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Abstract: This survey paper is devoted to succinctly reviewing the recent progress in the field of
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fundamental background for all interested researchers who would like to contribute to this topic.
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1. Introduction

Eu:eﬁtfgsr For many years, integer-order differential equations have been used to describe natural
Citation: Alzabut, J.; Agarwal, R P; or real-life occurrences. However, the factors at play in these situations are extremely
Grace, SR ; Jonnalagadda, J.M. complex and diverse. Therefore, it has been realized that integer-order differential equations
Oscillation Results for Solutions of cannot incorporate all of such features. One can cover up this gap by using fractional-order
Fractional-Order Differential differential equations which provide better description and interpretation to construct
Equations. Fractal Fract. 2022,6,466.  these models. The origin of fractional calculus is the same as that of classical calculus.
https://doi.org/10.3390/ However, the growth of fractional calculus has stagnated due to insufficient geometrical and
fractalfract6090466 unsuitable physical interpretations of fractional derivatives. Researchers came to appreciate
Academic Editors: Norbert the importance of these derivatives with the advent of high-speed computers and precise
Herencsar and Mark Edelman computational techniques by creating and applying a specific fractional differential operator

to a real-life situation. Fractional calculus has become a popular topic in practically every
branch of science and engineering. Indeed, it has been expanded rapidly due to the nonlocal
character of fractional operators. As a result, fractional calculus and its many applications
have piqued the interest of many researchers [1,2].
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fations. late analytical solutions for nonlinear equations. However, one can obtain an approximate

solution to the nonlinear equation to better understand how the equation works. The

qualitative properties of nonlinear equations such as existence, uniqueness, stability, os-
:)4

cillation, controllability, bifurcation, chaos, etc., can be easily discussed without solving
them. Commenting on solutions to equations without solving them can help scientists
tackle many research problems.

Nonlinearity is a qualitative property of equations that can be utilized to create or
remove oscillation. Torsion oscillations, cardiac oscillations, sinusoidal oscillations, and
Attribution (CC BY) license (https:/ / harrpomc o.sc1llat10r'15 are all examples 9f practical applications of the. theory .of qscﬂlahon

. ) of differential equations. Many academics have developed a systematic examination of the
creativecommons.org/licenses /by / A . - : . . - . .
10/). oscillation and non-oscillation of solutions of integer order differential equations. Because
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of the remarkable interest in the theory of fractional calculus, oscillation of solutions
for fractional differential equations has been investigated for the past twenty years. By
studying the oscillation of nonlinear fractional differential equations, Grace and other
scholars initiated and pioneered this topic. The line has continued to progress, and some
notable outcomes have been established and elaborated; the reader can consult the papers
cited herein.

This study intends to bring together the recent advances in the field of oscillation theory
of linear and nonlinear fractional differential equations, as well as provide researchers with
insight into future needs in the field of oscillation of fractional differential equations. The
results of this paper will be presented based on different fractional operators.

We use the following notations, definitions and known results of fractional calculus
throughout the article. Denote by R the set of all real numbers, and R™ the set of all positive
real numbers.

Definition 1 ([1,2]). The Euler gamma function is defined by

re) = /0 e s, R(z)>o.

Using its reduction formula, the Euler gamma function can also be extended to the half-plane
R(z) < Oexceptforz e {...,—2,—1,0}.

2. Oscillation Results via Riemann-Liouville and Caputo Operators

Definition 2 ([1,2]). Let [a,b], (—co < a < b < o0), be a finite interval on the real axis R. The
(left-sided) Riemann—Liouville fractional integral I of order k € C, R(x) > 0, is defined by

1

L30) = i [ G- e >

The (left-sided) Riemann—Liouville fractional derivative DX of order x € C, R(x) > 0, is
defined by

dg

The (left-sided) Caputo fractional derivative CD,’; of order x € C, R(x) > 0, is defined via the
above (left-sided) Riemann—Liouville fractional derivative by

Dai(0) = <d>nI§Kf(€), n=[Rx]+1, >a

n—1 ¢(k)
Cmmwv¢®—;ff%>wyn=meLg>m
-0 :

Grace et al. initiated the study of oscillation theory for fractional differential equations.
Grace et al. obtained oscillation criteria for a class of nonlinear fractional differential
equations of the form

Diu+f1(g,u) = v(¢) +2(¢,u), 7>a>0, M
Di*u(a)=by, k=12, ,m—1; lim; .+ I *u(l) = by,
and
“Dfu+h1(G,u) =v(§) + (G u), §>a>0, @
ub@a)=b, k=01,2,---,m—1,

where m —1 < x < m, m > 1is an integer; 1, f» € C([a,0) X R,R), and v € C([a, ), R).
The authors considered those solutions of (1) (or (2)) which are continuous and con-
tinuable to (4, c0), and are not identically zero on any half-line (b, co) for some b > a.
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A solution of (1) (or (2)) is said to be oscillatory if it has arbitrarily large zeros on
(a,00); otherwise, it is called non-oscillatory. An equation is said to be oscillatory if all of its
solutions are oscillatory.

Let p1, p2 € C([a,00),RT) and B, 7 are positive real numbers. The authors made the
following assumptions:

H1) uf; (¢, u) >0,i=1,2,u #0,7 > a.
(H2) [}1(¢, )| > pr ()| and [12(C,w)| < pa(@)[u”, u #0, T >

(H3) [f1 (¢, )| < p1()[u)” and [12(C, )| > pa(@)[u]”, u #0, T >
We find the following popular results of Grace et al. in Reference 20 of [3].

Theorem 1. Let f, = 0 and condition (H 1) holds. If

liminf ¢!~ /f(g )" Tp(s)ds = —co, 3)

and :
limsup Cl_"/ (¢ —s)"Lo(s)ds = oo, 4)

{—o0 a

then (1) is oscillatory.

Theorem 2. Let conditions (H 1) and (H 2) hold with § > 1and v = 1. If

ligrginfgl_" /é(g — )" [o(s) + Hg(s)]ds = —oo, (5)
and
¢
lim sup gH/ (—s)*[o(s) — Hp(s)]ds = oo, (6)
{—00 a
where

B g
Hp(s) = (B—1)BFp; "(s)py  (s),
then (1) is oscillatory.

Theorem 3. Let conditions (H 1) and (H 2) hold with = 1and v < 1. If

limin 2 (6 =9 o(s) + Hy 5)1ds = e, %
and
: 1-x ¢ K—1
limsup ¢ / (C—9)"[v(s) — Hy(s)]ds = oo, 8)
{—o0 a
where X X

then (1) is oscillatory.

Theorem 4. Let conditions (H 1) and (H 2) hold with § > 1and v < 1. If

lignginfglf" /g(é —5)" Ho(s) + Hg, (s)]ds = —o0, )

a

and

limsup 1% /f(g — )" Ho(s) — Hg (s)]ds = oo, (10)

{—o0
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where
1 B
—1

£ 1- -1 1-v
Hpq(s) = (B=1)BTFpy P (5)EPT(s) + (1= 1)y ™77 (s)p, " (5),
with & € C([a, ), R"), then (1) is oscillatory.

Theorem 5. Let f, = 0 and condition (H 1) holds. If

liminf ¢!~ /j(g ) Tp(s)ds = —oo, (11)
and :
lim sup §1_m/ (T —s)*1o(s)ds = oo, (12)
{—o0 a

then (2) is oscillatory.

Theorem 6. Let conditions (H 1) and (H 2) hold with § > 1and v = 1. If

ligninf@l_m /g(C — )" o(s) + Hp(s)]ds = —oo, (13)
and
¢
lim sup glf’”/ (£ —s)'[o(s) — Hp(s)]ds = oo, (14)
{—00 a

where Hg is defined as in Theorem 2, then (2) is oscillatory.

Theorem 7. Let conditions (H 1) and (H 2) hold with = 1 and v < 1. If

ligrginftlfm /g(g —8)" [v(s) + Hy(s)]ds = —oo, (15)
and
; 1-m ¢ xk—1
limsup ¢ / (= 5)"Lo(s) — Hy (s)]ds = oo, (16)
{—o0 a

where H., is defined as in Theorem 3, then (2) is oscillatory.

Theorem 8. Let conditions (H 1) and (H 2) hold with § > 1and v < 1. If

ligminfélf’11 /C(g — )" o(s) + Hg, (s)]ds = —co, (17)
and
¢
lim sup glfm/ (¢ — )" [o(s) — Hp(s)]ds = oo, (18)
{—o0 a

where Hpg ., is defined as in Theorem 4, then (2) is oscillatory.

In continuation to the above work, Chen et al. [3] established several oscillation
theorems for (1) and (2). The authors in [3] observed that the cases B > v > 1 and
1> B > v > 0 were not considered for (1) and (2) in Reference 20 of [3]. The purpose of
the paper [3] was to cover this gap and establish new oscillation criteria that improve the
results in Reference 20 of [3].

Theorem 9 ([3]). Assume (H 1) and (H 2) hold with > . If

lignl)g}fgl*’( /Tg(g —8)* o(s) + G(s)]ds = —oo, (19)
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and :
lim sup '~ / (Z —5)* 1[o(s) — G(s)]ds = oo, 20)
{—o0 T
for every sufficiently large T, where
B\ [rp(s) P 5
Gs)=|—=—-1 2} P (s),
0= (£-1) [ 12877
then (1) is oscillatory.
Theorem 10 ([3]). Let x > 1. Assume (H 1) and (H 3) hold with < «y. If
¢
liminf ¢!~ / (C — )" 1[o(s) — G(s)]ds = —oo, 1)
{—0o0 T
and ;
lim sup glf"/ (C =) Ho(s) + G(s)]ds = oo, (22)
{—o0 T

for every sufficiently large T, where G is defined as in Theorem 9, then every bounded solution of (1)
is oscillatory.

Theorem 11 ([3]). Assume (H 1) and (H 2) hold with § > . If

liminf¢' ™" /f(g — ) [o(s) + G(s)]ds = —co, (23)
and
. 1—m é x—1
limsup / (C—9)"""[v(s) — G(s)]ds = oo, (24)
{—o0 T

for every sufficiently large T, where G is defined as in Theorem 9, then (2) is oscillatory.

Theorem 12 ([3]). Let x > 1. Assume (H 1) and (H 3) hold with B < «y. If

liminfg' " /Tg(g — )" 1[o(s) — G(s))ds = —oo, (25)

and :
limsup 1" / (€ — ) [o(s) + G(s)]ds = oo, 26)

{—00 T

for every sufficiently large T, where G is defined as in Theorem 9, then every bounded solution of (2)
is oscillatory.

Shao et al. [4] considered the oscillation theory for a fractional differential equation
with mixed nonlinearities of the type

Dfu—p(Q)u() + T i @@ =r(0), T>4, o)
Di*u(a) =by, k=12 ,m—1; lim; .+ I *u(l) = b,
and
“Diu— pQu() + T g @@ =), >a, 28)
u®(a)=b, k=0,1,2,---,m—1,
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where m —1 < x <m, m > lisaninteger, p, r,q; € C([a,0),R) (1 <i<mn), A; (1 <i<n)
are ratios of odd positive integers with A} > - > Ay > 1> A1 > - > Ay

Theorem 13 ([4]). Let

p(é)>0andqi<§>{ig’ SR 9)

If for some constant K > 0, we have

ligninfgl”‘ /g(g—s)’“1 r(s)+1<f T % 1(s)|g:(s )|11"]ds: —00, (30)
— 00 a i—1
and
¢ L 1
lingUPél‘“/ (=) r(s) +KY phT (S)Iqi(S)I”f]ds = 00, (31)
—00 a i=1

then (27) is oscillatory.

Corollary 1 ([4]). Let | = nin (27), then Ay > Ay > --- Ay, > 1. Suppose p(g) > 0, q;() > 0,
i=1,2,---n. If (30) and (31) hold for some constant Ky > 0O, then (27) is oscillatory.

