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Abstract

:

In recent decades, fractional order calculus has become an important mathematical tool for effectively solving complex problems through better modeling with the introduction of fractional differential/integral operators; fractional order swarming heuristics are also introduced and applied for better performance in different optimization tasks. This study investigates the nonlinear system identification problem of the input nonlinear control autoregressive (IN-CAR) model through the novel implementation of fractional order particle swarm optimization (FO-PSO) heuristics; further, the key term separation technique (KTST) is introduced in the FO-PSO to solve the over-parameterization issue involved in the parameter estimation of the IN-CAR model. The proposed KTST-based FO-PSO, i.e., KTST-FOPSO accurately estimates the parameters of an unknown IN-CAR system with robust performance in cases of different noise scenarios. The performance of the KTST-FOPSO is investigated exhaustively for different fractional orders as well as in comparison with the standard counterpart. The results of statistical indices through Monte Carlo simulations endorse the reliability and stability of the KTST-FOPSO for IN-CAR identification.
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1. Introduction


1.1. Literature Review


In recent decades, fractional order calculus has become an important mathematical tool for effectively solving complex engineering problems through better modeling with the concepts of fractional calculus operators [1,2,3,4,5,6,7,8,9]. Fractional calculus operators are also exploited to design novel recursive/adaptive algorithms as well as evolutionary/swarm computation heuristics for different optimization tasks involved in engineering and science applications. For example, fractional gradient descent/fractional least mean square algorithm was proposed for various applications including recommender systems [10], channel estimation [11], automatic identification system [12], power system optimization [13], economics [14], radar signal processing [15], system identification [16,17], Hammerstein output error identification [18], wireless sensor network [19], neural network optimization [20,21,22,23,24], chaotic time-series prediction [25,26], oscillator [27], vibration rejection [28], nonlinear ARMAX identification [29] and parameter estimation of input nonlinear control autoregressive (IN-CAR) systems [29,30].



The fractional evolutionary/swarm optimization heuristics include fractional cuckoo search [31], fractional firefly [32], fractional flower pollination [33], fractional slime mould [34], fractional Archimedes optimization [35], fractional marine predator [36,37], fractional Harris hawks optimization [38,39], fractional chaotic whale optimization [40] and different variants of fractional order particle swarm optimization (FO-PSO) [41,42,43,44,45,46,47,48]. The FO-PSO algorithms are widely used and effectively exploited for solving different engineering problems, including the optimization of power amplifiers [49], filter design [50], reactive power planning [51], image thresholding [52], harmonics estimation [53], image segmentation [54] and feature selection [55]. The promising performance of the FO-PSO in terms of better modeling and accuracy over the standard counterpart motivates the authors to investigate exploiting the swarming intelligence of FO-PSO for parameter estimation in IN-CAR systems.




1.2. Contribution


The parameter estimation of the IN-CAR system has been studied through standard evolutionary optimization heuristics based on genetic algorithms and differential evolution [56,57], but fractional-order heuristics are not yet exploited in this domain. The parameter estimation of IN-CAR systems in Refs. [56,57] is conducted through an over-parameterization approach that estimates the redundant parameters due to the cross-product terms; therefore, this study first investigates exploiting the FO-PSO for parameter estimation of IN-CAR systems and then introduces the key term separation technique (KTST) [58] in the FO-PSO algorithm to avoid estimating the redundant parameters. The computational efficiency of the KTST over the standard counterpart is well established in the system identification literature [59]; further, practical application of the parameter estimation of the electrically stimulated muscle model, represented through the IN-CAR structure, is investigated using the proposed KTST-FOPSO. The key features of the current study are:




	
A key term separation technique-based fractional-order particle swarm optimization, KTST-FOPSO, is presented for parameter estimation of input nonlinear control autoregressive, IN-CAR systems.



	
The KTST-FOPSO is developed through the synergy of PSO swarming intelligence with concepts of fractional calculus operators and the principle of the key term separation technique.



	
The KTST-FOPSO is more efficient than the conventional FO-PSO in the sense that it identifies the IN-CAR system without estimating the extra parameters involved in the over-parameterization approach.



	
The accuracy, robustness, convergence, reliability, and stability of the KTST-FOPSO scheme are verified through the results of statistical indices for different fractional orders and noise levels.









1.3. Paper Outline


The remaining manuscript is prepared as follows: The mathematical model of the IN-CAR system is provided in Section 2 with the detail of the key term separation technique. The design scheme KTST-FOPSO is presented in Section 3. The simulation results with a brief discussion are given in Section 4. Finally, the concluding remarks with future works are listed in Section 5.





2. IN-CAR Identification Model


The IN-CAR system in block diagram representation is given in Figure 1; however, the mathematical representation is given as [59,60]:


  q ( t ) =   X ( z )   Y ( z )    s ¯  ( t ) +  1  Y ( z )   n ( t ) ,  



(1)




recomposing Equation (1) as


  q ( t ) =   1 − Y ( z )   q  t  + X ( z )  s ¯  ( t ) + n ( t ) ,  



(2)




where q(t)/s(t) and n(t) denote the output/input and disturbance noise signal, respectively. While   X ( z )  ,   Y ( z )   and    s ¯  ( t )   are defined as:


  X  z  =  x 0  +  x 1   z  − 1   +  x 2   z  − 2   + , … , +  x   n x     z  −  n x    ,  



(3)






  Y  z  = 1 +  y 1   z  − 1   +  y 2   z  − 2   + , … , +  y   n y     z  −  n y    .  



(4)






   s ¯   t  =  a 1   g 1   [   s  t    ]  +  a 2   g 2   [   s  t    ]  + … +  a k   g k   [   s  t    ]  ,  



(5)







Attributing Equations (3)–(5) in Equation (2), assuming    x 0  = 1  , and employing the principle of KTST by considering    s ¯  ( t )   as a key term


     q ( t ) = −   ∑  j = 1    n y      y j      q   t − j     +   ∑  j = 0    n x      x i       s ¯    t − j     + n ( t )               = −   ∑  j = 1    n y      y j      q   t − j     +  x 0     s ¯   t    +   ∑  j = 1    n x      x j       s ¯    t − j     + n ( t )                 = −   ∑  j = 1    n y      y j      q   t − j     +   ∑  j = 1    n x      x i       s ¯    t − j     +   ∑  j = 1  k    a j   g j    s  t      + n ( t )    .  



(6)







Defining the information vectors in (7)–(9) and corresponding parameter vectors in (10)–(12) as


    β  y   t  =    [   − q   t − 1   , − q   t − 2   , … , − q   t −  n y      ]   T  ∈  ℝ   n y    ,  



(7)






    β  x   t  =    [    s ¯    t − 1   ,  s ¯    t − 2   , … ,  s ¯    t −  n x      ]   T  ∈  ℝ   n x    ,  



(8)






   g   t  =    [    g 1   [   s  t    ]  ,  g 2   [   s  t    ]  , … ,  g k   [   s  t    ]    ]   T  ∈  ℝ k  ,  



(9)






   y  =      y 1  ,  y 2  , … ,  y   n y       T  ∈  ℝ   n y    ,  



(10)






   x  =      x 1  ,  x 2  , … ,  x   n x       T  ∈  ℝ   n x    ,  



(11)






   a  =      a 1  ,  a 2  , … ,  a k     T  ∈  ℝ k  .  



