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Abstract: We examine a viscous Cahn-Hilliard phase-separation model with memory and where the
chemical potential possesses a nonlocal fractional Laplacian operator. The existence of global weak
solutions is proven using a Galerkin approximation scheme. A continuous dependence estimate
provides uniqueness of the weak solutions and also serves to define a precompact pseudometric.
This, in addition to the existence of a bounded absorbing set, shows that the associated semigroup of
solution operators admits a compact connected global attractor in the weak energy phase space. The
minimal assumptions on the nonlinear potential allow for arbitrary polynomial growth.
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1. Introduction

Let () be a smooth (at least Lipschitz) bounded domain in RN, N = 3,2,1, with
boundary 92 and let T > 0. We consider the following viscous fractional Cahn-Hilliard
equation in the unknown (order parameter) u satisfying

oru(t,x) = / k(s)Au(t—s,x)ds in Qx(0,T), 1)
0
k is a so-called relaxation kernel, with a chemical potential u given by
u(t, x) = adpu(t, x) + (=A)Pu(t,x) + F'(u(t,x)) in QxR, )

«>0,6€(0,1),and typically, F is a double-well potential (the precise assumptions on F
are stated in (N1)-(N3) below), subject to the boundary conditions

u=0 on RMQx(0,T) and =0 on aQ x (0,T), 3)
with the given initial and past conditions

u(0) =up(0) in Q and u(—t) =up(—t) in Qx[0,T), 4)

for
up: QA x (—o00,0) — R.

Here, we define (—A)P with 0 < B < 1 as the (nonlocal) fractional Laplace operator.
In other words, let Q € RN be an arbitrary open set and fix

L£LYQ) := {u : ) — R measurable, / jul)|

— .
o (1+ N7 = °°}

Foru € LY(RN), x € RN, and & > 0, we write

u(x) — u(y)

p
—A =C
(=8)eulx) = Cnip (RN Jy—x|>e} [x — y[N+2B Y
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with the normalized constant Cy g given by
pa2er (M52£)
CNp =~ ®)
m2l(1-B)

where T’ denotes the usual gamma function. The (restricted) fractional Laplacian (—A)Pu
of the function u is defined by the formula

(—A)Pu(x) = Cy gPV. /RN Wdy = 13$(—A)§u(x), x €RN, (6)

provided that the limit exists. We call AP the self-adjoint realization of the fractional
Laplacian (—A)? with Dirichlet boundary condition (3)1, see, e.g., [1] (Section 2.2) (see
also [2]).

Some remarks: First, observe the chemical potential (2) involves the Neumann (no-
flux) condition described by (3). Hence, when the memory function k is close to the Dirac
delta function, we recover the usual parabolic equation associated with the Cahn-Hilliard
equation with the flux-free chemical potential.

Naturally, we are also interested in the closely related problem to (1)-(4) whereby the

fractional Laplace operator (—A)P is replaced with the regional fractional Laplacian, Aé,
defined by first setting

AP —C u(x) —uly) 4.
0.(x) = Cup e ly—xi>e) [x —y| N2

where Cy g is given by (5), then

uix u .
AP u(x) = Cy gPV. / (x) (32/; dy :1561Ag£u(x), x e, @)

a |x—yN*

provided that the limit exists. Assuming u € D(Q) (see [1] (page 1280)) then the two
fractional Laplacian operators are related by

(—A)Pu(x) = AL u(x) + Va(x)u(x), Yu e D(Q) ®)

with the following potential

dy
Vi =C —— 57, € Q. 9
Q(x) N,ﬁ RN\Q |x_y‘N+2ﬁ X ( )
The comparable Cahn-Hilliard problem with the regional fractional Laplacian is then
(1) with the chemical potential

§o= o+ Aéu +F(u) in Qx(0,T), (10)
now subject to the boundary conditions
u=0 on 0% (0,T) and dnu=0 on 90O x (0,T), (11)

with the above initial and past conditions in (4). Our focus here is on obtaining results
for the restricted fractional Laplacian, of which the regional counterpart can be view as
a perturbation thanks to (8). The restricted fractional Laplacian appears in the context
of nonlocal phase transitions with Dirichlet boundary conditions in [3,4]. On the other
hand, the regional fractional Laplacian is generally better suited to treat problems with
nonhomogeneous boundary data and even dynamic boundary conditions (see [1,5] and
the references therein).
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It should also be noted that we only consider the viscous case, where a > 0, since the
nonviscous counterpart & = 0 inherits no added regularity for ad;¢.

Inside a bounded container Q C R?, the Cahn-Hilliard equation (see [6]) is a phase
separation model for a binary solution (e.g., a cooling alloy, glass, or polymer),

o =V - [k(u) V],

where u is the order-parameter (the relative difference of the two phases), « is the mobility
function (we set x = 1 throughout this article), and y is the chemical potential (the first
variation of the free-energy E with respect to u). In the classical model,

= —Au+F(u) and E(u)z/ﬂ(;Vuz—kF(u))dx,

where F describes the density of potential energy in Q) (e.g., the double-well potential
F(s) = (1 —5%)?).
Recently the nonlocal free-energy functional has appeared in the literature [7],

1
E@) = [ [ J=v)@x) - o)y + [ F@)dx,
hence, the chemical potential is,

p=ap—Jxp+F(e), (12)

where
a(x) = [ Jr=y)dy and (x9)(x) = [ Jx=)gw)dy. (13)

In view of [8,9], the nonlocality expressed in (12)—(13) (see also [10-19]) is termed weak
while the type under consideration here in (2) and (6) is called strong. Under certain
conditions the strong type reduces to the weak (see [8], and also see [7]). Recently there
has been much interest in the nonlocal Cahn-Hilliard equation with strong interactions
of the restricted fractional Laplacian type (6) and the regional fractional Laplacian type (7)
(see [3,5,8,9,20]). The results in these references concern global well-posedness, and when
available, the existence of finite dimensional global attractors and regularity.

Additionally, there has been exceptional growth concerning dissipative infinite-
dimensional systems with memory including models arising in the theory of heat conduction
in special materials (see, e.g., [21-25]) and the theory of phase-transitions (see, e.g., [26-34]).
One feature of equations that undergo “memory relaxation” is the admissibility of a so-
called inertia term. For example, (see, e.g., [35]) the first-order equation with memory

wi(t) + /0°° ke(s)f (u(t — s))ds = 0

for

1
ki(s) = e

leads us (formally) to the “hyperbolic relaxation” equation
€Mtt(f) + Mt(t) + f(u(t)) =0.

In this way, our model also includes the viscous Cahn-Hilliard equation with inertial
term (see [36]). Hence, the novelty in the present work is a relaxation of a phase-field model
with a strongly interacting nonlocal diffusion mechanism.

In this article, our aims were:
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¢  To provide a framework to establish the global (in time) well-posedness of the model
problems (1)—(4) and (1), (4), (10), and (11).
e  To prove the semigroup of solution operators admits a compact global attractor.

In order to reach these aims, we require sufficient growth conditions on F (given below)
in order to employ a Galerkin scheme with suitable a priori estimates. With a finite energy
phase space identified, a one-parameter family of solution operators is defined, hence
generating a semidynamical system. This semigroup is dissipative on the energy phase
space and also defines an a-contraction on the phase space. The existence of a compact
global attractor follows.

