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Abstract: In our present investigation, we extend the idea of g-symmetric derivative operators to
multivalent functions and then define a new subclass of multivalent g-starlike functions. For this
newly defined function class, we discuss some useful properties of multivalent functions, such as the
Hankel determinant, symmetric Toeplitz matrices, the Fekete-Szego problem, and upper bounds of
the functional |a,1 — yai +1| and investigate some new lemmas for our main results. In addition,
we consider the g-Bernardi integral operator along with g-symmetric calculus and discuss some
applications of our main results.
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Further, p-valently convex functions of order « for {(z) € A are defined as follows:

"

2§ (2)
¢'(z)

g(z)elcp(a)@Re<1+ > >a, (zeU),

for some 0 < a < p. For « = 0, then

55(0) = S;
and

The class of all analytic functions p which satisfy the condition Re(p(z)) > 0 in the
open unit disk U denoted by P and the series expansion of p € P is given as:

p(z) =1+ i cnz”. (2)
n=1

Basic (or ¢-) calculus is used in many different areas of mathematics and other sciences.
Jackson [1,2] used the idea of quantum (or ¢-) calculus and defined the g-analogue of
derivative (D;) and integral operators. In geometric function theory (GFT) of complex
analysis, the usage of the operator (Dy) is quite significant. Ismail et al. [3] were among the
first researchers to work on g-calculus along with GFT and have defined the g- extensions
of starlike functions. However in the context of GFT, it was Srivastava [4] who used the
operator D, in GFT for the first time. Subsequently, a number of g-analogue operators
have been defined. More in-depth information about operators in g-calculus, is available
in [5-9]. In [10,11], Arif et al. defined and investigated some new subclasses of multivalent
functions by implementing the concept of the g-derivative operator, while Zang et al. [12]
used the basic concepts of g-calculus to define the generalized conic domain. For some
recent investigations of g-function theory, we refer readers to [13-19].

The g-symmetric quantum calculus has proven to be useful in several fields, in particu-
lar in quantum mechanics [20]. As noted in [20], the g-symmetric derivative has important
properties for the g-exponential function which turns out not to be true with the usual
derivative. The application of g-symmetric calculus has been discussed in the field of
mathematics and physics, particularly in quantum mechanics [21]. Recently, a number of
researchers have started to study g-symmetric calculus in the field of GFT. Kanas et al. [22]
used the basic concepts of g-symmetric calculus to define the symmetric operator of a
g-derivative and studied its applications by defining some new subclasses of analytic
univalent functions in open unit disc U. Khan et al. [23] made use of the g-symmetric calcu-
lus and have defined certain subclasses of analytic and starlike functions with the conic
domains. Furthermore, in [24], using a g-symmetric operator, generalization of the conic
domain was given, and, with the help of these conic domains, certain subclasses of starlike
and convex functions were defined. Very recently, Khan et al. [25] used the g-symmetric
operator with g-Chebyshev polynomials and defined certain subclasses of analytic and
bi-univalent functions. Motivated by these recent studies, in this article, we define a new
subclass of multivalent starlike functions and discuss some of their interesting properties.

Here, we provide some basic concepts and definitions of the g-symmetric calculus. We
suppose 0 < g < land Ny = {0,1,2,3,...}.

In 1984, Biedenharn [26] defined a g-symmetric number [n], :

—n n
mly=1—L nenN
9 —1q
and for n = 0, then the g-symmetric number will be zero. For any n € Z* U {0}, the
g-symmetric number shift factorial is defined by:
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[n]y! = [n]g[n —1]4[n = 2], ... [2]4[1]4, n>1,
and
0! = 1,
ql_i)r%l_[n]q! = nl

Definition 1. For { € Ay, Kamel and Yosr [27] defined the q-symmetric derivative (q-difference)
operator as follows:

Pi(z) = = ((q

Note that
lim DqC( z) = {'(2).

qg—1—

By making use of the g-symmetric derivative operator { € A,, we now define new
subclasses of g-starlike and g-convex functions of order «.

Definition 2. A function {(z) € A, is in the class §; (a,q) iff

{885 e

forsome 0 < a < p.
Definition 3. A function {(z) € A, is in the class Kp(, q) iff
D, (2D, (2)
Re M >a, (zeU),
Dyi(2)
for some 0 < o < p.

