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Abstract: Recently, the insurance industry in China has been greatly developed. The number of
domestic insurance companies and foreign investment insurance companies has greatly increased.
Competition between different insurance companies is becoming increasingly fierce. Grasping the
internal competition law of different insurance companies is a very meaningful work. In this present
work, we set up a novel fractional-order delayed duopoly game model in insurance market and
discuss the dynamics including existence and uniqueness, non-negativeness, and boundedness of
solution for the established fractional-order delayed duopoly game model in insurance market. By
selecting the delay as a bifurcation parameter, we build a new delay-independent condition ensuring
the stability and creation of Hopf bifurcation of the built fractional-order delayed duopoly game
model. Making use of a suitable definite function, we explore the globally asymptotic stability of
the involved fractional-order delayed duopoly game model. By virtue of hybrid controller which
includes state feedback and parameter perturbation, we can effectively control the stability and
the time of creation of Hopf bifurcation for the involved fractional-order delayed duopoly game
model. The research indicates that time delay plays an all-important role in stabilizing the system and
controlling the time of onset of Hopf bifurcation of the involved fractional-order delayed duopoly
game model. To check the rationality of derived primary conclusions, Matlab simulation plots are
explicitly presented. The established results in this manuscript are wholly novel and own immense
theoretical guiding significance in managing and operating insurance companies.

Keywords: fractional-order duopoly game model; insurance market; existence and uniqueness;
non-negativeness; boundedness; stability; Hopf bifurcation; hybrid control

MSC: 34C23; 34K18; 37GK15; 39A11; 92B20

1. Introduction

With the rapid development of the insurance market in China, different kinds of
domestic insurance companies and foreign investment companies come forward in large
numbers. In order to survive and better serve the people, the competition among various
insurance companies is very fierce. The level of monopoly of the insurance market in
China has gradually declined, but it still remains at the state of oligopoly. The monopoly
competition game between oligarchs has become a very important research topic. In order
to reveal the inherent law of competition among different oligarchs, it is necessary for us
to set up mathematical models on competition and explore the quantitative relation of
competition models among different oligarchs. Plenty of excellent and meaningful works
on this topic have been published. For instance, Elabbsy et al. [1] set up a nonlinear

Fractal Fract. 2022, 6, 270. https:/ /doi.org/10.3390/ fractalfract6050270

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract6050270
https://doi.org/10.3390/fractalfract6050270
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0001-5545-6185
https://orcid.org/0000-0001-5141-5976
https://orcid.org/0000-0001-5844-2985
https://doi.org/10.3390/fractalfract6050270
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract6050270?type=check_update&version=2

Fractal Fract. 2022, 6,270

2 of 20

triopoly game model concerning heterogeneous players and discussed the stability of
equilibrium points, and displayed the bifurcation and chaos of this model via computer
simulations. Yu and Yu [2] explored the stability and duality of dynamic Cournot and
Bertrand duopoly model involving comprehensive preference. Tu and Wang [3] studied
the local stability, Hopf bifurcation, and chaos control issue for a dynamic R&D Bertrand
triopoly game system. Ma and Wang [4] made a detailed analysis on the complex dynam-
ical behavior of a Cournot-Bertrand mixed game model concerning delayed bounded
rationality. Tu et al. [5] dealt with the complex dynamics and chaos control for a Bertrand
duopoly game model involving R&D activities. Zhang et al. [6] investigated the stability
and bifurcation phenomenon for the Bertrand model concerning bounded rationality. For
more concrete literature, we refer the readers to [7-14].

The price plays a very crucial role in competition among different insurance companies.
The price is a very sensitive aspect, which has important effect on people’s needs and the
distribution of products [7]. How to adjust the price of products is naturally a focus
problem for insurance companies. During the past several decades, many valuable works
on this theme have been reported. For example, Ma and Li [7] considered the complex
dynamical behavior for a Bertrand—Stackelberg pricing model. Wei et al. [15] explored the
pricing decision issue for complementary products involving companies’ different market
powers. Mukhopadhyay et al. [16] discussed a Stackelberg price model of complementary
goods under information asymmetry. Ma and Sun [17] studied the price game model
and its complex characteristics of triopoly in different decision-making rule. In 2012,
Xu and Ma [18] studied bifurcation dynamics of the following duopoly game involving
time delay in insurance market:

{ (8 = prya (Ol =21y () = 2611 = p)ya (= 0) + o) + prval, (g
Ya(t) = paya(t)[a — 2Boya(t) + Sapya (t) + 62(1 — p)y1 (t — 0) + Baal,

where y; (t) stands for the price of the first insurance company, y,(t) stands for the price
of the second insurance company, p; stands for the speed of price adjustment of the first
insurance company, o, stands for the speed of price adjustment of the second insurance
company, « represents the possible largest demand, 81 denotes the effect of which the price
of product 1 has on its quantity, B, denotes the effect of which the price of product 2 has on
its quantity, 61 stands for substitution rate which the products of 1 shows to the products of 2,
Jdy stands for substitution rate which the products of 2 shows to the products of 1, u € (0,1)
denotes the weight of the current price at time f, 1 — i denotes the weight of the current
price at time t — 6, 6 is a time delay, and all the parameters p;, B8;,7i, 6;, &, 1,0, (i = 1,2) are
positive constants. For more details, one can refer to Refs. [18,19]. Taking advantage of
stability criterion and bifurcation theory of delayed differential equation, Xu and Ma [18]
set up a sufficient condition which guarantees the stability and the onset of Hopf bifurcation
for model (1).