(12)







Using (7)–(12) in (6) gives the KTST-based identification model for IN-CAR systems


  q  t  =   β  y T   t   y  +   β  x T   t   x  +   g  T   t   a  + n  t  ,  



(13)








3. Proposed Methodology KTST-FOPSO


The proposed key term separation technique based on fractional order particle swarm optimization, KTST-FOPSO is presented in this section. First, the fitness/objective function for the parameter estimation of IN-CAR systems is developed and then the design procedure of KTST-FOPSO is given. The graphical abstract in terms of procedural blocks of the proposed study is provided in Figure 1.



3.1. Formulation of the Objective Function


The objective function for the parameter estimation of the KTST-based identification model of the IN-CAR systems presented in Equation (13) is developed in the mean square error sense as:


  Fitness =  1 M    ∑  i = 1  M       q (  t i  ) −  q ˜  (  t i  )    2    ,  



(14)




where M represents the number of particles,  q  is the desired response of the IN-CAR system given by (13), and   q ˜   represents the estimated response of the model. The estimated response of the IN-CAR is given by


  q  t  =   β  y T   t    y ˜   +   β  x T   t    x ˜   +   g  T   t    a ˜   + n  t  ,  



(15)




where the estimated parameter vectors are written as:


    y ˜   =       y ˜  1  ,   y ˜  2  , … ,   y ˜    n y       T  ∈  ℝ   n y    ,  



(16)






    x ˜   =       x ˜  1  ,   x ˜  2  , … ,   x ˜    n x       T  ∈  ℝ   n x    ,  



(17)






    a ˜   =       a ˜  1  ,   a ˜  2  , … ,   a ˜  k     T  ∈  ℝ k  .  



(18)







The objective is to minimize the fitness function (14) through the swarming intelligence of the KTST-FOPSO.




3.2. Fractional Order Swarm Optimization


The FO-PSO was developed by introducing the concept of fractional calculus in the velocity update mechanism of the standard PSO [42]. The research community appreciated the idea of FO-PSO and proposed various variants of FO-PSO for different optimization applications [43,44,45,46,47,48,49,50,51,52,53,54]. Before presenting the theoretical development of the FO-PSO, first, the velocity w and position p update relations of the conventional PSO for the nth particle with t representing flight number are given as


   w n  ( t + 1 ) = α  w n  ( t )   +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )  ,  



(19)






   p n  ( t + 1 ) =  p n  ( t ) +  w n  ( t + 1 ) ,  



(20)




where  α  is the inertia weight, L and G represent local and best particle, respectively,    γ 1    is cognitive acceleration coefficient,    γ 2    is social acceleration coefficient,    s 1    and    s 2    are taken as pseudo-random numbers between 0 and 1.



Different fractional derivative definitions exist in the literature, including Riemann-Liouville, Caputo, Hadamard, Atangana-Baleanu, and Grünwald–Letnikov (G-L). The G-L derivative of order  ε ,    Δ ε    for a function   r ( t )   is defined as [61]:


   Δ ε  [ r ( t ) ] =   lim   h → 0      1   h ε      ∑  l = 0  ∞         − 1    l  Γ   ε + 1   r   t − l h     Γ   l + 1   Γ   ε − l + 1         ,  



(21)




where Γ is the Gamma function and h is the incremental step size. Expressing (21) in discrete-time representation with sampling period T


   Δ ε  [ r ( t ) ] =  1   T ε      ∑  l = 0  L         − 1    l  Γ   ε + 1   r   t − l T     Γ   l + 1   Γ   ε − l + 1       ,  



(22)







L is the truncation order representing the order of truncation and T denotes the discrete sampling period. Letting  α  as 1 in (19), T as 1 in (22), replacing   r ( t )   with    w n  ( t )   and t with t + 1 in (22), the velocity update expression of the FO-PSO is written as [61]:


      w n  ( t + 1 )   = −   ∑  l = 1  L         − 1    l  Γ   ε + 1    w n  ( t + 1 − l )   Γ   l + 1   Γ   ε − l + 1            +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )     ,  



(23)







Expanding (23) for L = 1, 2, 3 and 4, respectively, as:


   w n  ( t + 1 ) = ε  w n  ( t ) +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )  ,  



(24)






     w n  ( t + 1 )   = ε  w n  ( t ) +  1 2  ε ( 1 − ε )  w n  ( t − 1 )      +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )  ,    



(25)






     w n  ( t + 1 )   = ε  w n  ( t ) +  1 2  ε ( 1 − ε )  w n  ( t − 1 ) +  1 6  ε ( 1 − ε ) ( 2 − ε )  w n  ( t − 2 )        +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )  ,    



(26)






     w n  ( t + 1 )   = ε  w n  ( t ) +  1 2  ε ( 1 − ε )  w n  ( t − 1 ) +  1 6  ε ( 1 − ε ) ( 2 − ε )  w n  ( t − 2 )        +  1  24   ε ( 1 − ε ) ( 2 − ε ) ( 3 − ε )  w n  ( t − 3 )        +  γ 1   s 1   (    L n  ( t ) −  p n  ( t )   )  +  γ 2   s 2   (    G n  ( t ) −  p n  ( t )   )  ,    



(27)







The position and velocity update expression is given in Equation (20), while Equation (23) develops the FO-PSO. A detailed description of the FO-PSO can be seen in Ref. [61]. In this study, the FO-PSO is exploited to estimate the parameters of the KTST-based IN-CAR identification model, thus being referred to as KTST-FOPSO.



The KTST-FOPSO implementation for estimation of IN-CAR parameters is given in Figure 1 while the flowchart of the proposed KTST-FOPSO scheme is presented in Figure 2 and the pseudocode is provided in Algorithm 1.





	
Algorithm 1: Pseudocode of the KTST-FOPSO for parameter estimation of the IN-CAR system




	
Inputs:

	
Create particle z with elements equal to the unknown parameter of the IN-CAR system




	
 

	


    z  =      y       x       a      =  [          y 1  ,  y 2  , … ,  y   n y             x 1  ,  x 2  , … ,  x   n x             a 1  ,  a 2  , … ,  a k          ]  ,   












	
 

	
and generate a swarm.




	
 

	
Swarm position,    Z  =       z  1      z  2    ⋮     z  m      =          y  1 , 1   ,  y  1 , 2   , … ,  y  1 ,   n y              x  1 , 1   ,  x  1 , 2   , … ,  x  1 ,   n x              a  1 , 1   ,  a  1 , 2   , … ,  a  1 , k              y  2 , 1   ,  y  2 , 2   , … ,  y  2 ,   n y              x  2 , 1   ,  x  2 , 2   , … ,  x  2 ,   n x              a  2 , 1   ,  a  2 , 2   , … ,  a  2 , k          ⋮   ⋮   ⋮         y  m , 1   ,  y  m , 2   , … ,  y  m ,   n y              x  m , 1   ,  x  m , 2   , … ,  x  m ,   n x              a  m , 1   ,  a  m , 2   , … ,  a  m , k           ,  




	
 

	
for m number of particles z in Z. Similarly, the corresponding velocity w is generated.




	
Output:

	
The particle z of the KTST-FOPSO with the best fitness defined in (14)




	
Start KTST-FOPSO

	
 




	
Step 1:

	
Initialization: pseudo-real number with are Randomly generated to form initialize swarm Z with m number of particles z.




	

	
Initialize the associated velocities w to each particle




	

	
Set the minimum and maximum values of the velocity




	

	
Set particle and swarm size, flights number




	

	
Set the value of inertia weight and fractional order




	

	
Set the values for cognitive and social acceleration coefficients




	
Step 2:

	
Fitness Calculation: Calculate the fitness of each particle using (14).




