1n)T, lj<ij<p : ] x R" x R" — R"and x : ] x R" — R"
are n-dimensional locally integrable measurable bounded vector functionson 0 < t < band
its entries admit the Laplace transformation. Furthermore, v(t) = (vy(t), v2(t),..., v ()T
is an unknown vector function, and B is §y measurable H-valued random vector.

The remainder of the article is arranged as follows: In the Section 2, we evoke a few
useful definitions and results akin to fractional integrals and fractional derivatives. The EU
of solutions to the suggested system (1) and Ulam—-Hyres stability results are investigated
in Section 3. A precise example is discussed in Section 4.

2. Preliminaries

This portion is dedicated to introducing a few conceptions and recalling helpful
definitions and preliminary results employed in the whole article.

Let R" be endowed with standard Euclidean norm and H?(J, R") denotes the space of
all F,, measurable processes [, satisfying

1[I = sup E[[I()]|* < eo.
te]

It is known that (H2(J,R"), || - ||32) is a Banach space and x : J x R" — R", [ : ] x R" x
R" — R" are measurable and bounded functions satisfying the following hypothesis:

(A1) There exist positive constants Ly, £; such that for all v, £, 0,f € (H2 (J,R")and t €],

(e, ) — x(t,£) | <Lolo—

7

i} t t_
1i(t,v,0) — 1(t,£,2)| gﬁl[Hv—£H+H/O ﬁ(s)dsf/o Z(s)ds]|].

(Az) Assume that sup,; [|x(t,0)|| < co and sup,; [|I(£,0,0)|| < co. Note that the condition
sup; |l (£, 0)|| < oo implies [ ||x(t,0)|*d < co.

The next condition is a consequence of (A1), but we list it here because of our easy ac-
cess.

(A3) Let £, L, be the same constants in (A1) and there exist real numbers ¢; € (0,1),
c > O such that forall t € Jand v, £ € H?>(J,R"),

1

t
it 0.0 <&i[erlloll +co| [ £Gs)as]).

It 0} <Lt +[Jo

Definition 1 ([6]). Assume that f : (0,00") — R is a real-valued integrable function and T
denotes the Gamma function. The fractional Riemann—Liouville integral of order g, for which
0 < p < 1, is defined by

19, £(t) = r(lp) ./O‘t(t — o) 1 f(v)do, t>0.
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Definition 2 ([6]). Let f(t) be an absolutely continuous function; then, the fractional derivative
in the Caputo sense, of order p, 0 < p < 1, is defined as:

DY) = ey [, (—9) (o)

©
Definition 3 ([6]). The 2-parametric Mittag—Leffler matrix function is defined as:

tho

Eo (tA) =) AkF p,v,te€C, and R(p), R(v)>D0.

Particularly, E, 1 (t°A) = E,(t¥A) has the following property
‘D Eg1(t7A) = AE1(t7A), t>0.
We further suppose that there exist constants Mg and Ny, where
max [Eq1(87A) | = Mo and max By (t7A) | = A
The last two estimates will be used in the coming results.

Furthermore, let “D, f(t) be the Caputo fractional derivative of f(t); then, its Laplace
transform, where 0 < p < 1, is

L{"Dg. f(1)}(s) = sPL{f () }(s) — s" "1 (0).

Lemma 1. Foranyt > 0,Y > 0and % < g < 1, the following integral inequality

Y t - . )
m/o (t— S)Zgo 2E2g)71,1 (52@ 1Y)ds < E2p71,1(t2p lY)
holds.
Proof. Consider
Y ! 2@72 2@*]
r2p-1) /0 (t—=s)™ “Epp-11(s™ " Y)ds

Y i Y/
r2p—1) ]g I(j2p—1)+1).

/'t(t — 5)2024i(20-1) g5
0

o0 Yit1(+1)(20-1) ‘
= L@y nrGes - nt e e
Yit14(+1)(2-1)
ST+ 2p-1)+1)
Yiti(20-1)
aArie-1)+1)
= Ep-11(FP971Y) — 1 < By, 11 (P971Y).

3

-
i

3

O

The following integral inequality has a vital role in obtaining certain estimates in our
main theory throughout the paper.
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Forany b > 0, and p > %, assume that ¥(t) is an H-valued process satisfying

E fob ¥ (t)||?dt < co. Then, we can find a constant C;, = gz%, where

supt (| [ (1= 0 ¥ @aw (o) <G [ (o) @

te]

Definition 4 ([38]). A function [ is said to be of exponential order h, if AMy, > 0, where for some
to > 0, we have
1(8)| < Mpel™,  for t> t.

