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Abstract: We investigate the Cauchy problem for a nonlinear fractional diffusion equation, which
is modified using the time-fractional hyper-Bessel derivative. The source function is a gradient
source of Hamilton-Jacobi type. The main objective of our current work is to show the existence
and uniqueness of mild solutions. Our desired goal is achieved using the Picard iteration method,
and our analysis is based on properties of Mittag—Leffler functions and embeddings between Hilbert
scales spaces and Lebesgue spaces.
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1. Introduction

Fractional partial differential equations (FPDEs) arise naturally in modeling since
fractional derivatives help to describe phenomena efficiently [1], and FPDEs arise in many
fields of applied science [2-8]; see also [9-29].

In this study, we consider a Cauchy problem for a time-space fractional hyper-Bessel
differential equation as follows:

DY g(t,x) + (-0 gt x) = Vot v, in (0,7 x 0,
o(t,x) = 0

¢(0,x) -

on (0,T] x 30}, 1

g(x) in Q,

where Q) is a bounded domain in RN (N > 1) with sufficiently smooth boundary 9(), and
g is the initial function. Recall from [30] the fractional operator

d\? 1— t
<t"‘dt) o(t) := (1—a)ﬁtwmﬁir(_g)t(“*”ﬁ/o (70— s )P s g(s)ds,  (2)

where « < 1,8 € (0,1), T is the Gamma function and V is the usual gradient operator.
The notation ch’ﬁ stands for the Caputo-like counterpart of the hyper-Bessel operator
with parameters & < 1 of order § € (0,1) and can be defined as follows:

w8 o de p Hla—1)B
DiPole) = (1) o) - O -0, ®

provided that the right-hand side of the above equality makes sense. Since first introduced
in [31] by Dimovski, the fractional hyper-Bessel operator has been shown to have applications
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in Brownian motion, fractional relaxation, and fractional diffusion models [30,32,33]. The regu-

larized Caputo-like counterpart operator CD?’ﬁ was introduced in [34] by Al-Musalhi et al.,
where the authors considered a direct problem and a inverse problem for a linear diffusion
equation with the Caputo-like counterpart of the hyper-Bessel derivative. To provide an
overview of topics related to Problem (1), we mention [35], where Au et al. investigated
the Cauchy problem for the following equation:

C]D)f’ﬁu +Lu(t,x) = F(u), 4)

where L is a generalization of —A and F is a nonlinearity of logarithm type, and the authors
established the existence and uniqueness of a mild solution. In addition, they studied the
blowing-up behavior of this solution. Tuan et al. [29] considered a terminal value problem
for (4) where F is given in a linear form, and they showed that the backward problem is
ill-posed and then applied a regularized Tikhonov regularization method to construct an
approximating solution. In [36], Baleanu et al. investigated mild solutions to Equation (4)
where F satisfies an exponential growth, and they showed the local well-posedness of
mild solutions.

The first equation of Problem (1) is a modification of the classical diffusion equation.
In the classical problem, Newton’s derivative describes the velocity of a particle or slope of
a tangent, whereas the general conformable derivative in (1) can be regarded as a special
velocity and its direction and strength rely on a particular function [37]. The main goal of
this work is to study the theory of existence and uniqueness of mild solutions, by which we
can find an efficient numerical approach to investigate (1). In comparison with the above
studies, our work possesses some new features. First, our source function is a gradient
nonlinearity of Hamilton—Jacobi type. The presence of this function requires us to use
different methods and, motivated by Souplet [38], we use the Picard iteration method to
establish the existence and uniqueness of mild solutions. However, to deduce our results,
we balance the linear and nonlinear parts of Problem (1), and to do this, we apply properties
of Mittag—Leffler functions in an efficient way. Additionally, some Sobolev embeddings
between Hilbert scales spaces and Lebesgue space are required to find an appropriate
estimate to deal with the gradient source.

The outline of the work is as follows. Section 2 provides some preliminaries, and the
main result concerning Problem (1) is given in Section 3.