It is noteworthy that all the involved literature above on game model in insurance
market (see [1-19]) are basically concerned with the integer-order dynamical models. A
large number of studies indicate that fractional-order differential equation has been deemed
as a more valid tactics to describe the authentic natural phenomenon in the world than
the conventional integer-order counterparts. At present, fractional dynamical systems
have been applied in many areas such ascomplex networks, biological systems, artificial
intelligence, various waves in physics, viscoelasticity, capacitor principle, biomedical
treatment, electrical engineering, economics, and so on [20-26]. Its great application value
comes from the powerful memory trait and hereditary superiority for various materials
and evolutionary process [27,28]. In recent years, fractional dynamical systems have
attracted great attention from many scientific circles and great achievements have been
acquired. For example, Xu et al. [29] revealed the impact of delay on Hopf bifurcation
of a class of fractional-order delayed bidirectional associate memory neural networks.
Eshaghi et al. [30] explored the Hopf bifurcation, chaos control, and synchronization issues
for a chaotic fractional-order dynamical model. Zhou et al. [31] probed into the Hopf
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bifurcation control problem of fractional-order prey—predator system involving delays via
hybrid controller. For more concrete publications, one can see [32-36].

Considering that the fractional-order delayed duopoly game model can better re-
flect the memory trait and hereditary superiority in price of two insurance companies
and is motivated by the investigation above and based on model (1), in the current
work, we will set up the following fractional-order delayed duopoly game model in
insurance market:

{ Dy (t) = p1y1 () [a — 2B1py1 () — 2B1(1 — p)ya (t — 0) + d1y2(t) + P17, o)
Dy (t) = paya(t)[a — 2Baya(t) + Sapyr (t) + 02(1 — w)ya(t — 0) + B272],

where 7 € (0,1]. All other parameters and variables own the same economic meaning as
those in model (1).

In this manuscript, we principally probe into the following four problems: (a) Inves-
tigate the existence and uniqueness, non-negativeness, and boundedness of the solution
for system (2); (b) Set up the delay-independent condition guaranteeing the stability and
the occurrence of Hopf bifurcation of model (2); (¢) Build the sufficient condition to ensure
the globally asymptotic stability of model (2); and (d) Control the time of onset of Hopf
bifurcation of model (2) via hybrid controller.

The chief contributions of this manuscript are elaborated as follows: (1) Based on
the earlier works, a novel fractional-order delayed duopoly game model in insurance
market is proposed. (2) The sufficient condition ensuring the globally asymptotic stability
of model (2) is set up via constructing an appropriate positive definite function. (3) Hopf
bifurcation of model (2) is successfully dominated via hybrid control strategy. So far, very
few scholars focus on the Hopf bifurcation control issue of fractional-order models by
utilizing hybrid controller. (4) The influence of time delay on the stability behavior and the
occurrence of Hopf bifurcation of model (2) and its controlled system is revealed. (5) The
research approach can be applied to study the bifurcation control issue of lots of fractional
dynamical models in numerous areas.

The novelty of this research lies in the design of hybrid controller for the fractional-
order delayed duopoly game model in insurance market. By designing a suitable hy-
brid controller, we can successfully control the stability region and Hopf bifurcation
of model (2). The obtained results play a vital role in controlling the price of two
insurance companies.

The structure of this research is arranged as follows. Some necessary basic knowledge
about fractional-order differential equation is given in Section 2. Section 3 proves the
existence and uniqueness, non-negativeness, and boundedness of the solution for model (2).
A new delay-independent sufficient criterion which ensures the stability and the creation
of Hopf bifurcation for model (2) is set up in Section 4. Section 5 explores the globally
asymptotic stability of model (2) via a definite function. Hybrid control tactics are executed
to control the stability and creation of Hopf bifurcation of model (2) in Section 6. Software
simulation results are distinctly displayed to support the established key conclusions in
Section 7. Section 8 draws a simple conclusion to complete this research.

2. Prerequisite Knowledge

In this segment, some essential basic theories about fractional-order differential equa-
tion are presented.