Lemma 2 ([38]). The Laplace transform for a function g, which is piecewise continuous on [0, o0)
and exponential order h, exists for ®(s) > h and converges absolutely.

Theorem 1 ([39] (Krasnoselskii fixed-point theorem)). Let S # @ be a closed and convex
subset of Banach space B. Consider two operators Py, Py such that

1 Piu+ Prv € S, where u,v € S.
2 Py is compact and continuous operator.
3 Py is contraction operator.

Then Jv € S such that x = Piv + Pyo.

3. Main Results
3.1. Existence and Uniqueness

Before studying the qualitative behavior of solutions to system (1), we consider

{cog@ [(t) — x(t,0(t))] = Av(t) + l(t,v(t),v’(t>)dvgt(t)/ te]:=[00],
v(0) =B,

where ‘D& (.) represents the fractional Caputo derivative of order p (0 < p < 1) and A is
an n X n matrix.

Definition 5. A stochastic process {v(t), t € J}4>0 is said to be a mild solution of the system (1),
if
(i) v(t) is adapted to {F+ }p>0 with fob [o(t)[Fpdt < oo, a.e.;

(ii) v(t) € H2(J,R") has a continuous path on t € J a.e. and for all t € ], v(t) satisfies the
following integral equation

v(t) =Eg,1(t7A)[B —«x(0,B)] +x(t,v(t))
+/0tA(t—s)p_1Eg),p((t—S)WA)K(s,v(s))ds

+ /Ot(t — s)"_lng((t —35)PA)I(s,v(s), v (s))dW(s).

Theorem 2. Let v € C! (JLR™),0 < p <1, then any mild solution of

{CDng [v(t) —x(t,v(t))] = Av(t) + l(t,v(t),v’(t))dvgft), te]:=10,0],
v(0) =B,
is formulated by

v(t) = E,1(t7A)[B—x(0,B)] + x(t,v(t))

n /Ot A(t— )" 1By o ((t — 5)PA)x (s, v(s))ds
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N /(;t(t — )P B, ((t—5)PA)I(s, v(s), v (s))dW(s).

Proof. Since v € C! (J, R"), both v and °D§’+U are bounded. Then, Vt € J, v and ‘Dgﬁrv are

of exponential order. Thus, the Laplace transform of v and “Dy, y exist for v € C'(J,R").

Consider W)
t
o LEl 3)

By applying the Laplace transform L, on both sides of (3), we find

sPL{v(t) — &(t,0(£))}(s) — s~ [0(0) — x(0,v(0))]

= L{Av(H)} () + L{GE oe), o (1) D) ), @

DY, [0(t) — x(t,v(t)] = Av() +1(t,0(t), v/ (1))

where $(s) > 0. In the matrix form, for (4) we obtain

KL{v(t) — x(t,v(t))}(s) — s 'K[B — x(0, B)]

= L{AUO}(6) + LI o), o (1) D y s, ®)

where the diagonal matrix K =diag(s®1,52,...,s%"). We can rewrite (5) in the form

(K — A)L{v(t) — x(t,v(t))}(s) = s 'K[B — (0, B)]

FRL{x(,0(6)}(5) + LU v(0), v () 2o y ), ®)

By multiplying the inverse matrix K1= diag(s%1,s7%2,...,5 1), we find

(1K A)L{u(t) — k(t,0()}(s) = s~ [B — (0, B)] + L{x(t, u())}(5)

Lo /) 6, @

where I is n-th order identity matrix. Clearly, the matrix (I — K~1A) is invertible. We solve
Equation (7) for L{v(t) }(s) as
L{v(t)}(s) =s ' (I-K'A)"'[B—x(0,B)]
+L{x(t,v()}(s) + (L= KT A) 'L{x(t,0(t)) }(5)

0y s). ®

+K T I-KA) I o), V' (1)
By applying the inverse Laplace transform to Equation (8) yields
v(t) = X(t)[B —«(0,B)] +«(t, v(t))

L Z(8) s x(t0(8)) + QE) % 1(t, v(8), v/ (£)) L)

at

)
where the matrix functions X(t), Z(t) and Q(t) are given by
X(t) =L s HI-KTA)7]],
Z(t) =L [(1-KA)T],
Q(t) =L 'K 'I-K'A)"",
while the convolution products * are defined by
t

Z(t)xx(t,v(t)) = / Z(t—s)k(s,v(s))ds,

0
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and
Q(t) *1(t, u(t),v'(t)) = /Ot Q(t —s)l(s,v(s),v'(s))ds.
If o1 = o = - -+ = pn = p, then we have
X(t) = E,,1(t°A),
Z(t) = Av¥1E, , (t7A),
and

Q(t) = vp_lEp,g)(tpA).

