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Abstract: A new auxiliary result pertaining to twice (qi, qp)-differentiable functions is derived. Using
this new auxiliary result, some new versions of Hermite-Hadamard'’s inequality involving the class
of generalized m-convex functions are obtained. Finally, to demonstrate the significance of the main
outcomes, some applications are discussed for hypergeometric functions, Mittag-Leffler functions,
and bounded functions.
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1. Introduction and Preliminaries
A set C C R is said to be convex if

(1-®)y3+dneC, VizneC el
A function B : C — R is said to be convex if
(1—®)B(nz) +@B(ns) = B((1— D)z + dns), Vs, e € C,d € [0,1].

Hermite-Hadamard’s inequality (also known as the trapezium inequality) is a famous
result pertaining to convex functions. It reads as follows:
Let B : [3,n4] — R be a convex function; then,

~ - D4
B(n3) + B(ns) 1 J~ ~(%+m>
> B(r)dr > B =—= ),
> p—— U (r)dr >
3

Recently, a variety of different new approaches have been employed to obtain new
refinements of trapezium’s inequality. For details, see [1,2]. Tariboon and Ntouyas [3]
obtained a gp-analogue of trapezium’s inequality using the concepts of quantum calculus
(also known as calculus without limits) on finite intervals. In quantum calculus, basically,
we establish the qp-analogues of classical mathematical objects, which can be recaptured
by taking q» — 17 (for details, see [4]). Alp et al. [5] obtained a corrected g,-analogue
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of trapezium’s inequality. For more information, interested readers are referred to [6-11].
In recent years, the classical concepts of quantum calculus have also been extended and
generalized in different directions. Chakarabarti and Jagannathan [12] introduced post-
quantum calculus, which is a significant generalization of quantum calculus. In quantum
calculus, we deal with gp-numbers with one base qp, while in post-quantum calculus,
we deal with q; and gqy-numbers with two independent variables q; and qp. Tung and

Gov [13] introduced the concepts of (qi, q2)-derivatives y,Dq;,q,8(r) and (q1, q2)-integrals

on finite intervals
r

J %((b) ‘J3d‘h,<12é
D3
for all ¢ # y3, where ¢ € K C R as follows.

Definition 1 ([13]). Let B : K € R +— R be a continuous function, and let ¢ € K, where
0 < qp < q1 < 1. Then, the (q1, q2)-derivative on K of function B at y is defined as

- B(qur+ (1— —B(qor + (1—
2D B(e) = (gt + (?111)23312)(;9;; (1—da)vs) r £ 15, 1)

Definition 2 ([13]). Let B : K C R + R be a continuous function. Then, (qy, qo)-integral on K
is defined as

r o - - Q" o " R"
J%(Q) ngdql,cp@:(ql*Qﬂ(I*Us) TL+1%< n+12¢+ <17 n+1)n3)/
5 n—oqt qi qi

forr € Kand ¢ # v3.

Since its appearance, several new variants of classical integral inequalities have been
obtained using the concepts of post-quantum calculus. For example, see [14-21].

The classical concepts of convexity have also been extended and generalized in differ-
ent directions using novel and innovative ideas. For example, Cortez et al. [22] presented a
new generalization of the convexity class as follows:

Definition 3 ([22]). Let X1,y > 0and X3 = (R¥3(0),...,R3(k),...) be a bounded sequence of
positive real numbers. A non-empty set I C R is said to be generalized convex if

raya

3+ ORg g, (a—3) €L Vg mel @01l

Definition 4 ([22]). Let X1,y > 0and N3 = (K3(0),...,R3(k),...) be a bounded sequence of
positive real numbers. A function B : 1 C R — R is said to be generalized convex if

~ ~ ~ & ~ -~ ~ o~ ~
Bns + ORg g, (s —13)) < (1—@)B(n3) + @B (ns), Vns,na el @ €[0,1].
Here, 9‘:{?;’;( ) (z) is Raina’s function introduced and studied by [23], as follows:
2Xs 0,8 v Ra(k)
Ry, x,(2) = R ¢ (z) = ];) o C, @)

where X1, X, > 0, with bounded modulus |z| < M, and X3 = {X3(0), R5(1),...,R5(k),...}
is a bounded sequence of positive real numbers. For more details, see [23].

Taking inspiration from the above definition, we now define the class of generalized
m-convex sets.
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Definition 5. A set K C R is said to be generalized m-convex if mys + @ 9:% g, g, (e —my3) €K
for every vs, vy € Kand m € (0,1], ® € [0,1].

Now, we introduce the following class of generalized m-convex functions.

Definition 6. A function B : K + R is said to be generalized m-convex if

~ = R ~ =~ A
%<m03+ Ry, 2(04—1’“03)) <m(1—®)B(nz) + @B (s),
Vo3, s €K, me (0,1, @ €[0,1].

Remark 1. Note the following:

= x
I. If we take %gi’gz(m; —my3) = yg —myz in Definition 6, then we have the definition of an
m-convex function; see [24].
I1. If we choose m = 1 in Definition 6, then we have Definition 4.

The main motivation behind this paper is to derive a new post-quantum integral iden-
tity involving twice (qq, q2)-differentiable functions. Using this new identity as an auxiliary
result, we obtain some new variants of Hermite-Hadamard’s inequality, essentially via
the class of generalized m-convex functions. In order to support our theoretical results,
we also offer some applications to hypergeometric functions, Mittag-Leffler functions,
and bounded functions. We hope that the ideas and techniques in this paper will inspire
interested readers working in this field.