Definition 1 ([37]). The fractional integral of order n for the function h(e) is defined in the
following form:

T"h(e) = 1,(117) /6:(6 — )T th(v)dv,

where € > €o,n > 0,T(v) = [ sV~ e~*ds stands for the Gamma function.
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Definition 2 ([38]). Define the Caputo-type fractional-order derivative of order 1 for the function
h(e) € ([eo, o), R) as follows:

Dh(e) = — /6 O

Le=1) Je (e —s)yr=H177
where € > € and 1 denotes a positive integer (I — 1 < 5 < 1). Peculiarly, ify € (0,1), then
1 e I (s)
U =
DIh(e) = Fr =) /60 ey

Lemma 1 ([39]). Consider the fractional order system: D'y = Qy,y(0) = yo where y € (0,1),
y € R",Q € R™™ Letvi(l = 1,2,---,m) denote the root of the characteristic equation of

Dy = Qy, then system Dly = Qy is said to be locally asymptotically stable
& larg(v))| > LE(1 = 1,2, -+ ,m). The system is stable < |arg(v;)| > L-(1 =1,2,- -+ ,m)
and each critical eigenvalue, which satisfies larg(v)| = LF(1 = 1,2,--- ,m), owns geometric

multiplicity one.
Lemma 2 ([39]). Let ¢(t) € Clto, o) and satisfy
{ D"¢(t) < —a1¢(t) + 0o,
¢(to) = Pro,
wheren € (0,1),01,00 € R,01 # 0,1y > 0, then

06) < (p(t0) = 2 ) Eyl-orlt —10)"] + 2

0

3. Dynamics Investigation on the Solution

In this segment, we are to explore the existence and uniqueness, non-negativeness,
and boundedness of the solution for model (2) by virtue of Lemma 2 and Banach fixed
point theorem.

Theorem 1. Set ¥ = {y1,y2) € R? : max{|y1|, |y2|} < YV}, where Y stands for a positive
constant. For each (y10,Y20) € ¥, system (2) concerning the initial value (y19, Y20) possesses a
unique solution Y = (y1,y2) € Y.

Proof. Set up the following mapping:
h(Y) = (h(Y), h2(Y)), ®)

where

{ h(Y) = p1y1(t) [ — 2B1py1 (t) — 2B1(1 — w)y1(t — 0) + d1y2(t) + P11l @)
ha(Y) = pay2(t) [ — 2B2y2(t) + G2y (t) + 62(1 — p)y1(t — 6) + Baal-
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ForeachY,Y € ¥, we get

[k (Y) = h(Y)]]
|Ply1( Mo —2B1py1(t) — 2B1(1 — p)y1 (t — 0) + d1y2(t) + B171]
—{o171 () [ = 2B1puf1 () — 2B1(1 — w)Fa (t — 0) + S172(t) + B171]}]
+ lo2y2(t)[a — 2B2y2(t) + dapy1 (t) + 62(1 — )y (t — 6) + B2yl
= Ao292(0) o = 2820 (t) + G2 (£) + 02(1 — )7 (£ — ) + ool }|

< prafya(t) = Ga(6)| + 401 B1p Y ya (1) = 1 (8)] + 411 (1 — )y () —
+p1(513/|y1(t) ()] + 101y (t) — G2(t)| + p1B1mlya (t) — Fa (¢
+ paa|ya(t) — ( M+ 402821V |y2(t) — J2(8) | + p202p Y|y (t) — 71 (
+ P25zﬂy|}/2(f) — §a(b)]| + p202(1 — ﬂ)yljh(f) —71(t)]
+0202(1 = ) Vy2(t) — G2 (t)| + p2B2v2ly2(t) — F2(t)]

= (o1& +4p1B11Y +4p1B1(1 — p) +p161Y + p1B171 + 202 V] |y1 (t) — F1(t)]
+ [0161Y + paee + 4p2BopY + 0202 + p2Pav2]|y2(t) — Fa2(t)]

= Vily1(t) — 1 ()] + Nalya(t) — Fa(t)|

)y~|1(t)|
)| @)

<V|ly =Y,
where
{ V1 = 1 +401810Y +401B1(1 — p) + 0161V + p1B171 + 0262, ©)
Vo = p161Y + pac + 4p2p21Y + 0202 + p2B272
and
Y =max{);, I} ()

Then h(Y') obeys Lipschitz condition with respect to Y (one can see [39]). Taking advantage
of Banach fixed point theorem, one concludes that Theorem 1 is true. O

Theorem 2. (a) Every solution to system (2) starting with R?. is non-negative; (b) If the foll-
owing inequality

. 1 1
min{201B11,202B2} > §P151 + 5P2(52(1 — )

holds, then every solution to system (2) starting with R?. is uniformly bounded.

Proof. Let the initial value of system (2) be Y (ty) = (y1(t0),y2(t0)). Assume that 3 a
constant t, satisfying t € (to, t,) such that

yl(t) =0,t e (to, t*),
{m()o 8)
yp(t ) < 0.