2. Basic Settings

We begin this section with a convention that 2 < b means a positive constant C exists
such that a < Cb. Let (B, ||||p) be a Banach space. We define the following space:

L*(0,T;B) := {u : (0, T) — B | u is bounded almost everywhere on (0, T) } )

Next, we recall that in L2 (), the negative Laplace operator subject to Dirichlet conditions
satisfies the following spectral problem:

—A@l(x) = A]@l(x), x e,
(©)
@l(x) =0, x € 9Q),

where {0;},c is a set of eigenvectors which is also a orthonormal basic of L?(Q)) and
{A;}1en is the corresponding increasing set of positive eigenvalues such that A; — oo as
I — oo. Then, for any ¢ > 0, we define the fractional Laplacian (—A)“ by

(—A)7u= Y Mo, @)
leN
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where u; := [ u(x)0;(x)dx and u belongs to the following space
D7(Q) := {u € L*(Q) ’ Yo Auf < oo}. 8)
IeN

We note that D7 (Q)) is a Hilbert space and possesses the following norm:

1
2

leN

[llpeey = || (=87

We define the Hilbert scale space with negative orders D~7(Q)) as the dual space
of D7 (Q)). Denote by (-, -). the dual product between D~7(Q)) and D’ (Q)), and D~7(Q)) is
a Hilbert space equipped with the norm

z
[l p-e(y = (Z AT 2”<u,@,>i> , ueD(Q). (10)
leN
Remark 1 (Chapter 5 [39]). Forany u € L?(Q) and v € DY (Q), we have the following equality:
(u,v), = /Q u(x)o(x)dx. (11)

Proposition 1 (Lemma 4.7 [35]). Let Q be a smooth bounded domain of RN. The following
embeddings are satisfied:

-N 2N

q v << >

L1(Q) = D"(Q) if 1 <v\0,andq/N_4v, (12)
N 2N

q v [ < — <

L1(Q) + D(Q) fOSv< pand q< 5— (13)

Next, we derive the mild formula for solutions of Problem (1). First, we introduce
the definition of Mittag—Leffler functions, which play an important role in investigating
time-fractional differential equations.

Definition 1. For f1 € R, By € Rand z € C, the Mittag-Leffler function is defined as follows
Zn

Eg, p,(2) := ) T T Ba) (14)

neN

Suppose that ¢ € L*(0, 00; L2(Q))), and we find from the first equation of Problem (1) that

p
D oi(t) + AT pu(t) = |Vo(t)]

t>0, (15)

here, we recall that ¢; = [ ¢(x)0;(x)dx, [V¢| is the module of the gradient of ¢ and
V()] = [ IVe(t,x) PO (x)dx.

In order to solve this equation, we recall the following theorem from ([34]) (Section 2):

Theorem 1. Let v < (—o0,1), A > 0and p € (0,1). For any t > 0, solutions of the following
fractional differential equation

cDFPu(t) + Au(t) = £(t) (16)

are represented by the formula below:
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_at-a)p
u(t) =Eg, (é\t_“)ﬁ>u(0)

+ 7(1 — Oél)ﬁr(ﬁ) At (tlfﬂc _ Slfpc)ﬁ_lf(s)d(slflx) (17)
tl—a Sl—zx)rB

R = At — i
_m/o(tl —s' )2 1Eﬁ,2ﬁ<—((1ws>f(5)d(sl )-

Based on the above theorem and some calculations, we derive the following equivalent
equation of the (15):