2. Main Results

In this section, we derive a new post-quantum integral identity. This result will be
helpful in obtaining the main results of this paper. First, let us denote

3 = S{ €
R;:f’sgz (ps —mn3) := {9‘{5:?,5:2(04 - m03)] :

Lemma 1. Let B : I — R be a twice (q1,qp) diﬂ’erentiable function on 1° (the interior of 1) and

q1 qz% be continuous on 1, where 0 < qo < q1 < 1. Then,

. - %,
:'(SB/ qll qZ/ mf{ f{z)

- - = X3

Q@B (my3) +q1B (mU:s + @R, &, (04— m')3)>

N q1 +q
mz+q} xlxz(m my;)
1 -
- R B(r) mngdql,qzﬁ
2558
q1°Rg,, xz(U —my3) mhs

®(1- q2a) mUqul Q2 <m03 +@ 9?‘

741 %

qlqzZR 04 —mn3) j
a ‘h + G
0

7,4 — mU3J) 0dq;,q, ®

Proof. Applying Definition 1, we have

=R
mnqu1 Q@ (mUS + mftl,

bSS
= m‘]3Dq1,q2 (m‘)qul,ngg (mUS + éi{f{l,ﬁz (hg — mU3))>
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mU3Dq1,q2 (mUB +q1 %{{ X, (ng — mUB)) - mnaDqquz (mUS +q2 SRR 59 (s — mUS))
- B =R,
®(q1 — )Rz, 1, (94 —my3)
- . =X - = N
1 B <m03 + @R, 1, (4 — m03)) -5 (m\Ja + QI pORR, &, (91 — m03)>
®(q1 — )RR, &, (94 — my3) Op(q1 — )R, &, (94 — mn3)

Zl a3
Zl Zl

%<m03+qlqz ORg 2(04—m03)>—%<m03+q2 9:% 04—m03)

q(q1 — @)Rg, g, (92 —my3)

\_/ Z*Z'

- = N3
9B (m% +q3 ‘ﬁfz &, (hg —my3)

. =K, = R
—(q1+q2) (m% + Chqza)%le,fzz (9s — m‘)3)) +q1B (mU3 +GoRg, &, (e — m‘)3))

- i - . )
N RO (q1 — Q)R g, (04 —mys)

Now using Definition 2, we obtain

D

D(1—qd) “‘U3D(2h'q2‘$<m\)3 +o% )

g, (9s— mUs)) 0dqy,q @

ST S

@(1—q®)

Il
[S] S,

- S . N - _ =R
QB (mna +q%®9’lg?,g2(n4 *mns)) —(q +q2)%<m03 +q2®%x xz(m*m\)s)) +ql%<m¥)3 +q§®%g{ig2(n4 7m\)3)>

X

S Odqmz @
@2qiq2(q1 — QZJZRZ;Z?RZ (ng —mu3)

q1q2(q1 — qz)Rzgxfgz (94 —my3)

> noo R, s n-+1 N
X |q Z‘B(m\ngrqlzq?iﬂinl xz(m*m%)) (@+q) ) B (m‘JaJrqlanmg 5(2(‘)4*“‘“)3))
n=0 n=0
o qz“* 5 ‘3
+q Z% mos + T ] s, (0 —moa)
- %, S %,
Qg —92)R g %, (94— mns) Zo q1n+1% mys + q1° nﬂg‘gl,gz(m*mns)
Q1 q2(q1 — qz)zR %, (04— mv3)
- %, © +1 nl o R
(q1+qu(q1—qz]iRg %, (94— my3) Z—o | (mt)3+q1 mx? xz(m—mnz))
qi1922(q1 — q2)*R (U4-m‘)3)
o n2
qi(q —q)R Nl xz(m*m‘]a) Zoan‘B(mUer n+1%x1 xz(mfmns))
+ n

Qq®(q1 — q2)?R (\74*11‘“)2]

| -

ﬁl\’lz

- = R eS) n+l = Ry
‘B(mn3+q12 qrzlﬂmgigz(m—m‘)s])— Z—o (m03+q1 nH‘ﬁxlxz(m—mUs))]

qiq2(q1 — qZ)Rzg(Nag (ps —my3)

0 n+l = ] 59
qi [ > ‘B<m‘33+‘]17q2n+1mgigz(\nfmna ) Z ‘B(mn3+ n+1mx1 XZ(M*mUs))]
n—0 a =0

q1q2(q1 — q2)R 2:(1'2:(2(\)47‘“‘]3)
= X x© no_ n
Q2(q1 — qz)mg?,gz (pg —my3) n;g qqﬁﬂ B <m1)3 + qlzqqﬁﬂ
—q = =
Q2 (q1 — q2)?R Nl x (9g —m3)

= R
mx:xz (9a — mU3])

5 N3 o] n+l n+l = X
Qi (q +q2](q1*q2)935( g2(04*m03) Zo 3?n+2%(mUS+q12:in+2mg?gz(04*m‘)3))
=

quq22(q1 — qZ]ZR;i?RZ (94 —mu3)
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@’ (q — )R N1 xz(']d:*m‘)s) Z n+3‘3(m‘33+q1 2 qu %, (0 *"“)3))
+ 5
Q@3 (q1 — q2)? ngz(m*mns)
- = X - -
q2 |5 (mys +q19*gig2 (pg —mys) — %(mns)] q { (mys +qzmxl %, (92 —my3)) — %(m\)a)]
@ (q — q@)R < xz(')4*m‘)3)
‘“‘13‘“119\{(3 f{ (n47mn3]
+ - ~ P+ qige — 5 5 X
Sgl g2 B(r) odgyqp @ — 42 q;gz =L %(mn3+(h%g<ig2(n4 *m‘)s))
q13qzzRR1?Rz(U4 —mys) whs Q2 (q1 *qz)RR:RZ(m*mUs)
- = X
N B (my; +q29‘gig2 (9s —mn3))
Q@ — qz)RZ;(l?Rz (94 —my3)
N = R, m‘73+q1‘“x 5, (947 m3)
. % R’ o (a—
B (mys) . (m‘33+Q1 xl,xz[m mUs]) Q@+ B .
2R, 2 p2R3 3 23R £) myzdgyqp -
QR x, (e —mns) qQ Rxl &, (04— m3) R, (e — mns) w3
L , . A1’ Ry, 3x (9g—my3) ]
Multlplymg both sides of the above equality by atD , we acquire the
required result. O