	
Step 3:

	
Termination: Terminate the KTST-FOPSO execution processing in case of the following:

	(a)

	
Number of defined flights are completed;




	(b)

	
Limit of tolerance, i.e., the difference between present and previous local/global best particles, achieved.










	

	
If any of the above termination criteria are achieved, go to Step 5.




	
Step 4:

	
Update Mechanism: Update the swarm population by updating the position and velocity of the KTST-FOPSO defined in (20) and (27), respectively, and go to Step 2.




	
Step 5:

	
Fractional Order Analysis: Get the results for different fractional order values through repeating Steps 1 to 4 by considering varying fractional orders in the KTST-FOPSO.




	
Step 6:

	
Storage: Keeping the value for global best particle with corresponding fitness.




	
Step 7:

	
Robustness Analysis: Repeat Steps 1–6 by considering different noise levels in the IN-CAR systems.




	
Step 8:

	
Statistical Analysis: Obtain a dataset by repeated execution of the KTST-FOPSO scheme for parameter estimation of IN-CAR systems through multiple independent trials for reliable and accurate inferences.




	
   




	
End FOPSO









4. Results with Discussion


4.1. Example 1: Numerical Experimentation


The IN-CAR system considered for numerical experimentation is taken from the recent research study Ref. [58].


     q ( t ) =   X ( z )   Y ( z )    s ¯  ( t ) +  1  Y ( z )   n ( t ) ,      










     Y  z  = 1 +  1.6 1   z  − 1   + 0.8  z  − 2       X  z  = 0.85  z  − 1   + 0.65  z  − 2        s ¯   t  =  a 1   g 1    s  t    +  a 2   g 2    s  t    = 1.0 s  t  + 0.5  s 2   t     ,  











The desired parameter vector of the IN-CAR system is


     z    =     y 1  ,    y 2  ,    x 1  ,  x 2     a 1  ,    a 2    T          =    1.6 ,   0.8 ,   0.85 ,   0.65 ,   1 ,   0.5   T     



(28)







The simulations are conducted in MATLAB running on Windows 10 environment. The input s is a zero mean, unit variance signal and noise n is a zero mean normally distributed signal with constant variance. In simulations, the parameters of the KTST-FOSPO for the IN-CAR estimation are selected after exhaustive experimentation as: particle size = 8, flight size = 300, swarm size = 350, cognitive and global acceleration coefficients = 2, minimum velocity = −0.4, maximum velocity = 0.4, fractional order  ε  = [0.1, 0.2, …, 1] and inertia weight = 0.9 ε .



The convergence plots of the KTST-FOPSO for parameter estimation of IN-CAR system (28) are presented in Figure 3. Figure 3a,c,e presents the learning curves of odd fractional orders ( ε  = 0.1, 0.3, 0.5, 0.7, 0.9) for noise level  η  = 90 dB, 60 dB and 30 dB, respectively, while the respective plots in case of even fractional orders ( ε  = 0.2, 0.4, 0.6, 0.8, 1.0) are given in Figure 3b,d,f. The learning curves indicate that the KTST-FOPSO provides fast convergence for lower fractional order values.



The fitness values along with the estimated parameters are provided in Table 1, Table 2 and Table 3 for three fractional orders in the KTST-FOPSO ( ε  = 0.1, 0.5, 1.0). While for remaining fractional orders ( ε  = 0.2, 0.3, 0.4, 0.6, 0.7, 0.8, 0.9), the fitness results are provided in Tables S1–S7, respectively, as Supplementary Materials. The fitness values obtained at 150 flight/iteration are 8.772 × 10−10, 1.701 × 10−9 and 1.317 × 10−3 for  ε  = 0.1, 0.5 and 1.0, respectively, in the case of  η  = 90 dB. It is seen that the estimation accuracy decreases with an increase in fractional order  ε ; moreover, the level of estimation accuracy decreases with an increase in the noise level  η .



In order to get reliable inferences about the performance of the KTST-FOPSO scheme for IN-CAR system identification, hundred independent trials are executed and results of fitness attained against independent trials are plotted in Figure 4 for  ε  = 0.1, 0.2, 0.3, Figure 5 for  ε  = 0.4, 0.5, 0.6 and Figure 6 for  ε  = 0.7, 0.8, 0.9, 1.0. Moreover, the values of statistical indices are calculated and presented in Table 4. The mean values for  ε  = 0.2, 0.4, 0.6, 0.8 and 1.0 are 4.348 × 10−9, 2.456 × 10−9, 8.739 × 10−9, 1.083 × 10−4 and 8.157 × 10−4, respectively, in case of  η  = 90 dB; meanwhile the respective values in the case of  η  = 60 dB are 2.246 × 10−6, 1.733 × 10−6, 2.082 × 10−6, 1.053 × 10−4 and 8.348 × 10−4, and values in the case of  η  = 30 dB are 1.782 × 10−3, 1.280 × 10−3, 1.261 × 10−3, 1.861 × 10−3, 2.923 × 10−3. The results of statistical measures further endorse the observations of the single run of the KTST-FOPSO that the proposed scheme can effectively estimate the actual parameters of the IN-CAR systems without identifying the redundant parameters and the performance of the KTST-FOPSO decreases slightly for an increase in noise level  η . Generally, the KTST-FOPSO provides better results for a lower value of  ε .




4.2. Example 2: Electrical Stimulated Muscle Model


In Example 2, a practical application of the IN-CAR system representing the dynamics of the electrically stimulated muscle model (SMM) is considered. The SMM is required for the rehabilitation of stroke patients whose paralyzed muscles are restored for functional use through automatic control of stimulations. The desired parameters in the case of Example 2 are taken from the real-time experiments conducted by the Signals, Images, Systems Research Group at the University of Southampton [62].


  q ( t ) =   X ( z )   Y ( z )    s ¯  ( t ) +  1  Y ( z )   n ( t ) ,  










    Y  z  = 1 −  z  − 1   + 0.8  z  − 2       X  z  = 2.8  z  − 1   − 4.8  z  − 2     ,      s ¯   t  = 1.68 s  t  − 2.88  s 2   t  + 3.42  s 3   t     











The desired parameter vector of the IN-CAR system in the case of Example 2 is


     z  =     y 1  ,    y 2  ,    x 1  ,  x 2     a 1  ,    a 2  ,    a 3    T        =    − 1 , 0.8 , 2.8 , − 4.8 , 1.68 , − 2.88 , 3.42   T     



(29)







In Problem 2, again, the input s is generated as a zero mean, while unit variance signal and output are corrupted by 90 dB AWGN. The KTST-FOPSO parameters used in simulations are: particle size = 8, flight size = 300, swarm size = 300, cognitive and global acceleration coefficients = 1.5, minimum velocity = −2, maximum velocity = 2, fractional order  ε  = [0.1, 0.2, …, 1] and inertia weight = 0.97  ε .



Five independent executions of the KTST-FOPSO are conducted for parameter estimation of the IN-CAR system considered in Problem 2 and results are provided based on best run out of five trials. The convergence plots are presented in Figure 7 while the parameter estimates along with the attained fitness values are provided in Table 5 for all considered fractional orders. The results of Figure 7 indicate that the KTST-FOPSO is convergent in the case of identification of SMM for all fractional orders; meanwhile, the parameter estimates given in Table 5 endorse the accuracy of the parameter estimation of SMM.





