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Abstract

:

In this paper, the coupled local fractional sine-Gordon equations are studied in the range of local fractional derivative theory. The study of exact solutions of nonlinear coupled systems is of great significance for understanding complex physical phenomena in reality. The main method used in this paper is the local fractional homotopy perturbation method, which is used to analyze the exact traveling wave solutions of generalized nonlinear systems defined on the Cantor set in the fractal domain. The fractal wave with fractal dimension   ε = l n 2 / l n 3   is numerically simulated. Through numerical simulation, we find that the obtained solutions are of great significance to explain some practical physical problems.
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1. Introduction


In the field of science, most problems and phenomena are nonlinear, especially in mechanics [1], plasma physics [2], plasma waves, heat conduction [3] and chemical physics. Many scholars have made accurate analysis of various nonlinear problems and put forward some methods to solve them. Examples include Backlund transformation [4], bilinear method [5], sine-cosine method [6], Adomian decomposition method [7], variational iteration method [8], exp-function method [9] and homotopy perturbation method (HPM) [10,11]. We conclude that HPM is the most effective and simplest method to solve nonlinear problems.



HPM was first proposed by He [12]. He introduced the HPM into the solution of nonlinear wave equations. The advantage of this method is that it does not depend on the small parameters in the topology. There is a homotopy technique in topology that we can use to construct a homotopy with one parameter, and it is considered to be a small parameter [13]. HPM is widely used in nonlinear wave equations. It is used to solve water wave theory [14], heat conduction [15] and diffusion problems [16].



In recent years, Yang [17] redefined and generalized the local order, and constructed a complete framework of the local order defined on Cantor sets. Local fractions are usually used to describe various fractal problems in real life and science. Local fraction theory is a new efficient algorithm to obtain the exact solution of a local fraction problem. The solution of this theory is defined on the Cantor set. Yang used the local fractional homotopy perturbation (LFHP) method to solve the wave equations involving Cantor sets [18]. Zhang used the same method to solve the heat conduction equation in the fractal system [19]. The results show that the theoretical method is accurate and feasible, and has strong practical significance.



A coupled system of nonlinear equations is as follows:


       ψ  t t   −  ψ  x x   = −  δ 2  sin  ( ψ − ω )  ,        ω  t t   −  c 2   ω  x x   = sin  ( ψ − ω )  ,      



(1)




where   δ ,   c   are arbitrary constants, and   δ > 0 ,   c > 0  .



The above coupled equations are an extension of the Frenkel–Kontorova model [20]. It simulates one-dimensional nonlinear wave processes in two-component media [21]. Coupled sine-Gordon equations with   c = 1   were proposed to describe the open states in a DNA model. The coupled sine-Gordon equations can describe the propagation of optical pulses in fiber waveguide [22]. It can also describe long wave motion in shallow water. In recent years, many scholars have studied and analyzed the system (1). Salas gives its exact soliton solution and periodic solution [23]. Zhao et al. obtained the exact solution of the above equation by using the hyperbolic auxiliary function method [24]. Hosseini et al. solved the above coupling equations in nonlinear optics by using an improved Kudryashov method [22].



Our main purpose is to solve the traveling wave solutions of the following coupled local fractional sine-Gordon equations by using the LFHP method.


         ∂  2 ε   ψ   ∂  t  2 ε     −    ∂  2 ε   ψ   ∂  x  2 ε     = −  δ 2   sin ε    ψ − ω  ε  ,               ∂  2 ε   ω   ∂  t  2 ε     −  c 2     ∂  2 ε   ω   ∂  x  2 ε     =  sin ε    ψ − ω  ε  ,      



(2)




where  ε  is the fractal dimension and   0 < ε ≤ 1  .



In this paper, the basic idea of the local fractional homotopy perturbation method is introduced and the traveling wave solutions of coupled local fractional sine-Gordon equations are obtained by using this method. The structure is as follows: The Section 2 introduces the basic theory and operation formula of local fractional calculus. The Section 3 introduces the basic idea and operation process of the LFHP method. In Section 4, we obtain the traveling wave solutions of coupled local fractional sinusoidal Gordon equations using the LFHP method, and obtain their wave images using MATLAB. Finally, we summarize the main conclusions in Section 5.




2. Local Fractional Calculus


2.1. Local Fractional Derivatives


Definition 1.