Using Lemma 1, we can obtain the following new results

Theorem 1. Under the assumptions of Lemma 1, if | qy, D

' q1 qz‘BI is a generalized m-convex
function, then

_ = R

2B q1, 9 R, 1,)

_ qlqzzRi(xs (9g —mnz) (m(q1* — q1® + 41°92%) | ms D, g, B(03)l + 41° iy DF,,q, B(04)])
= (q1 +92)2(q1% + @) (@22 + q1q2 + q12)

Proof. Using Lemma 1, the property of the modulus and the given hypothesis, we have

- R,

(% qlqu/mz{l 2}

Chqzszfz3 (g —mp3) - R,
< s ié 1~ ) mps D2, (mn3+ N 2(n4—mn3))\odql,qzé>

2 2 3 1 1

Qi Ry %% (ng —mp3) . . . . . B . .

< quﬁiqz |y, DF g, (U3]\J (1-®)(1—q®) 0dg;,q® + | mns D3, g (m)\sz(l—qz@Jodquqz@
0

0
‘11<122R~1 (94 —mn3) (m(q1* — q1° + 91°92?) mps D g, B(93)l + 41°  mapy DF, o B(04)])

(q1+qz) (@12 + 2 (% + q1q2 + q12)

This completes the proof. [

Theorem 2. Under the assumptions of Lemma 1, if | my,D

, v qz%IT is a generalized m-convex
function for v > 1, then
. - ],
2(B;q1, 92 R, 15,
qlqz ~1 (04 —m3)

=

’

P (md1| 9y D3, g, B(m03)" + dol my, D2, 0, B(04)I")
Q1 Tq2)”
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where
00 2n 3n n+1\ "

,7 P 92 9
G lm ) nZ:o(Ch211+2 - q13“+3) (1 - q1“+1) ' @

00 3n n+1\ "

9q2 92

= (q1 — q) (1 — ) . 5
Q1 —q2 = q3n+3 Q! ®)

Proof. Using Lemma 1, the power mean inequality, and the given hypothesis, we have

- 5 X
2(B;q1, 92 Ry, x,)

2R2K3
< q192 Rgzl,gz(m*m\)a)

- - - . =X .
51— ) myy D2, o, B (mns - AR g, (04— mn3)> | odar g @

[SY S

q +q
-1 +

q1q22R~1 (94 —my3) P - y = %5 . .

< q1+qz 0dgy,q ® J@U*qz@J \mnqul,qz%<m03+ ®Rg, &2(04*m03)>| 0dg;,q @
0

09’ R , (D4 —mp3) =5 y = - . -

< q1+qz <q1+qz> M| my; D, B (03] Jw(lfﬁ))(lfqz@J odgy,q @
0

1 T
+| mquéquz‘B(lMHr J (—:32(1 - an:’]'r Odql,qz GN))
0

qﬂz Nl x, (94— mn3)

o (mdnm%Dglm%(ng)r+dz|mU3D§1,q2%(n4)|f)%.
This completes the proof. [J
Theorem 3. Under the assumptions of Lemma 1, if | my,Dg,, qz%IT is a generalized m-convex
function for v > 1 and % + 1 =1, then
LRy

E(%?QL q2; mxl xz)

1

2R - - 1
qquZRg:gz(‘M —my3) 4.t <m(q22 +q2+q1qe —q1 —q2)l mU3Dél,q2%(‘)3)|r + (q1 + q2)|mn3Dél,q2%(U4)|r> ’

= (q1 +q2) 3° (q1 + ) (@ + q1q2 + q12)
where
> 2n n s
Q@ 92
d3 := (q1 — q2) <1— ) . (6)
@ —q nZ:o Q22 QL
Proof. Using Lemma 1, Holder’s inequality, and the given hypothesis, we have
. = Rs
2(B;q1, 92 Ry, x,)
q1qz (04*\‘“03) ; B 5 y L =R, .
15 | &01- @) w03 3 (mn3 L ORY g, (04— m‘)s)) odgy 00 ©
2R 1 T 1 +
q1q22RR13R2(n4—m03) 5 - 2\ (7. . 3
< q’1+q2 Jw(l—qzm) 0dg;,q, @ lem% Q.9 <m‘)3+a’%x1 Nz(‘74_m‘73)>| 0dgy g ®
0 0
1 H
qq2°R x, (Da—mu3) [0 . .
< q1+q2 ij(l—qzw) (]dql/qzaJ
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1

1 1 T
X (ml ‘)3D§h,qz%(mn3)|T J ®(1— é)ﬂdqwlzé + s Délqu%(UUP J ®° Od%%é’)
0 0
2R - - 1
B qquZRsz:szz(‘M —mn3) gt m(@2+ @12+ e — q1 — g2 ml)3D(2h,q2§B(03)|r + (q1 +q2)I mn3D(2h,q2§B(U4)|r T
(q1 +q2) ? (q1 + @) (2 + quq2 + q12) '

This completes the proof. [
B|" is a generalized m-convex

. . 2
Theorem 4. Under the assumptions of Lemma 1, if | my,Dg, q,

function for v > 1, then

v

2(B;q1, @2 R, ;)
< qquZRgf’ﬁ ((:24) ™) (il s D B0+l s D B0
where
bl g(q?ﬂlyﬂ (1 - q?fz‘zl) (1 - gj:i )r 7
and
. (q‘fﬂl )HS( - gj:ﬁ) ®)

n=0

Proof. Using Lemma 1, the power mean inequality, and the given hypothesis, we have