Corollary 2 ([4]). Let ] = 0in (27), then 1 > Ay > Ay > - -+ Ay,. Suppose p(C) < 0, g;({) <0,
i=1,2,---n. If (30) and (31) hold for some constant K > 0, then (27) is oscillatory.

Corollary 3 ([4]). Let

>0, 1<i<I;

p(€)=0andqi(€>{<0 l—;lgi<n. (32)

If there exists a positive function vy on [a, o) such that for some constant Kz > 0, we have

Aj

g 1
ligrggfélf"/ﬂ@—s)" <+1<32vl |ql(>|“f]ds——oo, (33)

and
)L

¢ 1
limsup ¢!~ [ —5)! <+1<32v1 |ql<>|A]ds=oo, (34)

{—o0

then (27) is oscillatory.

Theorem 14 ([4]). Assume that condition (29) holds. If

g 2
liminf@l_m/ (- )+ K Z p (s)]gi(s) = ]ds = —oo, (35)
C—>oo a
and
¢ L
lim sup {1~ / = )+ K Z P (9)[0i(5) ]ds oo, (36)
{—o0 a

for some constant K > 0, then (28) is oscillatory.

Corollary 4 ([4]). Suppose p() > 0, g;(C) > 0,i=1,2,---n. If (35) and (36) hold for some
constant Ky > 0, then (28) is oscillatory.
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Corollary 5 ([4]). Suppose p() > 0, g;({) <0,i=1,2,---n. If (35) and (36) hold for some
constant Ky > 0, then (28) is oscillatory.

Corollary 6 ([4]). Let (32) hold. If there exists a positive function vy on [a, c0) such that for some
constant K3 > 0, we have

As

¢ L 1
ligninfglfm / (T —s) 1 r(s) + Kz Y o) (s)|ql~(s)|1"i1 ds = —co, (37)
e a i=1

and
A

(4 "o 1
lim sup Cl_m/ (=)t r(s) + Kz Y o) (s)|ql~(s)1%]ds = oo, (38)
a i=1

{—o0

then (28) is oscillatory.

In this line, Wang et al. [5] discussed the oscillations of the fractional order differential
equation
Dpu+q(0)fs(u) =0, £>a>0, (39)

where 0 < x < 1, g is a positive real-valued function and f3 : [0,00) — [0, c0) is a continuous
functional satisfying

fa(u)

> Ky > 0.
127 %y
The Riccati transformation technique is used to obtain some sufficient conditions

which guarantee that every solution of the equation is oscillatory or the limit inferior
converges to zero.

Theorem 15 ([5]). If there exists a positive function o € C'(0,00) and a sufficiently large {r > a

such that 5
lim sup ‘ K40 (s)q(s) — %((2)))] ds = oo, (40)

{—oo Y02

where o, (s) = max{c’(s),0}, then either (39) is oscillatory or

liminfu({) = 0.

{—ro0

Corollary 7 ([5]). If there exists a sufficiently large {5 such that

4
lim sup [K4sq(s) — 1] ds = oo, 41)
{—o0 ) 4s
then either (39) is oscillatory or
liminfu(g) = 0.

{—o0

Corollary 8 ([5]). If there exists a sufficiently large {5 such that

¢
limsup [ gq(s)ds = oo, (42)

{—oo 02
then either (39) is oscillatory or

liminfu(g) = 0.

{—o0
Theorem 16 ([5]). Assume that there exist functions H € C(D,R™), o € C'(0, 00) such that

H({,{) =0, H({,s)>0for{>s>a,
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where D = {({,s) € R? : { > s > a} and H has a nonpositive continuous partial derivative

Hl(Z,s) = aHgg’S) on D with respect to the second variable. Also assume there exists a nonnegative
continuous function h defined on D and a differentiable positive function o satisfying for all { > a

(G ) + HES) = ShEoHAEs), )
where o, (s) = max{c’(s),0}. If these assumptions hold and
i 1 ¢ h*(Z,s) B
lllgljogp HG.0) /€1 {sz(s)q(s)H(g,s) " a0l ds = oo, (44)

then either (39) is oscillatory or
liminfu(g) = 0.

{—o0

Theorem 17 ([5]). Assume there is a positive function o such that o’ is continuous on (0,00) and
a sufficiently large {1 satisfies

' (s 2
K40 (s)q(s) — (04;((;)) ds = oo, (45)

lim sup — o /é(g —s)"

{—o0
where m > 1, then either (39) is oscillatory or

liminfu({) = 0.

{—00

In this line, Grace established some new criteria for the oscillation of fractional differ-
ential equations with the Caputo derivative of the form

CDfu=e(Q) +f4(Cu), a>1, xe(1,2). (46)

Moreover, the conditions under which all solutions of this equation are asymptotic
toal + b as { — co for some real numbers a and b, are presented. We find the following
results in Reference 10 of [6].

Theorem 18. Suppose thatp >1,v >0, p(k —2)+1>0,p(y—-1)+1>0,9 = Ll and
the function e : R — R is continuous such that

: / )~ Ye(s)|ds is bounded for all t > a, (47)

and the function §4({, u) satisfies the following conditions:

1. §4(C, u) is continuous in D = {(,u) : { >0, u € R},

2. There are continuous nonnegative functions g, h : [0,00) — [0, 00), g is nondecreasing and
let 0 < ¢ <3—a— 1 such that

P

e < m@g(), >0 @uen, 4s)

and -
/ s/ (5)ds < oo, (49)

where = p(k +v—3)+1<0;
3.
oo -1

/ﬂ T = (50)
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If u is a solution of (46), then |u({)| = O({) as { — oo, that is,

u(2)]
4

lim sup < oo. (51)

{—o0
Note that the Theorem 18 is remains valid if ¢(z) = z.

Theorem 19. Let the constants x, p, q, v and 6 be defined as is in Theorem 18, conditions (47)—(50)
hold. If for every constant ¢, 0 < ¢ < 1,

ligrgio?f {cé%— /ﬂg(é — s)"le(s)ds] = —o0, (52)
and
lim sup {cé + / ds] = o0, (53)
{—o0

then (46) oscillatory.

Theorem 20. Let the constants «x, p, q, v and 0 be defined as is in Theorem 18. Assume that
f4: [a,00) x R — (0, 00) is continuous and there exists a continuous function h : [a,00) — (0, 00)
and a real number A with 0 < A < 1 such that

0 < ufa(Qu) < @™, u#0, (>a (54)
Denote by

§+(0) = r;}{)/f(g—s)“ {e(s) o+ (1—A)Aﬁsvflmﬁ(s)h%( )}ds (55)

Here { > (y for some {1 > a, and my : [a,00) — (0,00) is a given continuous function.

Suppose
h&glf(&ég)> > —o0, ll?jip(gég)> < 0o, (56)
and -
/ seq/”m’i(s)ds < 0. (57)

If u is a non-oscillatory solution of (46), then

u(0)]
4

lim sup < o0

{—o0

Theorem 21. Let 0 < A < 1 and condition (56) of Theorem 20 be replaced by

¢ -
/él (¢ —s)< 1 [/61 ST im] T (s)hllA(s)ds} dt < oo, (58)
and
hm mf / s)ds > —oo, limsup = / s)ds < oo, (59)
é {—o0 é

then the conclusion of Theorem (20) holds.

Theorem 22. Let 0 < A < 1, the constants «, p, q, -y and 0 be defined as is in Theorem 18, and
conditions (54)—(57) hold. If for every constant M, 0 < M < 1,

liminf[M +g.() = —oo, (60)
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and
limsup[M( + g— ()] = oo, (61)

{—00

then (46) oscillatory.

Theorem 23. Let A = 1, the constants «, p, q, v and 0 be defined as is in Theorem 18, and
conditions (57) and (59) hold with h({) = my({). Then every non-oscillatory solution of (46)
satisfies (51).

Theorem 24. Let A = 1, the constants x, p, q, v and 0 be defined as is in Theorem 18, and
conditions (57) and (59) hold with h({) = my(C). If for every constant M, 0 < M < 1,

ligrgg}f [MC+ /f(@ - s)"_le(s)ds] = —o0, (62)
and
4
limsup [M€+/ (¢— s)Kle(s)ds] = oo, (63)
{—o0 a

then (46) oscillatory.

Yang et al. [7] studied forced oscillatory properties of solutions to nonlinear fractional
differential equations with damping,

Dy u+ pr(@) Dy + q1(0)fs(u) = §1(2),  §>0, ”

lim; o+ Iy *u({) =b € R,
where 0 < x < 1, p; € C(R",R), g1 € C(RT,R"), f5 € C(R,R), g1 € C(RT,R), and

# >0, u#0.

Theorem 25 ([7]). Suppose that

S L () A :

timing [ 70— [M—i— /g 0 gl(C)V(é)dé] ds <0, 65)
and ; 1

lirgljogp A @‘_,(SS)) {M+ /&] gl(é‘)V(é)dﬁ] ds >0, (66)

where M is a constant and

Vo) —ew( [ plo)is).

Then (64) is oscillatory.

Using Riccati type transformations, Tun¢ et al. [8] established some new oscillation
criteria for the fractional differential equation

D u+ pa(Q)Diu+92(0)56(G1(0)) =0, {>tg >0, (67)

where 0 < x < 1, po € C([Zo, ), R) with p2(Z) <0, g2 € C([Zo, ), RT) with 42() > 0,
i € C(R,R) with
ufe(u) >0, u#0,

and there exists a constant K5 > 0 such that
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160 > ks, w0,
u
and ;
Gi(¢) = [ (€ =9)Fu(s)ds.
Theorem 26 ([8]). If
fim |— L /g (4r(1 — K)Ksq2(s) — 2(5))ds — oo (68)
(e [ AT — 1) Jz, 57218) — P2 -
then (67) oscillatory.
Theorem 27 ([8]). Assume that there exists a positive function go € C'[{p, 00) such that
4 _
lim / FA=%) 4o o, (69)
{—o0 gy 82(s)
and
: 1 ¢ 85(s)
lim | — /w ds + —-32 = oo, 70
égro‘o[ VAT —x) Jao (5)ds Ti-n| 70
where 5
r [85(s)]” ey _
¥(s) = pa(s)ga(s) + 2p2(s)82(s) —4KT (1 —x)g2(s)q2(s), (71)

82(s)
then (67) oscillatory.

Grace dealt with the asymptotic behavior of non-oscillatory solutions of fractional
differential equations of the form

“Dfv=e(0)+ 1l u), >a>0, xe(01). (72)

The following particular cases are considered:

v(f) = (ﬁ(C)Iu’|‘5’lu’)/, 5>1, (73)
U(g) = u’, (74)
v(0) = u, (75)

where 71 : [a4,00) — (0,00) and f4 : [2,00) x R — R satisfies ufy({,u) > 0 for u # 0 and
¢ > a. We find the following results in Reference 8 of [9].