Thus, Equation (9) becomes
v(t) = Ep1(tPA)[B —x(0,B)] + g(t,u(t)) + /OtA(f —5)" B0 ((t —5)?A)x(s,v(s))ds

+ /Ot(t — s)pflEp,p((t —5)PA)I(s,v(s),v'(s))dW(s).
O

Next, on the basis of Theorem 2, we presume the solution of system (1).

Theorem 3. Let the assumptions Aj and Aj hold. Then, there exists a continuously differentiable
unique mild solution £(t) with the same initial condition of system (1) expressed by:

£(t) = E,1(tYA)[B —«(0,B)] + x(t,£(t))

+/OtA(t—s>@*11~:p,p((t—s)@A)K(s,ﬁ(s))ds
[ =5 B (1= ) PANI (5, £6), £(5))aW(s).

Proof. Let H3(J,R") = {¢ € H%(J,R"), &(0) = ¢}. One can easily check that H(J, R") is
a closed subspace of the Banach space H?(J,R"). Define an operator P on H(J, R") by

(P£)(t) = E,1(t7A)[B —x(0,B)] + x(t,£(t))
+ /Ot At — )9 B0 ((F— 5)PA)x(s, £(s))ds

+ /Ot(t —8)Y T E, o ((t —8)YA)I(s, £(s), £ (3))dW(s) (t €]).

Obviously, the operator P is well-defined. Let H(J, R") be endowed with the maxi-
mum norm || - ||g, defined as

E”‘:(t)”z

2 2 n
—sup—,Y>0, € Hg(J,R").
“6”3 o] EZp 1’1(Y1!p_1) ‘: B(] )

Since H3(J,R") is a closed subspace of the Banach space H2(J,R"), (H3(J, R"), || - ||8)
is also a Banach space. Thus, we can find Ay > 0 and choose a fixed positive number Y

BNZT(20—1)(b|| A2 L2+2L7) 1
such that Y{-302) <1,0< Ly <3

On the basis of assumption A; with the use of Itd's isometry and Cauchy-Schwartz
inequality, we have

E|(Po)(t) — (PE)(1)||* < 3E||x(t, Pu(t)) — x(t, PEE)) ||

3] [ Al =97 By (£ = 9)7A) (s, u(s)) — x(s,£(5))Jas [ + 3B
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x| /Ot(t —5)9 B, o ((t — 5)PA)[I(s,0(s), V' () — (5, £(s), £'(5))JdW (s) ||

t
< 3L2E||[Po(t) — PE®H)| + 3b|\A|\2Ngc§/0 (t — 5)292E||v — £]2ds

t
+ 6/\/025,2/0 (t — 5)292E||v — £]2ds
— 3L2E||Pu(t) — PE(H) ||

t
+3NE(b]|A2L2 + 2£2) /0 (t — 5)292E||v — £]]2ds.
Thus, by Lemma 1 and the definition of Y, we obtain

2
E||(Py)(t) — (Px)(1)| < BLZE||Pu(t) — PE(H)|*  3NZ(D||A|PLE+2L3)
Epg, 1,1 (Yt290~1) T Eppo1a(Y2971) Epo, 1,1 (Yt20~1)

2)71)

t E,, Ys<F
0

o= 7 JE|lv — £]|%ds.
Epp_1,1(Ys?071) lo=£lPds

Therefore,

BNET (20 — 1) (b||A[2L2 +2L7)
Y(1—3L2)

2 2
1Pv—PEly < lo —£[ly-
BNZT(2p—-1) (b|| A2 L2+2L7)

Y(1-3£2)
traction on H3(J,R"). Hence, due to the contraction mapping principle, the operator P
possesses a unique fixed point, which is the unique solution of system (1). O

< 1, then the operator P is a con-

Since by the assumption

Theorem 4. Let the assumptions Aq to Az be satisfied V't € Jand v,£,0,£ € (H%], R™). Then,
the problem (1) has at least one mild solution, provided that 0 < L, < 2\1—5

Proof. To discuss the solvability of system (1), we transform the considered system (1) into
an equivalent fixed point problem. Consider a closed ball

We = {v e Hg(LR") : E[[v] <e},
where 5 )
SMGIE|B|”+ LZ(1+E||B|")] +8 ..