. - &
2(B;q1, 9 Ry, 1,)
2 52K3 1
Q"R % (Da—mn3) ¢ . - L =R -
< =2 Jm(l*qzm)lmngDél,ngB<mU3+@mfz?’fzz(‘M*m03)>‘0dql,q2®
q1 +q2 :
2] 1 -3 ¥
2p2N3 T r
Q2" Ry %, (va —mp3) N N . . - 58 -
< e Jlodql,qza) Jaf(l—qz@)*lmnsDﬁl,qz%(mnﬁ @%Riflz(n‘}_mns)>‘rod‘hrq2®
0

d)r(lf ib)(l 7q26~))r0dqllqzﬁ~)

S

2 2R3
q192 Rf( NS (ng —mu3) 5
1.552 2
< Q-+ m|m\)3Dq1,q2%(n3]|r

1 T
-+ m\ngZh,qZ%(‘M)lr J {Dr+2(1 - qZé)T Odq1,qz é)
0

e

2283

QI Ry %%, (9g —mu3) . -
= sl (mdalmys D20, B (93)]" + dsl mys D2, 0, B (00"
0

N (q1 +q2)

This completes the proof.
B|" is a generalized m-convex

. . 2
Theorem 5. Under the assumptions of Lemma 1, if | my,Dg, q,

~ 1,1 _
function for v > land 5 + ¢ =1, then

1

1

2R - -
. QUR°RE g, (04 — mu3) & m(q1 +q2 — Dlmys DF,,q, BO03)I" + 1 mps D3, qo Bwa)l™ ) 7
(a1 +q2) 6 (q1 +92) ’

2(B; q1, @ Rx, )
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where

oo 1 1\ S
. q2n S+ q2n+
de == (q1 — q2) Z (q1n+1) (1 gt ) ©)

n=0
Proof. Using Lemma 1, Holder’s inequality, and the given hypothesis, we have

- = = N
2(B;qu 92 Ry, x,)

Q@ q?RY g (04 —mng) ¢

- ~ - = N3 -
< P J@(l—qzm)\m%thlqz%(mn 9%5( 2(04_m03)>|0dq1,q2®
0
1 H 1 T
BRRE g, (94 —mu3) (¢ . N y - 5 . -
< [ &0 -0 o0 J|m,,3Dql,q2%(mns BRY 2(04—m03)>| 0dgr 00
q1+q2 0 0

@@’ Ry g (04— mn3)
q1+q2

1 s 1 1
X (Jés(l_qzé)sodqp&hé) (mml)gDél,qZ%(Uii)TJU_é)odql:qzd)+|““)3D§11,q2%(04)| J Od‘h qza))
0 0

0

=

2R - - 1
qqu2Rg1,3g2(U4_m‘73)d% m(qr+ g2 — Dl my; D30, B (03) 17 + [ mp; DF, 0, B (0a) 7 7
(q1 +q2) 6 (q1 +q2)

This completes the proof. [J

Theorem 6. Under the assumptions of Lemma 1, if | qy, D
function for v > 1 and % + % =1, then

2 BT ; _
q1,q: BI" is a generalized m-convex

zl

(% q1/CI2/mx1 2)

2 2&3 1
_ G R% g, (D4 —my3) _ s 3 3 1
s oo fg;ﬂ) (7,02, g B(93)1"+ sy, D3 g, Bl0a)I") 7,
where
o 0 an q22n q2n+1 T
d7 = (qu—q) )_ (q1n+1 T g2 1- L (10)
n=0
and
[o¢] qz q2n+1 )T
dg = ( ) (1 . 11)
8= q1— 9 L g2z QL (

Proof. Using Lemma 1, Holder’s inequality, and the given hypothesis, we have

5(% q1, 92/ mxl ?‘:2)

@@’ Ry g (04 —mng) ¢

- - = X3 -
< e [ (1= @) gy D3, (s O, (04— ) ) oy 0
Q2RI (9g —mng) (] G 7, ;
"R - - - = -
< (llliqz (J@s Odql,qzaa) (J(l—qzay)fmnqul @ (m\)3+ DRy, gz(%—mna))lfodql,qz@
0 0
ql‘]2 (U4 m‘)3) q—qQ % 5 - 1‘] - = ay -
< (G =2) (o DB )l [(1- )01~ @) 0dgn®
0
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1
+

1

[

g D2, 0, F (U4)|Tjé(1—qzd>)rodq1,q2®
0
L @RRG N, amms) o g gy \F s e
= e R (TR ) (el D3 B0+ dil oy D, B (0]
This completes the proof. [
N
. qz%l is a generalized m-convex

Theorem 7. Under the assumptions of Lemma 1, if | my,D

: 1 —
function for v > land 5 + ¢ =1, then

|

’

1—942 2
d qr+2|m‘,3D§1,qz%(n4)\)

2(B;q,qu R ?‘1 Kz)
qq°R 5( ’x, (D4 —m3) 1 Q—a Q- . .
< (q1 + ) dg (m(qlr+l_q2r+l - q1r+z_q2r+2>‘f"“qupqz%(m)‘ + @ —q
where
00 n n+1y\ S
— 92 9@
= (@1 —q) T\ (12)
n=0 q q
Proof. Using Lemma 1, Holder’s inequality, and the given hypothesis, we have
2(B;q1,q R ;(31( )
152
qlqzszx‘%gz(M*mUa) i N . N -
< o+ % J(1*CI2®)\mnSDql,qz‘B(mUSﬁL@iﬁg] 2(047m03))‘(ldq1,q2®
0
1 1
q1q22R 04*m¥)3 R ° . . =R, T
< q1+qz JlfquD dgy,q @ CO "Tmyy D qlqz%(mn3+®9%gl,g2[m m‘]z])l 0dqy q @
H 1
qi2 Rxl %, (g —my3) ey . -
< p 1—qz® @ | [l oy D2, o B (03] Jw (1— &) odg 4, @
0
+|mn3D3h,qz%(‘)4)‘ J Odquq2®>
0
2283 1
Q2 R "¢ (s —muz) | _ _ . . +
_ 1N s I —9 _ 91— 9 2 T 91— 92 2
- (@1 +q2) dg <m<qlr+1,q2r+1 q]r+2,q2r+2)|‘"'73DCI1rQZ%[U )l +q]r+2 qr+zlmU3DQ1rq2%(U4)| ) )
O
B|" is a generalized m-convex