5. Conclusions


Following are the concluding remarks of the detailed investigation of the current study:




	
A key term separation technique-based fractional order particle swarm optimization, KTST-FOPSO, is presented as an effective solution for the nonlinear system identification problem.



	
The accuracy and robustness of the KTST-FOPSO are established through effective parameter estimation of input nonlinear control autoregressive, IN-CAR, systems for different fractional order and noise scenarios with generally a decreasing trend in estimation accuracy as fractional order increases from 0.1 to 1.



	
The KTST-FOPSO is more efficient than the conventional FO-PSO in the sense that it avoids estimation of the redundant parameters and identifies only the actual parameters of the IN-CAR system.



	
The reliability and stability of the KTST-FOPSO scheme are endorsed through results of statistical indices obtained after conducting sufficient large executions of the proposed scheme for numerical as well as practical examples of the IN-CAR system.








The concepts of the multi-innovation theory [63,64,65], auxiliary model idea [66,67], and hierarchical identification principle [68,69,70] can be integrated with the proposed methodology for better performance in system identification; moreover, the proposed scheme can be compared with other FO-PSO variants for solving complex optimization problems [71,72,73,74,75].








Supplementary Materials


The following supporting information can be downloaded at: https://www.mdpi.com/article/10.3390/fractalfract6070348/s1, Table S1. Parameter estimates with level of estimation accuracy for  ε  = 0.2. Table S2. Parameter estimates with level of estimation accuracy for  ε  = 0.3. Table S3. Parameter estimates with level of estimation accuracy for  ε  = 0.4. Table S4. Parameter estimates with level of estimation accuracy for  ε  = 0.6. Table S5. Parameter estimates with level of estimation accuracy for  ε  = 0.7. Table S6. Parameter estimates with level of estimation accuracy for  ε  = 0.8. Table S7. Parameter estimates with level of estimation accuracy for  ε  = 0.9.





Author Contributions


Conceptualization, N.I.C. and M.A.Z.R.; methodology, F.A., N.I.C. and M.A.Z.R.; software, F.A.; validation, M.A.Z.R. and N.I.C.; resources, C.-L.C. and C.-M.S.; writing—original draft preparation, F.A.; writing—review and editing, N.I.C. and M.A.Z.R.; project administration, C.-L.C., K.M.C., C.-M.S. and A.H.M.; funding acquisition, K.M.C. and A.H.M. All authors have read and agreed to the published version of the manuscript.




Funding


This research work was funded by Institutional Fund Projects under grant no. (IFPDP-243-22). Therefore, the authors gratefully acknowledge technical and financial support from Ministry of Education and Deanship of Scientific Research (DSR), King Abdulaziz University (KAU), Jeddah, Saudi Arabia.




Data Availability Statement


Not applicable.




Acknowledgments


The author Muhammad Asif Zahoor Raja would like to thank the support of National Yunlin University of Science and Technology through project 111T25.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Sun, H.; Zhang, Y.; Baleanu, D.; Chen, W.; Chen, Y. A new collection of real world applications of fractional calculus in science and engineering. Commun. Nonlinear Sci. Numer. Simul. 2018, 64, 213–231. [Google Scholar] [CrossRef]

	



Atangana, A.; Gómez-Aguilar, J.F. Decolonisation of fractional calculus rules: Breaking commutativity and associativity to capture more natural phenomena. Eur. Phys. J. Plus 2018, 133, 166. [Google Scholar] [CrossRef]

	



Singh, J.; Kumar, D.; Hammouch, Z.; Atangana, A. A fractional epidemiological model for computer viruses pertaining to a new fractional derivative. Appl. Math. Comput. 2018, 316, 504–515. [Google Scholar] [CrossRef]

	



Atangana, A.; Nieto, J.J. Numerical solution for the model of RLC circuit via the fractional derivative without singular kernel. Adv. Mech. Eng. 2015, 7. [Google Scholar] [CrossRef]

	



Atangana, A.; Alkahtani, B.S.T. Extension of the resistance, inductance, capacitance electrical circuit to fractional derivative without singular kernel. Adv. Mech. Eng. 2015, 7. [Google Scholar] [CrossRef]

	



Baleanu, D.; Diethelm, K.; Scalas, E.; Trujillo, J.J. Fractional Calculus: Models and Numerical Methods; World Scientific: Singapore, 2012; Volume 3. [Google Scholar]

	



Giusti, A.; Colombaro, I.; Garra, R.; Garrappa, R.; Polito, F.; Popolizio, M.; Mainardi, F. A practical guide to Prabhakar fractional calculus. Fract. Calc. Appl. Anal. 2020, 23, 9–54. [Google Scholar] [CrossRef]

	



Tarasov, V.E. On history of mathematical economics: Application of fractional calculus. Mathematics 2019, 3, 6559. [Google Scholar] [CrossRef]

	



Diethelm, K.; Kiryakova, V.; Luchko, Y.; Machado, J.A.T.; Tarasov, V.E. Trends, directions for further research, and some open problems of fractional calculus. Nonlinear Dyn. 2022, 107, 3245–3270. [Google Scholar] [CrossRef]

	



Khan, Z.A.; Zubair, S.; Alquhayz, H.; Azeem, M.; Ditta, A. Design of momentum fractional stochastic gradient descent for recommender systems. IEEE Access 2019, 7, 179575–179590. [Google Scholar] [CrossRef]

	



Khokhar, N.M.; Majeed, M.N.; Shah, S.M. Diffusion Based Channel Gains Estimation in WSN Using Fractional Order Strategies. Comput. Mater. Contin. 2022, 70, 2209–2224. [Google Scholar]

	



Xue, H. Fractional-order gradient descent with momentum for RBF neural network-based AIS trajectory restoration. Soft Comput. 2021, 25, 869–882. [Google Scholar] [CrossRef]

	



Subudhi, U.; Sahoo, H.K. Adaptive estimation of sequence components for three-phase unbalanced system using fractional LMS/F algorithm. Electr. Eng. 2022, 104, 1757–1768. [Google Scholar] [CrossRef]

	



Wang, X.; Fečkan, M.; Wang, J. Forecasting Economic Growth of the Group of Seven via Fractional-Order Gradient Descent Approach. Axioms 2021, 10, 257. [Google Scholar] [CrossRef]

	



Yongjiang, L.U.O.; Luhao, B.I.; Dong, Z.H.A.O. Adaptive digital self-interference cancellation based on fractional order LMS in LFMCW radar. J. Syst. Eng. Electron. 2021, 32, 573–583. [Google Scholar] [CrossRef]

	



Liu, J.; Zhai, R.; Liu, Y.; Li, W.; Wang, B.; Huang, L. A quasi fractional order gradient descent method with adaptive stepsize and its application in system identification. Appl. Math. Comput. 2021, 393, 125797. [Google Scholar] [CrossRef]

	



Xu, T.; Chen, J.; Pu, Y.; Guo, L. Fractional-Based Stochastic Gradient Algorithms for Time-Delayed ARX Models. Circuits Syst. Signal Process. 2022, 41, 1895–1912. [Google Scholar] [CrossRef]

	



Xu, C.; Mao, Y. Auxiliary Model-Based Multi-Innovation Fractional Stochastic Gradient Algorithm for Hammerstein Output-Error Systems. Machines 2021, 9, 247. [Google Scholar] [CrossRef]

	