0< Qe (1 —8L2) -

with
820 T(2p — 1) [DIAIPLEME + NG L + )]

fd 1 —
Qe Y(1—8L2) ’
and define two operators P; and P, on W, by

(Prv)(t) = Ey,1(tYA)[B — (0, B)] +x(t,v(t)),
t

(Pav)(¥) :/0 A(t—s)p_lEW)((t—s)pA)K(s,v(s))ds

t
+ / (t—35)"1E,, o ((t —5)PA)I(s,v(s), V' (s))dW(s), t €].
0
For any v € W;, we conclude that

E||(P10) () + (Pov)(1)||° = 4E||E,1 (t7A) [B — (0, B)] || + 4E||x(t, Po(t)) ||

+4E||/OtA(t—s)p’lEKW((t—s)pA)K(s,v(s))dst
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4] [ (=57 B (= 5) AN, 0(s), o (5))aW(s)]
< 8MZ[E|[B||* + £2(1 + E|[B||*)] +8L2[1 + E||Pu(t)|[*]
+ 82| A|2L2[1 + E|Jo(t)|] /Ot(t,s)zp—zds
+ABLTIE + BB [ (¢ 92 2.

Therefore,

8 MZ[E|B|” + £2(1 + E|[B|*)]

(Pro) + (Pav) |2 <

(1—-8L2)
21 A l12 2 VT (2p — 1)
BNELXTIT (20 — 1) L2[c] + cg}g 8
Y(1—8£2) (1—8L2)

<e.

Thus, P1v + Prv € We. In view of Theorem 3, we conclude that P; is a contraction
mapping if
BNET (20 — 1) (b||A[|2L2 +2L7)
Y(1—3£2)
It follows directly from the proof of the Theorem 3.
Next, we show that the operator P, is continuous as well as compact. First, we show
that P, is continuous. For this, we construct a differentiable uniformly convergent sequence

{Un}nen in We such that v, — vasn — oo,
Vi € [0,b], we have

<L

E||(Paun) () — (Po) (1))

< 2E|| /OtA(t — )9 E, o ((t—5)YA) [K(s, Un(s)) — K(s,U(s))]dst +2E

|| _/Ot(t —8)9 B o ((t—3)PA)[I(s,vn(s), U (s)) — (s, v(s),v'(s))]dW(s) HZ

ot ot
§2b£§||A||2M§/O (tfs)zf"*zEanfv\|2ds+4./\f02/$,2/0 (t — 5)292E||vy — v]]2ds
SO
2
EIPan)) ~ PAION  IAPLMG [, sy, oy Eln=ol?
By, 1,1(vt2071) = Eypo12 (Y1) Jo vy By, 11(Ys?971)

4NG LT ~ E||v, — vl?
+ 0 é — / (t _ 5)2@_2}32@_1 1(YS2g)—1) ||U'rl 2U|| ds.
Epy1,1(Yt2971) Jo ' Epp11(Ys%9 —1)

Using the weighted maximum norm, we obtain

E|Pyv, — szHi < w {bL%HAHZM% +2N()2£12] v — v||Y —0, as n — .

The last inequality implies the operator P, is continuous. Moreover, the operator P,
is uniformly bounded, which follows from the start of the proof.

Finally, we show that P, is equi-continuous. Let ¢1,¢; € Jwitht; < t,. Foranyv € W,,
we have

E[|(Pa0) (12) — (Pav) (1)
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<aE] [ Al — 97 Bl 9)7A) — (01— 97 MEp((h—5)7A)]
x x(s,v(s) ds||

t
+4E| [T Al =) By (12— 5) PA)x(s, 0(s)ds
1

48] [ [(12 =97 B (12— 9)7) — (1 = )7 By ((1 —9)7A)]
x 1(s,v(s), v/ (s))dW(s) ||’
+ 4| /ttz(m — )9 By, ((t2 — 5)PA)I (5, 0(s), v/ (5) )ds

ot
<42 M3 / (k= 52972 — (t — 5)272] [1 + E||v]?] ds
x +4MZLE|A|2D] A2 / $)2972(1 + E||v|2)ds
FaBD) [ (=577 = (11— 72 (1 + ca)Elolfids + 4NG LT

ty
></ [(t2 — $)272] [(c1 + c2)JEl|v]2ds — 0, as t; — .