This completes the proof

Theorem 8. Under the assumptions of Lemma 1, if | my,D q1 ®©

function for v > 1, then

N

(q1 +q2)

Z(B; q1/q2/ xl xz)
TP , .
@’ quszNz(m*mm) ( @’ )l ' m(q' —a’ + e M mng <211,qz%(n3”r+ql3|""J3Dgl1r<12‘B(m)‘ '
2—1 Q2%+ q1q2 + qi? (q1 + @) (@% + q2?) (q2% + q1 G2 + @1?) ’
Proof. Using Lemma 1, the power mean inequality, and the given hypothesis, we have

Z(B; q1,q2/ xl Nz)

(pa—mns) , . =%y
Jfb(l*q2@)|mu3Dql,q2‘B<m‘33+ngl,g2(04*m‘)%))|odqlq2

qlquR

Q1+ Q2
0

IN
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1
+

%l Z'

x5, (D4 *m‘)31>|T odql,qzd)>

co (1—q2®)odgyq, &

11
q1qz X, x (9 —my3) ~ ' 1- - =
< qQ+q ®(1—q®)odg;,q, @ lw(lfqzm)\mnqulqz (mn3+a>9f§
1
) m)
1 T
X (m|1ln3Dql,q2§B(‘]3J Ja)(l_w)(l_qZé)Odql,qzd)"‘mn3Dé1,q2§B(U4J'-Jd)z(l_qzd))()dql,qzd)>
0 0

- ) - 1
q12 )17% m(ql47ql3+q12q22)|mu3Dé1,q2%(U3)|1 +q13\m‘;3D§1,q2%(‘)4)\r r‘
@2+ q1q2 + qi? (@1 + q) (@12 + @2) (@22 + q1q2 + q12)

1 2%
_ ‘I1277q22R&I?5¢2 (s — mys3) (

i
(q+@)* T

This completes the proof. [J

Theorem 9. Under the assumptions of Lemma 1, if |y, Déquz%ﬁ is a generalized m-convex
function for v > 1, then

. = R,
’:(%;ql,qz,%g ,)
21  2p2R; _
ST Ry, (04 —mv3) Q- (@1—9)(1+9q) | q(q—q2) | D2 B (03]
= (qlJrqz)zf% m Q=g @R —q 2 QR —qprte M 93

T

qr— Q@ Q(q —q) 2 &
+ {qf“ " = q2r+3:| s Dy q, B (04) ‘r>

Proof. Using Lemma 1, the power mean inequality, and the given hypothesis, we have

’XS

Z(B;q R <), xz)

qiq2 Rx X, (g —mn3) .

- - . = R -
T J 1*‘]267)\mn3Dgl/qz%<m‘)3+ngigzz(m*m‘33)>|0dqq,qz®

0
Qi *R xlxz (s —my3)
T+ D 1*‘]2"‘3 0dq;,q ®

N

1—1

o
<J @ (1-qd)| m\j3Dq1 ™ <m\)3 + Q%xl %, (91— mUs])lT odql,qub>
0

1
+

1
x

N

QR g x (s —my3)

Q1+

N

1—
1*C12® dqy ‘Izm>

1
T

1
X (mnn)aqul,qz%(US)l er(lm)(lqZé)Odql,q2é+n\\jSDélqu%(U4)rJér+l(1qZ{D)Odql,qz{D)
0 0
27? _
:q @’R 2(‘)4 mt)3)<m[ q—9 _(ql—qz)(1+qz)+ Q(q1 —q2) }| D2 ()"
(q1 N qz)zi% q1r+l _ q2r+1 qlr+2 _ q2r+2 qlr+3 _ qzr+3 Y3~ q1.92
1
qi1 — Q2 qz[q1fqz) 2 ~ T T
[%TH—QZ’H B ‘hT”—CIer]""USDql’qz%(m” ) ’

This completes the proof. [

Theorem 10. Under the assumptions of Lemma 1, if | my,D q1 qz%lr is a generalized m-convex
function for v > 1 and % + % =1, then

- x
Z(B;ququ R %), Nz)

1
T

’

< CILERS 5( % (04*m03)d% m(q® — g + qige® + q1°q) | mn3 DI g, B (03)17 + q1*l mp; DI g, B (0"
(@1 +q2) 10 (q1 + @) (@ + quq2 +qi?)
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where

[ee) 1 1\ S
. qzn s+ q2n+
dio:=(q1—q) )_ (qﬂ‘“) 1- ) (13)

n=0

Proof. Using Lemma 1, Holder’s inequality, and the given hypothesis, we have

- 5 X
2(B; a1 @R, x,)

2R
%qzzkgfgz(mfm\h) e _ , - L =%, -
< Frp Jw(lfqzca)\mn3Dql,q2%(mns+ @mg1,g2(04*m03)>|0dq1,q250
0
. 1
2R T
qquZRg:gz(U-l —mu;3) - - . e - 5 - - =5 N3 v ~ '
< q1+q2 Ja) (17q2®)0dq1,q2® J(l*q2®)|mn3Dql,q2‘B(ml]3+wmg1,g2 (‘)47‘“‘]3))' Odql,qza)
0 0
. 1
28 s
QPR g, (04 —mns) (¢ N A\
< T JG?”(l*qZ@)Sodqmz@
0

1 1 %
X (m m\j3Dél,q2%(‘)3)|r J(l - d))(l _qu)) Odql,qzd) + ‘ m\)3Dél,q2§B(n4)‘r Jd)(l _qZé)qul/q2é>

0 0

2% - - 1
@Ry g, (0s —mug) ot (m(ql3 —q® + Q1@ + @°R) myy DY, B (03)17 + q1?l myy DF g, B (0] ) "

N (q1 +q2) 10 (@1 + 9) (% + q1q2 + q12)

This completes the proof [

3. Applications

In this section, we discuss some applications of our main results.