N _F _/\;Tt(lfﬂé)ﬁ
@1(t) =Egq a2 1

t (tlﬂx _ Slfoc)ﬁfl Aa(tlﬂx _ Slfa)ﬁ p .
+/O = Esp ( l Vo) s, ()

w)P (1—a)p

Recall that, for any u € L?(Q)), we have the Fourier expansion u(x) = Y cn 140 (x).
Based on (18), we obtain the formula of the Fourier coefficient ¢;(¢) att € (0, T) of a mild
solution ¢ € L*(0, T; D"(Q})) of Problem (1). In summary, the solution ¢ € L*(0, T; D"(Q}))
can be studied via the following equivalent integral equation:

ot x) = Rllg(tlf"‘)g(x) + /Ot Rzlg(tlf“ — slf”‘) Vgo(s,x)‘pd(slf"‘), (19)
where
_ 0B
Rop(0u(x) == ¥ gy 2L ) woy(v), (20)
IEN (1—a)f
p-1 ATtP
Rz,g(t)u(x) = lg] mEﬁ,ﬁ (m)ul@l(x). (21)

Remark 2. The function ¢ in (19) is actually described by the limit (in L®(0, T; DV(Q))) of the
sequence {@;}jen, which is defined by

@1(t,x) := Ry o (t'%)g(x) (22)

and

V(p]-(s,x)‘pd(slf“). (23)

t
@j+1(t,x) == @1(t, x) +/0 Ry, (t % —s'7%)

3. Existence and Uniqueness

This section begins with some linear estimates for R; , and Ry, which are derived
via the Fourier series of L? functions and Parseval’s equality.

Lemma 1 ([8] Theorem 1.6). Let 1 € (0,1) and By € Rand ¢ € (”Tﬂl, 7). Then, for any z € C
such that

¢ < largz| <, (24)

the following estimate is satisfied:
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<
g ()] S 17 el (25)
Lemma 2 (Linear estimates). Let v > 0and 0 < o < 1. The following estimates hold:
1. Foranyu € D'(Q)),
<
H&ﬂmqmmnwuﬂmmw £>0. (26)
2. Forany 6 € [0,1] and u € D'(Q)),
< ¢B-0p-1
HRZ,U(t)uHDV(Q) Pl ey £ 0. 27)

Proof.
1. Suppose that u € DV(Q)). The definition of D" (Q)) and Parseval’s equality show that

2
_ ANV
HRl"T(t)uHDv(Q) N H( A) R (Bu 12(Q)
ATtP
=Y A |Eg, u?. (28)
lgl & (( —w)P )] :
Applying Lemma 1, we find that
ACtP (1—a)f
E < . 29
‘”(( —a)ﬁ) SU—afrare 29)
Combining (28) and (29) yields
<
[Racttru] o) S Nllpeioy (30)
2. Similarly, Lemma 1 implies
Awﬁ a-af 17T a-wp 1°
Eep 1—a ﬁ+mﬁ (1— )P +AVtP
S A0, (31)
for any @ € [0,1]. For any u € D'~ (Q), one has
-1 —AGth
Roo(t)u = Az" u2. (32)
H 7 H % P\ g ) | M
Based on estimate (31), we deduce
%
H 2,0’( )u’ DV(Q) ~ lg 1 ul
= tﬁ#ﬁ&”””mv#vm)' (33)

The proof is completed. O

Next, we provide a lemma about the nonlinear estimate that helps us to completely
define the source function |Vu| P and find an appropriate way to deal with it.
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Lemma 3 (Nonlinear estimates). Let N > 1 and v, y, p be constants such that

v<’y<%+v, (34)
1 N 1
< o4z
2\1/<4:—i-2, (35)
2N 2N
max< 1, < . 36
{ N—4(v—7)}p N —4(v—1) (36)

Then, for any u,v € DY(Q)), we have the following nonlinear estimate:

P
[Ivel” =152, o = (el + el 5ol @D
Proof. We first note that there exists a positive constant g such that
2N 2N
L, ——— (P<I< ———~ 38
max{ N—4(v—7)}p 1 N —4(v—1) 38)
Holder’s inequality thus helps us to derive
[[val” =190l 0 = (I9ali + 1Vl ey [ = 9o, 0 @9