Theorem 28. Consider (72) with (73). Assume that the function f satisfies
Mf4(€, Ll) < ty_lhl (€)|u|ﬂ+1’ u 7‘4— 0, t>a

for some function hy : (a,00) — RT and real numbers v > 0and 0 < B < 6. For the sake of
simplification, define
R@Q) = [ e s)ds,
and .
20) = [ €= mf P P (5)as,

where my : (a,00) — R is continuous function. Let q be a conjugate number of p > 1,
pk—1)+1>0,andy=2—x — %. Suppose that for any T > max{1,a}, we have
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/ quq‘s(s)mg(s)ds < o0, (76)
¢
1 /¢

limsup = | g2(s)ds < oo, (77)
o 1oeT 1
hmmff/ / (T—3)""e(s)dsdt > —o0, (78)
C—)oo g g a

gt »
hmsupf/ / (T —s)"e(s)dsdt < oo. (79)
{—o0 g ¢ Ja

Then every non-oscillatory solution u of (72) satisfies
(@) =0(3°R(©)), ¢ oo
Theorem 29. Consider (72) with (74). Assume that the function f satisfies

ufs(G,u) < O M () [ulM, u #£0,

for some function hy : [a,00) — R and real numbers v > 0 and 0 < A < 1. For the sake of
simplification, define

£(0) = [ 5 hmd CD snd O )a,

where m3 : (a,00) — R is continuous function. Let g be a conjugate number of p > 1,
pk—1)+1>0,andy=2—x— - Suppose that for any T > max{1,a}, we have

/:O sTml(s)ds < oo, (80)

limsup ¢3(Z) < oo, (81)
{0

hmmf / s)ds > —oo, (82)

lim sup : (C s)* le(s)ds < co. (83)
{—o0

Then every non-oscillatory solution u of (72) satisfies

(@) =0(), & —eo

Theorem 30. Consider (72) with (75). Let q be a conjugate number of p > 1, p(k —1) +1 > 0,
and y =2 — Kk — 5 Suppose that for any T > max{1,a}, we have

/;o mi(s)ds < oo, (84)

limsup g3({) < oo, (85)
{—00

hmmf/ s)ds > —oo, (86)

lim sup (é s)*e(s)ds < oco. (87)
{—o0 4

Then every non-oscillatory solution u of (72) is bounded.
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Grace et al. [10] established some new criteria for the oscillation of fractional differen-
tial equations with the Caputo derivative of the form

“Diu=e(0) +i(lu), a>1, 7>0, (88)

where k = a+n—1,« € (0,1), and n > 1 is a natural number. Assume that f; :
[a,00) x R — (0, 00) is continuous and there exists a continuous function / : [a,00) — (0, )
and a real number A with 0 < A <1 such that (54) holds. Denote by

1 ¢ -1 A1 4
$(0) =t [ (@ =9y = WA T () (s)ds 59)
I'(x) 01
Here, 0 < A < 1,t > (; for some {7 > a, and my : [a,00) — (0,00) is a given
continuous function.

Theorem 31 ([10]). Let 0 < A < 1. Suppose that p > 1, p(k —1) +1 >0, p(y—1)+1>0,
q= %, y=(m—x)+ %, and the function e : R — R is continuous such that

g€4n(§1) is bounded for all ¢ > a, (90)
1 [ 1 .
F/ (¢ —s) " "|e(s)|ds is bounded for all { > a, (91)
a
and -
/ s(”_l)"mZ(s)ds < oo. (92)

If u is any non-oscillatory solution of (88), then

lim sup |u(9|
{—o0 é’n

< oo. (93)

Theorem 32 ([10]). Let A = 1, the constants «, p, q, v and 0 be defined as is in Theorem 31,
and conditions (90)—(92) hold with h({) = m4({). Then every non-oscillatory solution of (88)
satisfies (93).

Theorem 33 ([10]). Let 0 < A < 1, the constants «, p, q, v and 0 be defined as is in Theorem 31,
and conditions (90)—(92) hold. If for every constant M > 0,

lign_1>i£f {Mg”l + /:(C - s)"le(s)ds} = —oo, (94)
and
. n—1 g xk—1
lim sup [MC —|—/ (C—s) e(s)ds} = o0, (95)
{—00 01

then (88) oscillatory.

Theorem 34 ([10]). Let A = 1 and let the hypotheses of Theorem 33 hold with h({) = m4(().
Then the conclusion of Theorem 33 holds.

Grace [11] presented the conditions under which every non-oscillatory solution of the
forced fractional differential equation

Div=e(@)+Ra(Gu), a>1, xe(01), %)

where f4 : [a,00) x R — R is continuous and assume that there exists a continuous function
h:[a,00) — (0,00) and a real number A with 0 < A < 1 such that
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0 < ufy(g,u) <hQu, u#0, 7>a,

holds. Assume, for{ >a > 1,

Rl(é):/grfl/é(s)dseooasgﬁoo. (97)
Denote by
_ % g A 5
w0 = (57)(5) [ i @i ©8)

Here, 0 < A < 1, { > (; for some {; > a, and ms5 : [a,00) — (0,00) is a given
continuous function.

Theorem 35 ([11]). Consider (96) with the particular case

/

0(@) = (n@OE©)’), =y, 5>1,

where r1 : [a,00) — (0,00) is a continuous function. Let 0 < A < 1. Suppose that p > 1,

P(K—1)+1 >0/q: pgll
lim g5(Z) < oo, (99)
{—o0
[ 1
lim [ ({—s) "le(s)|ds < oo, (100)
{—00 Jg
and -
/g sqmg(s)R‘lsq(s)ds < o0. (101)
1

If u is any non-oscillatory solution of (96), then

—t
hrgnj::p ;/(J;% < o0, (102)

Theorem 36 ([11]). Consider (96) with the particular case

v(g) =u'(7), co=yla), 6>1

Let0 < A < 1. Supposethatp>1,p(1c—l)+1>0,q:%,

lim 5(0) < coforall§ = 01 > a, (103)
— 00
[ 1
lim [ (—s) e(s)|ds < oo, (104)
§—>oo a
and -
/é sTml(s)ds < oo. (105)
1
If u is any non-oscillatory solution of (96), then
—t
lim sup M < o0. (106)
{—00 5

Theorem 37 ([11]). Consider (96) where u(a) = cq and ¢ is a real constant. Let 0 < A < 1.

Suppose that p > 1, p(k —1)+1 > 0,9 = %,
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limgs(0) < coforall {> 61 > 0, (107)
=
[t 1
Lim [ (Z—s)"]e(s)|ds < oo, (108)
{— Ja
and .
/g ml(s)ds < oo. (109)
1

If u is any non-oscillatory solution of (96), then e=%|u(Z)| is bounded.

Theorem 38 ([11]). Let A = 1 and the hypotheses of Theorems 35-37 hold with ms({) = h({).
Then the conclusion of Theorems 35-37 holds.

Grace et al. dealt with the boundedness of non-oscillatory solutions of the forced
fractional differential equation with positive and negative terms

CDro+§6(C,u) = e1(0) + ki (Qu+hy(Lu), a>1, xe€(0,1), {>a, (110)

with the particular cases

v() = (D), (111)
0(Z) = (). (112)

The following conditions are always assumed to hold:

1. 1, ky:]a,00) — (0,00) and eq : [a,00) — R are continuous functions;

2. fe,hp:[a,00) x R — R are continuous functions and there exist continuous functions
meg, my : [a,00) — (0, 00) and positive real numbers A; and 1 with A1 > 77 such that
foru #0and ¢ > a,

ufs (1) > me(§)[ul™ Y, 0 < uhy(Z,u) < my(g)fulm .
We find the following results in Reference 11 of [9].

Theorem 39. Assume there exist real number p > 1 such that p(x — 1) +1 > 0, and there are
real numbers S > 0 and oy > 1 such that

¢ —01g

(o) =5 )
if

/aoo e Tkl(s)ds < o0, q= %, (114)
tim (¢ =9 er(s)ds < o, (115)
tim (6= 9 gs(s)ds < (116)

where N
%@ = (P21 | Lwr(@)] " i), a17)

T 1

then every non-oscillatory solution of (110), (111) is bounded.

Theorem 40. Assume there exist real number p > 1 such that p(x — 1) +1 > 0, and there are
real numbers S > 0 and oy > 1 such that
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1 -0

(o) =5 e
If

./:) e Tkl(s)ds < o0, gq= %, (119)
tim (6= 9 er(s)lds < o, (120)
glim g(@ —5)"1gg(s)ds < oo, (121)

where N
%@ = (P2 [ Lmr(@)] " @), (122)

g6! 1

then every non-oscillatory solution of (110), (112) is bounded.

Seemab et al. [6] established the oscillation criteria and asymptotic behavior of solu-
tions for a class of fractional differential equations by considering equations of the form

(123)

Dju + Aou = f7(C,u), >0,
’Dgilu(O) = Uy, limgﬁ(ﬁ IaziKM(O) = Uy,

where 1 < ¥ < 2, Ay € [1,00); ug, uy € [0,00) and f7 : [0,00) Xx R — R be a continuous
function.

Theorem 41 ([6]). Let 1 < x < 2,u; =0, f7 : [0,00) Xx R — [0, c0) be a continuous function,
and there exists a constant My > 0 such that

My
—x)(¢—a)

Then all unbounded solutions of (123) are oscillatory.

If7(,u)| < I —, for some { > a > 0. (124)

Theorem 42 ([6]). Let uy = 0and 7 : [0,00) x R — [0, 00) satisfy §7({, —u) = —f7({, u) and
uy < ug implies §7(L, up) > f7(g, us) for each fixed {. Let

¢
glim §7(s,L)ds = oo, for some { > p >0, L > 0. (125)
—00Jp

Then all bounded solutions of (123) are oscillatory.

Theorem 43 ([6]). Let §7 : [0,00) x R — [0,00) satisfy §7({, —u) = —f7({, u) and (T, u) be
monotonically increasing in u for each fixed t. Let

¢
liminf [ f7(s,L)ds = —oo, for some L > 0. (126)

{—oo JO

Then all bounded solutions of (123) are non-oscillatory.

Theorem 44 ([6]). Let §7 : [0,00) x R — R be monotonically increasing in u for each fixed t and
it satisfy f7(¢, —u) = —f7({, u) and uf; (g, u) < 0if u # 0. Let

¢
lim f7(s, L)ds = oo, for some { > p >0, L > 0. (127)
e

{—o0
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If u(Z) are oscillatory solutions of (123) such that lim;_,«, u() exists, then

lim u(g) = 0.

{—00
Theorem 45 ([6]). Let uy = 0, f7 : [0,00) x R — [0, 00) be monotonically decreasing in u for
each fixed { and it satisfy §7({, —u) = —§7(C, u). Let

4
lim f7(s, L)ds = oo, for some L > 0, (128)
0

{—0o0

then all bounded solutions of (123) are eventually negative.

Theorem 46 ([6]). Let u1 = 0, f7 : [0,00) Xx R — R that satisfy {;({, —u) = —f7({, u) and
ufz(g,u) < 0ifu # 0. Moreover, uy < ug implies f;(Z, uz) < f7(, u3) for each fixed t. Let

¢
ghm f7(s,L)ds = oo, forsome{ >p >0, L >0, (129)
—00Jp

then no non-oscillatory solution of (123) is bounded away from zero as { — .

Theorem 47 ([6]). Let u; =0, f7 : [0,00) X R — [0, 00) that satisfying §7(C, —u) = —f7({, u)
and, upy < usz implies f7({, up) > §7(L, us) for each fixed {. Let

¢
ghm f7(s,L)ds = oo, forsome >p >0, L >0, (130)
— 00 0

then no non-oscillatory solution of (123) goes to zero as { — oo.

Theorem 48 ([6]). Let u1 = 0, f7 : [0,00) x R — R that satisfy {;({, —u) = —f7({, u) and
ufz(g,u) < 0ifu # 0. Moreover, uy < ug implies f;(, uz) < f7(, u3) for each fixed {. Let

g
lim f7(s,L)ds = oo, for some { > p >0, L > 0. (131)
4

{—o0

If u(g) is a non-oscillatory solution of (123) such that lim; ., u(l) exists, then
lim; 0 u(Z) = 0.