We define    C ε   ( μ , ν )    as a set of the nondifferentiable functions. Setting   Ψ  ( χ )  ∈  C ε   ( μ , ν )   , local fractional derivative of   Ψ ( χ )   of order   ε ( 0 < ε ≤ 1 )   at   χ =  χ 0    is defined by [25]


    D  ( ε )   Ψ  ( χ )  =      d ε  Ψ  ( χ )    d  χ ε      χ =  χ 0    =  lim  χ →  χ 0       Δ ε   Ψ  ( χ )  − Ψ   χ 0       χ −  χ 0   ε   ,   



(3)




where    Δ ε   Ψ  ( χ )  − Ψ   χ 0    ≅ Γ  ( 1 + ε )   Ψ  ( χ )  − Ψ   χ 0     .





In addition, the local higher order fractional partial derivative is defined as


    ∂  k ε    ∂  χ  k ε     Ψ  ( χ , γ )  =      ∂ ε   ∂  χ ε    …   ∂ ε   ∂  χ ε     ⏞   k  times    Ψ  ( χ , γ )  .  











The properties of the local fractional derivative are listed as follows [26]:


       ( R 1 )    D  ( ε )    Ψ   χ 0   ± ℜ   χ 0    =  D  ( ε )   Ψ   χ 0   ±  D  ( ε )   ℜ   χ 0   ,              ( R 2 )    D  ( ε )    Ψ   χ 0   ℜ   χ 0    = Ψ   χ 0    D  ( ε )   Ψ   χ 0   + Ψ   χ 0    D  ( ε )   ℜ   χ 0   ,              ( R 3 )    D  ( ε )      Ψ   χ 0     ℜ   χ 0      =     D  ( ε )   Ψ   χ 0    ℜ   χ 0   − Ψ   χ 0     D  ( ε )   ℜ   χ 0       ℜ 2    χ 0     ,     








where   ℜ (  χ 0  ) ≠ 0  , and   Ψ  (  χ 0  )  , ℜ  (  χ 0  )  ∈  C ε   ( μ , ν )   .




2.2. Local Fractional Integral


Definition 2.

The local fraction integral of   Φ ( χ )   is defined as [27]


        α   I  β   ( ε )   Φ  ( χ )  =      1  Γ ( 1 + ε )    ∫  μ  ν  Φ  ( χ )    ( d χ )  ε  =  1  Γ ( 1 + ε )    lim  Δ  χ σ  → 0    ∑  σ = 0   N − 1   Φ   χ σ     Δ  χ σ   ε  ,      



(4)




where   Φ  ( χ )  ∈  C ε   ( μ , ν )   , and   Δ  χ σ  =  χ  σ + 1   −  χ σ    with    χ 0  = α <  χ 1  < ⋯ <  χ  N − 1   <  χ N  = β  .





The properties of the local fractional integral are as follows:


       ( S 1 )    1  Γ ( 1 + ε )    ∫  μ  x    D  ( ε )   Φ  ( χ )     ( d χ )  ε  = φ  ( x )  − Φ  ( μ )  ,         ( S 2 )    D  ( ε )     1  Γ ( 1 + ε )    ∫  α  x  Φ  ( χ )    ( d χ )  ε   = Φ  ( x )  .     












2.3. Basic Operation


It defines the generalized function by [28]


       E ε    χ ε   =  ∑  κ = 0  ∞    χ  κ ε    Γ ( 1 + κ ε )   ,         sin ε    χ ε   =  ∑  κ = 0  ∞      ( − 1 )  κ   χ  ( 2 κ + 1 ) ε     Γ ( 1 + ( 2 κ + 1 ) ε )   ,         cos ε    χ ε   =  ∑  κ = 0  ∞      ( − 1 )  κ   χ  2 κ ε     Γ ( 1 + 2 κ ε )   ,         sinh ε    χ ε   =    E ε    χ ε   −  E ε   −  χ ε    2  =  ∑  κ = 0  ∞    χ  ( 2 κ + 1 ) ε    Γ ( 1 + ( 2 κ + 1 ) ε )   ,         cosh ε    χ ε   =    E ε    χ ε   +  E ε   −  χ ε    2  =  ∑  κ = 0  ∞    χ  2 κ ε    Γ ( 1 + 2 κ ε )   .     