3.1. Applications to Hypergeometric Functions

Now, we derive some other inequalities involving hypergeometric functions and
Mittag-Leffler functions.

From the relation in (1), if we set ¥; = 1,X, = 0 and X3(k) = % £ 0,
where ¢,1, and 1 are parameters that may be real or complex values; (m)y is defined
as (m)x = r(rn;nt}{ ) , and its domain is restricted as [r| < 1, then we have the following
hypergeometric function:

oo

(b b r) = >

k=0

raya

(D) (W) 1

? Mk £

Let us denote

§ . 2
=285 = R,
R, x, (O, W94 —mp3) = {D‘igl,gz(d),tb;n; g —my3)

Lemma 2. Let B : I — R be a twice (qu, qp)-differentiable function on 1° (the interior of 1) and
U3D%h,q2% be continuous and 1, where 0 < qp < q1 < 1. Then,
31(%;(11,(]2;9:%??5(2)

- - = K
9B (my3) + 1B (mn3 + qﬁigigz (b, W;m; 04 — mm))

q1+q2

= R
mngﬂﬁmg? %, (¢ ming—mu3)
1

B(r) mn3dq1,q2F

a ]
(]129”4‘2’(?&2(4)/11’}1'];04—“1‘)3) myg
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q1qz x1x2[¢l|)ﬂ\)4*mm b

- - . = R -
P Ja) 1-q®) mngDéqu‘B(mU:s—O—@mgigz(d),lb;n;tn—mt);;)) 0dqy qp @-
0

Theorem 11. Under the assumptions of Lemma 2, if | my,

! q,q. Bl is a generalized m-convex
function, then

Z1(B; ququ ], Nz)

= 2% N 5
q1q229,\‘5;1?§<2 (b, W04 — my3) (m(qr* — qi® + @ * @) | mny D3 g, B (03)] + q1°lmyy D3, 0, B (04)])
(@1 +q@)? (@2 + @) (@2 + qqe + qi2)

N

Theorem 12. Under the assumptions of Lemma 2, if | my,D

T
q1 qz%l is a generalized m-convex
function for v > 1, then

Z1(%B; qlfqz, xl xz)

-

N

q1q2 mx] x2(¢‘ V;m; e — rm)3)(

(g +q)? T mdi ;D2 0, B (m03)|" + dal mny D20, B0a)l") 7,
q1 + Q2

where dy and dy are given by (4) and (5), respectively.

Theorem 13. Under the assumptions of Lemma 2, if | my,D

T
q] qz%l is a generalized m-convex
function for v > 1 and % +1 =1, then

3

215 q1, 92 R g,)

Zz 4

= (q1 +q2) 3

=28 b
< qu22mfc1,3§2(¢,1b;T];U4—mns)d (Mm@ +@® + Q192 — 91 — 92) mns DF, 0 B3)" + (91 + G2) ms D, g, Bna)l” /
(@1 +q2)(q2% + q1g2 + @1?)
where dj is given by (6).

Theorem 14. Under the assumptions of Lemma 2, if | qy, D

N
! q1 qz%l is a generalized m-convex
function for v > 1, then

z. b2

E1(%/ q1/ CIZ/D:({ )

<]

5 = 2R3
< Q% Rg, 1, (b, b;m; hg —mn3) (

< ET 14! my; D2, 0, B(95)|" + sl my; D3, B(0a)|")

’

where dy and ds are given by (7) and (8).

Theorem 15. Under the assumptions of Lemma 2, if | my,

2 HIT - .
Dg,,q,BI" is a generalized m-convex
function for v > 1 and % + % =1, then

Z1(B;q1, 2 x? Nz)

1

223 o . . 1
e R x, (G, b;mps—mns) 1 (“‘l(‘?h + @ — Dl my; D g, B (03)I" +|mn3th,qz‘B('J4)\r> T’

< d
(q1 +q2) 6

(q1 +q2)

where dg is given by (9).

Theorem 16. Under the assumptions of Lemma 2, if | qy, D

T
au qz%l is a generalized m-convex
function fort > 1and 1 +1 =1, then

- = X
51(%;q1,qz;9‘*g?g2)
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263253 e
q19z gl/gz(‘b,lb,ﬂ,M*mUs)( Q- >
q

2 T 2 T
TETS g (mdzl ;D2 0B (05)1" + dsl my D3, g, B(92)7) ",

where dy and dg are given by (10) and (11).

Theorem 17. Under the assumptions of Lemma 2, if | my,D
function for v > 1 and % + % =1, then

q] qz%lr is a generalized m-convex

Z1(B;q1, xs Nz)

s 2N
_ qlqzzmgfgz(d»w;n;m—mns)
= (@1 +q2)

+
d9

.

a1 a1 PR Q- : g
x (m<qlr+l_q2r+1 —qer_qer)‘mnqul/qz‘B(‘B)‘ +W‘““?3Dq1rqz%(n4”r> '

where dg is given by (12).