Remark 1. Let {(z) € Ap, then it follows that

quC(z)
[

ly

2(z) € Kpla,q) & € Sy(a,q)

and

_ AT _
{(z) € 8 (a,q) & / mf( )qu e Ky(n,q).
0

Special cases: We can see that
Sy(9) = 8;(0,9), S*(a,q9) = Sf(w4q), Kp(q) =K,(0,q) and K(a,q) = K1(a,9).

Remark 2. By taking g — 1—, then 5’; (a,q) = S;(a) and ﬁp(zx,q) = K(«) as introduced by
Mishra and Gochhayat in [28].
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In [29], Nonaan and Thomas introduced th jth Hankel determinant:

an Apt1 -ov Apyj—1
n+1 An+2  --.  Aptj-2
An+j—1  An+j-2 -+ An42j-2

where n € Ny, 4y = 1,and j € N. For j = 2 and n = 1, then the Hankel determinant
Equation (3) represents a Fekete-Szegt functional Hy(1) = |az — a3| and for j = 2 and
n = 1 then Equation (3) represents the functional |aa, — a3|. For complex number y then
this functional is further generalized as |a3 — ya% ,(see [30]). The third Hankel determinant
Hj3(1) was studied by Babalola [31].

The symmetric Toeplitz determinant T;(n) is defined as follows:

n Ap+1 -+ Opyj—1
an+1
Ti(n) = B, 4)
an+]-_1 ay
so that
az as as
a, as az a4
T5(2) = T = T3(2) =
2(2) ’ 0 o | 2(3) 0 s |’ 3(2) a3 ay a3

as 4as as

and so on. The problem of finding the best possible bounds for ||a,41| — |a,|| has a long
history (see [32]). A number of authors have studied the symmetric Toeplitz determinant
Tj(n) from different points of view (for details see [18,33]).

By replacing n = n + p — 1, into Equation (4), then T;(n) can be written as:

Aptp-1  An+p -+ Augpyj-2
ﬂn+p e e
Tiin+p—1)= ,
ﬂn+p+]',2 . . ﬂn_;,_p_l
so that
a a a a
Tz(P + 1) — p+1 p+2 , Tz(P +2) — p+2 p+3
Ap+2  Apy1 p+3  Ap+2
and

p+1 Apy2 Gp43
Ti(p+1) = | ap+2 Ap+1  Ap+2
p+3  Apy2  dp41
2. A Set of Lemmas

In this section, we provide some new and known lemmas to prove our main results.

[e9)
Lemma 1 ([32]). Ifa functionu(z) =1+ Y. cyz" € P, then
n=1

len] <2, n>1.
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The inequality is sharp for

()= 1=

Lemma 2. If a function u(z) = 1+ Y, c¢,2" € P which satisfies Re(u(z)) > w, for some a,
n=1

(0<wa < p),then
len < 2([p]q —oc), n>1.

The inequality is sharp for

u(z) = ([f}fzmz =i iz(hﬂq—“)z”-

Remark 3. The Lemma 2 is the generalization of lemmas which was introduced in [32,34].

Lemma 3 ([35]). Ifa function u(z) =1+ Y c,z" € P and satisfies Re(u(z)) > «, for some

n=1
(0<wa<1),then
2c0 =} +x(4—c})

and
dozg =3 +2(4—cH)epx — (d—)epx® +2(4—c3)(1 - ’xz')z,

for some x, z € C, with |z| < 1and |x| < 1.

By virtue of Lemma 3, we have

Lemma 4. Ifu(z) = [p]; + )O_% cnz" € P satisfy Re(u(z)) > a, for some a (0 < o < p), then
n=1

2<[p]q —oc)cz =+ {4([p]q —a>2 _C%}x

for some x, z € C, with |z| < 1,and |x| < 1.

Proof. Let!(z) = ‘[’,E]Z::Z =1+ 21 [p]:”_azn € P, replacing c; and c3 by 7[p]22_aand 7[}0}:3_“ in
n=

Lemma 3, respectively, we immediately have the relations of Lemma 4. [J

Remark 4. For q — 1— , then the above Lemma 4, reduces to the lemma which was introduced by
Hayami et al. [34] and p = 1, g — 1— , then it reduces to the lemma introduced by Singh in [35].