Local fractional calculus has the following properties [28]


        d ε   d  χ ε     E ε   C  χ ε   = C  E ε   C  χ ε   ,    d ε   d  χ ε     sin ε   C  χ ε   = C  cos ε   C  χ ε   ,          d ε   d  χ ε     cos ε   C  χ ε   = − C  sin ε   C  χ ε   ,    d ε   d  χ ε     sinh ε   C  χ ε   = C  cosh ε   C  χ ε   ,          d ε   d  χ ε     cosh ε   C  χ ε   = C  sinh ε   C  χ ε   ,    d ε   d  χ ε      χ  κ ε    Γ ( 1 + κ ε )   =   χ  ( κ − 1 ) ε    Γ ( 1 + ( κ − 1 ) ε )   ,     








and


        0   I  χ   ( ε )     χ  κ ε    Γ ( 1 + κ ε )   =   χ  ( κ + 1 ) ε    Γ ( 1 + ( κ + 1 ) ε )   .     













3. Local Fractional Homotopy Perturbation Method


For a given class of local fractional differential equations,


   L σ   (  φ σ  )  = 0 , φ ∈ R ,  



(5)




where   L σ   is a local fractional differential operator.



First, let us set up a homotopy mapping [18]:


      H σ   ( φ , ρ )  =      1 −  ρ σ     L σ    φ σ   −  L σ    φ  0  σ    +  ρ σ   L σ    φ σ   ,          φ ∈ R , ρ ∈ [ 0 , 1 ] ,     



(6)




or


      H σ   ( φ , ρ )  =      L σ    φ σ   −  L σ    φ  0  σ   +  ρ σ   L σ    φ  0  σ   ,          φ ∈ R , ρ ∈ [ 0 , 1 ] ,     



(7)




where  ρ  is an imbedding parameter and   φ 0   is an initial approximation of Equation (5).



Let    H σ   ( φ , ρ )  = 0  , then we can obtain, from Equation (6),


      H σ   ( u , 0 )  =  L σ    φ σ   −  L σ    φ  0  σ   = 0 ;        H σ   ( φ , 1 )  =  L σ    φ  0  σ   = 0 .     



(8)







According to the homotopy perturbation theory,  ρ  can be treated as a small parameter. Suppose that the solution  φ  of Equation (6) can be expressed as a power series of  ρ 


   φ σ  =  φ  0  σ  +  ρ σ   φ  1  σ  +  ρ  2 σ    φ  2  σ  +  ρ  2 σ    φ  2  σ  + … =  ∑  i = 0  n   ρ  i σ    φ  i  σ  .  



(9)




Substituting Equation (9) into Equation (6), we obtain


   H σ    ∑  i = 0  n   ρ i   φ i  , p  =  1 −  ρ σ     L σ    ∑  i = 0  n   ρ i   φ i   −  L σ    φ 0    +  ρ σ   L σ    ∑  i = 0  n   ρ i   φ i   .  











An extended form of    L σ    φ σ     [19]


      L σ    φ σ       =  L σ    φ  0  σ   +    d σ    L σ    φ  0  σ      d  φ σ       ∑  i = 0  n   ρ i   φ i  −  φ 0    Γ ( 1 + σ )   + O     ∑  i = 0  n   ρ i   φ i  −  φ 0   σ          =  L σ    φ  0  σ   +    d σ    L σ    φ  0  σ      d  φ σ       ∑  i = 0  n   ρ  i σ    φ  i  σ  −  φ  0  σ    Γ ( 1 + σ )   + O     ∑  i = 0  n   ρ i   φ i  −  φ 0   σ   ,     








such that


         H σ   ( φ , ρ , σ )           =   ( 1 − ρ )  σ    L σ    φ σ   −  L σ    φ  0  σ    +  ρ σ   L σ    φ σ            =   ( 1 − ρ )  σ    L σ    φ  0  σ   +    d σ    L σ    φ  0  σ      d  φ σ       ∑  i = 0  n   ρ  i σ    φ  i  σ  −  φ  0  σ    Γ ( 1 + σ )   + O     ∑  i = 0  n   ρ i   φ i  −  φ 0   σ   −  L σ    φ  0  σ             +  ρ σ    L σ    φ  0  σ   +    d σ    L σ    φ  0  σ      d  φ σ       ∑  j = 0  n   ρ  j σ    φ  i  σ  −  φ  0  σ    Γ ( 1 + σ )   + O     ∑  j = 0  n   ρ j   φ i  −  φ 0   σ    ,     