Graef et al. [9] dealt with the boundedness of non-oscillatory solutions of the forced
fractional differential equation with positive and negative terms

Do+ (5, u) = e1(0) + ka(Qu" +ha(Gu), x€(0,1), (>a>1, (132)

with the particular cases

0(g) = (ra(Q) (' ’7)', (133)
0(¢) = ra(Q) (u)". (134)

Here, > 1 is the ratio of positive odd integers. The following conditions are always

assumed to hold:

1. 1,ky:[a,00) = (0,00) and eq : [a,00) — R are continuous functions;

2. ¢, hp:[a,00) x R — R are continuous functions and there exist continuous functions
me, my : [a,00) — (0,00) and positive real numbers A; and 7y with A1 > 7 such that
foru #0and t > g,

ufe(G,u) = me(0)|ul™ ™, 0 < uha(T,u) < my () u|M
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Theorem 49 ([9]). Assume there exist real number p > 1 such that p(x —1) +1 > 0. If

/oo K] (s)s"R}1(s)ds < 00, q = %, (135)
tim (€= 57 er(s)lds < oo (136
g113[1 C(g —5)"Log(s)ds < oo, (137)
where R
%@ = (P21 [ Lwr(@)] " im0, (138)
71 1
and .
Ro(Q) = / 7y 1(s) = coas T — oo, (139)

then every non-oscillatory solution u of (132), (133) satisfies

, u(2)]
llrgrlj;lp é”’?e@/—'le(g) < oo, (140)

Theorem 50 ([9]). Assume there exist real number p > 1 such that p(x —1) +1 > 0. If

/00 KI(s)RI (s)ds < o, g = %, (141)
tim (@5 er(s)lds < ov, (142)
élgn g(C —5)" log(s)ds < oo, (143)
where N
A — e n
%@ = (M) [ Rt e, (144)
T 1
and -g
Ro(0) = / 7 1(s) = coas T — oo, (145)

then every non-oscillatory solution u of (132), (133) satisfies

lim sup ()]

ol Ry (T) (140

In this line, Grace dealt with the asymptotic behavior of positive solutions of certain
forced fractional differential equations of the form (96) with the particular cases

v(Q) = (M@Q)W'(Q), ao=o(a), a€R, (147)
v(Q) =u'(§), ao=v(a), a €R, (148)
a9 =u(a), ag€R, (149)

where 1 : [a,00) — (0,00) is a continuous function, f : [4,00) x R — R is continuous and
assume that there exists a continuous function # : [a,00) — (0,00) and a real number A
with 0 < A <1 such that (54) holds. Denote by

A ¢ A 1
§7(0) = (1= A)AT7 r(l,() / (§ =) 167 mg T (s)h T (s)ds. (150)

1
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Here, 0 < A < 1, { > {y for some t; > a, and m5 : [a,00) — (0,00) is a given
continuous function. We find the following results in Reference 11 of [11].

Theorem 51. Consider (96) and (147). Let 0 < A < 1. Suppose that p > 1, p(xk —1) +1 > 0,
q= %, Yo =2—K— %, p(y2—1)+1>0,and % is bounded on [a, %),

® s
s < o, (151)
/Cl ri(s)
/ (s m5(s)> ds < oo (152)
1
limsup — ! / / —5)"le(s)dsdydx < oo, (153)
{—o0 é a 71 O
liminf — ! /CL/X /y( —5)"Le(s)dsdydx > —oo (154)
{—o0 gz a r](x) 1 Ja y y ’
and
lim 1/g ! /x (s)dsdx < oo (155)
im s .
(= 02 g 1’1( ) 1g7

If u is a positive solution of (96), then

lim sup uég) < 0. (156)

{—o0

Remark 1. Conditions (153) and (154) can be replaced by

1 1 x oy
lim —/ // —8) " Le(s)|dsdydx < oo,
tim 2 [* s [ [ et sy

and the result remains valid.

Theorem 52. Consider (96) and (148). Let 0 < A < 1. Suppose that p > 1, p(k —1) +1 > 0,
9= m=2-x— 5 plr-1+1>0

/ (sms(s))Tds < o0 (157)
1
lim sup = / / s)dsdx < oo, (158)
{—o0 6 1
hmmf / / s)dsdx > —oo, (159)
01 Ja
and
1
lim - ds < oo. 160
Mz g7( ) (160)

If u is a positive solution of (96), then

lim sup @ < 00, (161)

{—o0 g

Theorem 53. Consider (96) and (147). Let 0 < A < 1. Suppose that p > 1, p(k —1) +1 > 0,
9= m=2-x— 5 plr-1+1>0,

| ms(s))7is < oo (162)
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g
limsup [ (7 —s)* te(s)ds < oo, (163)
=0 Y01
[ 1
liminf | ({—s)" "e(s)ds > —oo, (164)
{—oo J7y
and
lim g7({) < oo. (165)
{—00

If u is a positive solution of (96), then u({) is bounded.

Theorem 54. Let A = 1 and the hypotheses of Theorems 51-53 hold with ms(g) = h({). Then
the conclusions of Theorems 51-53 hold.

In [12], Grace concerned with the asymptotic behavior of non-oscillatory solutions of
forced fractional differential equations of the form (96) with the particular case

v(g) = u"(2), (166)

where 1 : [a,00) — (0, 00) is a continuous function, f : [4,00) x R — R is continuous and
assume that there exists a continuous function  : [a,00) — (0, 00) and a real number A with
0 < A <1 such that (54) holds. Let m5 : [a,00) — (0,00) is a given continuous function.

Theorem 55 ([12]). Consider (96) and (166). Let 0 < A < 1. Suppose thatp > 1, p(k —1) +1 >
0,9= %,')/2 :Z—K—%,p('yz—l)—f—l >0,

/OO (53m5 (s))qu < o0 (167)
a
¢
lim sup 13/ (7 — )3 Ve(s)ds < oo, (168)
{—o0 g a
¢
liminfl/ (7 — )t Ve(s)ds > —oo, (169)
(oo $ Ja
and
N 34 (k1) [ er2—1, ToT (V1 iix
lim —/ (C—s) s127 mg ™1 (s)h =7 (s) |ds < co. (170)
(—e0 03 Ja
If u is a non-oscillatory solution of (96), then
lim sup |u(§)| < oo. (171)
{—o0

Remark 2 ([12]). Conditions (168) and (169) can be replaced by

: 1 _ )3+ (x—-1)
&ﬂ@é@ 5) le(s)|ds < oo,

and the result remains valid.

Theorem 56. Let A = 1 and the hypotheses of Theorem 55 holds with ms({) = h({). Then the
conclusion of Theorem 55 holds.

Theorem 57 ([12]). Consider (96) and (166). Let 0 < A < 1. Suppose thatp > 1, p(xk —1) +1 >
0,9= %,yzzz—x—%,p(fyz—l)+1 >0,

/oo(s”m5(s))qu < (172)
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lim sup — / s)" " Ve(s)ds < oo, (173)
{—o0 g
T S 1
hmmf—/ (C —5)" " De(s)ds > —oo, (174)
gm0 (M Ja
and
. 1 /¢ -1 1. %1 -
lim —/ (7 — )t (g7 mi~" (s)hT=A(s) |ds < oo. (175)
(=00 G Ja
If u is a non-oscillatory solution of (96) with v(g) = u™(Z), then
lim sup |u(§)| < 0o, (176)
{—o0 g

3. Oscillation Results via Liouville Operators
Definition 3 ([1,2]). The (right-sided) Liouville fractional integral is defined by

1

IO = /gw(s—é)"’lf(S)dS/ {>0, R(x)>0.

The (right-sided) Liouville fractional derivative is defined by

D550 = (— 1) T@, 0= RO R 20, >0

Chen [13] obtained several oscillation theorems for the fractional differential equation

e}

MDD ()] - q(C)f( [e- @)Ku(s)ds) —0, >0, a77)

where 0 < x¥ < 1,1 > 0is a quotient of odd positive integers, » and g are positive continuous
functions on [{p, o0) for a certain {y > 0 and f : R — R is a continuous function such that
f(u)/(u") > K for a certain constant K > 0 and for all u # 0.

Theorem 58 ([13]). Suppose that
/ " (Q)dg = oo, (178)
0

holds. Furthermore, assume that there exists a positive function b € C'[t, 00) such that

r(s)[by (s))"""
(7 +1)7 T (1 — x)b(s)]"

where V', (s) = max{b’(s),0}. Then (177) is oscillatory.

4
lim sup Kb(s)q(s) —

{—o0 o

ds = oo, (179)

Theorem 59 ([13]). Suppose that (178) holds. Furthermore, assume that there exists a positive
function b € Cl[ty, ) and a function H € C(D,R), where D = {({,s) € R2: { > s > (o}
such that

H(,¢) = 0for &> o, H({,s) > 0for (¢,s) € Do,
where Dy = {({,8) € R? : { > s > to} and H has a nonpositive continuous partial derivative
H.(Z,s) = aH(g *) on Dq with respect to the second variable and satisfies

1 -1 b(s)r(s)H'L(g, )
hrgnj::p H(Z, o) / [b(s)q(s)H(g’s) K+ 1)r1+1[1"(1+— K)H(Z,s)]"

ds = oo, (180)
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where
by (s) /
e (g9) = max| 0,5 SHE ) + HIG9) |, (65) € Dy (181)
and V', (s) = max{b'(s),0}. Then (177) is oscillatory.
Theorem 60 ([13]). Suppose that
/g )T < oo, (182)
0

holds. Assume that there exists a positive function b € C!|[to, o) such that (179) holds. Furthermore,
assume that for every constant C > ty,

/Coo L(lg) /ng(s)ds] %dg = oo. (183)

Then every solution u of (177) is oscillatory or satisfies

glgn ;o(s — ) *u(s)ds = 0. (184)

Theorem 61 ([13]). Suppose that (182) holds. Let b({) and H((, s) be defined as in Theorem 59
such that (180) holds. Furthermore, assume that for every constant C > (o, (183) holds. Then every
solution u of (177) is oscillatory or satisfies

glgr;o ;o(s — ) *u(s)ds = 0. (185)

Remark 3. From Theorems 58—61, we can derive many different sufficient conditions for the
oscillation of (177) with different choices of the functions b and H.

In [14], Chen discussed the oscillatory behavior of the fractional differential equation
with damping

DEu(g) — p(8)Du(g) + ﬁé)f(/;o(s - C)_KM(S)dS> =0, £>0,  (186)

where 0 < ¥ < 1, p > 0 and g > 0 are continuous functions on [{, c0) for a certain {y > 0
and § : R — R is a continuous function such that f(u) /(1) > K for a certain constant K > 0

and for all u # 0, and
0 Z
/ exp(—/ p(s)ds)dg = 0.
JZo o

Theorem 62 ([14]). Suppose that there exists a positive function b € C'[o, c0) such that

lim sup g[Kb(s)q(s)V(s) — b, (s)]ds = oo, (187)

{—o0 o

for any constant v > 0, where b’ (s) = max{b'(s),0}, and

V(s) = exp (/; p(s)ds), s > (. (188)
0
Then (186) is oscillatory.

Theorem 63 ([14]). Suppose that there exists a positive function b € C'[{p, o) such that
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2
lim sup ‘ Kb(s)q(s) — m ds = oo, (189)

=0 Y00

where M (s) = max{V/, (s) — b(s)p(s),0}, and V', is defined as in Theorem 62. Then (186)
is oscillatory.

Theorem 64 ([14]). Assume that there exists a positive function b € C'[y, o) and a function
H € C(D,R), where D = {({,s) € R?:{ >s > (o} such that

H(Z,0) = 0for g =G, H(E,s) > 0for (,s) € Dy,

where Dy = {({,s) € R? : { > s > (o} and H has a nonpositive continuous partial derivative

Hl(Z,s) = % on Dy with respect to the second variable and that there exists a function
h € C(D,R) such that

H(e) + g - Mo g, @) e, (190)
and
. 1 ¢ W(g,s)
hrgnjoljp ) /Co lb(S)q(S)q(S)H(CIS) - M] ds = oo, (191)

where M is defined as in Theorem 63 and h ({,s) = max{h((,s),0}. Then (177) is oscillatory.

Remark 4. From Theorems 62—64, we can derive many different sufficient conditions for the
oscillation of (186) with different choices of the functions b and H.

Take b(s) = 1. Then from Theorem 63 we obtain the following result.

Corollary 9. Assume that the following condition hold:

/ q(s)ds = oo. (192)
0

Then (186) is oscillatory.

Take b(s) = 1. Then from Theorem 62 we obtain the following result.

Corollary 10. Assume that the following condition hold:

‘ T)dt | |ds = oo. 193
/0 |:6](S) eXp(/go p( ) ):| 5 ( )
Then (186) is oscillatory.