2. Past History Formulation and Functional Setup

We now introduce the well-established past history approach from [37] (see also [27,29])
by defining the past history variable, for alls > 0and ¢t > 0,

S
nt(x,8) = / —Ap(x,t —o)do. (14)
0
Observe that # satisfies the boundary condition
7'(x,00=0 on Qx (0,0). (15)

When k is sufficiently smooth and vanishes at +co (these assumptions will be made
more precise below), then integration by parts yields

/o00 k(s)Ap(x,t —s)ds = _/ v(s)n' (x,5)ds

0

where v(s) = —K'(s).
We may now formulate the model problem (1)—(4) as:
Problem P. Find (u,17) = (u(x,t),7'(x,s)) on (0, ) such that

oru(x,t) + /(;oov(s)nt(x,s)ds =0 in Qx(0,00) (16)

u(x,t) = adsu(x, t) + (=A)Pu(x,t) + F'(u(x,t)) in Qx (0,00) (17)
9 (x,8) +9s1' (x,8) = —Au(x,t) in Qx(0,00) x (0,00)  (18)

held subject to (3) and (15), and satisfying the initial conditions (4); and

10(x,5) = o(x,5) in Qx (0,00), (19)
whereby with (14),
Molxs) = [ —Buolx,—y)dy in 0 x (0,09) (20)
where in light of (4),,
po(x,t) = adsug(x,t) + (—A)Pug(x, t) + F (ug(x,t)) for t<O0. (21)

Additionally, we are also interested in treating the related problem where the above

fractional Laplace operator (—A)P is replaced with the regional counterpart Aé. Hence,
the formulation of the related regional Problem P is based on (1), (4), (10), and (11).

Here, we introduce some notation. From now on, we denote by || - || x the norm in
the specified (real) Banach space X, and (-, -)y denotes the product on the specified (real)
Hilbert space Y. The dual pairing between Y and the dual Y* is denoted by (u, v)y+y. The
set () is omitted from the space when we indicate the norm. We denote the measure of
the domain Q by |Q)|. In many calculations, functional notation indicating dependence on
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the variable f is dropped; for example, we write u in place of u(t) or 7' in place of 7' (s).
Throughout the paper, C denotes a generic positive constant, while Q : R, — R, denotes a
generic increasing function. Such generic terms may or may not indicate dependencies on
the (physical) parameters of the model problem, and may even change from line to line.

Let us define the linear operator Ay := —Aon D(Ay) = {¢ € H*(Q) : 9p¢ = 00on9Q},
as the realization in L2(Q) of the Laplace operator endowed with Neumann boundary
conditions. Here, —A denotes the usual (local) Laplace operator. It is well-known that Ay
is the generator of a bounded analytic semigroup e~ Nf on L2(Q)). Additionally, Ay is
nonnegative and self-adjoint on L2(Q). With H"(Q) := (H'(Q))*, r € N, denote by (-)
the spatial average over (), i.e,,

1
(¥) = ﬁ<¢/1>H*’><H"
We set H

(0)(0) = {y € H'(Q) : (y) = 0}, H'(Q) = L?(Q), and we know that
At H?O) Q) — H(OO) (Q)) is a well-defined mapping. We refer to the following norms in
H~"(Q)) (which are equivalent to the usual norms)

19l1F- = 1A% = @D IP + 1) > (22)

The Sobolev space H!(Q) is endowed with the norm,

19l = IVel* + ()% (23)

Denote by A > 0 the constant in the Poincaré-Wirtinger inequality,

[ — ()| < VAol VY. (24)
Whence, for A}, := max{Aq, 1}, there holds, for all y € H'(Q),
[9l1* < Aall Vil + ()? (25)
<ALl

We now more rigorously describe the fractional Laplacian with Dirichlet boundary
conditions. For an arbitrary bounded domain Q) C RN and for B € (0,1), denote the
fractional-order Sobolev space by,

: _ 2
WP2(Q) := {u eL*(Q): /Q N dedy < oo},

to be equipped with the norm

Cn u(x) — u(y)|? 1z
— 2 B julx) —uly)\~
[[ullwea = (/Q|u(x)| dx + 5 /Q/Q NP dxdy) ,

where Cy g is given by (5). Let

_ WB2
wh () =™ .

Hence, Wg 2 (Q)) is a closed subspace of WA?(Q) containing D(Q)). Moreover, thanks to [38]
(Theorem 10.1.1),

WH(Q) = {u e WP2(RN) : 4 = 0on RV \ O},
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where i is the quasi-continuous version (with respect to the capacity defined with the space
WP2(Q)) of u. One may easily show that the following defines an equivalent norm on the

space Wg'Z(Q),

_ Cng |u(x 2
2 = =5 //xywwmw/mIMWx

_ Cng |u(x) —u(y) P
/RN /RN y|N+2ﬁ T gINi2p XY (26)
Here, Vg, is the potential (9).

Remark 1. Either definition of the space W(’)g 2(Q) makes sense for any arbitrary open set Q C R3
(not necessarily bounded).  Furthermore, if () has a Lipschitz boundary, then by [39],

Wégfz(ﬂ) = WFP2(Q) for every 0 < B < 1.

From now on, we write u € Wg’z(Q) tomean u € WP?(RN) and u = 0on RN \ Q). Let
ag,p be the bilinear symmetric closed form with domain D(ag ) = W(/)5 Z(Q) and defined
for u,0 € WH*(Q) by

e,5(1:0) CNﬁ/ / yfféi’éi‘”(y”dxm /Q Vo (x)u(x)0(x)dx
@ﬂ y))(v(x) — o(y))
/RN /RN |x — y|N+2P dxdy. (27)

Let Ag g be the closed linear self-adjoint operator on L?(Q)) associated with ag, p by

{ D(Agg) i= {u € WE*(Q) : 30 € L2(Q), app(u, ¢) = (v,9) Yo € WS (Q)} 28)
AE,ﬁ” = 0.

According to [1] (Proposition 2.2), the operator Ag g on L%(Q) associated with the
bilinear form ag g is given by

D(Agg) i= {u € Wo(Q): (-A)fu € I2(Q)} and Vu € D(Agg), Apgu:=(—A)bu. (29)
Observe that comparing (6) and (26)-(29) shows, for all u € D(Agg),

(=)0, u) = agg(u,u) = ||[ull]2 (30)

wE?*

Concerning the related regional problem discussed above, we let ap g be the bilinear
symmetric closed form with domain D(ap ) = Wg 2(Q) and defined for u,v € W(l)% 2(Q) by

aD/g u,v) CNB/ / y)(e() 7U(y))dxdy. (31)

|x— |N+2p

Let Ap g be the closed linear self-adjoint operator on L%(Q) associated with a D, by

D(Apg) == {u € W*(Q) : Jo € LX(Q), ap (u, ¢) = (v, 9) Vo € WS> (Q)} 32
AD,/gM =0.

Then, by [1] (Proposition 2.3), the operator Ap g on L%(Q) associated with the bilinear
form ap g is given by
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D(Apg) = {u € Wi*(Q): Abu € 12(Q)} and Vu e D(Apg), Appu:= Abu. (33)

We introduce the spaces for the memory variable 7. First, the product in H? (Q)) for
o € Rand uy,u; € H?(Q) is defined by

(w1, u2) e = (A P, AYup). (34)

For a nonnegative measurable function 6 defined on R and for a Hilbert space W
(with inner-product (-, -)y), let L(R.; W) be the Hilbert space of W-valued functions on
R equipped with the following product,

(@1, 92) 12w, W) = /O 0(s)(91(s), ¢2(s))wds.
Thus, we set
Mg =L2(R;H(Q) and M) = [2(Ry; H (Q)) foro €R,

where v = v(s) is the kernel from (16). Hence, for o € R and ¢1, ¢» € Mo, using (34) the
product in M, (and ML(TO)) can be expressed as

@1 0a1, = [ V(AL 201(5), AL (5)) i

Naturally, we may also consider spaces of the form HX(R,; H?(Q)) for k € N,
We mention that solutions of Problem P must also satisfy the mass conservation
constraints,
(u(t)) = (ug(0)) and (y'(s)) =0 Vt>0,Vs>0. (35)

With this, it is important to realize that the norm of 7 in the space M(f)i may be

expressed without writing the average value of 77y in (22) by virtue of the second constraint
of (35). Indeed, for ' € M%),

Wi, = (v O as)
= ([ vmagonre)

We now state the basic function spaces we intend to study Problem P in. For each
B (0,1) and ¢ € R, define the following (weak) energy Hilbertian phase-space

Hpo = Wg ’Z(Q) X M((Tozl, equipped with the norm on Wg 2(Q) X ./\/l(@l whose square is

given by, for all ¢ = (u,7)" € Hp,q,
2 2 2
1918y, = el + ' B,
Then, for each M > 0, define the closed subset
Hyly ={¢ = (u,n)" € Hpo o [(u)| < M} (36)

When we are concerned with the dynamical system associated with the model Problem
P, we utilize the following metric space,

x = {g = ()" e ul Fu) € L'(Q) },
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endowed with the metric

1/2

gy (01,02) = 1 = galgy -+ | [ Flun)ds = [ Flunyix

Remark 2. The embedding Hgﬁ — H/% is continuous but not compact, due to the presence of
(0)

the second component M ;. Indeed, see [40] for a counterexample.