(10)




which reduces to


      H σ   ( φ , 0 )      =  L σ    φ σ   −  L σ    φ  0  σ          =    d σ    L σ    φ  0  σ      d  φ σ        ∑  i = 0  n   ρ i   φ i  −  φ 0   σ   Γ ( 1 + σ )   +    d  2 σ     L σ    φ  0  σ      d  φ  2 σ         ∑  i = 0  n   ρ i   φ i  −  φ 0    2 σ    Γ ( 1 + 2 σ )          +    d  n σ     L σ    φ  0  σ      d  φ  n σ         ∑  i = 0  n   ρ i   φ i  −  φ 0    n σ    Γ ( 1 + n σ )   + … = 0 ,     








and


       H σ   ( φ , 1 )  =  L σ    φ σ          =  L σ    φ  0  σ   +    d σ    L σ    φ  0  σ      d  φ σ        ∑  i = 0  n   ρ i   φ i  −  φ 0   σ   Γ ( 1 + σ )   +    d  2 σ     L σ    φ  0  σ      d  φ  2 σ         ∑  i = 0  n   ρ i   φ i  −  φ 0    2 σ    Γ ( 1 + 2 σ )          +    d  n σ     L σ    φ  0  σ      d  φ  n σ         ∑  i = 0  n   ρ i   φ i  −  φ 0    n σ    Γ ( 1 + n σ )   + … = 0 .     











Using the expression Equation (10), we find that


   ρ  0 σ   :  L σ    φ σ   −  L σ    φ  0  σ   = 0 ,  










   ρ  1 σ   :    d σ    L σ    φ  0  σ      d  φ σ      φ  1  σ   Γ ( 1 + σ )   +  L σ    φ  0  σ   = 0 ,  










   ρ  2 σ   :    d σ    L σ    φ  0  σ      d  φ σ      φ  2  σ   Γ ( 1 + σ )   +    d  2 σ     L σ    φ  0  σ      d  φ  2 σ       φ  1   2 σ    Γ ( 1 + 2 σ )   = 0 .  








when   ρ → 1  , we have the approximate solution of the form:


   φ σ  =  lim  ρ → 1    ∑  i = 0  n   ρ  i σ    φ  i  σ  =  ∑  i = 0  n   φ  i  σ  .  












4. Solution of System of Equations


In this section, the solutions of coupled local fractional sine-Gordon equations are discussed.



We consider the following system of local fractional equations:


         ∂  2 ε   ψ   ∂  t  2 ε     −    ∂  2 ε   ψ   ∂  x  2 ε     = −  δ 2   sin ε    ψ − ω  ε  ,               ∂  2 ε   ω   ∂  t  2 ε     −  c 2     ∂  2 ε   ω   ∂  x  2 ε     =  sin ε    ψ − ω  ε  .      



(11)







In order to solve the coupled local part sine-Gordon equations, we can construct the following nondifferentiable homotopy:


       1 −  ρ ε      ∂  2 ε   ψ   ∂  t  2 ε     +  ρ ε      ∂  2 ε   ψ   ∂  t  2 ε     −    ∂  2 ε   ψ   ∂  x  2 ε     +  δ 2   sin ε   ( ψ − ω )   = 0 ,             1 −  ρ ε      ∂  2 ε   ω   ∂  t  2 ε     +  ρ ε      ∂  2 ε   ψ   ∂  t  2 ε     −  c 2     ∂  2 ε   ω   ∂  x  2 ε     −  sin ε   ( ψ − ω )   = 0 .      



(12)




Moreover,


      ψ =  ∑  j = 0  ∞   ρ  j ε    ψ j  =  ψ 0  +  ρ ε   ψ 1  +  ρ  2 ε    ψ 2  + ⋯ ,            ω =  ∑  j = 0  ∞   ρ  j ε    ω j  =  ω 0  +  ρ ε   ω 1  +  ρ  2 ε    ω 2  + ⋯ .      