Lemma 5 ([36]). Ifu(z) =1+ E cnz" satisfy Re(u(z)) > 0, also let u € C, then

n=1

len — peken k] <2max(1,2u—1]), 1 <k<n-—k
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3. Main Results
Theorem 1. A function {(z) € A is in the class g’;(cx, q), then
2([pl, —a)
lap1] < 7;{71 ,
2([pl; —a) 2([pl; —a)
{ap+2| S Yqz 1 + qu 7
2([pl; — o)
apial < = (1200l — A s + 208, - @)},
where Ay, Y1, Y2, Y3 are given by Equations (10) and (12)—(14).
Proof. Let { € 5‘; (a,q), thenu(z) = [p], + v cyz" such that
n=1
Re(u(z)) >«
and _
Z(Dq§> (z) (2)
= u(z).
¢(2)
Implies that
2(Dgg) (2) = u(2)¢(2)
Therefore, we get
n—1
(D), = [Py )an = L nens 5)
wheren > p+1,a, =1, ¢ = [p],. From Equation (5), we have
2!
a = —, 6
p+1 Y, (6)
1 C%
a = —<Cc+< 0, 7
p+2 Yz{ 2 Y1} 7)
_ 1 3
apt3 = E{Cg + Aqcico + /\261}, (8)
where
A1 = Nops, )
1
Ay = , 10
2 Yi(Y2) (10)
o3 = [p+1lg+p+25—2[pl, (11)
and
Yi = [p+1];—[pl, (12)
Y, = [P +2]q - [p]q/ (13)
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Now using the Lemma 2, we obtain our required result of Theorem 1. [

Theorem 2. A function {(z) € Ay is in the class g;(a, q), then

2 2( p]q — 0{) 06
To((p+1) < A3 | O +4([p], — ) Qs + 07+ Q51 - = ,
where
2 2(Ipl, — )
As = 4([pl, — ) 101+ 0a(1+ )], 01 = —— (15)
0, = Lmq ) 16
% = 2(lpl, — ) Aafps +2(Ip), @) }, a7
Q L Qs =2AAp — Agp (18)
4 = T 5 = 2432 — L3204,
(Y1)?
4N
O = Tz — Aop3ps,
2
2
Q; = , (19)
(Y2)?
Qg = _ 1 (20)
O O)
Proof. The simple calculation of T5(p + 1) is in the following order.
Ta(p+1) = (“p+1 - ap+3) (“%;Jr] - 2“%;-5-2 + ap+1ap+3)r
where a, 1, p+2, ¢ and 4,3 is given by Equations (6)—(8).
Now if € §*(«,q), then
|aps1 —apia| < apa]+ |apial,
< M+ (14 Q3), (21)

where )y, (), (13, is given by Equations (16)—(18).
We need to maximize a%H — 2a§+2 + ap+1ap+3‘ for{ € S* (¢, q), now we write a,, 1,
Api2, Apy3 in terms of ¢q, ¢, c3. With the help of Equations (6)—(8), we get

2 2
Tpi1— 20p40 + “p+1“l7+3‘

< Q4C% — ()5C411 — Q6C%C2 — Q7C% + Qgcycs

7

Qgcqc
< Q4C% + Q5c‘1L + Q7C% + Qgcq|e3 — %82 . (22)

Using the Lemmas 2 and 5, along with Equations (21) and (22), we obtain the
required result. [

Taking g — 1—, « = 0, and p = 1, then we have the known corollary.
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Corollary 1 ([37]). A function {(z) € Ais in the class S*, then
T3(2) < 84.
Theorem 3. A function {(z) € Ay is in the class g;(a, q), then

’ﬂp+1ﬂp+3 - 11?,+2‘ < %
([p]; — a)*(Y2)

where Y7 is given by Equation (13).
Proof. Combining Equations (6)—(8), we have

Ap+1ap+3 — “§+2
= p4C1C3 + (Ang, — %)C%CQ — ﬁC% + (A2p4 — AzAz)C%,
where

~ 1 = 2N
’ %—TZ

By using Lemma 3 we take

Y=4([p),—a) —&

and Z = (1 - |x|2>z. We assume that

c=cy, (0 <c< 2([p]q—ac)).