Note that, since
S
3(s) < 4(s) exp ( / p<r>dr), s> 2o,
0

Corollary 9 can also be derived from Corollary 10. Obviously, Corollary 10 is better
than Corollary 9.
Take b(s) = s. Then from Theorem 63 we obtain the following result.

Corollary 11. Assume that the following condition hold:

z 2
lim sup [sq(s) - M] ds = oo, (194)
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where M4 (s) = max{1 — sp(s),0}. Then (186) is oscillatory.

Take b(s) = 1 and H((,s) = (¢ —s)™, where m > 2 is a constant. Then Theorem 64
implies the following result.

Corollary 12. Suppose that there exists a constant m > 2 such that

lirgnj::p éim /g”j q(s)(¢ —s)"ds = oo. (195)

Then (186) is oscillatory.

By the generalized Riccati transformation technique, Han et al. [15] obtained oscillation
criteria for a class of nonlinear fractional differential equations of the form

e}

HOg(DEu())] — q(C)f( [ - @’fu(s)ds) —0, >0, (196)

where 0 < ¥ < 1, r and g are positive continuous functions on [@0, o) for a certain {y > 0; f,
g : R — R are continuous functions such that

uf(u) >0, ug(u)>0, u#0,

and there exist positive constants ky, k» such that

(TM)Zkll @2’{2/ u#o

Moreover, g’l : R — R is a continuous function such that
ug N u) >0, u#0,
and there exists some positive constant 71 such that
g (o) > mg M (u)g ' (v), wv#0.

Theorem 65 ([15]). Suppose that

o 1
T — )dl = oo, (197)
f, < ()
holds. Furthermore, assume that there exists a positive function b € C*[{y, c0) such that
| ‘ S e)”
lim su k1b(s §) — ———L——|ds = 0. 198

Then (196) is oscillatory.

Theorem 66 ([15]). Assume that there exists a positive function b € C'[y,c0) and a function
H € C(D,R), where D = {({,s) € R?:{ >s > (o} such that

H(Z, ) =0for > o, H(Z,s) > 0for (,s) € Dy,

where Dy = {({,s) € R? : t > s > to} and H has a nonpositive continuous partial derivative
H.(Z,s) = % on Dy with respect to the second variable and satisfies
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| 1 e A0] LG P
hIénj::p HT.%) /Co H(Z,s) lklb(s)q(s) " T = )b(s) ds = oo. (199)

Then (196) is oscillatory.

Theorem 67 ([15]). Suppose that

Lo (e )

holds and g is an increasing function. Assume that there exists a positive function b € C'[o, 00)
such that (198) holds. Furthermore, assume that for every constant C > ),

[eS) 1 4
-1
— ds|dt = oo. 201
/C 8 L(g)/c q(s) S} o (201)
Then every solution u of (196) is oscillatory or satisfies
lim (s —C) " u(s)ds = 0. (202)
{—o0 e

Theorem 68 ([15]). Suppose that (200) holds and g is an increasing function. Let b({) and H({, s)
be defined as in Theorem 66 such that (199) holds. Furthermore, assume that for every constant
C > Co, (201) holds. Then every solution u of (196) is oscillatory or satisfies
lim (s =) "u(s)ds = 0. (203)
{—o0 JT
Qi et al. [16] established some new interval oscillation criteria based on the certain Ric-
cati transformation and inequality technique for a class of fractional differential equations
with damping term of the form

(M@ @D @) + p@)l (D (@)
40 [ 5= 0 u(sds =0, £>0, @04

where 0 < x < 1, p; € C!([tg,0),RT), r; € C?([tg,0),RT), p and q are positive continu-
ous functions on [{y, c0) for a certain p > 0. Denote by

¢ pls)
A = ds, 205
(©) 2 P1(s) ’ @05)
4 1
61(¢,a) :/a str (206)
_ [Fu(sa)

5(C,a) —/a ns) ds. (207)

Theorem 69 ([16]). Assume
/ R A (208)

o eA)pi(s)

® 1

/g = (209)

Jo 7@ e g Je < aisdriz = oo (210)
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hold, and there exist two functions ¢ € C'([Zo, ), R*") and ¢ € C1([o, ), [0,0)) such that

- : gy o PETA=1)81(5, T)2(s)
| <¢<s>q<s>e/*<>—¢<s>¢ () + R

2 -1
[247( J(s)L(1 —x)01(s, T) +r1(s)g'(s )] X <4T(1—K)<P(S)51(Sr T)H(S)) )ds = oo, (211)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

geel

lim (s —0)"u(s)ds = 0. (212)

=00 JT

Theorem 70 ([16]). Assume (208)—(210) hold. Furthermore, assume that there exist two func-
tions ¢ € C1([Co, ), R*) and p € C'([Zo,0),[0,00)) and a function H € C(D,R), where
D = {(,s) €R?:{ > s> (o} such that

H(Z, ) =0forg > o, H(Z,s) > 0for (,s) € Dy,

where Dy = {({,s) € R?:{ > s > (o} and H has a nonpositive continuous partial derivative
Hl(Z,s) = ( ) on D with respect to the second variable and satisfies

Hmsup 512, 20) HCT) / HEs)

<¢<s>q<s>eA<s> — gy (s) + LI _Z){?)(S’ T)y?(s)

2 -1
[&P( $)P(s)T(1—1)d1(s, T) +r1(s)¢' (s )] X <4T(1 —K)Pp(s)d1(s, T)m(S)) )ds =00, (213)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

gh_r)r;o : (s — Q) *u(s)ds = 0. (214)

In Theorem 70, if we take H((,s) for some special functions such as ( —s)" or In % ,
then we can obtain some corollaries as follows.

Corollary 13 ([16]). Assume (208)—(210) hold, and

(fP(S)q(S)eA(S) o5yl (s) + 2L —;‘)(51(5/ T)$(s)
1(8)

2 -1
[N’( J(s)T(1 —x)01(s, T) +ra(s)g'(s )] X <4F(1K)<P(S)51(Sr T)H(S)) )ds =00, (215)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

[e)

glgr;o : (s —¢) *u(s)ds = 0. (216)
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Corollary 14 ([16]). Assume (208)—(210) hold, and

. 1 ¢
P (g —Tnge) Jy € 0

<<P(S)q(5)eA(s) _p(s)y(s) + 20 —:)(51(5/ T)y?(s)
1(s)

2 ~1
— [2([)(5)1/)(5)1“(1 —x)01(s, T) + r1(s)¢’(s)] X <4F(1 —x)p(s)d1(s, T)rl(s)) )ds =00, (217)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

lim (s —0)"u(s)ds = 0. (218)

{—o0 JT

Xu [17] established several oscillation criteria for nonlinear fractional differential
equations of the form

[e9)

(@[ u@y]") - (e [“c-0 "uea) =0 r2n>0 @)

where 0 < k¥ < 1, 7 is a quotient of odd positive integers, p; € C'([Zp, ), RT),
rn e C2([§0,00),R+),
© ds
[
o

pi(s)
® ds
fo ==
F(Z,G) € C([Zo, ) x R,R), there exists a function q; € C([{p, o), R™") such that

F((g},rlc) >qi(G), G#0, u#0, §=>0o

Denote by

¢ _1
B((1,0) = /é py " (s)ds. (220)

Theorem 71 ([17]). Assume

J, w ri@) /; Mr) /:0‘7(”‘15} ez = o, (221)

holds, and there exist a function b € C'([o, o0), R such that

0 1 v, (s)\" b(s)r" (s) B
/é [b(s)q(s)— (’Hl)nﬂ( ;(S) ) x [F(l—K)I;( ZIS)],]]ds = o, (222

for all sufficiently large constants to and T, where b’ (s) = max{b'(s), 0}, B({y, t) is defined for
t>T >y > o > 0. Then every solution of (219) is oscillatory or satisfies

glgn : (s —¢) *u(s)ds = 0. (223)
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Corollary 15 ([17]). Assume (221) holds, and there exist a function b € C'([{o,00), RT) such that

d
an /oo (bﬁr(s))nﬂ b(s)}q(s)ds <o (225)
e b(S) B (gz,S) '

for all sufficiently large constants (p and T, where V', (s) = max{b’(s),0}, B({2, () is defined for
¢ >T > Cy > Co > 0. Then every solution of (219) is oscillatory or satisfies

glgn : (s —=0) " u(s)ds = 0. (226)

Theorem 72 ([17]). Assume (221) holds. Furthermore, assume that there exist two functions
b € C'([go,00),R") and a function H € C'(D,R), where D = {({,s) € R2: { > s > (o}
such that

H(Z,0) = 0for g = o, H(E,s) > 0for (,s) € Dy,

where Dy = {( ,s) € R?: 7 > s> (o} and H has a nonpositive continuous partial derivative

/—\

H.(Z,s) = as &) op Dg with respect to the second variable and satisfies

1 4
e g

1
) (H@,s)q(s) - e &)

(7 + 1)1 L1 = x)B(2,5)H(, )]

)ds =0, (227)

where t; is sufficiently large, { > (> > (o,

Vils)

Hy(Z,s) + b(s) H(Z,s) = h(Z,s), (228)

and h4 (g, s) = max{h({,s),0}. Then every solution of (219) is oscillatory or satisfies

glgr;o ;o(s — ) *u(s)ds = 0. (229)

Corollary 16 ([17]). Assume (221) holds. Furthermore, assume that there exist two functions
b € C'([go,00),R*") and a function H € C'(D,R), where D = {({,s) € R? : { > s > (o}
such that

H(Z,§) =0for { > g0, H(Z,s) > 0for (Z,s) € Dy,

where Dy = {({,s) € R? : { > s > (o} and H has a nonpositive continuous partial derivative
H.(Z,s) = aH(g *) on Dy with respect to the second variable and satisfies

¢
hlgfol:p H(g 70 / b(s)H(Z,s)q(s)ds = eo, (230)
and
limsu ! /g b(s)r;]( )h’]H(C S)d < 00, (231)
! H(T,20) Je [B(Z29)HE,5)]"
where t; is sufficiently large, { > {» > {o. Then every solution of (219) is oscillatory or satisfies
lim oo(s — ) *u(s)ds = 0. (232)

{—o0 e
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With an appropriate choice of the functions H and b, one can derive from Theorem 72
a number of oscillation criteria for (219). Let H({,s) = In({/s), (,s) € D, and b(Z) = ¢".
Then, we obtain the following corollary.