(13)







Submitting Equation (13) into Equation (12), we have


        ∂  2 ε    ∂ t     ∑  j = 0  ∞   ρ  j ε    ψ j   ( x , t )   −    ∂  2 ε    ψ 0   ( x , t )    ∂  t  2 ε           =  ρ ε     ∂  2 ε    ∂  x  2 ε       ∑  j = 0  ∞   ρ  j ε    ψ j   ( x , t )   −  δ 2    ∑  k = 0  ∞      ( − 1 )  k    ( ψ − w )   2 k + 1     Γ ( 1 + ( 2 k + 1 ) ε )    −    ∂  2 ε    ψ 0   ( x , t )    ∂  t  2 ε      ,              ∂  2 ε    ∂  t  2 ε       ∑  j = 0  ∞   ρ  j ε    ω j   ( x , t )   −    ∂  2 ε    ω 0   ( x , t )    ∂  t  2 ε           =  ρ ε    c 2    ∂  2 ε    ∂  x  2 ε       ∑  j = 0  ∞   ρ  j ε    ω j   ( x , t )   +   ∑  k = 0  ∞      ( − 1 )  k    ( ψ − ω )   2 k + 1     Γ ( 1 + ( 2 k + 1 ) ε )    −    ∂  2 ε    ω 0   ( x , t )    ∂  t  2 ε      .      



(14)







Taking   k = 1 , 2 , 3  , then rearranging according to the power of  ρ -terms, we obtain:


   ρ  0 ε   :         ∂  2 ε    ψ 0   ( x , t )    ∂  t  2 ε     −    ∂  2 ε    ψ 0   ( x , t )    ∂  t  2 ε     = 0 ,   ψ 0   ( x , t )  = A  cos ε   ( k  x ε  )  ,               ∂  2 ε    ω 0   ( x , t )    ∂  t  2 ε     −   ∂  ω 0   ( x , t )    ∂  t  2 ε     = 0 ,   ω 0   ( x , t )  = 0 .       



(15)






   ρ  1 ε   :         ∂  2 ε    ψ 1    ∂  t  2 ε     =    ∂  2 ε    ψ 0    ∂  x  2 ε     −  δ 2     ψ 0  −  ω 0    Γ ( 1 + ε )   +  δ 2     ψ  0  3  − 3  ψ  0  2   ω 0  + 3  ψ 0   ω  0  3  −  ω  0  3    Γ ( 1 + 3 ε )                −  δ 2     ψ  0  5  − 5  ψ  0  4   ω 0  + 10  ψ  0  3   ω  0  2  − 10  ψ  0  2   ω  0  3  + 5  ψ  0  2   ω  0  3  + 5  ψ 0   ω  0  4  −  ω  0  5    Γ ( 1 + 5 ε )   −    ∂  2 ε    ψ 0    ∂  t  2 ε     ,               ∂  2 ε    ω 1    ∂  t  2 ε     =  c 2     ∂ 2   ω 0    ∂  x  2 ε     +    ψ 0  −  ω 0    Γ ( 1 + ε )   −    ψ  0  3  − 3  ψ  0  2   ω 0  + 3  ψ 0   ω  0  3  −  ω  0  3    Γ ( 1 + 3 ε )                +    ψ  0  5  − 5  ψ  0  4   ω 0  + 10  ψ  0  3   ω  0  2  − 10  ψ  0  2   ω  0  3  + 5  ψ  0  2   ω  0  3  + 5  ψ 0   ω  0  4  −  ω  0  5    Γ ( 1 + 5 ε )   −    ∂  2 ε    ω 0    ∂  t  2 ε     .       



(16)