Theorem 18. Under the assumptions of Lemma 2, if | my,D
function for v > 1, then

q] qz%lr is a generalized m-convex

- . = N3
=1(%5; q1,92; mf( )

22K -
o Q127%Q229‘i5t1,3&z(¢,¢;n;04*m%) ( q* )1 ’
s (@ + @) @* + gz + a1

~ ~ 1
y m(qi* — q1® + 91° Q) mns DG, q, BO3)I" + q1°l mys DE, g, Bna)l™)
(q1 + @) (@12 + @) (@2 + q192 + q12)

Theorem 19. Under the assumptions of Lemma 2, if | my,D
function for v > 1, then

T
q1 qz‘BI is a generalized m-convex

Z1(B; qlfqz, xl xz)

-1 25253 .
< BT TR R, (brbimivs — mus) ml @@ (@-@)te) , @le—d) ]| pe g
QT — g ! QT2 Qg M3 A 3

(qu + qz)zf}

1
T

qi—q Qa(q1 — q2) 2 G v
Jr[qlf“*qz*+2 B qlf“*qz*”]"""3Dq1"‘2%(n4” )

Theorem 20. Under the assumptions of Lemma 2, if | qy, D
function for v > 1 and % +1 =1, then

N
q1 qz%l is a generalized m-convex

- = X
=1 (%;qhqz;%gi,gz)

25{2_&3_ (d) IIJ'TI‘U *mU] 1 m( 3 _ 2+ 2+ 2 )‘ D2 ;B( ]‘r+ 2| D2 ;B( )‘r %
L DR R, (Dm0 3 d?< @® — @12 + qq® + @1°q2) | my; D3, q, B (03 q1*| my3 D, q, B (0 >

= (@ +q) 10 (@1 + @) (q® + quge + @)
where dy is given by (13).

3.2. Applications to Mittag—Leffler Functions

Moreover, if we take X3 = (1,1,1,...),X, = 1, and ¥; = ¢ with R(¢p) > 0, then we
obtain the well-known Mittag-Leffler function:

Ru

. — 1 k
ot) =) et

k=0



14 0f 18

Fractal Fract. 2022, 6, 435

Let us denote
=2 - 2
Ry (hg —my3) == [mcb (9g— m03)}

Lemma 3. Let B : [ — R be a twice (qy, qo)-differentiable function on 1° (the interior of 1) and
USD(Zh,qZ% be continuous and 1, where 0 < qp < q1 < 1. Then,

2(8; q1, g2 Rgp)
QB (mn3) +q1B <m03 +q1 R (s — m03))
- q1+q2
mys+qR ¢, (Ds—mys)

1
% (I) muys3 dql,qzx

q12R ¢ (94 — my3) b
1
| @1 = 02 s D2, B (s -+ mdFig (04— 15 ) 0y 5.

=2
_ Q1 q2* R (94 —mn3)

Q1 +q2
2 i~ . . _
qu.q0 Bl is a generalized m-convex

Theorem 21. Under the assumptions of Lemma 3, if | qy, D

function, then

(q1 +92)%(q12 + @A) (@? + g + q12)

‘E(%; Q1,92 Rep)
=2 . .
< q192°R gy (g — m03) (m(q1* — q1® + 41727 mns D, g, B(03)] + 41° s DF, o B(94)])
B|" is a generalized m-convex

; 2
Theorem 22. Under the assumptions of Lemma 3, | my,Dg, q,

]

function for v > 1, then
‘E(%;ql,qz;ﬁp)‘

0192°F ¢, (03 — m3)

192 4 —my3
< ¢ T (md1| mDéqu

(1 +q)™~
where dy and dy are given by (4) and (5), respectively.

2

B(m03)[" + dal mys DFy g, Bl0a)l") ",

Theorem 23. Under the assumptions of Lemma 3, |mn3Dq1,q2%|T is a generalized m-convex

function for v >1and 1 + 1 =1. Then,
)E(‘B;ql @ 9:%)’
- - ) - 1
< qlqzzﬁz,(mfmm)dgg m(qe? +qi” + Q12 — g1 — G2) myy DI g, B (03) 17+ (q1 +G2) [ my3 DFy g, B0a) T\ 7
(@1 +q2) (q1 + ) (g% + qig2 + @?) !

2. BT isa generalized m-convex

where d3 is given by (6).
91,92

Theorem 24. Under the assumptions of Lemma 3, |y, D

<]

function for v > 1. Then

‘5(%;q1,qz;9:%)’
Q1q229:qi>(04—m03) 2 = . 2 & T

where d4 and ds are given by (7) and (8).
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Theorem 25. Under the assumptions of Lemma 3, | my,D
function for v > 1 and % + % = 1. Then,
‘5(%;ql,qz;f§¢)‘
- - 1
m(qr +q2— 1) my, D%iquz% (93)17 + [ s Déquz% (p)I™\ " (14)
(@1 +q2) ’

=2
< DR Rg (s —ms) 1
(q1 +q2) 6

where dg is given by (9).
Theorem 26. Under the assumptions of Lemma 3, | my, D%h,qz%P is a generalized m-convex

=

1.
7

' 1,1 _
function for v > 1land 5 + 1 = 1. Then,
1
> (md7|U3Déllq2§B(U3)|r+d8|mU3Dél,q2%(U4)|r)

‘E(%; q1, 92 Re) )

(

&2
c Q% Ry (hg —my3) q—q
= (q1+9q2) qrstl —qost!
where dy and dg are given by (10) and (11).
Theorem 27. Under the assumptions of Lemma 3, |m.,3Déquz‘3|r is a generalized m-convex
; 1 1_
function for v > 1and 5 + ¢ = 1. Then,
91— 92 D2 5B I %
q1r+2_q2r+2|m"3 ar.ap B (1) /