f

which further implies that ||sz(t2) Pru(ty) HY — 0 as t; — tp. This shows that the
operator P, is compact. Therefore, in view of the Arzela—Ascoli theorem, P, is compact.
Hence, the problem (1) has at least one solution on ], thanks to Theorem 1. [

3.2. The Ulam—Hyres Stability Results

Now, in the following, we want to examine the (U-Hs) result about the system (1) in
H?(J,R") on the interval ] = [0, b].

Definition 6. We say that (1) is Ulam—Hyers stable, if for any solution £(t) € H2(J,R") of (1),
which satisfies the following inequality

sup E||“DY, [£(t) — (£, £(t))] — Av(t) —l(t,£(t),£’(t))%H2 <e, €>0, (10
te[0,0]

then, there exists a solution v(t) of (1), where

sup E||£(t) —v(t)|? < Ce,
te[0,b]

such that C is a constant that is independent of £(t) and v(t).

Definition 7. We say that the system (1) posses Ulam—Hyers—Rassias stability, if for any solution
£(t) € H2(J,R") of (1), which satisfies the following inequality

sup E||“DY. [£(t) — K(t,£(t))]—A£(t)—l(t,£(t),£’(t))w—t

< , (11)
te[0,b] dt "<

such that ¢ : ] — [0, c0) is a continuous function, then there exists a solution v(t) of (1), where

sup E[£(t) — u(t)|* < Co(t),
te[0,b]

and C is a constant, that is independent of £(t) and v(t).
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Remark 1. A function £(t) € H?(J,R") is said to be the solution of the inequality (10) if, and
only if, we can find a function hi(t) € H2(J,R") such that

(D ER()|* <eteT;
(2)
£(t) = By (t7A)[B — (0, B)] + x(t, £(t))

+ /Ot At — )9 B0 ((F— 8)PA)x(s, £(s))ds
4 [ B (1= 9) AN (s, £66), ()W (s)

t
+ / (t— )7 g0 ((t— 5)9A)h(s)ds.
0
Note: A similar remark can be obtained on considering inequality (11).

Lemma 3. A function £(t) € H?(J,R") satisfying (10) also satisfies the following integral in-
equality

E||£(t) —Ey1(t°A)[B — x(0, B)] + x(t, £(t))
—/OtA(t—S)WEW((t—s)ﬁ)A)K(s,g(s))ds

2p—1
[ B (- ) A5 £06), £ (N aWS) [ <

S 1N0€.

Proof. According to Remark 1 (2), we can write
£(t) =E,1(tYA)[B — «(0,B)] + x(t,£(t))
A =97 B (1= 5)P (s, £(5) s
[ =5 B o (= 9 A5, (), £/(5))aw(s)
[ =5 B o (= 9) AR (s)ds.
By applying expectation and Cauchy-Schwartz inequality, we obtain
E||£(t) — Eg,1 (t°A)[B — (0, B)] + x(t,£(t))
= [ A=) (5 AR, £(5))ds
[ = 9 B (¢ = ) AN, £06), £ ()W ()
=] [t 57 By (£ — 5) AME)s
< [0 5P 2B (1 - 5°8) B[] e

t
< Noe/ (t —s)?¥2ds
0

ng)—l
<

~ 2@ — 1N0€.
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Theorem 5. If the assumptions A1 and Ay are true, then the system (1) is (U-H) stable, provided
that
NG (| A|PLE +2L7)T(2p — 1)

6L2 + N

<1,

Proof. Suppose that € > 0 and £(t) € H?(J, R") be a continuously differentiable function
satisfying (10) and v(t) € H?(J,R") are the unique solution of system (1). By applying the
Ito’s isometry along with the following inequality, we find

1L ol <n} flvl?
j=1 j=1
and so
E||o(t) — £(t)||* < 2B|[x(t, v(t)) — x(t,£(t))
+ /Ot At — s)K’_lEp,p((t —5)¥A)[k(s,v(s)) — (s, £(s))]ds
b [ =) B (1= 9PAV s, 0(6),'(5)) ~ (5, £, £(5)JAW(S)|

+2E||/Ot(t—s)W’lEplp((t—s)gJA)h(s)dst

t

< 6L3E]jo(t) — £ + 6 AIPAG LR [ (¢~ 5 2Elo — £]ds
12A2c2 [ (t = 5o £l2as + 277w
FINGLE [ (=P llo — £ %ds + 5T Noe
= 6L2E||Pu(t) — PL()||* + 6NG (b]| Al L2

t 22‘3—1

2 202 L2

+2£l)/0(t )2~ Bllo — £]%ds + 5o Noe.