According to system (2), we have
Dy1(t)|y, (t,)=0 = 0 9)

By Lemma of [40], one gets y1 () = 0. By (8), we find that it is contradiction. Therefore,
y1(t) >0, V t > t(. Similarly, one can easily check that y,(f) > 0,V t > t. The proof of (a)
ends. In the sequel, we shall prove uniformly boundedness of system (2). Set

O(t) = y1(t) +y2(t). (10)
Then
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D1®(t) +«I1(t) = Dlyi(t) + DMyy(t) + xyq(t) + xya(t)

= pw(t)[a—2B1pya(t) —2B1(1 — )y (t — 6) + d1y2(t) + B171]
+02y2(t) [ — 2B2y2(t) + 2y () + 02(1 — p)y1(t — 0) + B22]
+ry1(t) +xy2(t)

< (o1 + 1B + 1)ya(t) — 201 B1pya () + p161y1 ()ya(t)
+ (020 + 028271 + K)y2(t) — 202B2y5(t) + 202 (1 — w)y1 (t — )y (t)
< (p1a+ p1B1m + €y (t) — 201 Brpy3 (t) + 31613 (t) + 301013 (t) (11)
+ (o2t + p2Bav1 + 1)y2(t) — 202823 () + 30202 (1 — p)y2 (¢ — 6)
+30262(1 — p)y3(t)
= (o +p1pry1 +¥)ya(t) — [201B1 — Jord — a8 (1= ) |3 (1)
+ (20 + p2B211 + K)y2(t) — {szﬁz — 30161 — 30262(1 — ) | Y3(t)
<

7

where k¥ > 0 is a constant and

1 1 2 1 1 2
o- [291[‘5114 — 20101 = 3p202(1 = M)} . {2402/52 — 2P101 — 50202(1 — V)} 2
a 4(pra+p1p1m +x) 4(p20 + p2P271 + ) '

Then
DI1d(t) < —x®(t) + Q. (13)

According to Lemma 2, we get

a1 < (0(t0) = T )y l=x(t—10)]+ 5, 1)
then
D(t) — %, ast — oo. (15)

The proof of Theorem 2 finishes. O

4. Bifurcation Study

It is not difficult to know that model (2) owns the following equilibrium points:

o+ o+
Yl (O/ O)/ YZ (O/ '82’)/2> 7 YB (’31’)11/ 0) 7 Y4(y1*/]/2*)/

2p> 24
where
_ 20y +2B1Bav1 + ady + Bar2dy
You = 201 +2B1P272 + ady + 11102
" 4p1P2 — 0162 '
Suppose that

(81) 4ﬁ1,32 > 51(52

holds, then the equilibrium point Ys(y1., ¥2+) is a positive equilibrium point. Considering
the actual meaning in insurance market, we are only concerned with the positive equilib-
rium point Y4 (Y14, Y2« ) of model (2). The linear system of model (2) near Y4(y14, Y2.) owns
the expression:

Dly(t) = Ary(t) + Axy(t —0), (17)

y(t) = [ Z;Eg },Al = [ fmn },Az— [ 5 8 } (18)

az a4 ae

where
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where
= o1& — 201 B11Y1x + 201 B1Y1+ + P101Y2+ + P1B171,
az = Pl.Bll/l*/
az = P2B21Y2+, (19)
ag = p2& — 402Boyos + 0202Y1+ + 028272,
as = —20181(1 — p)y1.,
= p202(1 — p)y2x.

The characteristic equation of system (17) owns the following expression:

s —ay — ase™? —ay

= 2
det —a3 —age” 0 s —qy 0, (20)
which generates
s21 4+ bys" + by + (bas" + by)e™0 =0, (21)
where
by = —(a1+as),
by = aya4 — aa3,
b3 = —4as, (22)
b4 = a5 — a1de.
When 0 = 0, then Equation (21) becomes:
A2+ (by +b3)A + by + by =0, (23)

If
(Sz) by 4+b3>0,bp+by >0

is fulfilled, then the two roots A1, A, of Equation (23) obey |arg(A1)| > 57, |arg(A2)| > LF
It follows from Lemma 1 that the positive equilibrium point Yy (y1., y2.) of model (2)
involving 8 = 0 is locally asymptotically stable.