It is appropriate for us to state the various assumptions that may be used on the kernel v.

(K1) v e CYRy)NLY(Ry)and v(s) > Oforalls € R;.
(K2) v/(s) <Oforalls € R,.

o)

(K3) ko = / v(s)ds > 0. (For the sake of simplicity, we now assume kg = 1 throughout
0
the rest of the paper.)
(K4) v = lim v(s) < co.
s—0+

(K5) V/(s) + Av(s) < Ofora.e.s € Ry, for some A > 0.

Some remarks for these assumptions: By assumption (K2), the inequality holds for all
n' € D(T;)

(Ten's 1), < 0. (37)

We remind the reader that the assumption (K5) is only required when we examine the

asymptotic behavior of the solutions (and in that case, (K2) is redundant).

In order to formulate a suitable (abstract) evolution equation for 7!, we define the
linear operator T, = —d; with the domain

D(T,) = {' € M) : 8" € M), 4'(0) = 0}.

It is well-known that T; is the infinitesimal generator of the right-translation semigroup
on M_j; indeed, the following result comes from [37] (Theorem 3.1).

Proposition 1. The operator T, with domain D(T,) is an infinitesimal generator of a strongly
continuous semigroup of contractions on M _, denoted e™r*.

As a consequence, we also have (see, e.g., [41] (Corollary IV.2.2)).

Corollary 1. Let T > 0 and assume g € L'(0, T; H-1(Q)). Then, for every 9 € M_1, the
Cauchy problem for ',

o' = Tyt t), t>0,
{ o' =Trp +8(1), for (38)
1 = 1o,

has a unique (mild) solution n € C([0, T|; M _1) which can be explicitly given as

S
/O gt —y)dy, for 0 <s<t,

’7t(5) = t
no(s—t)+/0 g(t—y)dy, for s>t,

(39)

see also [21] (Section 3.2) and [37] (Section 3).

3. Variational Formulation and Well-Posedness

To begin this section, we state the assumptions on the nonlinear term F and report
some important consequences of these assumptions. These assumptions on F are based
on [13,15] and can be found in [5] (Section 3).
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(N1) F e CIZO .(R) and there exists cr > 0 such that, for all » € R,

F'(r) > —cr.
(N2) There exist cr > 0 and p € (1,2] such that, forallr € R,
[F'(r)[P < cp(|F(r)[ +1).
(N3) There exist C;, C; > 0 such that, forall r € R,

F(r) > Gy|r|P/(P=1D — G,

The last assumption is not needed to obtain the existence of weak solutions, but it is
relied upon later when we seek the existence of strong/regular solutions and uniqueness
of these solutions.

(N4) There exist p > 2 and C3 > 0 such that, forall r € R,

[F"(r)] < G(1+1r1P72). (40)

The following remarks are from [5]. Assumption (N1) implies that the potential F is a
quadratic perturbation of some strictly convex function; i.e., there holds,

F(r) = G(r) — E42, 41)

with G € C?(R) strictly convex as G” > 0 in Q. Furthermore, with (N1), for each M > 0
there are constants C; > 0,i = 3,...,6, (with C4 and Cs depending on M and F) such that,
forallr € R,

F(r) — C3 < Cy(r — M2+ F'(r)(r — M), (42)

SIF O+ 1) < P(r)(r — M)+ Cs, 3)
(see [26] (Equations (4.7) and (4.8))) and
[E(r)| = Cs < [F'(n)](1+ |7]). (44)

The last inequality appears in [42] (page 8). With the positivity condition (N3), it
follows that, for all » € R,
[F'(r)] < ce(JF(r)| +1). (45)

Assumption (N2) allows for arbitrary polynomial growth p = p/(p — 1) in the potential
F. Significantly, the double-well potential F(r) = (r> — 1)? satisfies (N2) with p = 4/3 and
(N4) with p = 2.

We are now ready to introduce the variational /weak formulation of Problem P.
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Definition 1. Let T > 0and ¢g = (ug,170)" € 7—[2?0 = W(’)S’Z(Q) X MSO% be such that F(ug) €
LY(Q). A pair ¢ = (u, 1) satisfying

¢ = (u,1) € L=(0, T; Hgp), (46)
o € L2(0, T; H1(Q)), (47)

a € L*(0,T; Hy ' (R+; Hig  (0))), (48)

ue L*0, T, W F2(Q)), (49)

F'(u) € L®(0, T; LF(Q)) (50)

is called a WEAK SOLUTION to Problem P on [0, T| with initial data ¢o = (ug,10) € H% if the

following identities hold almost everywhere in (0, T), and for all v € H'(Q), ¢ € Wg’Z(Q) N
LP(Q)), and { € M;:

@ut,0) v + [ V)0 (5),0) g1 s =0, 1)
aE,ﬁ(”/ &)+ <F/(u)/€>w—ﬁ,2><wg/2 + a(0ru, €>W—ﬁ,2><wé3/2 = (1, €>W—ﬁ,2><wg/2/ (52)
@' Dy — (T, Dy = (1,0 My (53)

Furthermore, the initial conditions hold in the [2-sense
u(0) =ug and #°=no. (54)

Finally, we say that ¢ = (u,n)" is a GLOBAL WEAK SOLUTION of Problem P if it is a weak
solution on [0, T|, for any T > 0.

Remark 3. It is important to note that although 1 is defined by (14) and (21), 179 may be taken to
be initial data independent of u. Henceforth we consider a more general problem with respect to
the original one.

Remark 4. Concerning Equation (53) and the representation Formula (39), we have

ooy n tey | Ot —s) for0<s<t,
Ty’ (s) = asﬁ(s)—{_asﬂo(s_t) fors >t

Thus, when given 19 € ./\/1(2, then Tyt € HyY(Ry; H-1(Q)), for each t € (0,T), by
virtue of (49). Moreover, taking ¢ = 1 in the variational equation

(afﬂtl g)/\/l,l - (Trﬁtrg)./\/l,l = - /OOOV(S)(_A;“/g>H*1><H1dS/

we find, for all s > t,

2016+ ol — 1)) = kolp(t —5))

We know that 1y € M(_O% and kg = 1, hence

and it follows that
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Remark 5. In the Cahn—Hilliard model, it is well-known that the average value of u is conserved
(see, e.g., [43] (Section 111.4.2)). A similar property holds here for our problem. Indeed, we may
choose the test function v = 1 in (51) which yields

)+ [T v 6))ds =0,

By (4), there holds (n'(s)) = 0 for all t > 0 and for all s > 0. Hence, we recover the
conservation of mass

w(t)) = () and (u(t)) =0, Vi>0. (55)

Remark 6. Before we continue to the existence statement, it is worthwhile to recall Theorem A1 (d)
in Appendix A for which the following embedding holds

D(Agp) = L*(Q),  VB€ (%1), for N =1,2,3. (56)

Theorem 1. Let T > 0 and ¢g = (ug,10)" € ”Hgf[o = Wg’z(Q) X M(_O% for p € (1),
N = 1,2,3, be such that F(ug) € L'(Q). Assume « > 0 and that (K1)~(K4) and (N1)~(N3) hold.