Thus, by using Lemma 1 and the definition of Y, we obtain

2
Ello(t) — £0)| _ 6£2E]lo() — £()I? | 6NZ (b AI2LE +227)
Epp 1 (Yt20711) = Epg g1 (Y207 1) Epp1,1(Yt2071)

2
lv—£lly

—2 s
Epp-1,1(Ys?071)

t
x [ (= 5P 2 (Y20 )
0

2 b2p71 N
Jr_132@-1(\('152@_1’1)2@”1 0

Y ——MNoe.

6NZ(b||A]2L2 +2L3)T(2p — 1) ,  2p%91
lv—£[ly + 20— 1

< (65,% -
By taking maximum over J, and considering the assumption

6NE(b|A]2L2 +2L3)T (20 — 1)

2
6L2 + Y <L
we obtain o1
2621 6
20—17V0
v—£l2 < € =Ce,
[ ||Y = 1 6£% _ 6]\/02(b\|AHZK%;QEZZ)F(%’—U
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where o
2120~
20T Ny

6NZ(D||A|2L2+2L2)T (20—-1)
Y

C:

1- 602
By Definition 6, the system (1) is (U-H) stable. O

Remark 2. The Ulam—Hyers—Rasssias stability can be discussed in the same manner.

4. Example

We now present an example to defend our pivotal results of the theory attained above.

Example 1. Consider the Cauchy neutral fractional stochastic differential equation system

(H)+1

mé{v(tw;(gs?m(t)ﬂ)]:(g i)v(f)

1+ cos? vy (

(5 ) ) 5 o

0 4
3 2
the measurable functions are given by

¢ U](f)+1
K(t,u(t) = 5( _cosup(t) )

1+ cos? vy(t)

where A = ( >, v(t) = (v1(t), v2(t))T, and W(t) is the standard Brownian motion while

and
l(t,U(t),U’(t)) _ (i( |U1(tlz-(|-t)c(—)i_szzvl(t) )‘Fivl(f))

Comparing with our considered problem (1), we have

=3
EK:%/
L =3,
b=1.

By taking Ny = %, Y =1, My = 1, we obtain

BNGT(2p —1)(B|| A|2 L2 +2£7)  3T(3 I
0 (2p ) (D] ! T 1) (2)[ ;‘4] — 0.0628 < 1.
Y(1-3£2) 64(1 — 5z)
Therefore, in view of Theorem 3, Equation (1) has a unique solution.
Furthermore,
6 MG(b||A|PLE +2L7)T(2p — 1
1—6c2— 0CIAIL +2£))T 20 =1) _ o 70y 2,

Y

Thus, by Theorem 5, system (1) is Ulam—Hyers stable. To better understand this example,
graphs of some functions are provided in Figures 1 and 2.
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Graph of ¢ (1) + cos? v 1)) Contonr Line of t(jux ()] + cos*v3 (1))

0 01 02 03 04 05 06 07 08 09 1

Figure 1. The graph of ¢(|v1(t)| 4 cos? vy (t)).

Contonr Line of £50

il

0 01 02 03 04 05 06 07 08 09 1
t

tcos? vo(t)

Fi 2. Th hof —————.
igure e graph of -~ o2 (D)

5. Conclusions

The fractional stochastic neutral differential system has many applications in various
fields, such as viscoelasticity, automatic control, electrochemistry, etc. Based on some well-
known fixed-point theorems of fractional calculus and the technique of stochastic analysis,
the existence of results for the considered system has been obtained. Likewise, under
specific assumptions and conditions, we have found the (U-Hs) result for the solution of
system (1). We also provided an example and some figures to show the performance of the
results that we proved.
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Abbreviations

The following abbreviations are used in this manuscript:

U-Hs Ulam-Hyers stability
FDEs Fractional Differential Equations

EU Existence and Uniqueness
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