Denote s = i¢ = g(cos 7 +ising ) the root of Equation (21). Then, Equation (21) takes the
following expression:

g2’7(c05177'(+zs1n177t)—|—b1g’7(cos +isin L) + by

+ [ba¢" (cos L +isin LT ) + by] (cos c0 —isin g6) =0. (24)
Then
Cqcosgh + Crsingh = Cs, (25)
Crcosgh — Cysingh = Cy,
where -
C1 = bsg" cos 177 + by,
Co = b3g sin ﬂ,
oy 2 nm (26)
C3 = —¢“ " cosym — byi¢" cos —— — by,
Cy = —¢¥sinym — by sin 117
It follows from (25) that
C}+C3=0C3+0C3, (27)

which implies
¢+ +1e? + g + 1 =0, (28)
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where - -
T =2bh (cos 17T COS 777 + sin 7T sin 177),
Ty = 2by cos 7T + b3 — bgh (29)
T3 = 2(b1b2 — b3b4) CcOos 177,
74 = by — b,
Let
Y(¢) = ¢* +1g™ + 1 + 1g + 1. (30)
Suppose that
(83) |ba| < |ba]
4Y(c)

holds true, considering == > 0,V ¢ > 0, then one can easily know that Equation (28) has
at least one positive real root. Therefore, Equation (21) owns at least one pair of purely
roots. Making use of Sun et al. [41], the following assertion can be easily available.

Lemma 3. (i) If 7y > 0(I =1,2,3,4) holds, then Equation (21) owns no root with zero real parts
provided that @ > 0. (ii) If (S3) holds and 7; > 0(I = 1,2,3), then Equation (21) has a pair of
purely imaginary roots +igo for 6 = 6,(h =1,2,-- - ,) where

1 C1C3 + CoC
o = ~ BT ) ohn
0 o [arccos( C% n CZZ

whereh = 0,1,2,- -+, and gy > 0 represents the unique zero of Y (¢).

, (31)

)

Here we omit the concrete proof of Lemma 1, one can consult [41]. Denote 8y = 9(()0 .
In the sequel, we make the following necessary assumption:

(S4) TirIor + Z11Ior > O,

where
Iir = 2779%;7_1 cos @ + Ublgg_l cos @
+ ﬂbggg_l {cos @ cos ¢pbpy + sin @ sin goeo} ,
Iy = 2779%)’7_1 sin @y —1)m ; DL + ﬂblgg_l sin (- m ;1)7‘[ 32)
— ;7b3ggfl {cos @ sin gpfy — sin @ cos gOOO} ,
Dor = (bggg cos % + b4) cosingoby + (bggg cos %) ¢o cos ¢obo,
I = (bggg cos % + b4) ¢osingoby — (b3gg cos %)go cos ¢bp.

Lemma 4. Let s(0) = w(0) + iwy(0) be the root of Equation (21) near 6 = 6y such that
w1(0y) = 0,wo(0y) = co, then Re( % ’ > 0.

1(80) = 0, w2(680) = 6o (%) oze, .,
Proof. Using Equation (21), one derives

(2752171 + by s B8 4 ypbast e 25
—fw(%9+s)@ﬁv+b@::a

ds 71_11(5) 6
(@) -2g G4

(33)

which implies
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where
Ti(s) = 2ys¥1 7 4 ypbysT L 4 ybys e, (35)
Ty (s) = se~0[bss" + by].
Hence )
Re (ds> N _ Re {Il(s)} _ LirTor + L1y (36)
49 6=60,6=¢o 12(5) J o=tn,c=co T + 1

DIV(t)

IN

Taking advantage of (Sy), one gets

-1
(ZZ) ] >0, (37)

Making use of Lemma 1, one gets the following result.

which completes the proof. [

Theorem 3. If (S1)—(Sy)holds, then Yy(y14, y2«) of model (2) is locally asymptotically stable
provided that 6 € [0, 6y) and a Hopf bifurcation of model (2) arises near Y4 (Y1, Y2« ) for 0 = 6.

5. Global Asymptotic Stability Exploration

In this part, we will explore the global stability issue of the positive equilibrium point
Y (Y14, Y2+) of model (2). Firstly, we give the following assumption:

2
(S5) 1p2B1fa < M

Theorem 4. If (Ss) is fulfilled, then the positive equilibrium point Y (Y14, Y2« ) of model (2) is
globally asymptotically stable.

Proof. Setting up the following positive definite function:

2

V(t) = z(ymt) Y —yuln y;f )) 39)

I=1 I

Then

n (y C )yl*qu ( )+y2 (51/2*2);7]/2( )
(y1(t) = y1) o1 (o — 2:31#%( ) = 2B1(1 — p)y1(t = 0) + d1y2(t) + B1711)]

+(y2(t) — yau) [p2(a — 2B2ya(t) + Sapya (t) + 62(1 — p)ya (t — 0) + Ba2)]
((a(t) - ]/1*)[ 2011y (t) + 201 B11y1s — 2011 (1 — p)ya (t — 0)
+201B1(1 — p)y1« + p101y2(t) — P161Y24]

+(y2(t) — y2:) [—202B2y2(t) + 202B2y2+ + 2021y (t) (39)
—p2621Y1+ + 9252(1 — Wyt —0) — p202(1 — p)y14]
—p1B1(y1(t) — y1.)* + p161(y
—02B2(y2(t) — y2:)* + 0262y
—p1B1(y1(t) — y1.)* — p2B2(y
+(p101 + 0262) (Y1 () — y1:) (y2(