Problem P admits at least one weak solution ¢ = (u,n) on (0, T) according to Definition 1 with
the additional reqularity

u e L2(0, T; L P=1(Q0)), (57)
Vo € L2(Q x (0,T)), (58)
€ L2(0,T; L2, (R+; Hp (Q))), (59)
F(u) € L®(0, T; LY(QY)), F'(u) € L®(0,T; L}(QY)). (60)

forany T > 0. Furthermore, setting
() = u(®)l \ﬁvg,z +2(F(u(t), ) + 734, +C (61)

for some C > 0 sufficiently large, the following energy equality holds for every such weak solution,
t [
et +2 [ (zx|8tu(r)||2d'r -/ v’(s)||;77(s)||§{1ds) dt = £(0). (62)

Proof. The proof proceeds in several steps. The existence proof begins with a Faedo—
Galerkin approximation procedure in which we later pass to the limit. We first assume that
ug € D(Agp). (This assumption will be used to show that there is a sequence {uo, }5
such that ug, — ug in D(Ag,g) as well as L*(Q) per (56), which will be important in light
of the fact that F(u,) is of arbitrary polynomial growth per assumptions (N1)-(N3).) The

existence of a weak solution for ug € Woﬁ 2(Q) with F(up) € L'(Q) follows from a density
argument. To establish the equality in the energy identity, we exploit the fact that the
potential F is a quadratic perturbation of some strictly convex function.

Step 1: The Galerkin approximation. To begin, we introduce the family {v;} ;> of eigen-
vectors of the fractional Laplacian Ag g, which exist thanks to Theorem Al in Appendix A.
Moreover, there is a family {w; } ;> consisting of the eigenvectors of the Neumann-Laplacian

An, and with this, we define the smooth sequence of {z;}>1 C D(T;) N W2 (R H(lo) (Q))

by z; = bjw; such that {b;};>1 C CZ(R.) is an orthonormal basis for L2(R). Using these,
we define the following finite-dimensional spaces:

V" =span{vy,vy,...,0n}, W" =span{wy,wy,..., wy}, M" =span{zy,zp,...,2n}, (63)
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/Ooov(s

and set

=Jv, we=Jw", MmM2=[JM".
n=1 n=1 n=1

Clearly, V* is a dense subspace of Wg ’2(0) and W® is a dense subspace of H!(Q). In

addition, M® is a dense subspace of ./\/l(_ol)

the form on (0, T),

.For T > 0 fixed, we look for two functions of

un(t) = Za,((n)(t)vk and 7/ (s Z )z, (64)

where 2" and ¢! are assumed to be (at least) C%(]0, T]) for each j = 1,2,... an for each
n =1,2,..., which solve the following approximating Problem P,:

(Otun,v) + /()wv(s)(nfl(s),v)ds =0 (65)
ag,p(tn, &) + (F'(tn), §) +a(@eun, &) = (pn, ¢) (66)
@t Om_y — (Tt Oy = (pns §) Mg (67)

un(o) = Uon, 7791 = Non (68)

for every v € V", ¢ € W" and { € M", and where ug,, and 79, denote the finite-
dimensional projections of 1 and 79 onto V" and M?", respectively. This approximating
problem is equivalent to solving a Cauchy problem for a system of ordinary differential
equations (indeed, see, e.g., [26] (page 131)). Hence, the Cauchy-Lipschitz theorem en-
sures that there exists a T, € (0, o] such that this approximating system has a unique
maximal solution.

Step 2: A priori estimates. We now derive some a priori estimates in order to show
that T;, = oo for every n > 1 and that the sequences of u,, 17,t1, Uy are bounded in suitable
functional spaces. By using v = i, as a test function in (65) and ¢ = dsu,, as a test function
in (66) we obtain

@rt )+ [ V()07 ), en)ds = 0 (69)

(,”nratun) = ((7A)§Mn, atun) + (F,(un)r at”n) + lX”atunHZr (70)

and taking { = 7/, as a test function in (67) yields (for the products in M _1, this is a
multiplication by (—A) !5l in My)

([ 30 ) (-2 i s+ [ v ([ dunh x50 (-) e ) s

= [T (-0 (-0) () ),

which is, after an integration by parts,

@t ) My + Osti i) sy = (s 1) My- (71)

Then, combining the results produces the differential identity, which holds for almost
allt € (0,T),

1d
3 31l g 20 ) 1) 5 1 B, = Punl = (T g, =0, 72
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Forallt € (0,Ty), set

En(t) = |||un(f)|\|f/v§,z +2(F(un(1)),1) + lmlliy_, +C (73)
where in light of (N3), the functional &, (t) is nonnegative for all t € (0, T,;). We have
d
S3En 20uua]2 =2 [V (9)lh(s) 3 ads = 0 7

for almostall t € (0, T,,). Hence, integrating the equation above with respect to time in (0, t),
we are led to the following integral equality (which does hold for the approximate solutions)

t o
&ut) 2 [ (aloun (01 = [V @6 B )T = €0 05
Furthermore, from (73) and assumption (N3), we find the lower bound
/(p—1)
Hlun(f)IIIi,Oﬁ,z +2C [l (BP0 + b3, < EalD): (76)

Using the fact that F(u) € L'(Q), we also obtain the upper bound

En(t) < Eu(0) < [[lun (0) |$v(€3,2 + (F(un(0)),1) + [l7all3a
< QUI9a(0) 1) +C. )
In particular, the uniform bound derived from (75)—(77) implies that the local solution

to Problem P, can be extended up to time T, that is T, = T, for every n. Moreover, from
(75) and (76) we deduce the following bounds for the approximate solution

||’7n\|L°°(0,T,-M,1) <C (79)
| F(un) | oo 0,701y < C (80)
Vel 9unl 2k 01y < C (81)
lrnll 20,72, (R sm-1)) < € (82)
||unHL°°(()/T;LV/(P—1)) <C (83)
Obviously, (45) and (80) immediately show us
IF" () | o 0,7501) < C- (84)

Next, since <A;,18tun> = 0 (recall (55)), we may (and do) take v = Agllatun in (65)
which leads us to the estimate,

_1 R _1 _1
A0 2 < [ v() Ay o (5) 1 Ay?armn (D), (85)
that is,
JortenlBy s < [ V)1t (56)

Using the Cauchy-Schwartz inequality and assumption (K3), we can write

19l -1 < llpmll g - (87)
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Thus, (79) and (87) yield
19¢un | Lo 0,71y < C- (88)

We need to bound F’(uy,), then p,. Inlight of (66), we apply (84), (88), and the fact that op-
erator Ag g is bounded from Wg’z(Q) into W—F2(Q) (in particular, || A ity || L2(0,T;WB2(0)
< C), to obtain the following uniform bounds for

[(un)| < C, (89)
and

H Hn HLZ(O,T;W*,B/Z(Q)) S C. (90)

This completes Step 2.
Step 3: Passage to the limit. On account of the above uniform inequalities, we can argue
that there are functions u, #, p, such that, up to subsequences,

Uy — U weakly-* in L=(0,T; Woﬂ’z(Q)), (91)

Uy — U weakly-* in L*(0,T; Lp/(p=1) (Q)), (92)

oruy, — Oiu weakly-* in L®(0, T; H (), (93)
Vo, — v/adiu weakly in L>(Q x (0,T)), (94)
m—1n  weakly-*in  L®(0,T; M_q), (95)

m—1n  weaklyin  L*(0,T;L% ,(Ry; H1(Q))), (96)

Oy — 041] weakly in L*(0,T; H, ' (Ry; H 1)), 97)
TN weakly in L2(0, T, W—P2(Q))). (98)