Nels, S.N.; Singh, J.A.P. Hierarchical Fractional Quantized Kernel Least mean Square Filter in Wireless Sensor Network for Data Aggregation. Wirel. Pers. Commun. 2021, 120, 1171–1192. [Google Scholar] [CrossRef]

	



Kan, T.; Gao, Z.; Yang, C.; Jian, J. Convolutional neural networks based on fractional-order momentum for parameter training. Neurocomputing 2021, 449, 85–99. [Google Scholar] [CrossRef]

	



Fang, Q.; Han, X.U.E. A nonlinear gradient domain-guided filter optimized by fractional-order gradient descent with momentum RBF neural network for ship image dehazing. J. Sens. 2021, 2021, 8864906. [Google Scholar] [CrossRef]

	



Xue, H.; Shao, Z.; Sun, H. Data classification based on fractional order gradient descent with momentum for RBF neural network. Netw. Comput. Neural Syst. 2020, 31, 166–185. [Google Scholar] [CrossRef]

	



Xue, H. Low light image enhancement based on modified Retinex optimized by fractional order gradient descent with momentum RBF neural network. Multimed. Tools Appl. 2021, 80, 19057–19077. [Google Scholar] [CrossRef]

	



Wang, Y.; He, Y.; Zhu, Z. Study on fast speed fractional order gradient descent method and its application in neural networks. Neurocomputing 2022, 489, 366–376. [Google Scholar] [CrossRef]

	



Shoaib, B.; Qureshi, I.M. A modified fractional least mean square algorithm for chaotic and nonstationary time series prediction. Chin. Phys. B 2014, 23, 030502. [Google Scholar] [CrossRef]

	



Shoaib, B.; Qureshi, I.M. Adaptive step-size modified fractional least mean square algorithm for chaotic time series prediction. Chin. Phys. B 2014, 23, 050503. [Google Scholar] [CrossRef]

	



Yin, K.L.; Pu, Y.F.; Lu, L. Combination of fractional FLANN filters for solving the Van der Pol-Duffing oscillator. Neurocomputing 2020, 399, 183–192. [Google Scholar] [CrossRef]

	



Yin, W.; Wei, Y.; Liu, T.; Wang, Y. A novel orthogonalized fractional order filtered-x normalized least mean squares algorithm for feedforward vibration rejection. Mech. Syst. Signal Process. 2019, 119, 138–154. [Google Scholar] [CrossRef]

	



Cheng, S.; Wei, Y.; Sheng, D.; Chen, Y.; Wang, Y. Identification for Hammerstein nonlinear ARMAX systems based on multi-innovation fractional order stochastic gradient. Signal Process. 2018, 142, 1–10. [Google Scholar] [CrossRef]

	



Chaudhary, N.I.; Aslam, M.S.; Baleanu, D.; Raja, M.A.Z. Design of sign fractional optimization paradigms for parameter estimation of nonlinear Hammerstein systems. Neural Comput. Appl. 2020, 32, 8381–8399. [Google Scholar] [CrossRef]

	



Yousri, D.; Mirjalili, S. Fractional-order cuckoo search algorithm for parameter identification of the fractional-order chaotic, chaotic with noise and hyper-chaotic financial systems. Eng. Appl. Artif. Intell. 2020, 92, 103662. [Google Scholar] [CrossRef]

	



Mousavi, Y.; Alfi, A. Fractional calculus-based firefly algorithm applied to parameter estimation of chaotic systems. Chaos Solitons Fractals 2018, 114, 202–215. [Google Scholar] [CrossRef]

	



Yousri, D.; Abd Elaziz, M.; Mirjalili, S. Fractional-order calculus-based flower pollination algorithm with local search for global optimization and image segmentation. Knowl. Based Syst. 2020, 197, 105889. [Google Scholar] [CrossRef]

	



Ibrahim, R.A.; Yousri, D.; Abd Elaziz, M.; Alshathri, S.; Attiya, I. Fractional Calculus-Based Slime Mould Algorithm for Feature Selection Using Rough Set. IEEE Access 2021, 9, 131625–131636. [Google Scholar] [CrossRef]

	



Yousri, D.; Shaker, Y.; Mirjalili, S.; Allam, D. An efficient photovoltaic modeling using an Adaptive Fractional-order Archimedes Optimization Algorithm: Validation with partial shading conditions. Sol. Energy 2022, 236, 26–50. [Google Scholar] [CrossRef]

	



Yousri, D.; Abd Elaziz, M.; Oliva, D.; Abraham, A.; Alotaibi, M.A.; Hossain, M.A. Fractional-order comprehensive learning marine predators algorithm for global optimization and feature selection. Knowl. Based Syst. 2022, 235, 107603. [Google Scholar] [CrossRef]

	



Sahlol, A.T.; Yousri, D.; Ewees, A.A.; Al-Qaness, M.A.; Damasevicius, R.; Elaziz, M.A. COVID-19 image classification using deep features and fractional-order marine predators algorithm. Sci. Rep. 2020, 10, 1–15. [Google Scholar]

	



Guo, W.; Xu, P.; Dai, F.; Hou, Z. Harris hawks optimization algorithm based on elite fractional mutation for data clustering. Appl. Intell. 2022, 1–27. [Google Scholar] [CrossRef]

	



Yousri, D.; Mirjalili, S.; Machado, J.T.; Thanikanti, S.B.; Fathy, A. Efficient fractional-order modified Harris Hawks optimizer for proton exchange membrane fuel cell modeling. Eng. Appl. Artif. Intell. 2021, 100, 104193. [Google Scholar] [CrossRef]

	



Mousavi, Y.; Alfi, A.; Kucukdemiral, I.B. Enhanced fractional chaotic whale optimization algorithm for parameter identification of isolated wind-diesel power systems. IEEE Access 2020, 8, 140862–140875. [Google Scholar] [CrossRef]

	



Kiranyaz, S.; Ince, T.; Yildirim, A.; Gabbouj, M. Fractional particle swarm optimization in multidimensional search space. IEEE Trans. Syst. Man Cybern. Part B 2009, 40, 298–319. [Google Scholar] [CrossRef]

	



Solteiro Pires, E.J.; Tenreiro Machado, J.A.; de Moura Oliveira, P.B.; Boaventura Cunha, J.; Mendes, L. Particle swarm optimization with fractional-order velocity. Nonlinear Dyn. 2010, 61, 295–301. [Google Scholar] [CrossRef]

	



Couceiro, M.S.; Rocha, R.P.; Ferreira, N.M.; Machado, J.A. Introducing the fractional-order Darwinian PSO. Signal Image Video Process. 2012, 6, 343–350. [Google Scholar] [CrossRef]

	



Couceiro, M.; Sivasundaram, S. Novel fractional order particle swarm optimization. Appl. Math. Comput. 2016, 283, 36–54. [Google Scholar] [CrossRef]

	



Xu, L.; Muhammad, A.; Pu, Y.; Zhou, J.; Zhang, Y. Fractional-order quantum particle swarm optimization. PLoS ONE 2016, 14, 218285. [Google Scholar] [CrossRef]

	



Shahri, E.S.A.; Alfi, A.; Machado, J.T. Fractional fixed-structure H∞ controller design using augmented Lagrangian particle swarm optimization with fractional order velocity. Appl. Soft Comput. 2019, 77, 688–695. [Google Scholar] [CrossRef]

	