1(8) = y1:) (2(t) — y2x)
1() = y14) yz(f) — Y24)
2(t) — y2.)?

t) — ]/2*)-

2

By (S5), we can know that D7V (t) < 0, which completes the proof. [I

6. Hybrid Control Technique for Bifurcation Control

In this part, we will make use of an appropriate hybrid controller which consists of
state feedback and parameter perturbation to control the stability and Hopf bifurcation for
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model (2). By virtue of the research ideas in [42-44], we get the fractional-order controlled
duopoly game model:

Dyi(t) = or{pry1(t)[a — 2B1puy1 (t) — 2B1(1 — p)yr(t — 0) + d1y2(t) + B1ml}
+(72(3/1( ) — }/1*)/ (40)
Dy1(t) = o1{p2y2(t) [« — 2B2y2(t) + Sapy1(t) + 62(1 — p)y1(t — 0) + Bar2l}
+ 02 (y2(t) — yax),

where 07,0, represent feedback gain parameters. Models (40) and (2) own the same
equilibrium points

“+ﬁ2’¥2) (“Jrﬂl’h )
Y, O/O rY 017 /Y 710 /Y *r Y2x ).
1(0,0) 2( 2 3\ " 2p, 1 (Y14, Y2+)

If (S1) holds, then Yy (y14, Y2+ ) is positive equilibrium point. The linear system of model (41)
near Ys(Y1+,Y2«) owns the expression:

Dy(t) = Biy(t) + Bay(t — 0), (41)
where 0
_ | (e _| &1 & _| & 0
y(t)_[yz(t)]'gl_[gs gJ’BZ_[gé 0}' 2
where

g1 = o1[p1& — 201 B1pY1+ + 201 B1Y1+ + P101Y24 + p1B171] + 02,

82 = 0101B1Y1+,

83 = 010221y 2+, (43)
84 = 01[026 — 402B2Y2+ + 0202Y1+ + P2B272] + 02,

g5 = —20101B1(1 — W)Y+,

g6 = 010202(1 — p)y2s.

The characteristic equation of system (41) owns the following expression:

s —g) —aze™0 —g
det =0, 44
g3 -8 -y o
which generates
§21 4 s 4+ hy + (has'! 4 hy)e™0 =0, (45)
where
hi = —(81+84),
hy = 184 — 8283,
46
hy = —gs, #6)

hy = 8485 — 8186
When 6 = 0, then Equation (45) becomes:

24 (h+h3)A+hy+hg =0, (47)

If
(Sg) by +h3 >0,hp +hy >0

is fulfilled, then the two roots A1, A, of Equation (47) obey |arg(A1)| > &7, |arg(A,)| > LF
It follows from Lemma 1 that the positive equilibrium point Y4 (14, y2«) of model (40)
involving 8 = 0 is locally asymptotically stable.

Denotes = i¢ = {f(cos 7 +ising ) the root of Equation (45). Then, Equation (45) takes
the following expression:

ézﬂ(cosnn—i—zsmnrc)+h1§'7(cos +isinTT) + hy

+ [h3¢" (cos LF + isin L) + hy] (cos ¢ —isin g()) —0. (48)
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Then
G1 cos O+ Grsingh = G, (49)
Go cos 0 — Gy sinéh = Gy,
where -
Gy = h3é" cos ’77 + hy,
Gy = h3g"sin 7,
oy 2 nm (50)
Gz = —¢“Tcosnm — h1&' cos ~— — hy,
Gy = —&sinyr — hy & sin ’77
It follows from (49) that
Gi+G; =G5+0G3, (51)
which implies
M+ 18+ 128 4 138" + 14 =0, (52)
where - -
1 =2 (cos 17T COS 177 + siny7Tsin %),
Iy = 2hy cos T+ h3 — 13,
i (53)
I3 = Z(hlhz — h3h4) cos 7,
1y = h3 —h3.
Let
T1(8) = &% + 0™ + 128 + 158" +14. (54)
Suppose that
(S7) |h2| < |hyl

holds true, considering dls—(':) > 0,V ¢ > 0, then one can easily know that Equation (52) has

at least one positive real root. Therefore, Equation (45) owns at least one pair of purely
roots. Making use of Sun et al. [41], the following assertion can be easily available.

Lemma 5. (i) If ;; > 0(I = 1,2,3,4) holds, then Equation (45) owns no root with zero real parts
provided that 6 > 0. (ii) If (Sy) holds and 1; > 0(l = 1,2,3), then Equation (45) has a pair of
purely imaginary roots +i¢g for @ = 6,(h =1,2,-- - ,) where

Géh) _ 1 [arccos <M> +2hm

= , 55
% e 3)

whereh = 0,1,2,- -+, and &y > 0 represents the unique zero of I1(¢).