(Note that (97) is due to (67) and the definition of the operator T;.) Using the above

convergences (91) and (93), as well as the fact that the injection Wg 2(0) — L*(Q) is
compact for any B € (0,1), we draw upon the conclusion of the Aubin-Lions Lemma (see
Lemma Al in Appendix A) to deduce the following embedding is compact

W= {x € L*(0, ; WE*(Q)) : arx € L2(0, T; H ()} — L2(Q % (0,T)). (99
Hence,
u, — u stronglyin L%(Q x (0,T)), (100)

and we deduce that u, converges to u, almost everywhere in Q) x (0, T). Using assumption
(N1) with (100), we deduce

F'(uy) — F'(u) stronglyin L2(0, T; L}(Q)). (101)

Thus, we now have all the sufficient convergence results to pass to the limit in
Equations (65) and (66) in order to recover (16) and (17), respectively. It remains to re-
cover Equation (67) after we pass to the limit. An integration by parts on the first term in
(67) and then an application of (95) yields, for any ¢ € CP((0, T); C3*((0, T); H(Q)))

T T T
/0 (9et13, D) m_ydT = —/0 (0, 0:0) M, dT — —/0 (1%, 0:0) p_,dT. (102)
With this, we have

ol — o' weaklyin L2(0,T; H, Y(Ry; H 1)) (103)
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and that #* € L°(0, T; H, ' (R4; H~1(Q))). Furthermore, with the help of (96), we have

T T , T ,
- | @aEa e = = [V 0EQudr >~ [ V@07 Opodr. 104

By using a density argument (see [37]) and the following distributional equality
T T T / T T T T
—/0 (Unzaté)M,ldT—/o vi(s)(n IC)Hfl(Q)dTZ/O @ =Tn", O m ,dT,  (105)

we also get (67) on account of (95) and (98). This completes Step 3 of the proof.
Step 4: Energy equality. To begin, let ug € D(Agg), 1o € /\/l(_O% and let ¢ = (u,17)" be
the corresponding weak solution. Recall from (100), we have, for almost all t € (0,T),

un(t) — u(t) strongly in L*(Q) and a.e. in Q. (106)

Since F is measurable and positive (see (N1) and (N3), respectively), Fatou’s
lemma implies
/F(u(t))dxgnmmf F(un(£))dx. (107)
Q

n—-+oo JO)

Passing to the limit in (75), and while keeping in mind (91), (94), (95), (97), (98), and
(101), as well as the weak lower-semicontinuity of the norm, we arrive at the integral
inequality which holds for any weak solution

E(t) +2/0t (a|atu(T)||2dT - /Ooo v/(s)||777(s)||%{1ds>dr < £(0).

We argue as in the proof of [12] (Corollary 2) to establish the energy equality. Indeed,
take & = y in (51). By (17), we need to treat the dual pairing (F'(u), 04}, 4, . 62- Itis here
0

where we employ (41), where F'(u) = G'(u) — cru and G’ € C'(R) is monotone increasing.
Define the functional G : L?(Q)) — R by

6(6) ::{ /QG(u)dx if G(u) € L1(Q),

400 otherwise.

Now, by [44] (Proposition 2.8, Chapter II), it follows that G is convex, lower-semi-
continuous on L?(Q), and x € 3G (u) if and only if x = G’(u) almost everywhere in Q.
Since we have (47), we apply [45] (Proposition 4.2) to find that there holds, for almost all
te(0,T),

(ru, F'(u))

= (9;u, G'(u)) cr(Opu, u)

WB2xWh?

= 2160 — L juip)

= %/{)F(u)dx.

Similar to Step 2 above, take v = y, { = 0iu, and { = 17t (now without the index
n) in (51)—(53), respectively. Using the above result on the dual product with F/(#) and
(47), we are led to the differential identity (74) with E, u, and # in place of &;, 1, and 7,
respectively. Integrating the resulting differential identity on (0, t) produces (62) as claimed.
This completes Step 4.

Step 5: (u, 1) weak solution to Problem P. Now let us take ¢ = (u0,10)" € "H% where
F(up) € LY(Q). Proceeding exactly as in [12] (page 440) the bounds (78)—(84) and (88)—(90)
hold. Moreover, with the aid of the Aubin-Lions compact embedding (again see Lemma A1
in Appendix A below) we deduce the existence of functions u, #, and u that satisfy (46), (49),

W—B2x Wh? W—B2x Wh?
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(57), and (59). Thus, passing to the limit in the variational formulation for ¢ = (1, 17x)",
we find ¢ = (u,77)" is a solution corresponding to the initial data ¢g = (1o, 770)"" € ’HI% for

which F(ug) € L'(Q). This finishes the proof of the theorem. [

Before we continue, we make some important remarks.
Remark 7. The continuity property
CarB—12
ueC(o,TEw, (),

for any « > 0 sufficiently small follows from the conditions in Definition 1 after an application of the
Aubin-Lions Lemma (see Lemma Al in Appendix A). In addition, the property

0
7 € (o, 7 MY))
ollows from the density arqument in [37]. Thus, we deduce the continuity properties
1l he density arg in [37]. Th deduce th inuity properti
¢ = (u,1) € C([0, T]; HE)-

Remark 8. From (62), we see that if there is a t* > 0 in which

then, forall t € (0,t*),

t
[ (o) + 1712 ) ) =0 (108

We deduce d;u(t) = 0 forall t € (0,t*). Additionally, since u(t) = ug forall t € (0,t%),
Equation (17) shows
u(t) = Agpug + F'(ug) Vi e (0,17),

ie., u(t) = u* is also stationary. Thus, by the definition of n' given in (14), we find here that, for
each t € (0,t)
n'(s) = sAnp* Vs >0.

Therefore, ¢ = (u,n)"" is a fixed point of the trajectory ¢ (t) = S(t)do, where S is the solution
operator defined below in Corollary 2.

The following result (see [26] (Theorem 3.4)) concerns the existence of strong/regular
solutions which is utilized in the proof of the continuous dependence estimate. Note that
we now employ the added assumption on the nonlinear term.

Theorem 2. Let T > 0, B € (0,1), and ¢o = (ug,n0)" € Hg/{kl,ﬂﬂ = WgH'Z(Q) X
L%(R+;Wg'2(ﬂ)) be such that F(ug) € LY(Q) and o € D(T,). Assume a > 0 and that
(K1)—(K4) and (N1)—(N3) hold. Additionally, assume that (N4) holds. Problem P admits at least
one weak solution ¢ = (u,n) on (0, T) according to Definition (1) with the additional regqularity,
forany T >0,

¢ = (u,17) € L™(0, T; Hghy piq) NWH2(0, T M), (109)
Vadsu € L2(0, T, HH(Q)) (110)
ouu € L*(0, T; H1(Q)), (111)
Vadyu € L2(Q x (0,T)), (112)
pe L®0,T; H(Q)), (113)

n € L®(0,T; D(Ty)). (114)
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Proof. The proof relies on the Galerkin approximation scheme developed in the proof of
Theorem 1. We seek ¢, = (11, 17,) of the form (64) satisfying Problem P,;:

attun, +/ atﬂn )dS =0 (115)
ag,g(tun, &) + (F" (un)0su, ) +“(attun/§) = (0tpn, G) (116)
O, D m_y — (Tr0m, Dy = (Opin, ), (117)

forevery t € (0,T), v € V", ¢ € W", and { € M", and which satisfy the initial conditions

uy(0) = iy, and 112 = Tlon, (118)
where we set o
o = — [~ v(s)non(s)ds, (119)
and
fion := Trtfon + AN Hons (120)
and also o~
Hon = —[x/o U(s)?]on(s)ds + AE,ﬁuOn + F/(u()n)- (121)

It is important to note that when ¢y = (1, 170) satisfies the assumptions of Theorem 2,
then it is guaranteed that (i, 7jp) € H1.. Indeed, relying on the fact that || (0,, 70s) HHMO <

||(u0,170)||H£40,we easily obtain the estimate || (9;u,(0), E)t;yn)”;,_[g/l < Q(|[(uo, WO)HHMMH)'

Now, for any fixed n € N, we find a unique local maximal solution ¢, = (u,17,) €
C2([0, Ty] ?’Hg/il,z)' Next, we integrate (115) and (116) with respect to time on (0,¢) and
argue as in the proof of Theorem 1 to find the uniform bounds (78)—(84), (88), and (90). In
order to obtain the required higher-order estimates, let us begin by labeling

a(t) =owm(t), 7' =0m', [(t)=0omu(t),

where we are also dropping the index n for the sake of simplicity. Then, (i, #) solves
the system

(3L, 0) 1 g1 + /Ooov(s 7(5),0) yy1, pndds = 0, (122)
ag,p(#, &) + (F"(u)i1, &) + a(0:d1, &) = (1, C>Wfﬁ,zxw§,z, (123)
@' Dy — (T Dy = (D) My (124)

forallo € H'(Q), ¢ € Wg'z(Q), and { € M1, with the initial conditions

4(0) =iy and 7° = fjp.