Corollary 17 ([17]). Assume (221) holds. If

1 /6
limsupm/ s’
&

{—o0

A s)H (L, s)
(7 + 1) T(1 — x)B(Za,5) In(¢/s)]

X (ln(g/s)q(s) - )ds =00, (233)

where (3 is sufficiently large, C > C» > Co. Then every solution of (219) is oscillatory or satisfies

lim [ (s—¢) *u(s)ds = 0. (234)

{—o0 JT

Corollary 18 ([17]). Assume (221) holds. If

lirgr;soljp é /; sYq(s) In({/s)ds = oo, (235)
and
_ 1 2s(s)[(1/s)(vIn(g/s) — 1))
s e, BGemer 236)

where (5 is sufficiently large, { > (o > Co. Then every solution of (219) is oscillatory or satisfies

lim oo(s — ) *u(s)ds = 0. (237)

{—o0 JT

By the generalized Riccati transformation technique, Zheng et al. [18] obtained oscilla-
tion criteria for a class of nonlinear fractional differential equations of the form

(@[ @2u@)]") + @ (M@ P u@)) ]
@i [0 ueas) =0 iz @

U

where 0 < k¥ < 1, 7 is a quotient of odd positive integers, p; € C'([Zp, %), RT),
r1 € C%*([Zo,),R"), p, g € C([Zo,0),RT), and f : R — R is a continuous function
such that uf(u) > 0 and f(u)/(u") > K for a certain constant K > 0 and for all u # 0.
Denote by

_ (¢ p(s)
AQ) = [ P, (239)
¢ 1
6(Ca)= [ — —_ds, 240
1(6,4) /u [EA(s)pl(s)]ﬁ ’ (240)
:
0>(C,a) = /a Bifi;;l)ds. (241)

Theorem 73 ([18]). Assume
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/ ) %ds =% (242)
o [EA(S)pl(S)]ﬁ
© 1
L, mte = (243)
I ® GAG) ry — o0
/go 1(¢) /g LA(T)pl(T) /T e"q(s)ds| drdg = oo, (244)

hold, and there exist two functions ¢ € C1([tg,00), R*) and ¢ € C'([Zp, o), [0, 00)) such that

(5)T(1— )0 (s, Ty (s)
71(5)

/;’ <K¢<s>q<s>e/*<s> — o)) + L

7+1
(7 +1) 7 (s)p(s)T (1 —x)61(s, T) + 71(S)¢’(S)]

-1
X ((17 + 1) T(1 =) ¢(s)01 (s, T)]%(s)) )ds =00, (245)

for all sufficiently large T. Then every solution of (238) is oscillatory or satisfies

glim ;o(s — ) *u(s)ds = 0. (246)

Theorem 74 ([18]). Assume (242)—(244) hold. Furthermore, assume there exist two functions
¢ € CY([¢o, ), R*) and ¢ € C'([o, ), [0, 0)) such that

* S — K s, -1 s, 2 S
/ <K¢<s>q<s>e/*<s>—¢<s>w’<s>+’7"’<><F<1 )mff(sf)% (s, T)§(s)

2

- l2fl¢(5)¢(5)(r(1 —5))1601(s, T)OT (s, T) + 1 ()¢ (s)

-1
X (4(F(1 —x))"76, (s, T)Gg_l(s, T)rl(s)gb(s)) )ds =00, (247)

for all sufficiently large T. Then every solution of (238) is oscillatory or satisfies

[0 9)

lim (s —0) "u(s)ds = 0. (248)

{—o0 JT
Theorem 75 ([18]). Assume (242)—(244) hold. Furthermore, assume that there exist two func-

tions ¢ € C1([Zp,00),RT) and ¢ € C([Zo,0),[0,00)) and a function H € C(D,R), where
D = {(,s) €R?:{ > s> (o} such that

H(Z,0) = 0for g =g, H(E,s) > 0for (,s) € Dy,
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where Dy = {( {,s) € R?:{ > s> (o} and H has a nonpositive continuous partial derivative
Hl(Z,s) = a( S £s) on Do with respect to the second variable and satisfies

imsup et o [ HEs)

. s L P(8)T( = 1)y (s, Ty 7 (s)
<K¢<s>q<s>eA< )~ p(s)y(s) + e

=

— [+ 1)y’

n+1
(8)¢(s)T (1 —x)01(s, T) + r1(5)4>’(5)]

—1
X ((17 + 1)1 (1 = x)¢(s)0: (s, T)]%(s)) )ds =00, (249)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

e

glgn : (s —C) " u(s)ds = 0. (250)

Theorem 76 ([18]). Assume (242)—(244) hold. Furthermore, assume that there exist two func-

tions ¢ € C1([¢o, ), R*) and ¢ € C'([go, 0),[0,00)) and a function H € C'(D,R), where
D = {(g,s) € R?>:{ >s > (g} such that

H(Z,{) =0for{ > o, H(g,s) > 0for (Z,s) € Dy,

where Dy = {({,s) € R? : { > s > o} and H has a nonpositive continuous partial derivative
HL(Z,s) = aH(.gf’s) on Dy with respect to the second variable and satisfies

1
RN / H(Gs)

-1
(K"’“)" (5)eA) — p(s)y(s) + 1PN K))W?l((;mg CDPE)

2

: [zﬂlP(S)qb(S)(F(l —))761(s, T)O] (s, T) +r1(s)9/(s)

-1
X (4(F(1 — )16, (s, T)9’2771(s, T)r (s)cj)(s)) )ds =00, (251)

for all sufficiently large T. Then every solution of (204) is oscillatory or satisfies

lim (s —C) " u(s)ds = 0. (252)
{—o0 z
In Theorems 75 and 76, if we take H((, s) for some special functions such as ({ —s)™
or ln , then we can obtain some corollaries.

By the generalized Riccati transformation technique, Xiang et al. [19] obtained oscilla-
tion criteria for a class of nonlinear fractional differential equations of the form

e}

(P1(Q)[2(8) + (@)D u(@)])") - q(@)f(/g (S—é)"u(S)d5> = 0 ¢ = G > 0 (25
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where 0 < x < 1, 77 is a quotient of odd positive integers, p; € C([{p, ), RT), r1 €
C([go,0),RT), g € C([¢o,00),RT), r; is a nonnegative continuous function on [{p, o), and
f : R — R is a continuous function such that f(u)/(u") > K for a certain constant K > 0
and for all u # 0. There exists N > 0, () < N, for { € [, o).

Theorem 77 ([19]). Assume that

/Co r Eg <o
© ds
P
“plGs)
hold and there exist a function b € C1([Zp, o), RT) such that
. ¢ v, (s)\"" Nb(s)py (s
B sup o | <OE116) (5) et |t = = o

where b’ (s) = max{b'(s),0}. Then (253) is oscillatory.

Theorem 78 ([19]). Assume that

" 12(0) ~
/50 rl(g)dt< ’
®© s o

“ plGs)

hold and there exist two functions b € C([p, 00),R*) and a function H € C'(D,R), where
D ={(g,5) € R?*:{ > s> (o} such that

H(Z,{) =0for{ > Co, H(g,s) > 0for (Z,s) € Dy,

where Dy = {({,s) € R? : { > s > (o} and H has a nonpositive continuous partial derivative
(&s)

H.(Z,s) = aHaS’ on Dy with respect to the second variable and satisfies

I 1 /ﬁfl
imsup ————
§—>oop H(C:/ g()) Zo

n+1
’ (KH@,s)b(s)q(s)— N'b(s)pi(s)h}" (£,s)

(7 + 1)1 (1 = x)H(,s)]"

)ds — o, (255)

where ,

b, (s)
b(s)
and h4(,s) = max{h({,s),0}. Then (253) is oscillatory.

Hy(Z,s) +

H(g,s) = h(g,s), (256)

Corollary 19. Assume that

*12(0) o
/0 rl(C)dt< ’

/ 5o, (257)
© pis)

and

<72(C)
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hold, and there exist a function b € Cl([CO, 00), R") such that (254) holds. Furthermore, assume
that, for every constant T > (o,

[ /jq@dsydg_ . -

Then every solution u of (253) is oscillatory or satisfies

od —x _
glg]go i {/g (s—20) u(s)ds} =0, (260)
or .
glim : (s = Q) *u(s)ds = 0. (261)
Corollary 20. Assume that
*12(0) J7 < oo
/50 r1(2) b=

(257) and (258) hold. Let b({) and H({,s) be defined as in Theorem 78 such that (255) holds.
Further, assume that, for every constant T > (o, (259) holds. Then every solution u of (253) is
oscillatory or satisfies

. d [ —x _
glglgo i {/@ (s—0) *u(s)ds| =0, (262)
or -
glgn : (s —=0) " u(s)ds = 0. (263)

With an appropriate choice of the functions H and b, one can derive from Theorem 77,
Theorem 78, Corollary 19 and Corollary 20 a number of oscillation criteria for (253).

By the generalized Riccati transformation technique, Pan et al. [20] obtained oscillation
criteria for a class of nonlinear fractional differential equations of the form

o0

(m@[n@s@a@]") = (e [(e-0uea) =0 ¢>0 s

where 0 < x < 1, 77 is a quotient of odd positive integers, p; € C!([{p, %), R*), 11 €

C%([o, ), RT);
® (s

& _
@ pi(s)

g€ CZ(R, R); g is an increasing function and there exists positive k such that

7

g(Lu)2k>0’ ug(u) # 0.

Moreover, g_1 : R — R is a continuous function such that
ug t(u) >0, u#0,
and there exists some positive constant 7 such that
§ (o) > 1g H(w)g (v), uv #£0;
F(Z,G) € C([tp, ) x R, R), there exists a function g1 € C([Zg, o), RT) such that

F(Z,G)
G

>q(8), G#0, u#0, >0
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Denote by
4

M@0 = [ ——ds, (265)

T [pa(s)]7

_ gAl(glls)
AZ(glrg)* z 7’1(5) ds. (266)

Theorem 79 ([20]). Assume
o0 1 1 ) e
[ (g o= e
R w{ LI d]%d 4z = oo

I <r1<¢>/¢ o) Jo 10| ) de = o 268)

hold, and there exist two functions ¢ € C'([Zo, ), R") and ¢ € C1([o, ), [0, 0)) such that

oo ) o
/g (4’(5)@(5) —¢(s)y'(s) + kp(s)T(1 K)A1)(C,s)1,b (s)

r1(s

) n+1
(7 + Dk (s)¢p(s)I'(1 = k) A1(Z,8) +11 (5)4;’(5)]

-1
X ((17 + 1)k (1~ K)¢(S)A1(€,S)]”r1(5)> )ds =00, (269)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

glgn ;o(s — ) *u(s)ds = 0. (270)

Theorem 80 ([20]). Assume (267)—(268) hold. Furthermore, assume there exist two functions
¢ € CY([¢o, ), R*) and ¢ € C'([o, ), [0, 00)) such that

o . 1
/g <¢(s)q(s) — ()Y (s) + ne(s) (kI (1 ))'71;111((5%,5)142 (Z,8)12(s)

2
- [2U¢(S)¢(S)(kf(1 — 1)1 Ay (L) AT (Z5) + 71(5)4)'(5)]

-1
x <477(kf(1 — )T A1(Z,5) A3 (Z,5)n (S)(P(S)) )ds = oo, (271)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

[0 9)

lim (s =) *u(s)ds = 0. (272)

=00 JT

Theorem 81 ([20]). Assume (267)—~(268) hold. Furthermore, assume that there exist two functions
¢ € C([Qo, ), R") and p € C([fo, ), [0,0)) and a function H € C'(D,R), where D =
{(¢,5) € R?: 7 > s> (o} such that

H(, &) =0forT > o, H(Z,s) > 0for ({,s) € Dy,
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where Dy = {({,s) € R? : { > s > (o} and H has a nonpositive continuous partial derivative
H.(Z,s) = aHa(f’s) on Dy with respect to the second variable and satisfies

1 ¢
li ,
msup oz [ HES)

<¢<s>q<s> gl (s) + HOTI =A@ o)

r1(s)

n+1
(7 + Dk (s)¢p(s)I'(1 — k) A1 (E,8) + 11 (S)qb’(S)}

-1
X ((17 + 1) kO (1 - K)¢(S)A1(C,S)]”r1(5)> )ds = oo, (273)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

e

glim : (s —C) " u(s)ds = 0. (274)

Theorem 82 ([20]). Assume (267)—(268) hold. Furthermore, assume that there exist two functions
¢ € C([Co,0),RT) and ¢ € C([Zo, ), [0,00)) and a function H € C'(D,R), where D =
{(¢,5) € R?: 7 > s> (o} such that

H(Z,{) =0for{ > Co, H(g,s) > 0for (Z,s) € Dy,

where Dy = {({,s) € R? : { > s > o} and H has a nonpositive continuous partial derivative
HL(Z,s) = aH(.gf’s) on Dy with respect to the second variable and satisfies

1 ¢
1.
msup s [ HES)

-1
<¢<s>q<s> _ p(s)y(s) + TSI TA = K>>”f11(<£fs>AZ (Z,5)92(s)

2
N [2’74’(5)¢(S)(k1“(1 — )T AL, 8)AT (G 8) + 71(5)¢’(S)]

-1
x <417(kf(1 —1))1A1(Z,5) A (Z,5)n (5)47(5)) )ds = oo, (275)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

e

glim : (s —C) " u(s)ds = 0. (276)

In Theorems 81 and 82, if we take H({, s) for some special functions such as In %, then
we can obtain the following two corollaries.
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Corollary 21 ([20]). Assume (267)—(268) hold. Furthermore, assume that there exist two functions
¢ € C'([Co,0), RT) and p € C'([Co, ), [0, 0)). If