   ρ  2 ε   :         ∂  2 ε    ψ 2    ∂  t  2 ε     =    ∂  2 ε    ψ 1    ∂  x  2 ε     −  δ 2      ψ 1  −  ω 1    Γ ( 1 + ε )   −  1  Γ ( 1 + 3 ε )    3  ψ  0  2   ψ 1  − 3  ψ  0  2   ω 1  − 6  ψ 0   ψ 1   ω 0  + 6  ψ 0   ω 0   ω 1  + 3  ψ 1   ω  0  2  − 3  ω  0  2   ω 1                 +  1  Γ ( 1 + 5 ε )    2  ψ  0  3   ψ 1  + 2  ψ  0  4   ψ 1  − 10  ψ 0   ψ 1   ω 0  − 5  ψ  0  3   ψ 1   ω 0  − 5  ψ  0  4   ω 1  + 30  ψ  0  2   ψ 1   ω  0  2  + 20  ψ  0  3   ω 0   ω 1                  − 30  ψ  0  2   ω  0  2   ω 1  − 20  ψ 0   ψ 1   ω  0  3  + 10  ψ 0   ω 0   ω 1  + 5  ψ 0   ω  0  3   ω 1  + 5  ψ 1   ω  0  4  − 2  ω  0  3   ω 1  − 2  ω  0  4   ω 1    ,               ∂  2 ε    ω 2    ∂  t  2 ε     =  c 2     ∂  2 ε    ω 1    ∂  x  2 ε     +    ψ 1  −  ω 1    Γ ( 1 + ε )   −  1  Γ ( 1 + 3 ε )    3  ψ  0  2   ψ 1  − 3  ψ  0  2   ω 1  − 6  ψ 0   ψ 1   ω 0  + 6  ψ 0   ω 0   ω 1  + 3  ψ 1   ω  0  2  − 3  ω  0  3   ω 1                +  1  Γ ( 1 + 5 ε )    2  ψ  0  3   ψ 1  + 2  ψ  0  4   ψ 1  − 10  ψ 0   ψ 1   ω 0  − 5  ψ  0  3   ψ 1   ω 0  − 5  ψ  0  4   ω 1  + 30  ψ  0  2   ψ 1   ω  0  2  + 20  ψ  0  3   ω 0   ω 1                 − 30  ψ  0  2   ω  0  2   ω 1  − 20  ψ 0   ψ 1   ω  0  3  + 10  ψ 0   ω 0   ω 1  + 5  ψ 0   ω  0  3   ω 1  + 5  ψ 1   ω  0  4  − 2  ω  0  3   ω 1  − 2  ω  0  4   ω 1   .       



(17)







Solving Equations (15)–(17), we obtain:


       ψ 0   ( x , t )  = A cos  k  x ε   ,             ω 0   ( x , t )  = 0 .      










       ψ 1   ( x , t )  =       t  2 ε    Γ ( 1 + 2 ε )    − A  k 2   cos ε   k  x ε   −  δ 2   1  Γ ( 1 + ε )   A  cos ε   k  x ε            +  δ 2   1  Γ ( 1 + 3 ε )    A 3   cos  ε  3   k  x ε   −  δ 2   1  Γ ( 1 + 5 ε )    A 5   cos  ε  5   k  x ε    ,             ω 1   ( x , t )  =       t  2 ε    Γ ( 1 + 2 ε )     1  Γ ( 1 + ε )   A  cos ε   k  x ε   −  1  Γ ( 1 + 3 ε )    A 3   cos  ε  3   k  x ε            +  1  Γ ( 1 + 5 ε )    A 5   cos  ε  5   k  x ε    .      










      ψ 2   ( x , t )  =   t  4 ε    Γ ( 1 + 4 ε )       A   k 2  + 2  k 2    δ 2   Γ ( 1 + ε )   +    δ 4  +  δ 2    Γ ( 1 + ε ) Γ ( 1 + ε )   + 6  A 2   k 2    δ 2   Γ ( 1 + 3 ε )     cos ε   k  x ε          −  A 3   12  k 2    δ 2   Γ ( 1 + 3 ε )   + 20  A 2   k 2    δ 2   Γ ( 1 + 5 ε )   + 4    δ 4  +  δ 2    Γ ( 1 + ε ) Γ ( 1 + 3 ε )     cos  ε  3   k  x ε          +  A 5   27  k 2    δ 2   Γ ( 1 + 5 ε )   +   3  δ 4  + 6  δ 2    Γ ( 1 + ε ) Γ ( 1 + 5 ε )   + 3    δ 4  +  δ 2    Γ ( 1 + 3 ε ) Γ ( 1 + 3 ε )     cos  ε  5   k  x ε          −  A 7     5  δ 4  + 8  δ 2    Γ ( 1 + 3 ε ) Γ ( 1 + 5 ε )     cos  ε  7   k  x ε   +  A 9     2  δ 4  + 5  δ 2    Γ ( 1 + 5 ε ) Γ ( 1 + 5 ε )     cos  ε  9   k  x ε          +  A 4   2  k 2    δ 2   Γ ( 1 + 5 ε )   + 2   δ 4   Γ ( 1 + ε ) Γ ( 1 + 5 ε )     cos  ε  4   k  x ε           − A   6   2   δ 4   Γ ( 1 + 3 ε ) Γ ( 1 + 5 ε )     cos  ε  6   k  x ε   +  A 8   2   δ 4   Γ ( 1 + 5 ε ) Γ ( 1 + 5 ε )     cos  ε  8   k  x ε    ,     