Let us now take v = i, ¢ = 0¢il, and { = 7' in (122)—(124), respectively. Summing the
resulting identities together, we obtain, for all te(0,7),

1d . . i _ _ R
112 11 | = [ G176 s+ wlau? = (P () 21
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Here, we apply (K5) as well as (N4) with (83) and the embedding W(/]S 2(Q) — L2(Q)

to find

1d

~ _ _ 14 _
3 g 112 101, |+ M+ alual? < Cullal? + 5 v

. o .
< Call@lliygz + 310l (125

1

where C, ~ a™" is a positive constant. Integrating (125) over (0, t) produces

()] + 1710, + [ (A7, + alra(o)|2) e
< 10) 1252 + 17, +Co [ 1(0) g,
and an application of Gronwall’s (integral) inequality shows, for all t > 0,
G, 7 1300, < QU (o, o) 30
and
V|9 (1) 2% 0,1)) < Q(||(ﬁ0/770)||7{2{0)~

Through (119)—(121), we find || (7o, 7o) HH% depends on

/0 V(S)HWO()HZﬁzdS [Anpollam, and ([ Trollag_y,

hence the assumption on the initial data is justified.

Furthermore, we now consider (67) and take { = Anji(t) where ji = y —

with (79), (82), and (127), we obtain, for all + > 0 and for every € > 0,
IV pl? = @en', 1) g = (Tt 1) it
= [T v @' ), ue)ds = [V (), nit)ds
<10 B, = [V G @) ads ) + el Tul?
<c(1= [TV R )+l val?
< Cet+e|Vul?
where Ce ~ g7 1, Together (89) and (133) show us, forall t > 0,

() [ < C.

(126)

(127)

(128)

(u), so that,
(129)
(130)
(131)

(132)

(133)

(134)

At this point we can reason as is in the proof of Theorem 1 to find that there is a solution
¢ = (u,n) € Wr>(0,T; Hl%) to Problem P satisfying (111) and (112). Additionally, thanks

to (134), the condition (113) holds. It remains to show that

¢ = (uy) € 17 (0,T; WS T2(Q) x LER W) ).

First, in light of (127), we multiply (16) by A Erﬁryt in L2 (Q)) which yields

o0 1
712, g gy = =y V(AR gPum(t), A7 g ().
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Hence, 7 € L®(0, T; L2(R4; Wg 2(Q))) Next, we consider the identity (52) whereby
we may now rely on the regularity properties of d;u and u. We take ¢ = An0;u to produce

1d

Ea\”u”ﬁvgﬂ,z + (F"(u)Vu, Vu) + ocHatuH%Jl = (Vu, Vu).

After applying (N1) and integrating the resulting differential inequality with respect
to t over (0, t), we obtain for all t > 0,

|||u(t)|||§vg+l,2 +2/0 |0 (T) |3 dT < H|u<0)|l‘12,véi+l,2 + Q(||(”0r’70)||7-[2/10)~
We now deduce
ue L®0, ;W) and vadu € L2(0, T; HY(Q)).

This completes the proof. [

The following proposition provides continuous dependence and uniqueness for the
solutions constructed above.

Proposition 2. Let the assumptions of Theorem 1 hold. Additionally, assume (N4) holds. Let
T > Oand let ¢; = (u;,1;)", i = 1,2, be two solutions to Problem P on (0, T) corresponding to the

initial data ¢o; = (uo;, 101)" € Hyl = W2 (Q) x M), such that F(uy) € LN(Q), i =1,2.
Then, for each a > 0, there is a positive constant C, ~ =1 such that the following estimate holds,
forany t € (0,T),

t
01 = 20 gy + [ (20 (2) = Brua(e) 2+ I = 05122 ) )

< | por — poall3,m - (135)
B0

Proof. To begin, we assume (ug;, o), i = 1,2, satisfy the assumptions of Theorem 2 (recall,
above we are assuming (N4) holds), and we work with the more regular solutions to obtain
(135). For all t € [0, T], we then set

P(t) :=1(t) —o(t), u(t):=u(t) —ua(t), y':=ni—n5 and p:=p;—pu

where ¢;(t) = (u;(t),5!) is a solution corresponding to (s, 7o), i = 1,2. Then, formally,
¢ = (u,17) solves the equations for allv € H'(Q), & € W(/)S’Z(Q) NLP(Q)),and { € My:

@1t 0) -1 + [ V) '(5),0) g1 s =0, (136)
ag,p(u, ) + (F'(u1) — FI(MZ)I€>W—ﬁ,2XWg2 + a (s, C>W—ﬁ,2><wgr2 = §>W—,B,2><W0ﬁ,2/ (137)
@', Dmy = (T, Dy = (1,8 mq (138)

with the initial data

u(0) = ug; — uga, 1° = 101 — Noa-

In (136), we choose v = y and in (137), we choose ¢ = d;u. Owing to Theorem 2, for

each t € [0, T], these elements are in H'(Q) and Woﬁ ’2(0), respectively, then we sum the
results to obtain

(Agpu, du) + (F'(u1) — F' (up),0pu) + w|[9pu)|® + /Omv(s)(‘u,;yt(s))ds =0. (139)
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Further, multiplying (138) by Aﬁlqt in My, then adding the obtained relation to (139),
we have

Q‘Q_‘

{|||u|||2ﬁ2+|\17 R, 3+ allopel® - /OOOV’(S)HUt(S)II?ﬁdH(F’(ul)—F’(uz),atu)=0- (140)

N~

Using Holder’s inequality, (N4), Young’s inequality, and the embedding L®(Q)) —
W(’)5 ? (Q)), we estimate the remaining product as

|(F'(u1) = F'(uz),00u)| < ||F'(ur) — F' (u2) ||| 9|
< A+ [ur P72 + fuz P72l [0y
< COUA+ a0, + 121122l ullie D2

< Que(ll Cuoi, 1701) gz Ml oz + > I9sul?, (141)

where the positive monotone increasing function Q,(-) ~ a~! (we remind the reader
[ (1o, ’70i)||?{24 < Q| (uo;, WOi)”“ﬁA , for i = 1,2 and the bounds on u; and u, follow
+1,+1 ,0

from (61) and ('62)). With (140) and (141), we obtain the following differential inequality
which holds for almost all ¢ € [0, T]

d
a{lllu\l\2 sz + 11, + alldeul| + (17172 S®GH) S Qa(ll(uowol)llw)I\Iulllwﬁz

< Qull o ) ) (11, + 1, ). a12)

Applying a Gronwall inequality to (142), we obtain, for all t € [0, T},

O e+ T, + [ (anatu( I+ 722 1))dr
< eCa(|||u< E,ge + 1201 ) (143)

This shows the claim (135) holds for the regular solutions. Since none of the above
constants due to the above estimate actually depend on the assumptions of Theorem 2, then
standard approximation arguments can be employed to obtain (135) for the weak solutions
aswell. 0O

Remark 9. It is quite important to remark that when N = 3, the uniqueness for the nonviscous
problem (where & = 0) remains an open problem (indeed, see [36,46,47]).