. 1 ¢
lim sup i —Ingo /0 In(C/s)

{—ro0

o kp()T(1 = ) A (L) (s)
<¢<s>q<s> P (5) + o

n+1
(7 + Dk ()¢ (s)I'(1 — k) A1 (E,8) + 11 (S)qb’(S)}

-1
X ((17 + 1) k0 (1 - K)¢(S)A1(C,S)]”r1(5)> )ds = oo, (277)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

e

glim : (s —C) " u(s)ds = 0. (278)

Corollary 22 ([20]). Assume (267)—(268) hold. Furthermore, assume that there exist two functions
¢ € C'([Co,0), RT) and p € C'([Co, ), [0, 0)). If
! L [n(/s)
imsup ————— n({/s
éﬁoop In¢ —1In¢p Jg,

L n9(s) (K1 — k)T AL(Z,5) AT (L, 5) 9P (s)
<¢<s>q<s> ¢(s)y' (s) + G

2
- [ZW(SW(S)(HU — )T A1 (G,5) AT (G 8) + 71(8)4)'(5)]

-1
X <417(kf(1 —x))TA; (C,s)AZ_l(g,s)rl(s)gb(s)) )ds =00, (279)

for all sufficiently large T. Then every solution of (264) is oscillatory or satisfies

[0 9)

lim (s =) "u(s)ds = 0. (280)

{—o0 JT

4. Oscillation Results via Hadamard Operators

Definition 4 ([1,2]). Let (a,b), (0 < a < b < o0), be a finite or infinite interval of the half-axis
R, and let R(x) > 0and v € C. The (left-sided) Hadamard fractional integral ZX of order x € C,
R(x) > 0, is defined by

T5(Z) = F(lx) /j {m(f)rlff)ds, a<7<b.

The (left-sided) Hadamard fractional derivative D} of order xk € C, R(x) > 0, is defined by

Dif(0) = (¢47) T, =R+, a<i<b
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The (left-sided) Caputo type Hadamard fractional derivative “D¥ of order x € C, R(x) > 0,
is defined by

i) =2 (65) 1@, 0= BRI+, a<i<h

Abdalla et al. [21] established sufficient conditions for the oscillation of solutions of
the following fractional differential equations in the frame of left Hadamard fractional
derivatives in the Riemann-Liouville and the Caputo settings.

Z.)Zz{u + fl(%f) =9(0) + fz(.g,u), {>a, 281)
llmg_erDu ]u(g):bj, ]:],2,...,71’
and
CDEu+f1(g,u) =0(C) +52(u), {>a,
k (282)
(C%) u(@)="b, k=012--,n-1,

where n = [«|, R(x) > 0,bg,b1,- - ,by € R; f1,§2 € C([a,00) X R,R), and v € C([a,0),R).

Theorem 83 ([21]). Let f, = 0 and condition (H 1) holds. If

. . 1—x é é -t U(S) _
11€rr_1>1o£1f(ln ) /T (ln s) Tds = —o9, (283)
and ; .
: 1—x C, = U(S) _
llrgxljoljp(ln 0) /T <ln s) Tds = 00, (284)

for every sufficiently large T, then (281) is oscillatory.

Theorem 84 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If

xk—1

liminf(ing)'~* /T ‘ (ln g) st — _o0, (285)

" (L) [o0E) ~ Hpy ()]

~ 1-x g\ o) —Hpas)]
hrgn_?;lp(lng) /T (111 s) fds = o0, (286)
for every sufficiently large T, where

B

Hia(5) = B o) | 72280 T7 )

then (281) is oscillatory.

Theorem 85 ([21]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with < v.

If
xk—1 _
liminf(Ing)' " /T ‘ <1n g) st — o, (288)
and ; 1 .
lirgn_)soljp(ln é)l_K/T (111 g) Mds = o0, (289)

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (281) is oscillatory.
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Theorem 86 ([21]). Let f, = 0 and condition (H 1) holds. If
TN A0
liminf(ng)' ™" [*(1n%) *Pds = —eo, 2
1€n;10£1(n§) T(ns) 5 ds 00 (290)
and )
4 K=
limsup(In g)l—"/ <ln C) ﬁds = oo, (291)
{—00 T s 5
for every sufficiently large T, then (282) is oscillatory.
Theorem 87 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If
v k—1 H
lim inf(In é)l_”/ (ln €> Mds = —oo, (292)
{—o0 T S S
and .
¢ K=lo(s) — Hg~ (s
lim sup(In g)l—”/ <ln C) Mﬂls = o0, (293)
{—o0 T S s

for every sufficiently large T, where Hpg ., is defined by (287), then (282) is oscillatory.

Theorem 88 ([21]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with B < .

If
. k—1 —
liggiorolf(ln o /f (ln g) st = —0co, (294)
" (0 o\ [P) + Hya 0]
~ 1-n ¢\ o) HHpy(s)]
hrén_;c,ol:p(ln ) /T (ln s> fds = o0, (295)

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (282) is oscillatory.

5. Oscillation Results via Conformable Operators

Definition 5 ([23-25]). The left conformable derivative starting from a of a function § : [a,00) —
R of order 0 < p < 1is defined by

DEIE) — i FETEE=0)') ~§(0).

lim - (296)
If D§(Q) exists on (a,b), then
Dif(a) = lim Dif(0).
If f is differentiable, then
Dif(5) = (6 —a)' § ().
The corresponding left conformable integral is defined as
245(0) = [ o) —ay s, 0<p<1. (297)

Definition 6 ([23-25]). The left conformable integral operator is defined by

K,0 _ 1 ¢ (g_g)P_(s_a)P ot s)(s—a —1S
2950 = i [ (L) o -ar e e
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where k € C, R(x) > 0.

Definition 7 ([23-25]). The left fractional conformable derivative of order x € C, R(x) > 0, in
the Riemann—Liouville setting is defined by

DP1(¢) = DTy "1(Q), (299)

where n = [R(x)], Dy = DIDE - - - DY (n times), DY is the left conformable differential operator
presented in Definition 5.

Definition 8 ([23-25]). The left fractional conformable derivative of order xk € C, R(x) > 0, in
the Caputo setting is defined by

DF1(¢) = I, “*Di1(Q), (300)

where n = [R(x)], Dyf = DEDY - - - D (n times), DY is the left conformable differential operator
presented in Definition 5.

Abdalla et al. [26] established sufficient conditions for the oscillation of solutions of
the following fractional differential equations in the frame of left Hadamard fractional
derivatives in the Riemann-Liouville and the Caputo settings.

Dy u+1(¢,u) = 0(0) +12(Cu), §>a>0,
. j—K,0 . (301)
limg_,.+ o ""u() =b;, j=12,---,n,
and
{CDZ'Pu +h(Gu) =0Q) +h(Gu), {>a>0, a0)
D yu(a) =b,, k=0,1,2,---,n—1,

where n = [k]|, R(x) > 0,0 < p < 1; by, by, - ,bn € R; 1, f2 € C([a,0) x R, R), and
v € C([a,),R).

Theorem 89 ([26]). Let f, = 0 and condition (H 1) holds. If

hminf(gp)l_K /g<(§_“)p_ (S_“)p>“< °08) e~ e, (303)

{—oo \ P T P s—a)l=p

and

hmsup(&’)“‘ /g((C —a)f —(s— a)P)"‘l( o(s) e 0, (304)

{0 \ P T o s—a)l=r

for every sufficiently large T, then (301) is oscillatory.

Theorem 90 ([26]). Let the assumptions (H 1) and (H 2) hold with > . If

() (S

and

. 1= —a) — (s—a)P\* ! [v(s) — Hg,(5)
(2] (S5

for every sufficiently large T, where Hg ., is defined by (287), then (301) is oscillatory.



Fractal Fract. 2022, 6, 466

40 of 49

Theorem 91 ([26]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with B < .

If
() (e

and

limsup(gp>l_1{ /’g < ({—a)f —(s— a)P)"_l [0(s) + Hg . (s)] s — oo (308)

{0 \ P T p (s—a)t-r '

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (301) is oscillatory.

Theorem 92 ([26]). Let f, = 0 and condition (H 1) holds. If

liminf(gp)ln /é(@—‘””—(s—“)")'(_1 : W) ds— 0, (309)

(oo \ P T o s—a)l=p

and

hmsup(g:)ln /4: ( (C—a) —(s— a)P)K—l( o(s) e o, (310)

{—o0 T P 5= a)l—P

for every sufficiently large T, then (302) is oscillatory.

Theorem 93 ([26]). Let the assumptions (H 1) and (H 2) hold with > . If

(2] ()
and
1-n 2P — (s — 2P\ o(s) — s
ll?jofP(g:) /TC<(€ )P : ( )P> [ ((Z_gﬁwp( )]d o, (312)

for every sufficiently large T, where Hg ., is defined by (287), then (302) is oscillatory.

Theorem 94 ([26]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with < vy.

I
1iminf<5p>1n /g ( (f-a)f—(s- “)p>K_l P6) = Her O] 0 a3

(=0 \ 0 T p (s—a)t-r

and

hmsup(g:)l" /5 ( (C—a) — (s — a)p)“ [0(s) + Hpy ()], _ o, (314)

{—ro0 T Y (S - a)l—P

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (302) is oscillatory.

Motivated by the works in Reference 20 of [3,7,26], Aphithana et al. [27] studied forced
oscillatory properties of solutions to the conformable initial value problem with damping
in the Riemann-Liouville and the Caputo settings as follows:

{Dé*""’u +p(@) Dy u+q(0)i(u) = g(§), {>a>0, (315)

limg e T4 "*u(g) = b, j=1,2,---,n,
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and

{CD;+K’PM +p(Q) D u+q(Q)f(u) =g(Q), (>a>0, (316)

DPku(a) =b, k=0,1,2,---,n—1,

where n = [x], R(x) > 0,0 < p < 1;by,by,---,by €R; p, g € C(RT,R), g € C(RT,RT),
and f € C(R,R) such that
fu)
u

>0, u#0.

Theorem 95 ([27]). If

() ()

M+ EVE) | as
and
. gP)” é((C—a>P—<s—a>P)"‘1
1
() (5
M+ V) | as
x 70 D (318)
for every sufficiently large T, where
¢
V({) = exp [/ (s — a)plds] , C1>a, (319)
and
M =Dy u(§1)V (1) (320)
then (315) is oscillatory.
Theorem 96 ([27]). If
liminf<§p>1n N(EISE a>ﬂ>"—1
fooo \ P T P
M+ TP EEVE) | s
41 - o
’ [ V(s) Goaie o O
and
(NI ()= (s - e\
mae(G) ()
M+ T (EEVE) | s
X 0 D (322)
for every sufficiently large T, where V is defined as in (319) and
M* =C DgPu(51) V(&) (323)

then (316) is oscillatory.
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6. Oscillation Results via Generalized Proportional Operators

Definition 9 ([28]). For p € (0,1], k € C, R(x) > 0, the generalized proportional fractional
integral of f of order x is

X & plirg _
P5() = p"l"l(;c)/a er ¢ )f(s)(C—s)" Lf(s)ds. (324)

Definition 10 ([28]). For p € (0,1], k € C, R(x) > 0, n = [R(x)] + 1, the generalized
proportional fractional derivative of Riemann—Liouville type of f of order x is

Di*f(g) = D" LK), (325)
where D" = DPDP ... DP(n times), DF is the proportional derivative defined in [29].

Definition 11 ([28]). For p € (0,1], k € C, R(x) > 0, n = [R(x)] + 1, the generalized
proportional fractional derivative of Caputo type of f of order x is

Di*f(8) = D" I H(), (326)
where D"P = DPDP ... DP(n times), DF is the proportional derivative defined in [29].