(0)

Here we omit the concrete proof of Lemma 5; one can consult [41]. Denote 0o, = 6.

In the sequel, we make the following necessary assumption:

(Sg) ZirZor + Z11Zor > 0,
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where
21—1 2n —1)m -1 — 1)
Tigr = 217g0'7 cos (’7% + thég cos (;7%
_ -1 -1
+ nhgé‘g ! [cos u cos oo+ + sin u sin 5090*} ,
wm-1 . (2n—=1)m -1 . -
I = 27757017 sin 2 =Dr > ) +17h1§g sin (=D > ) (56)
- 17h3§371 [cos w sin §pfps — sin (17_%)” cos 6090*} ,

T . T

Ir = (%Cg cos 177 + h4) o sin obo« + (h3§8 cos %)C@ cos §o0o+,
7t ) T

I = (hg,(jg cos ;77 + h4) Co sin §pbos — (hg(jg cos %) & cos Cobps-

Lemma 6. Let s(6) = @;(0) + ic0,(0) be the root of Equation (45) near 6 = 6, such that

@1(00«) = 0,@2(60s+) = Go, then Re(%) ‘9:90 e

Proof. Using Equation (45), one derives

(25752171 + gy sT71] 85 4 yphgsti—lems0 5
—e 0 (%50 +5) (has” + hy) =0,

(&) =29,

which implies

where

Ta(s) = 275 ~" + s+ yphas e,

To(s) = seO[has" + hy).
Hence,

R[(d)] e[ 2] _ Tilar + TuTar
40 0=00.,5=20 Ta(s) L o=tn. 5=t T+ 15
Taking advantage of (Sg), one gets
ds\ !
Re| (2
e (d@) 1 >0,
6=00.,6=Co

which completes the proof. [

Making use of Lemma 1, one gets the following result.

(57)

(58)

(59)

(60)

(61)

Theorem 5. If (S1), (Ss), (Sy) and (Ss) hold, then Ya(y1., Y2« ) of model (40) is locally asymptot-
ically stable provided that 6 € [0, 6o.) and a Hopf bifurcation of model (40) arises near Y4 (Y1, Y2+)

for 0 = B,

Theorem 6. In 2012, Xu and Ma [18] explored the local stability and the creation of Hopf bifurca-
tion of integer-order (1). In this current work, we mainly explore the various dynamics including
the existence and uniqueness, non-negativeness, boundedness of the solution, local stability, on-
set of Hopf bifurcation, and Hopf bifurcation control problem for the established fractional-order
delayed duopoly game model (2), which comes from the modified version of integer-order delayed
duopoly game model (1). All investigation approaches and ideas practically differ from those in
Xu and Ma [18]. The exploration idea of Xu and Ma [18] can not be applied to study the dy-
namical characteristics of model (2) in this work. From this viewpoint, we hold that our works
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replenish the research of [18] and expedite the development of bifurcation principle of fractional
differential system.

7. Software Simulations

Example 1. Consider the following fractional-order delayed duopoly game model:

{ DOy (1) = prya (Dl = 2Pajuys (1) = 261(1 = )y (£ = 0) + Siya() + Prvil, )
DO2y1(t) = paya(t)[a — 2B2y2(t) + Sapyr (1) + &2(1 — )y (t = 0) + P22,

where p1 = 02,00 = 02,0 = 5,81 = 45p, =5u =02,61 = 07,6, = 06,71 = 91—0,
¥2 = 0.0001. By algebraic operation, one can derive that the unique positive equilibrium point
of system (62) takes the value Y (0.5978,0.5359). It is checked that the hypotheses (S1)—(S4) in
Theorem 3 are all met. Utilizing Matlab software, one can determine that g = 5.3122,6p = 1.7.
To test the correctness of the key conclusions of Theorem 3, in the sequel, we will fix two delay values.
Firstly, set 6 = 1.52 which is less than 6y = 1.7, namely, 0 falls into the range of value [0, 6y). For
this case, the Matlab simulation plots are provided in Figure 1. Apparently, Figure 1 demonstrates
that the price of the first insurance company y1 will approach to 0.5978 and the price of the second
insurance company yp will approach to 0.5359 with the increase of time t. Secondly, set 6 = 1.94
which is greater than 6y = 1.7, namely, 6 exceeds the key value 6y). For this case, the Matlab
simulation plots are provided in Figure 2. Apparently, Figure 2 demonstrates that the price of
the first insurance company y, will oscillate around the value 0.5978 and the price of the second
insurance company y will oscillate around the value 0.5359 with the increase of time t. That is to
say, a Hopf bifurcation (a limit cycle) will take place near the equilibrium point Y (0.5978,0.5359).
In addition, in order to intuitively display the bifurcation value of delay, we give the
bifurcation diagrams that show the bifurcation point 6y ~ 1.7 (see Figures 3 and 4).