Pahnehkolaei, S.M.A.; Alfi, A.; Machado, J.T. Analytical stability analysis of the fractional-order particle swarm optimization algorithm. Chaos Solitons Fractals 2022, 155, 111658. [Google Scholar] [CrossRef]

	



Gao, Z.; Wei, J.; Liang, C.; Yan, M. Fractional-order particle swarm optimization. In Proceedings of the 26th Chinese Control and Decision Conference (2014 CCDC), Changsha, China, 31 May–2 June 2014; pp. 1284–1288. [Google Scholar]

	



Hosseini, S.A.; Hajipour, A.; Tavakoli, H. Design and optimization of a CMOS power amplifier using innovative fractional-order particle swarm optimization. Appl. Soft Comput. 2019, 85, 105831. [Google Scholar] [CrossRef]

	



Ates, A.; Alagoz, B.B.; Kavuran, G.; Yeroglu, C. Implementation of fractional order filters discretized by modified fractional order darwinian particle swarm optimization. Measurement 2017, 107, 153–164. [Google Scholar] [CrossRef]

	



Khan, M.W.; Muhammad, Y.; Raja, M.A.Z.; Ullah, F.; Chaudhary, N.I.; He, Y. A new fractional particle swarm optimization with entropy diversity based velocity for reactive power planning. Entropy 2020, 22, 1112. [Google Scholar] [CrossRef]

	



Dutta, T.; Dey, S.; Bhattacharyya, S.; Mukhopadhyay, S. Quantum fractional order darwinian particle swarm optimization for hyperspectral multi-level image thresholding. Appl. Soft Comput. 2021, 113, 107976. [Google Scholar] [CrossRef]

	



Malik, N.A.; Chang, C.-L.; Chaudhary, N.I.; Raja, M.A.Z.; Cheema, K.M.; Shu, C.-M.; Alshamrani, S.S. Knacks of Fractional Order Swarming Intelligence for Parameter Estimation of Harmonics in Electrical Systems. Mathematics 2022, 10, 1570. [Google Scholar] [CrossRef]

	



Ghamisi, P.; Couceiro, M.S.; Martins, F.M.; Benediktsson, J.A. Multilevel image segmentation based on fractional-order Darwinian particle swarm optimization. IEEE Trans. Geosci. Remote Sens. 2013, 52, 2382–2394. [Google Scholar] [CrossRef]

	



Wang, Y.Y.; Peng, W.X.; Qiu, C.H.; Jiang, J.; Xia, S.R. Fractional-order Darwinian PSO-based feature selection for media-adventitia border detection in intravascular ultrasound images. Ultrasonics 2019, 92, 1–7. [Google Scholar] [CrossRef] [PubMed]

	



Raja, M.A.Z.; Shah, A.A.; Mehmood, A.; Chaudhary, N.I.; Aslam, M.S. Bio-inspired computational heuristics for parameter estimation of nonlinear Hammerstein controlled autoregressive system. Neural Comput. Appl. 2018, 29, 1455–1474. [Google Scholar] [CrossRef]

	



Mehmood, A.; Aslam, M.S.; Chaudhary, N.I.; Zameer, A.; Raja, M.A.Z. Parameter estimation for Hammerstein control autoregressive systems using differential evolution. Signal Image Video Process. 2018, 12, 1603–1610. [Google Scholar] [CrossRef]

	



Altaf, F.; Chang, C.-L.; Chaudhary, N.I.; Raja, M.A.Z.; Cheema, K.M.; Shu, C.-M.; Milyani, A.H. Adaptive Evolutionary Computation for Nonlinear Hammerstein Control Autoregressive Systems with Key Term Separation Principle. Mathematics 2022, 10, 1001. [Google Scholar] [CrossRef]

	



Ding, F.; Chen, H.; Xu, L.; Dai, J.; Li, Q.; Hayat, T. A hierarchical least squares identification algorithm for Hammerstein nonlinear systems using the key term separation. J. Frankl. Inst. 2018, 355, 3737–3752. [Google Scholar] [CrossRef]

	



Ding, J.; Cao, Z.; Chen, J.; Jiang, G. Weighted parameter estimation for Hammerstein nonlinear ARX systems. Circuits Syst. Signal Process. 2020, 39, 2178–2192. [Google Scholar] [CrossRef]

	



Couceiro, M.; Ghamisi, P. Fractional Order Darwinian Particle Swarm Optimization Applications and Evaluation of an Evolutionary Algorithm; Springer: Berlin/Heidelberg, Germany, 2016; ISBN 978-3-319-19634-3. [Google Scholar]

	



Le, F.; Markovsky, I.; Freeman, C.T.; Rogers, E. Recursive identification of Hammerstein systems with application to electrically stimulated muscle. Control. Eng. Pract. 2012, 20, 386–396. [Google Scholar] [CrossRef]

	



Xu, L. Separable multi-innovation Newton iterative modeling algorithm for multi-frequency signals based on the sliding measurement window. Circuits Syst. Signal Process. 2022, 41, 805–830. [Google Scholar] [CrossRef]

	



Xu, L.; Ding, F.; Zhu, Q. Separable synchronous multi-innovation gradient-based iterative signal modeling from on-line measurements. IEEE Trans. Instrum. Meas. 2022, 71, 1–13. [Google Scholar] [CrossRef]

	



Xu, H.; Ding, F.; Yang, E. Three-stage multi-innovation parameter estimation for an exponential autoregressive time-series model with moving average noise by using the data filtering technique. Int. J. Robust Nonlinear Control. 2021, 31, 166–184. [Google Scholar] [CrossRef]

	



Ding, F.; Xu, L.; Meng, D.; Jin, X.B.; Alsaedi, A.; Hayat, T. Gradient estimation algorithms for the parameter identification of bilinear systems using the auxiliary model. J. Comput. Appl. Math. 2020, 369, 112575. [Google Scholar] [CrossRef]

	



Xu, L.; Ding, F.; Yang, E. Auxiliary model multiinnovation stochastic gradient parameter estimation methods for nonlinear sandwich systems. Int. J. Robust Nonlinear Control. 2021, 31, 148–165. [Google Scholar] [CrossRef]

	



Ding, F.; Ma, H.; Pan, J.; Yang, E. Hierarchical gradient-and least squares-based iterative algorithms for input nonlinear output-error systems using the key term separation. J. Frankl. Inst. 2021, 358, 5113–5135. [Google Scholar] [CrossRef]

	



Ding, F.; Liu, X.; Hayat, T. Hierarchical least squares identification for feedback nonlinear equation-error systems. J. Frankl. Inst. 2020, 357, 2958–2977. [Google Scholar] [CrossRef]

	



Xu, L.; Chen, F.; Ding, F.; Alsaedi, A.; Hayat, T. Hierarchical recursive signal modeling for multifrequency signals based on discrete measured data. Int. J. Adapt. Control. Signal Process. 2021, 35, 676–693. [Google Scholar] [CrossRef]

	



Sahoo, S.K.; Tariq, M.; Ahmad, H.; Kodamasingh, B.; Shaikh, A.A.; Botmart, T.; El-Shorbagy, M.A. Some Novel Fractional Integral Inequalities over a New Class of Generalized Convex Function. Fractal Fract. 2022, 6, 42. [Google Scholar] [CrossRef]

	



Ali, H.M.; Ahmad, H.; Askar, S.; Ameen, I.G. Efficient Approaches for Solving Systems of Nonlinear Time-Fractional Partial Differential Equations. Fractal Fract. 2022, 6, 32. [Google Scholar] [CrossRef]