Therefore
Ap1apt3 — a%+2 = Act + A Y% x — A3YAPx? — AgY?x? + AsYcZ, (23)
where
A = Pr Mps=B D D(Aps—Mol)
4(lpl; =) 2([pl; —a)  4([pl, —a)? A([p), —a)* 7
P4 Aop3 — B D
Ay = + — ,
2([pl; =) 2([pl; — ) 2([p], —«)?
Ay = Pe M= —2 Py —L

(R (P P e (7 o

Using the triangle inequality on Equation (23), we obtain

2
‘“p+1”p+3 - “p+2‘

IN

[Aale® + A2l Ye x| + A5 Y2l + [Ag Y2 [ + [As| (1 =[x Y

= Gle |x))-

Now, trivially, we have
G'(c,|x[) >0 (24)
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on [0,1], in equality Equation (24) shows that G(c, |x|) is an increasing function in an
interval [0, 1]. So the maximum value obtained at x = 1 and

Max(G(c, 1)) = G(c),
and
G(c) = [Mle* + |2 Y + [A5] Y2 + |A4]Y2

Hence, by putting Y = 4 — ¢, and after some simplification, we have
G(c) = (A1l = [A2] = Aa] + [Aal)e* +4(|A2] + [A5] = 21 Aa])® +16] As .

We consider G’(c) = 0, for the optimum value of G(c), which implies that ¢ = 0.
Therefore, G(c) has a maximum value at ¢ = 0 and the maximum value of G(c) is
given by
16]A4. (25)

Which occurs at ¢ = 0 or

2 A2+ [As] = 2[Ad])
(A1) = [Az| = |As] + [ A4

Hence, by putting A4 = ; ([p]IDfac)z and D = ﬁ in Equation (25), and after simplifica-
q 2
tion, we obtain the desired result. [

Taking g — 1—, p = 1 and « = 0, we have the following known corollary.

Corollary 2 ([30]). A function {(z) € Ais in the class 3‘;; then

’a2a4 — a%‘ <1

3.1. Fekete—Szego Problem
Theorem 4. A function {(z) € Ay is in the class g;(oc,q), 0 <« < p,then

2([ply—w )
(yiq»{m —pap},  ifu<ps,

2 2([ply—o
Apt2 — yapﬂ‘ < <Y7W2),

2(Ip),—«)

[ .
o, w2l = pe

if s < p < ps,

where

o = {2(pl, - @) (1) + (V27
o2 = 2([pl,— ) (Y2),

() {2(lpl, —a) + (Y1)} 1
Ps = ,
2([pl, — ) (Y2)
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where Y1 and Y, is given by Equations (12) and (13).
Proof. Using Equations (6) and (7) and supposing that
e1 = c(0 < e <2([pl, ).
We derive

a2 — | = ;7’{91 —paptet+ (Y1)2{4([P]q - tx)z - cz}p‘
Alp),

where
o7 =2(Ipl, — &) (Y1) (Y2).

Applying the triangle inequality, we deduce

IN

Ap) < o= pat+ (2 4(1pl, —a) - )
o [{2([P]q - “) {p11 — Plzﬂ}}cz +p9}, if 4 < ps,
%{2{ ([P}q—a) (Yz)#—Plo}CZ+P9}, if p > ps.

where

[ ’

pg = ,

P10 = (Yl){([P]q—“)Jr(Yl)}/
)

e = (Y1), p12 = (Y2),
B 2 [p]q -«
T T
Now we have
‘“erZ - W%H‘
2([ply—a .
wyil){m—pzﬂ}, it < ps, e =2([pl, — #),
2<[p\]§’;0‘), ifps < p < ps, c=0,
<
2<[p\]?2_a>, if pg < p < pg, c =0,
P13{P2V - {2([P]q - vc)pu ﬂ%}}r iy = pe c= 2([P]q - uc).
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Corollary 3 ([34]). A function {(z) € Ay is in the class g;; (0,9 = 1) =Sp(a),0 < a < p,then