Sudsutad et al. [22] established several oscillation criteria of solutions for the general-
ized proportional fractional differential equation with initial conditions of the form

Dy u+f1(¢u) = 0(Q) +12(Cu), {>a>0,
. j—K,0 . (327)
lim;_,.+ o ""u(l) =b;, j=12,---,n,
and
{CDZ'Pu +h(Gw) =0(Q) +halu), {>a>0, 28)
k, _ _
D*fu(a) =b,, k=0,1,2,---,n—1,

where n = [k], R(x) > 0,0 < p < 1; by, b1, ,by € R; 1, f2 € C([g,0) x R, R), and
v € C([a, ), R).

Theorem 97 ([22]). Let f, = 0 and condition (H 1) holds. If

g p-1
1iminfg1*’</ 7 E9) (7~ 5) u(s)ds = —oo, (329)
[ T
and -
lim sup gl—"/ e%(gfs)(g —5)* " ly(s)ds = oo, (330)
{—00 T

for every sufficiently large T, then (327) is oscillatory.

Theorem 98 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If

-1

liminf¢'~* /fep*@‘s)(g — s)*[o(s) + Hp,, (s)]ds = —oo, (331)
and -
lim sup g“"/T ePT(H)(g —5) " ou(s) — Hp,(s)]ds = oo, (332)

{—o0

or every sufficiently large T, where Hg ., is defined by (287), then (327) is oscillatory.
Y y larg By Y Y
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Theorem 99 ([22]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with B < .
If

g —
lim sup @1*"/ e%@*s)(g —5)""o(s) + Hg (s)]ds = —oo, (333)
{—o0 T
and -
.. —x =2 (7—s K—
11€rg1oro1f§1 /T er & )(g— s)F 1 [0(s) — Hg,, (s)]ds = oo, (334)

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (327) is oscillatory.

Theorem 100 ([22]). Let f, = 0 and condition (H 1) holds. If

¢ p-1
lim infgl_”/ epT(g_s)(C — )" 1o(s)ds = —oo, (335)
{—o0 T
and .
—1
lim sup glfﬂ/ e'7 (&9 (¢ — ) ou(s)ds = oo, (336)
{—o0 T

for every sufficiently large T, then (328) is oscillatory.

Theorem 101 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If

¢ o1
e (&L - _
liminf ' "/T e7 C (g —5)1u(s) + H , (5)]ds = —co, (337)
and -
lim sup tl_”/ e%(éfs)(g — )1 [0(s) — Hg,,(s)]ds = o, (338)
{—00 T

for every sufficiently large T, where where Hpg ., is defined by (287), then (328) is oscillatory.

Theorem 102 ([22]). Let k¥ > 1 and suppose that the assumptions (H 1) and (H 3) hold with
B<vIf

g —
limsup g1 ~" / eg@*”(g—s)"*1 [0(s) + Hp,(s)]ds = —oo, (339)
{—00 T
and -
. _ e (z— _
hgnlg}fél ”/T P 'o(s) — Hp,(s)]ds = oo, (340)

for every sufficiently large T, where Hg . is defined by (287), then every bounded solution of the
problem (328) is oscillatory.

In continuation to the above work, Alzabut et al. [30] established some sufficient
conditions for forced oscillation criteria of all solutions of the generalized proportional
fractional initial value problem with damping term of the form:

Dy Pu+ p(Q)Ds u+q(O)i(u) = ¢(0), {>a>0,
. j—x,0 . (341)
lim;_, .+ 75 u(é):bj, j=12--,n,
and
DU+ p(Q)CDy U+ q(Q)f(u) = (C), ¢>a>0,
k (342)
D*fu(a) =b,, k=0,1,2,---,n—1,
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where n = [x], R(x) > 0,0 < p <1;by,by, -+ ,by €R; p, g € C(RT,R),q € C(RT,RT),
and f € C(R,R) such that

fw)
” >0, u#0.
The following results improve and generalize the oscillation results in [27].

Theorem 103 ([30]). If

o1
p—1 er

s—t ) 1,0
liminf ' % /é T(g_s)(g _ S)Kfl ' M+Ig1 (pg(s)V(s))
{—oo T

ds = —co, (343)

V(s)
and
1 (s-21) Lp
¢ et e’ M+ I (pg(s)V(s))
lim su 1*"/ 7 e )l sl ds =oc0, (344
Hx)pé . (C—s) V(s) )
for every sufficiently large T, where
14 —(1—
V(Q) :exp{ pp(s) = (1 =p) p)ds , (345)
4] P
and
M =D u(51)V (1) (346)
then (341) is oscillatory.
Theorem 104 ([30]). If
E(ngl) * 1,0
7 o1 er M +T s)V(s
hgrgg}fgl*"/T T (g syt v(sgl (p3(5)V(5)) ds = —co, (347)
and
G Lp
¢ o "7 M 4T (0g(s)V (5))
lim su 17’(/ e (€=s) —g) 1 & ds =00, (348
msupl! ™" | (5 TG (348)
or every sufficiently large T, where V is defined as in (345) an
for every sufficiently large T, where V is defined as in (345) and
M* =€ DPu(a)V(a) (349)

then (342) is oscillatory.

Remark 5. If we put p = 1 in Theorem 103 and Theorem 104, then they reduce to Theorem 95 and
Theorem 96, respectively.

7. Oscillation Results via Fractional Operators Involving Mittag-Leffler Kernel

Definition 12 ([31]). Let f € H'(a,b), a < b,and 0 < x < 1, then the left fractional integral
with Mittag—Leffler nonsingular kernel is defined by

1—x« K

ABIt’l(f(g) - Wf(g) + B(K) Iﬁ’l(f(g)l (350)
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where B(x) > 0 is a normalization function satisfying B(0) = B(1) = 1 and I} is the x-th order
left-sided Riemann—Liouville fractional integral.

Definition 13 ([31]). The left Caputo fractional derivative with Mittag—Leffler nonsingular kernel
is defined by

4 _ ok
wenyiie) = £ [ oe xS @51

where Ex(w) is the Mittag—Leffler function with one parameter defined by

%) w"
Ec(w) = n;)m' weC, R(x)>0.

Abdalla et al. [31] derived sufficient conditions to prove the oscillation for solutions of
Caputo fractional differential equations with Mittag-Leffler nonsingular kernel of the form

{ABCD::u +hGu) =0(Q) +Ra(Gu), §>a 52)

u®(a) =, k=0,1,2,---,n—1,
wheren <x <n+1,by,by, - ,b,_1 €R;f1, 2 € C([a,00) x R,R),and v € C([a,0),R).

Theorem 105 ([31]). Let f, = 0 and condition (H 1) holds. If

o 1l—x+n_, k—n (¢ o B

llérr_lg)lfg |:F(K)B(K—n)l—av(€) + W /T (é — S) 1U(S)d5:| = —09, (353)
and

. . 1—k+4n_, K—n (¢ K _

h?_?;lpg [F(K)B(K—n)za v(f) + Blx—n) ./T (C—s) 1U(S)ds} = oo, (354)

for every sufficiently large T, then (352) is oscillatory.

Theorem 106 ([31]). Let the assumptions (H 1) and (H 2) hold with > . If

Lo n l—x+n_,
hénlg)lfg [F(K)B(K—n)za [0() + H/37((.)]
st [y 1[v<s>+Hm<s>] ds = —co, (355)
and
liznsup ¢ lF(K)WIg [v(0) + Hp (2)]

+ % /Tg(é — ) o(s) — H}g/,y(S)‘| ds = oo, (356)

for every sufficiently large T, where Hg ., is defined by (287), then (352) is oscillatory.
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Theorem 107 ([22]). Let x > and suppose that the assumptions (A1) and (A3) hold with B < 7.
If

liminf{
{—o0

ﬂnm;jfﬁﬂ[@+Hm@n

+%/g(g—s)K—1[v(s)—Hﬁw( )] ds = —co, (357)

JT
and
i —n l—-x+n_,
hrgnjoljpg lr( )WI [0(2) + Hp (0)]
+ % /f(é — ) u(s) + H,g,,(s)] ds = oo, (358)

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (352) is oscillatory.

8. Oscillation Results via General Riemann-Liouville and Caputo Operators

Definition 14 ([32]). Let x > 0, I = [a, b] be a finite or infinite interval, f an integrable function
defined on I and € C(I) an increasing function such that y'(s) # 0 for all s € 1. Fractional
integrals and fractional derivatives of a function f with respect to another function  are defined

Q) = 1 [ VO - 9E) e T

and
DY 1 d oy n=|x a

Definition 15 ([32]). Let k > 0, n € N, I is the interval —oo < a < b < oo, f, p € C"(I) such
that  is an increasing function such that ¢'(s) # 0 for all s € I. The left -Caputo fractional
derivative of f of order x is defined by

D0 =1 i) 1O

Abdalla et al. [32] studied the oscillation of general fractional differential equations of
the form

Dy¥u+f1(¢,u) = 0(Q) +fa(Gu), {>a>0,
. K—jp ) (359)
lim;_,,+ Dy u(Q) =b;, j=12,---,n
and
{Dﬂv+m;m=wo+h@m,é>aza (360)
k
D*¥u(a) =b;, k=0,1,2,---,n—1,

where n = [«], %(x) > 0,bg, b1, ,by € R; f1,§2 € C([g,00) X R,R),and v € C([a,0),R).

Theorem 108 ([32]). Let f, = 0 and condition (H 1) holds. If

ummw@WKA%mmwo—me%@@——w (361)

{—o0



Fractal Fract. 2022, 6, 466 47 of 49
and .
h?gmwof*éw%wwa—w@r*ww%—m, (362)
for every sufficiently large T, then (359) is oscillatory.
Theorem 109 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If
lim in(y / Y (WD) — 9(s)) [os) + Hpp(s)]ds = —o0,  (363)

and

IMwWMW“fﬁ@@@—ﬂ%”%@—%ﬂ%ﬁ—m (364)

{—00

for every sufficiently large T, where Hg ., is defined by (287), then (359) is oscillatory.

Theorem 110 ([22]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with
p<rIf

lim sup ((¢))" ™" /; ¢'(5)(9(Q) = ¥(s)) ' [o(s) + Hpy(s)]ds = o0, (365)

{—o0
and

l1rn1r1f / Y'(s ¥(s)) " o(s) — Hg, (s)]ds = —co, (366)

for every suﬁ‘laently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (359) is oscillatory.

Remark 6. If we let Y({) = ¢, () = Ingand ¢(7) = pa) then we recover the Riemann—
Liouville and Hadamard fractional oscillation results in Reference 20 of [3,21,26], respectively.

Theorem 111 ([32]). Let f, = 0 and condition (H 1) holds. If

o 1-n [ k=1 — —00

liminf(9(2)' ™" |4/ (5)(9(8) = 9(s))" o(s)ds = e, (367)
and .

1irgl_§up(¢(C))1n/€ () () — 9(5))o(s)ds = oo, (368)

for every sufficiently large T, then (360) is oscillatory.

Theorem 112 ([22]). Let the assumptions (H 1) and (H 2) hold with > . If

hmMW@f”fW@@@—wm“%®+mMM%=—w (369)

{—00

and

limsup((E)' " [ OWE) ~ 96" [o6s) ~ Hyy ()]s =0, (70)

{—o0

or every sufficiently large T, where Hg ., is define 287), then (360) is oscillatory.
Yy iciently larg h ﬁ,,y'd'dby( ), then (360) i illatory
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Theorem 113 ([22]). Let x > 1 and suppose that the assumptions (H 1) and (H 3) hold with
B<If

limsup(p(2))1" /j YW — ) ols) + Hyy(s)]ds =0, (371)

{—o0

and

liminf(y(g)) " /f WS @E) — p(s)) " [ols) — Hy(s)]ds = —oo,  (372)

{—o0

for every sufficiently large T, where Hg ., is defined by (287), then every bounded solution of the
problem (360) is oscillatory.

Remark 7. If we let Y(C) = ¢, () = Ing and ¢({) = @ then we recover the Riemann—
Liouville and Hadamard fractional oscillation results in the frame of Caputo in Reference 20
of [3,21,26], respectively.
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