	



Iftikhar, S.; Erden, S.; Ali, M.A.; Baili, J.; Ahmad, H. Simpson’s Second-Type Inequalities for Co-Ordinated Convex Functions and Applications for Cubature Formulas. Fractal Fract. 2022, 6, 33. [Google Scholar] [CrossRef]

	



Kalsoom, H.; Vivas-Cortez, M.; Amer Latif, M.; Ahmad, H. Weighted Midpoint Hermite-Hadamard-Fejér Type Inequalities in Fractional Calculus for Harmonically Convex Functions. Fractal Fract. 2021, 5, 252. [Google Scholar] [CrossRef]

	



Sakhri, N.; Ahmad, H.; Shatanawi, W.; Menni, Y.; Ameur, H.; Botmart, T. Different scenarios to enhance thermal comfort by renewable-ecological techniques in hot dry environment. Case Stud. Therm. Eng. 2022, 32, 101886. [Google Scholar] [CrossRef]








[image: Fractalfract 06 00348 g001 550] 





Figure 1. Graphical abstract of the proposed study identifying IN-CAR system using KTST-FOPSO. 
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Figure 2. Flow chart representation of the KTST-FOPSO for IN-CAR systems. 
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Figure 3. Plots of convergence curves for different fractional orders  ε  and noise levels  η . (a) odd  ε  and  η  = 90 (b) even  ε  and  η  = 90 (c) odd  ε  and  η  = 60 (d) even  ε  and  η  = 60 (e) odd  ε  and  η  = 30 (f) even  ε  and  η  = 30. 
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Figure 4. Results of fitness against independent trials (a)  ε  = 0.1 (b)  ε  = 0.2 (c)  ε  = 0.3. 
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Figure 5. Results of fitness against independent trials (a)  ε  = 0.4 (b)  ε  = 0. 5 (c)  ε  = 0.6. 
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Figure 6. Results of fitness against independent trials (a)  ε  = 0.7 (b)  ε  = 0.8 (c)  ε  = 0.9 (d)  ε  = 1.0. 
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Figure 7. Plots of convergence curves for different fractional orders  ε  and SNR = 90. (a) odd  ε  and (b) even  ε . 
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Table 1. Parameter estimates with the level of estimation accuracy for  ε  = 0.1.
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  η  

	
Flight

	
y1

	
y2

	
x1

	
x2

	
a1

	
a2

	
Fitness






	
90

	
10

	
1.6489

	
0.8404

	
0.8573

	
0.5712

	
1.0234

	
0.5045

	
2.345 × 10−4




	
30

	
1.6019

	
0.8017

	
0.8519

	
0.6487

	
1.0004

	
0.5001

	
2.168 × 10−7




	
70

	
1.5999

	
0.7999

	
0.8499

	
0.6500

	
1.0000

	
0.5000

	
2.343 × 10−9




	
110

	
1.5999

	
0.8000

	
0.8500

	
0.6500

	
1.0000

	
0.5000

	
1.091 × 10−9




	
150

	
1.6000

	
0.8000

	
0.8500

	
0.6499

	
1.0000

	
0.5000

	
8.772 × 10−10




	
60

	
10

	
1.5848

	
0.7862

	
0.8323

	
0.6699

	
0.9512

	
0.4723

	
1.362 × 10−4




	
30

	
1.5961

	
0.7946

	
0.8581

	
0.6533

	
0.9981

	
0.5003

	
3.928 × 10−6




	
70

	
1.5962

	
0.7965

	
0.8477

	
0.6497

	
1.0002

	
0.5006

	
1.089 × 10−6




	
110

	
1.5972

	
0.7966

	
0.8477

	
0.6495

	
1.0002

	
0.5006

	
1.024 × 10−6




	
150

	
1.5963

	
0.7962

	
0.8474

	
0.6495

	
1.0005

	
0.5004

	
6.665 × 10−7




	
30

	
10

	
1.4828

	
0.7867

	
0.7873

	
0.7126

	
0.9643

	
0.4703

	
2.121 × 10−3




	
30

	
1.5075

	
0.7012

	
0.7570

	
0.7339

	
0.9298

	
0.4734

	
1.294 × 10−3




	
70

	
1.5271

	
0.6985

	
0.7509

	
0.7387

	
0.9263

	
0.4707

	
9.219 × 10−4




	
110

	
1.5271

	
0.6985

	
0.7509

	
0.7387

	
0.9263

	
0.4707

	
9.219 × 10−4




	
150

	
1.5241

	
0.6990

	
0.7439

	
0.7341

	
0.9522

	
0.4710

	
4.919 × 10−4




	
Actual

	
1.6000

	
0.8000

	
0.8500

	
0.6500

	
1.0000

	
0.5000

	
0











[image: Table] 





Table 2. Parameter estimates with the level of estimation accuracy for  ε  = 0.5.
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  η  

	
Flight

	
y1

	
y2

	
x1

	
x2

	
a1

	
a2

	
Fitness






	
90

	
10

	
1.6177

	
0.8238

	
0.9450

	
0.6797

	
0.9932

	
0.4992

	
4.443 × 10−4




	
30

	
1.5835

	
0.7910

	
0.8387

	
0.6670

	
0.9990

	
0.4978

	
8.102 × 10−5




	
70

	
1.6001

	
0.8000

	
0.8502

	
0.6520

	
0.9981

	
0.4989

	
3.148 × 10−7




	
110

	
1.6002

	
0.8002

	
0.8503

	
0.6503

	
1.0000

	
0.5000

	
1.295 × 10−8




	
150

	
1.6000

	
0.8001

	
0.8501

	
0.6500

	
1.0000

	
0.5000

	
1.701 × 10−9




	
60

	
10

	
1.5426

	
0.7515

	
0.6743

	
0.5420

	
0.9803

	
0.4701

	
1.685 × 10−3




	
30

	
1.5791

	
0.7804

	
0.8256

	
0.6802

	
0.9590

	
0.4760

	
1.028 × 10−4




	
70

	
1.5972

	
0.7970

	
0.8504

	
0.6556

	
0.9986

	
0.4994

	
2.196 × 10−6




	
110

	
1.6001

	
0.7999

	
0.8517

	
0.6493

	
0.9994

	
0.4998

	
9.103 × 10−7




	
150

	
1.6000

	
0.7998

	
0.8508

	
0.6506

	
0.9997

	
0.4999

	
7.752 × 10−7




	
30

	
10

	
1.2754

	
0.5619

	
0.8045

	
0.8498

	
0.9059

	
0.4525

	
4.647 × 10−3




	
30

	
1.5132

	
0.6444

	
0.8622

	
0.5060

	
0.9898

	
0.5030

	
2.628 × 10−3




	
70

	
1.5283

	
0.6632

	
0.7798

	
0.5217

	
1.0100

	
0.5034

	
1.138 × 10−3




	
110

	
1.5283

	
0.6632

	
0.7798

	
0.5217

	
1.0100

	
0.5034

	
1.138 × 10−3




	
150

	
1.5128

	
0.6866

	
0.7754

	
0.5165

	
1.0169

	
0.5051

	
6.623 × 10−4




	
Actual

	
1.6000

	
0.8000

	
0.8500

	
0.6500

	
1.0000

	
0.5000

	
0
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Table 3. Parameter estimates with the level of estimation accuracy for  ε  = 1.
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  η  