Example 2. Consider the following fractional-order controlled delayed duopoly game model:

D92y, (t) = o1 {paya (1) [a — 2B1py1 (t) — 2B1(1 — w)y1(t — 0) + d1y2(t) + B171]}

+ o2 (y1(t) — y14), (63)

D2y, (t) = o1{p2y2(t) [« — 2Bay2(t) + Sapyr () + S2(1 — )y (t — 6) + Ba2]}

+ 02 (y2(t) — yax)-

where p1 = 02,00 = 02,0 = 5,81 =45, =5 = 02,01 = 07,00 = 06,71 = 91—0,
72 = 0.0001. Let 09 = 0.2,0o = 0.4. By algebraic operation, one can derive the unique pos-
itive equilibrium point of system (63) takes the value Y (0.5978,0.5359). It is checked that the
hypotheses (S1)—(Ss) in Theorem 5 are all met. Ultilizing Matlab software, one can determine
that o = 4.007, 8, = 1.33. To test the correctness of the key conclusions of Theorem 5, in the
sequel, we will fix two delay values. Firstly, set § = 1.1 which is less than 6y, = 1.33, namely,
6 falls into the range of value [0, 0y). For this case, the Matlab simulation plots are provided in
Figure 5. Apparently, Figure 5 demonstrates that the price of the first insurance company y1 will
approach to 0.5978 and the price of the second insurance company yp will approach to 0.5359 with
the increase of time t. Secondly, set 0 = 1.45 which is greater than 6y, = 1.33, namely, 6 exceeds
the key value 6y). For this case, the Matlab simulation plots are provided in Figure 6. Apparently,
Figure 6 demonstrates that the price of the first insurance company y1 will oscillate around the
value 0.5978 and the price of the second insurance company y, will oscillate around the value
0.5359 with the increase of time t. Thai is to say, a Hopf bifurcation (a limit cycle) will take place
near the equilibrium point Y (0.5978,0.5359). In addition, in order to intuitively display the
bifurcation value of delay, we give the bifurcation diagrams that show the bifurcation point
0o« = 1.7 (see Figures 7 and §).
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Figure 1. Numerical simulation results of model (62) concerning 6 = 1.52 < 6y = 1.7. The positive
equilibrium point Y(1.0221,16.0947) remains at a locally asymptotically stable level.
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Figure 2. Numerical simulation results of model (62) concerning § = 1.94 > 6y = 1.7. Hopf
bifurcation appears near the positive equilibrium point Y(1.0221, 16.0947).
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Figure 3. Bifurcation figure of model (62): the relation of f and y;. The bifurcation value is approxi-
mately equal to 1.7.
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Figure 4. Bifurcation figure of model (62): the relation of f and y,. The bifurcation value is approxi-
mately equal to 1.7.
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equilibrium point Y(1.0221,16.0947) remains at a locally asymptotically stable level.
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Figure 7. Bifurcation figure of model (63): the relation of t and y;. The bifurcation value is approxi-
mately equal to 1.33.
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Figure 8. Bifurcation figure of model (63): the relation of t and y,. The bifurcation value is approxi-
mately equal to 1.33.
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Remark 1. By making use of a suitable hybrid controller, we can narrow the stability
region and advance the onset of Hopf bifurcation of the fractional-order duopoly game
model (2). From an economic point of view, we can advance the cyclic state of the price of
the tow insurance companies via adjusting the delay and feedback gain parameters.

8. Conclusions

The price of insurance companies plays an important role in dominating the market
and attracting the consumers. The price competition of insurance companies is a vital topic.
In this current research, we propose a new fractional-order duopoly game model with
delays in insurance market. The existence and uniqueness, non-negativeness, boundedness
of solution, stability, Hopf bifurcation, globally asymptotic stability, and Hopf bifurcation
control of the involved fractional-order delayed duopoly game model in insurance market
have been systematically explored. A series of sufficient conditions which guarantee the ex-
istence and uniqueness, non-negativeness, boundedness of solution, stability of the positive
equilibrium, onset of Hopf bifurcation, and globally asymptotic stability of the addressed
fractional-order delayed duopoly game model in insurance market, are derived. By virtue
of hybrid control technique, we successfully control the stability domain and the time of
generation of Hopf bifurcation of the involved fractional-order delayed duopoly game
model in insurance market. The obtained study results own great theory value and praxis
function use for reference in administering and running insurance companies. In addition,
the research approach is also used to probe into bifurcation dynamics and its control issue
of a number of other fractional-order systems appearing in many areas. Here we must
point out that although we can control the stability region and the time of onset of Hopf
bifurcation of the fractional-order duopoly game model via hybrid controller, we may
not be able to other fractional-order delayed models via the same hybrid controller. We
must take some adequate measures to control the stability region and the time of on-
set of Hopf bifurcation according to different fractional-order delayed models. We will
address this aspect in the near future.
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