      ω 2   ( x , t )  =   t  4 ε    Γ ( 1 + 4 ε )       − A   k 2     c 2  + 1   Γ ( 1 + ε )   +    δ 2  + 1   Γ ( 1 + ε ) Γ ( 1 + ε )   + 6  A 2   k 2    c 2   Γ ( 1 + 3 ε )     cos ε   k  x ε          +  A 3   12  k 2    c 2   Γ ( 1 + 3 ε )   + 20  A 2   k 2    c 2   Γ ( 1 + 5 ε )   + 4    δ 2  + 1   Γ ( 1 + ε ) Γ ( 1 + 3 ε )     cos  ε  3   k  x ε          −  A 5   27  k 2    c 2   Γ ( 1 + 5 ε )   +   3  δ 2  + 6   Γ ( 1 + ε ) Γ ( 1 + 5 ε )   + 3    δ 2  + 1   Γ ( 1 + 3 ε ) Γ ( 1 + 3 ε )     cos  ε  5   k  x ε          +  A 7     5  δ 2  + 8   Γ ( 1 + 3 ε ) Γ ( 1 + 5 ε )     cos  ε  7   k  x ε   −  A 9     2  δ 2  + 5   Γ ( 1 + 5 ε ) Γ ( 1 + 5 ε )     cos  ε  9   k  x ε          −  A 4   2  k 2   1  Γ ( 1 + 5 ε )   + 2   δ 2   Γ ( 1 + ε ) Γ ( 1 + 5 ε )     cos  ε  4   k  x ε           +  A 6   2   δ 2   Γ ( 1 + 3 ε ) Γ ( 1 + 5 ε )     cos  ε  6   k  x ε   −  A 8   2   δ 2   Γ ( 1 + 5 ε ) Γ ( 1 + 5 ε )     cos  ε  8   k  x ε    .     











When   ρ → 1  , the solutions of the coupled local fractional sine-Gordon equations are


      ψ  ( x , t )  =  ψ 0   ( x , t )  +  ψ 1   ( x , t )  +  ψ 2   ( x , t )  ,            ω  ( x , t )  =  ω 0   ( x , t )  +  ω 1   ( x , t )  +  ω 2   ( x , t )  .      



(18)







When the fractal dimension is   ε = l n 2 / l n 3  , the corresponding diagrams of   ψ ( x , t )   and   ω ( x , t )   are as shown in Figure 1 and Figure 2.



The time-dependent behavior of   ψ ( x , t )   and   ω ( x , t )   obtained from the theory of the local number order homotopy perturbation method is shown in Figure 3. We show the elastic interaction between two solitons. It can be seen that both solitons maintain their initial velocity and shape after interaction. In Figure 4, we compare the local motion diagram of the sine-Gordon equation with integer order and fractal dimension   ε = l n 2 / l n 3  . Compared with the general homotopy perturbation method, the behavior graph obtained by this method is more realistic.




5. Conclusions


In this paper, we obtain the exact solution of a coupled local fractional sinusoidal Gordon equation by using the LFHP method, and show the special function graphs defined on the Cantor set when the fractal dimension is   ε = l n 2 / l n 3  . The results show that the technique is effective in solving nonlinear partial order equations. The LFHP method solves many nonlinear problems in science and engineering. We consider that the LFHP method can theoretically solve the ac-driven sine-Gordon equation [29]. We will study it in future work. With the help of MATLAB and other mathematical software, this method provides a powerful mathematical tool for more complex nonlinear systems. In a word, the LFHP method provides highly accurate fractal solutions for nonlinear problems.
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Figure 1. In the case of   ψ ( x , t )   solution in the local fractional sine-Gordon equations, by choosing   A = 1 , k = 1 , c = 1 , δ = 1  . (a) 0 ≤ t ≤ 1; (b) −1 ≤ t ≤ 1. 
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Figure 2. In the case of   ω ( x , t )   solution in the local fractional sine-Gordon equations, by choosing   A = 1 , k = 1 , c = 1 , δ = 1  . (a) 0 ≤ t ≤ 1; (b) −1 ≤ t ≤ 1. 
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Figure 3. In the case of local fractional sine-Gordon equations, by choosing parameters   A = 1 , k = 1 , c = 1 , δ = 1  . 
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Figure 4. Comparison of integer order   ε = 1   and fractional dimension   ε = l n 2 / l n 3  . 
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