QI — 2
a QT2 —q2r+2>| m"BDChrCIz‘B(m)lT +

E(‘g;ql,qz;ﬁwt‘
( ( q1—Q
B|" is a generalized m-convex

232
< 1 Ry (ng —mys) 1
(a1 +q2) ’ G =gt
where dg is given by (12).
2
q1.9

Theorem 28. Under the assumptions of Lemma 3, | my,D

i

(

function for v > 1. Then,
2(B;q1, 9 R )}
@2 2R (s — mns) @ >1*% m(qr* = q1® + 41’ @) myy DI g, B (03)17 + 1%l myy D3 g, B (92)17
(G +q)? T @?+ Q2 + q1? (qr + @) (@® + @) (2> + 1 q2 + @1?)
Theorem 29. Under the assumptions of Lemma 3, | my, D%Mz%| is a generalized m-convex
function for v > 1. Then,
‘E(Q;ql,qz;i):%)‘
1,52
Q@ T "Ry (g — my3) (m{ G-@ ([ @=g)l+g)  @l@—e) ] 5 5 (3)]"
(qu + qz)zi% Qi — gt Q2 — g2 Q-3 93 - q1,92
1
Q- P (g1 —q) 2 )
{qlr+2 —q T = q2r+3:| L3 Dy ,q, B (04) ‘T>
2 iod T .
q1,q: BI" is a generalized m-convex

1

]

+
Theorem 30. Under the assumptions of Lemma 3, | my,D

function for v > 1 and % + 1 =1. Then,
‘E(%;qqui%)’
m(qi® — qi* + q1q” + q1°42) | mns D3, 0, B (03) 17 + q1% iy DF, g, B (04)[7
(g1 + ) (@® + 12 + q1?)

2:2
Q@ Ry (ng —mpz) 1
(q1+q) 10

where dy is given by (13).
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3.3. Applications to Bounded Functions
We suppose that the following condition is satisfied:
’ my; D, fh%‘

which means that the twice (qi, qo)-differentiable function 9B is in an absolute value
bounded from the positive real number M.

Proposition 1. Under the conditions of Theorem 1, we have

Z' va

2B q1, @ Rg 1,)

= 2K
o QR Ry, x, (04 —moz) (m(qi* — q1® + q1%q?) + @2 )M
- (q1 +92)2(q1% + @) (2% + 12 + q12)

Proposition 2. Under the conditions of Theorem 2, we have

741 v

2(8;q1, 92 Rg. x,)

= 2N
< QR x, (04 —my3)
(qu+qp)?+

-

M.

(md; +dp)

Proposition 3. Under the conditions of Theorem 3, we have

z. b3

E(%;qlquIS% 2)

25285 2 2 T
C 1% iﬁxl,xz(m—mns)dﬁ (m(qz +QTF QR Q1 — Q)+ q1 +q2) "M
= (q1+q2) (q1 + @) (@?+q192 + q1?)

Proposition 4. Under the conditions of Theorem 4, we have

741 v

2(8;q1, 92 Rg x,)

2550 s (04— )
< Q192" gy, %, (D4 D3 (m d4+d5)vl3v[
(q1+q2)

Proposition 5. Under the conditions of Theorem 5, we have

Zl s

2(B; q1, @ R, 1,)

\

c 21 iﬁxl x2(04 —my;3) d% (m(ql +q@ -1+ 1) %M
(q1 +q2) 6 (q1 +q2) '

Proposition 6. Under the conditions of Theorem 6, we have

Zx Zx

2(B;q1, 9 9:‘1

> :22:(3
. q192°Rg, 1, (94 —my3) ( q1— 9

1
$ 1
dy +dg)* M
(q1 +q2) qls+l_q25+1> (mdy + dg)

Proposition 7. Under the conditions of Theorem 7, we have

Zx %

2(8;q1, 92 Ry, g,)
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= 2R 1
- DR, (94— mos) 2 (m( A a-@ ) R ) "
= (q1 4 Q2) 9 qlr+1 _ q2r+1 q1r+2 _ q2r+2 Cllr+2 _ qzr+2 :

Proposition 8. Under the conditions of Theorem 8, we have

Z(B;q1, Ry, 1,)

1 = 2R _1 1
< TR, (s~ o) < @’ )1 " ( m (gt — @1’ + qr’qp?) + q° > "M
h (qi +q)*+ PR+ Qi@ + @i (@1 + @) (@12 + @2) (@2 + q1qe + q12)

Proposition 9. Under the conditions of Theorem 9, we have

= & :RA
2(B; q1, 42 Ry, x,)
21, 252
T TR R, %, (94 —my3) (m{ G- ([ @—q)d+9) | qelq—q2)
(ql + q2)27% q1T+1 _ q2T+1 qlr+2 _ qzr+2 qlr+3 _ q2r+3

1
Q-9 Qlqg—9) "M
q1r+2 _ q2r+2 q1r+3 _ q2r+3 :

Proposition 10. Under the conditions of Theorem 10, we have

T L

‘i(%;qhqz;ﬂ:% ' %)

2R 1
o qlqzsz(l?ziz (94 —my3) i (m(q13 — @2+ quqp? + q12q) + q12) M

(q1 +92) 10 (@1 + ) (q? + 9192 + q12)

Remark 2. Interested readers can derive several new inequalities from our main results using
special means of positive real numbers. We omit their proofs here.

4. Conclusions

We established a new integral identity utilizing twice (q;, qp)-differentiable functions.
Some new variants of Hermite-Hadamard’s inequality essentially involving the class of
generalized m-convex functions were derived. In order to illustrate the efficiency and
significance of our main outcomes, some applications regarding hypergeometric functions,
Mittag—Leffler functions, and twice (qj, qp)-differentiable functions that are bounded were
discussed in detail. To the best of our knowledge, these results are new in the literature.
Note that these (q1, q2)-trapezium inequalities involving twice differentiable generalized
m-conveX functions are connected to theoretical methods and have applications related
to fractional operators. It is also worth mentioning here that one can extend these results
using fractional quantum integrals. This will be an interesting problem for future research.
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