We now formalize the semidynamical system generated by Problem P.

Corollary 2. Let the assumptions of Theorem 1 be satisfied. Additionally, assume (N4) holds. We
can define a strongly continuous semigroup of solution operators S = (S(t))¢>o, for each « > 0
and B € (0,1),
S(b) : Xgp — 50
by setting, for all t > 0,
S(t)go := ¢(t)

where ¢p(t) = (u(t),n') is the unique global weak solution to Problem P. Furthermore, as a
consequence of (135), the semigroup S(t) : X, l% — aM 50 is Lipschitz continuous on l%’ uniformly
in t on compact intervals.
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4. Absorbing Sets and Global Attractors

We now give a dissipation estimate for Problem P from which we deduce the existence
of a bounded absorbing set and an important uniform bound on the solutions of Problem P.
The existence of an absorbing set is also used later to show that the semigroup of solution
operators S admits a compact global attractor in the metric space X é\f).

Lemma 1. Let ¢g = (up, 1) € ’H% = Wgz( Q) x ./\/l_1 for B € (§,1), N =1,2,3, be

such that F(ug) € L'(Q). Assume (K1), (K3)—(K5), and (N1)~(N3) hold. Assume ¢ = (u,n)""
is a weak solution to Problem P. There are positive constants x1 and C, each depending on Q) but
independent of t, , and ¢, such that, for all t > 0, the following holds

lp(£)115 s +/ aljoeu(T)|Pdr < Qllgollz )e G, (144)

for some monotonically increasing function Q independent of t and w.
Proof. The idea of the proof is from [26]. We give a formal calculation that can be justified

by a suitable Faedo—Galerkin approximation based on the proof of Theorem 1 above. To
begin, define the functional, for all t > 0,

V(1) == E() + eal|u(t)|* - 2e /O°° v(s) (u(t),A;nf(s))dS, (145)

where ¢ € (0, A) will be chosen sufficiently small later. From (16)-(18), we find

—% Ooo v(s)(u, A&lnt(s))ds

= o2, — /()oov(s)(u,Agjlamt(s))ds
= [2uulfs = [/ (5) e, AR (5))ds = [ v(s) (s
= ouulBy s V() A 51 = 5 P [l By — (F'()). - (146)

Differentiating ) with respect to f while keeping in mind (73), (74) (without the index
n), and (146), we find

TV +ey =2 [TV I ()l ds = ) (147)
foreg € (0,¢) where
B(t) = = 28 0ru (1) |2 + 2620 (1) [ — 2 [0/ (5) (), AR (5))ds
= 2e0(F'(u(®))u(t) = F(u(£)),1) ~2(e — e0) (F'(u()) u(t)) + eoll ' I,
= (2 = o) (O] Bz + oz (1) | = 2e0e [~ v(s) (), Ayy'(5))ds + eoC. (149
From (42) and (43) (with M = 0), it follows that
= 2¢0(F(u(®)u(t) ~ F(u(®)),1) - 2(e — e0)(F'(u(t)), (1)

< —(e—so)(IF(u)lfl)+€oC|||u|H§V5,z. (149)

Next, using assumption (K4) and the embeddings H~1(Q) «+ L2(Q) «+ W(’)3 ’Z(Q),
we find
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—28/ V' (s)(u, Aty (s))ds = —28/ V' (s)(ANY%u, Ayt %! (s))ds
0 0
o 1
< e [TV LllulR g+ ol () Jas
< el g2 —<C [/ @l (5) s (150)

and, with (K3) and (87) (without the index n),

~2e0e [ (s) (1, Ayl ())ds < eoeClul 2 + eoclly' I, (151)
0
Together, (148)—(151) make the following estimate

h < —2a|9pu|* + 2€)|9su |31 — (e — eo(1 + C + €aC))|[|u] |§v/3,2 +2¢0ll7' 3,
0
—eC / $)|ln(s) |12, 1ds + C. (152)

Here, we employ assumption (K5) so that from (147) and (152), we are able to fix
e€ (0,A) and ¢y € (0,¢) sufficiently small to, in turn, find positive constants €1, €, €3 SO
that there holds

d
Y e 200 3y, +ean D] + e[l 52 < C. (153)
0

It is important to note that C on the right-hand side of (153) is independent of t and ¢y.
One can readily show (see (73), (76)—(77)) that there holds, for all ¢t > 0,

Cullg®lp = C2 < V() < Qlgollygy): (154)

for some positive constants Cq, C, and for some monotone nondecreasing function Q
independent of ¢. Finally, by applying a Gronwall type inequality to (153) (see, e.g., [34]
(Lemma 2.5)), then integrating the result and applying (154) yield the claim (144). This
finishes the proof. O

We immediately deduce the existence of a bounded absorbing set from Lemma 1.

Proposition 3. Let the assumptions of Lemma 1 hold. Additionally, assume (N4) holds. Then, there
exists Ry > 0, independent of t and o, such that S(t) possesses an absorbing ball B 50 (Rp) C ’Hfgwo,

bounded in HM Precisely, for any bounded subset B C HM B there exists ty = to(B) > 0 such
that S(t)B C B '0(Ro), for all t > to. Moreover, for every R > 0, there exists C« = C«(R) > 0,
such that, for any <Po € Bﬁ,o( ),

sup |IS(E9ollygy, + [ 0pu(v)|Pdr < C., (155)
£>0 po-Jo

where BM. (R

5, 0(R) denotes the ball in 7—[ 0 of radius R, centered at 0.

Throughout the remainder of the article, we simply write Bg/fo in place of Bgfo(Ro) to

denote the bounded absorbing set admitted by the semigroup of solution operators S(t).
For the rest of this section, our aim is to prove the following.

Theorem 3. Let the assumptions of Lemma 1 hold. Additionally, assume (N4) holds. The dynamical
system (X, %, S(t)) (see Corollary 2) possesses a connected global attractor Ag/fo in H%. Precisely:
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1 Foreacht >0, S(t)A Aﬁ o

2 For every nonempty bounded subset B of HM} B0/

lim dist,,u (S(t)B, AM) =1 £ ST — =0.
im lngA(() 50) ggosgelpelr)toll t)¢ CHH%

t—o0
B

Additionally:

3 The global attractor is the unique maximal compact invariant subset in 7—[ 0 given by

AM) = w(BY) == N U S(1)BY, i

s>0t>s

Furthermore:

4 The global attractor Agﬁfo is connected and given by the union of the unstable manifolds connecting
the equilibria of S(t).

5 For each {y = (¢o,00)"" € HM B0/ the set w({p) is a connected compact invariant set, consisting
of the fixed points of S(t).

With the existence of a bounded absorbing set B o (in Lemma 1), the existence of a

global attractor now depends on the precompactness of the semigroup of solution operators
S. To this end we show there is a ¢, > 0 such that the map S(t.) is a so-called a-contraction
on Bffo; that is, there exist a time f, > 0, a constant 0 < x¥ < 1, and a precompact

pseudometric M, on B} 80 such that, for all ¢g1, pop € B 807
[S(t)por — S(t*)QDOZHHQ’[O < |1 — <P02||Hg40 + M. (¢o1, Po2)- (156)

Such a contraction is commonly used in connection with phase-field-type equations as
an alternative to establish the precompactness of a semigroup; for some particular recent
results see [16,48,49].