(p—a){{2(p —a) +1} —4(p —a)p}, ifu <3

Apio — ya%H < (p—a), lf% <p< 5(,0_“),

(P—w){d(p - — {20 —0) +1}},  ifu > St

3.2. Applications
Definition 4 ([38]). Let { € Ay, let the g-analogue of the Benardi integral operator for multivalent
functions defined by

(P+Bl; 7 4
Bl = — q/o #1002 € U B> —p, 26)
e [p+pl
= 2P+ Y g, 2",
,;1 [n+ B+ plg P
= zZF+ Z gn+pan+pz”+p. (27)
n=1

Remark 5. For g — 1—, then gZﬁ = gp,ﬁ, studied in [19].
Remark 6. For p =1, then gz,ﬁ = gq/ introduced in [39].
Remark 7. Ifg — 1—and p =1, then gZﬁ = gﬁ, studied in [40].

Theorem 5. A function {(z) € Ay is in the class 5‘; (a,q),as ((z) € 5‘; (a,q),0 <wa<p,and

gzlﬁ€<z) - Zp + Z gn+pan+pzn+p/
n=1

and gz 8 is given by Equation (26), then

2([pl, - )
pal = (Y1)Bps1

2([P]q — ) 2([P]q — )
%ol < (Y2)Bp+2 {1 i (Y1)Bpi1 }
4 2([1’](7 — ) 2([P]q —a)p14
|apia| < (Y?))ng {1 + e ]

where

o = {((Y)Bpir+ (Y2)Byiz) +2([ply — ) |,

pis = (Y1)(Y2)Bpi1Bp+2,
and Y1, Yo and Y3 are given by Equations (12)—(14).

Proof. The proof follows easily using Equation (27) and Theorem 1. [
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Theorem 6. Let an analytic function { given by Equation (1) be in the class g;; («,q), in addition
gz 8 is the integral operator defined by Equation (26) and is of the form Equation (27), then

S+ 4([ply — ) Qlo+

BZ
p+1 p+2
T((p+1) <Y o ,
Qg . 2([plg—a) Bp+3B,:1011
gp+]gp+3 QS
where
2 Q) Q
Ys = 4([ply—«) [J 2 14 q),
Byi1  Byys
Qg = A,,(~ P1a )
Berpr—i—z
Qg = Ag—As, Q11 =Ag— Ay,
2N\, A A
Ny = —=——=— 222 , As = —2p4
Bp+1Bp+2 Bp+1BP+ZBP+3
4A
Ne = 2 =
([P + Z]q - [P]q)3p+13p+2
Ay = AgArpy
Bp+1BP+2BP+3
As = (Y1)Bpp1 + (Y2)Byia.

Proof. The proof follows easily using Equation (27) and Theorem 2. [
Theorem 7. A function { € Ay be in the class g;; (a,q), and gg 8 is defined by Equation (26) then

4
([plq — “)Z(YZ)zngrz.

2
Ap+1ap+3 — ﬂp+2‘ <

Theorem 8. A function { € Ay be in the class SV; (a,q), and EZ 8 is defined by Equation (26) then

2([7’]5]*“) ~ ‘
(Y2)Bpi2 {p16 B szP“V}’ if u < p17,
2([plg—) ,
Ap+2 — ,”ﬂ%7+1 < (Yz)%pH , if p17 < 1 < p1g,
2o (aa) f, 5 |
m{szPJFZV - P16}/ if i > prs,

where
o1 = {2(plg— &) (YD) Bpia + (V1)* B },

{2(1pls — @) + (Y1)Bpia } -1
2([P]q )(Y2)3p+2

P17 =

7

s = (Ple—0)(Y)Bpa
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and A is given by Equation (10).

4. Conclusions

In this paper, we discussed the idea of a g-symmetric derivative operator to multivalent
functions and then defined a new subclass of multivalent g-starlike functions. For this
class, we investigated some useful properties of multivalent functions, with respect to
the Hankel determinant, the symmetric Toeplitz matrices, and the Fekete-Szego problem.
We used a g-Bernardi integral operator, along with a g-symmetric derivative operator for
multivalent functions, and discussed some applications of our main results. Using the
same approach, we applied a g-symmetric derivative operator to define a new subclass of
meromorphic g-convex functions K p(a,q) of order & in U and investigated the results for

K, (a,q), respectively.
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