	
Flight

	
y1

	
y2

	
x1

	
x2

	
a1

	
a2

	
Fitness






	
90

	
10

	
1.5358

	
0.7630

	
0.8485

	
0.6824

	
0.9480

	
0.4648

	
1.979 × 10−3




	
30

	
1.5358

	
0.7630

	
0.8485

	
0.6824

	
0.9480

	
0.4648

	
1.979 × 10−3




	
70

	
1.5766

	
0.7786

	
0.9555

	
0.8575

	
0.9179

	
0.4705

	
1.317 × 10−3




	
110

	
1.5766

	
0.7786

	
0.9555

	
0.8575

	
0.9179

	
0.4705

	
1.317 × 10−3




	
150

	
1.5766

	
0.7786

	
0.9555

	
0.8575

	
0.9179

	
0.4705

	
1.317 × 10−3




	
60

	
10

	
0.9444

	
0.2806

	
0.0490

	
0.9061

	
0.7998

	
0.3846

	
1.093 × 10−2




	
30

	
1.3685

	
0.6007

	
0.5319

	
0.7021

	
1.0508

	
0.5234

	
4.942 × 10−3




	
70

	
1.5863

	
0.7789

	
0.8199

	
0.5589

	
1.0205

	
0.4909

	
1.604 × 10−3




	
110

	
1.6666

	
0.8547

	
0.8232

	
0.4271

	
1.0987

	
0.5400

	
1.402 × 10−3




	
150

	
1.6666

	
0.8547

	
0.8232

	
0.4271

	
1.0987

	
0.5400

	
1.402 × 10−3




	
30

	
10

	
1.1945

	
0.4656

	
0.7849

	
0.9205

	
0.7033

	
0.3497

	
6.817 × 10−3




	
30

	
1.6540

	
0.8695

	
0.8655

	
0.6454

	
0.9308

	
0.4552

	
1.094 × 10−3




	
70

	
1.6540

	
0.8695

	
0.8655

	
0.6454

	
0.9308

	
0.4552

	
1.094 × 10−3




	
110

	
1.6540

	
0.8695

	
0.8655

	
0.6454

	
0.9308

	
0.4552

	
1.094 × 10−3




	
150

	
1.6540

	
0.8695

	
0.8655

	
0.6454

	
0.9308

	
0.4552

	
1.094 × 10−3




	
Actual

	
1.6000

	
0.8000

	
0.8500

	
0.6500

	
1.0000

	
0.5000

	
0
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Table 4. Results of statistical measures for all considered  ε  and  η .






Table 4. Results of statistical measures for all considered  ε  and  η .





	
   ε   

	
 η    = 90 dB

	
 η    = 60 dB

	
 η    = 30 dB




	
Mini

	
Mean

	
SD

	
Mini

	
Mean

	
SD

	
Mini

	
Mean

	
SD






	
0.1

	
4.686 × 10−10

	
9.579 × 10−9

	
1.270 × 10−8

	
4.223 × 10−7

	
4.951 × 10−6

	
1.050 × 10−5

	
4.061 × 10−4

	
1.515 × 10−3

	
1.098 × 10−3




	
0.2

	
4.757 × 10−10

	
4.348 × 10−9

	
7.645 × 10−9

	
3.830 × 10−7

	
2.246 × 10−6

	
2.489 × 10−6

	
3.630 × 10−4

	
1.782 × 10−3

	
1.586 × 10−3




	
0.3

	
4.023 × 10−10

	
4.411 × 10−9

	
9.728 × 10−9

	
3.417 × 10−7

	
2.225 × 10−6

	
3.251 × 10−6

	
3.427 × 10−4

	
1.576 × 10−3

	
1.543 × 10−3




	
0.4

	
4.095 × 10−10

	
2.456 × 10−9

	
2.546 × 10−9

	
3.897 × 10−7

	
1.733 × 10−6

	
2.506 × 10−6

	
3.242 × 10−4

	
1.280 × 10−3

	
1.053 × 10−3




	
0.5

	
3.906 × 10−10

	
2.667 × 10−9

	
2.743 × 10−9

	
3.478 × 10−7

	
1.894 × 10−6

	
2.646 × 10−6

	
3.500 × 10−4

	
1.534 × 10−3

	
1.828 × 10−3




	
0.6

	
9.202 × 10−10

	
8.739 × 10−9

	
1.354 × 10−8

	
5.772 × 10−7

	
2.082 × 10−6

	
2.409 × 10−6

	
3.679 × 10−4

	
1.261 × 10−3

	
8.149 × 10−4




	
0.7

	
1.209 × 10−8

	
1.511 × 10−6

	
1.898 × 10−6

	
6.790 × 10−7

	
6.620 × 10−6

	
5.366 × 10−6

	
5.283 × 10−4

	
1.651 × 10−3

	
1.024 × 10−3




	
0.8

	
3.589 × 10−6

	
1.083 × 10−4

	
7.599 × 10−5

	
2.467 × 10−5

	
1.053 × 10−4

	
6.126 × 10−5

	
5.888 × 10−4

	
1.861 × 10−3

	
9.531 × 10−4




	
0.9

	
6.253 × 10−5

	
5.075 × 10−4

	
2.363 × 10−4

	
1.436 × 10−4

	
5.144 × 10−4

	
2.226 × 10−4

	
1.124 × 10−4

	
2.537 × 10−3

	
1.143 × 10−3




	
1.0

	
1.746 × 10−4

	
8.157 × 10−4

	
3.378 × 10−4

	
4.665 × 10−5

	
8.348 × 10−4

	
3.608 × 10−4

	
1.094 × 10−3

	
2.923 × 10−3

	
1.588 × 10−3
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Table 5. Parameter estimates with level of estimation accuracy for  ε  = 0.6.
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	  ε  
	y1
	y2
	x1
	x2
	a1
	a2
	a2
	Fitness





	0.1
	−0.9995
	0.7997
	2.8060
	−4.8065
	1.5500
	−3.1157
	3.3104
	2.58 × 10−3



	0.2
	−0.9996
	0.7998
	2.8353
	−4.8457
	1.5677
	−3.0248
	3.3203
	5.41 × 10−3



	0.3
	−0.9999
	0.7999
	2.8004
	−4.8005
	1.6441
	−2.9448
	3.3915
	1.72 × 10−4



	0.4
	−1.0006
	0.8003
	2.7683
	−4.7591
	1.8672
	−2.5975
	3.5752
	6.71 × 10−3



	0.5
	−0.9993
	0.7997
	2.9522
	−5.0000
	1.4651
	−2.9894
	3.2226
	8.41 × 10−2



	0.6
	−0.9998
	0.7999
	2.8065
	−4.8084
	1.6326
	−2.9604
	3.3774
	4.31 × 10−4



	0.7
	−1.0015
	0.8007
	2.7166
	−4.6912
	2.0120
	−2.3836
	3.7339
	3.72 × 10−2



	0.8
	−0.9995
	0.7997
	2.8167
	−4.8218
	1.5524
	−3.0849
	3.3131
	2.76 × 10−3



	0.9
	−1.0011
	0.8006
	2.7766
	−4.7705
	1.9085
	−2.4727
	3.6265
	9.09 × 10−3



	1.0
	−1.0002
	0.8001
	2.7968
	−4.7961
	1.7379
	−2.7752
	3.4698
	4.80 × 10−4



	Actual
	−1.0000
	0.8000
	2.8000
	−4.8000
	1.6800
	−2.8800
	3.4200
	0
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