Lemma 2. Under the assumptzons of Proposition 2 where ¢g1, P02 € Bﬁ o there are positive

constants xy,Cy, and Cpy ~ a1, each depending on Q) but independent of t and ¢o1, o2, such
that, forall t > 0,

lg1.(5) = e2(6) 15, w < Cre™™![¢1(0) — (O)IIQgA0
+ Can /O (I931(7) = Vita (1) |2 + 11 (1) = wa (1) |2)d. (157)
Proof. The proof is based on the proof of Proposition 2. We begin by recovering (140) by

multiplying (136) and (137) by u and 9;u, respectively, in L?(Q)), and multiplying (138) by
Agjlﬂt in My, then adding the obtained relations together to find

2dt{lll |I|§V;sz+|\17 R, )+ allope® - /OU'(S)HW $) | Fy-1ds + (F' (1) — F'(u2), 9put) = 0. (158)
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Recall ¢1 = (u1,11), p2 = (uz, 172) are the unique weak solutions corresponding to the
initial data ¢o; and Py, respectively; also, u = uy — up and ' = 5t — 5} formally satisfy
(136) and (137). Applying Assumption (K5) and the estimate based on (N4),

[(F' (1) — F' (), 0p)| < |F' (1) — F'(u) | [y
< CN L+ [ )2 + a2l 2u] [y
< COU+ sy + 2520l o e
14
< Qull s 1) gy )l Bz + 5 v (159)

44
< Qu(l Cuoi 700) 1303 + 5 192, (160)

where the positive monotone increasing function Q,(+) ~ a~!, and we find the differential
inequality

2dt{lll ul|2 we2 T 13, + *Hatu\|2+7\||17 R, < Qu (1| Cutoi, 0i) 13 ) (161)

In addition, we now multiply (137) by u in L?(Q) to obtain

IIIuHIng,er(F'(M)—F’(uz) )ﬂLEaIIMII2 (1) (162)

Estimating the first product above using (N1) yields
(F'(u1) = F'(u2),u) > —cp|[ul|*. (163)
We also estimate with Young’s inequality
1 1
(1) < 3l + 5l (164)

Combining (161)—(164) yields

1d o !
Zd{WAFM+W|M1|w%+wmv+uw@y+wwmh

< Zlul2+ Qu (11 Cutoi, 1700) 1330 )] |Wﬁ>2 (165)
Then, adding §||u|| to each side of (165), we find
SN N7l < [l 4+ Qul (i o) gy ). (166)
where ¢ = min{2,2A,a} and
N(#) = |||u(f)\||§,g,z ', + %HM(t)HZ- (167)

Applying Gronwall’s inequality to (166) after omitting the term a||d;u||?, we obtain
the claim (157). O

Consequently, we deduce the following precompactness result for the semigroup S.
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Proposition 4. Let the assumptions of Lemma 2 hold. There is t. > 0 such that the operator S(t)
is a strict contraction up to the precompact pseudometric on 8240, in the sense of (156), where

1/2

Ey
M. (o1, po2) := Con (/o (||VV1(T) = V()| + [l (1) — u2(1)||2>dr> , (168)
with Cy ~ a~ . Furthermore, S is precompact on Bg/fo.

Proof. Naturally, we follow from the conclusion of Lemma 2. Clearly, thereis a t, > 0so
that Ce*2+/2 < 1. Thus, the operator S(t.) is a strict contraction up to the pseudometric
M, defined by (168). The pseudometric M, is precompact thanks to the Aubin-Lions
compact embedding (99). This completes the proof. [

Proof of Theorem 3. The precompactness of the solution operators S follows via the
method of precompact pseudometrics (see Proposition 4). With the existence of a bounded
absorbing set B/% in 7-[2?0 (Lemma 1), the existence of a global attractor in H% is well-
known and can be found in [50,51] for example. Additional characteristics of the attractor
follow thanks to the gradient structure of Problem P (Remark 8). In particular, the first three
claims in the statement of Theorem 3 are a direct result of the existence of an absorbing
set, a Lyapunov functional £, and the fact that the system (X /%, S(t),€) is a gradient. The
fourth property is a direct result of [51] (Theorem VII.4.1), and the fifth follows from [52]
(Theorem 6.3.2). This concludes the proof. O
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Appendix A
The following is reported from [1] (Theorem 2.5).

Theorem Al. Let 0 < B < 1. For K € {E, D}, the following assertions hold:

(a)  The operator — Ay g generates a submarkovian semigroup (e7AKB )50 on L2(QY) and hence
can be extended to a strongly continuous contraction semigroup on LP(Q)) for every p €
[1, 00), and to a contraction semigroup on L®(Q}).

(b)  The operator Ay g has a compact resolvent, and hence has a discrete spectrum. The spectrum
of Ak, p may be ordered as an increasing sequence of real numbers 0 < Ap < Ay < -+ <
Ag < - -+ that diverges to +oo. Moreover, 0 is not an eigenvalue for Ak g, and if ¢y is an
eigenfunction associated with the eigenvalue Ay, then ¢ € D(Agp) N L*(Q).

(c)  Denoting the generator of the semigroup on LF(Q) by Ak, so that Ax = Ak, then the
spectrum of Ay is independent of p for every p € [1,0].

(d)  There holds D(Ak,g) C L®(Q) provided that N < 4B. Let p € (2,00) and assume that
N < 4Bp/(p —2). Then, D(Agpg) C LP(Q)).



Fractal Fract. 2022, 6, 505 26 of 28

Remark Al. From [1] (page 1284, after Equation (2.3))), we know the following embedding

is compact
2N .
W(.)B/Z(Q) < LP(Q) when 1<p<x for x={ N-28 if N>28 (A1)
+oo if N=28.
Furthermore,

WH(Q) — C¥'(@)  with h::ﬁ—g if N<2B and 2<p<co.

The following result is the classical Aubin-Lions Lemma, reported here for the reader’s
convenience (see [53], and, e.g., [54] (Lemma 5.51) or [52] (Theorem 3.1.1)).

Lemma A1l. Let X, Y, Z be Banach spaces where Z <— Y <— X with continuous injections, the
second being compact. Then, the following embeddings are compact:

W= {x € L*(0,T; X), yx € L*(0,T; Z)} — L*(0, T;Y),

and
W' := {x € L®(0,T; X), 9sx € L*(0,T; Z)} — C([0, T];Y).

Here, we recall the notion of a-contraction and provide the main propositions which
guarantee the existence of a global attractor for the semigroup of solution operators S(t).

Definition Al. Let X be a Banach space and « be a measure of compactness in X (see, e.g., [49]
(Definition A.1)). Let B C X. A continuous map T : B — B is an a-contraction on B, if there
exists a number q € (0, 1) such that for every subset A C B, a(T(A)) < qa(A).

Proposition Al. Assume that B C X is closed and bounded, and that T : B — B is an a-
contraction on B. Define the semigroup generated by the iterations of T, i.e., S := (T"),en. Then,
the set

wB):= U T(8)

n>0m>n

is compact, invariant, and attracts B.

Proposition A2. Assume that S is a continuous semigroup of operators on X admitting a bounded,
positively invariant absorbing set B, and that there exists t, > 0 such that the operator S, := S(t)
is an w-contraction on B. Let

A= () U SEB) = w.(B)

n>0m>n

be the w-limit set of B under the map S, and set

A= ] S(H)A..

0<t<t.

Assume further that for all t € [0, t.], the map x — S(t)x is Lipschitz continuous from B to B,
with Lipschitz constant L(t), L : [0, t.] — (0, +-00) being a bounded function. Then, A = w(B),
and this set is the global attractor of S in B.

Theorems 3.1 and 3.2 are motivated by [55] (Sections II.2 and 1II.2), but appear in the
above form in [49] (Appendix A) and [56] (Sections 11.7). We also rely on the following.
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Definition A2. A pseudometric d in X is precompact in X if every bounded sequence has a
subsequence which is a Cauchy sequence relative to d.

Proposition A3. Let B C X be bounded, let d be a precompact pseudometric in X, and let
T : B — B be a continuous map. Suppose T satisfies the estimate

[Tx — Tyl|x <qllx —yllx +d(x,y)

forall x,y € Band some q € (0,1) independent of x and y. Then, T is an a-contraction.
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