Then, we apply the inclusion DY~z (Q) — L1(Q)) and deduce

[

It immediately follows that

[19a” =19 ) S (Nl + Nl ) e =2l 680

pl_*l% Q) - HV”HHT%(Q)) HVu B VUHDV*%(Q)' (40

This result together with the embeddmg LYP(Q) — D'-7(Q) yield the desired

estimate, provided that g/p > m The proof is completed. [J

Theorem 2. Suppose that N > 1 and v, 0,0, p satisfy the following assumptions:

0<f6<1,0<oc<1 42)

1 N 1

< oz
2\1/< 4—0—2, (43)
v<90<%+v, (44)

2N 2N

maxy 1, < . 45
{ N4(v90)}p N —4(v—1) (45)

In addition, assume that g € DY (Q). Then, there exists a positive constant T > 0 such that
Problem (1) has a unique mild solution ¢ € L*(0, T;D(Q2)).
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Proof. First, for any T > 0, we denote by Bg (0, T; D" (Q2)) a closed ball in L*(0, T; D" (Q}))
centered at zero with radius R > 0. Next, we consider a sequence of functions {¢;}cn
defined in Remark 2. By induction, we show that if ¢ € D"(Q),{¢;}jen is a subset of
B (0, T;DY(Q))) for some appropriate constants R > 0 and T > 0. Indeed, for ¢ € DV(Q)),
we can apply Lemma 2 and deduce

ler )l (o) = HRL"(H%)g‘ ()

< gl (46)
1
< ER’ t>0.

Dv(Q)

Thus, ¢1 € Br(0, T;D"(Q))). Next, for j > 2, we suppose that ¢; € Br(0, T;D"(Q2)).
For t > 0, the triangle inequality yields

t
’|(P]+1(t)||DL(Q) g H(Pl(t)| DV (Q) +‘/O HRZ,U'(tlia - ) S X ‘ ‘ DY (Q) Slia). (47)
According to Lemma 2, the following estimate holds:
- _ oo gl—u)p—0p—1
[Reotet=s =5t |9gyte. 0 % 1960 l-viay @

Assumptions of v, 0, § enable us to use Lemma 3 and derive

[Reo (1 =517 |Vgits 0| [, o £ O =P i)y, 49

where we chose u = ¢; and v = 0. Therefore, for any t > 0, we find that

t
lfa_ lfa
f [rectet=s =t 0 |, g et~
t
S [ =P gy (5) [ ). (50)
Since ¢; € Bg(0, T;D"(Q})), one has
quj(t)HDV(Q) <R, foralmostt € (0,T). (51)
Thus, (50) is equivalent to
! 1—-a 1-a b 1—-a
| Rt =5 Tgits 0[] Al
P
N/ (#7% —stme)prope 1[etsesgup|\% )HMQ)] d(s'*) (52)

5 MP /t(tlfa _ Slfuc)ﬁff)ﬁfld(slfa)'
0

Since 6 < 1, the last integral is convergent We thus can find a sufficiently small
constant T such that T(1=0)" P Rp-1 < 3. Therefore, one has

t
/ HRzlg(tlﬂx o Slfa)
0

Combining (46), (47) and (53) gives us

d(s'™) < sR. (53)

p 1
()] | 3

@1 (Bl () < R (54)
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| @i (t)

We can now conclude that ¢;1 € Bg(0, T;D"(Q))). Thus, {¢;}jcn is a subset of
Br(0, T;DV(Q))).

Next, we prove that {¢;};cn is a Cauchy sequence in Br (0, T;DV(Q))). Let ¢;_ and
¢; be two elements of {¢;};eny C Br(0, T;D"(Q2)). We have

t _ - P P _
Dl < ) [Reot ™ =s") UV%M ~|Voia(s)] } | d(s' ). (55)
Dv(Q)
Repeated application of Lemma 2 enables us to write
t p p
. o < 1-a _ 1—a\p—0p—-1 . _ . 1—a
o1 () = 9Bl = ) (8 =01 [Vgy5) [ = |Vgia )], oy g 45 (56)

H§9j+1 (t)

/tlzx

It follows that

— () HID)V Q)

d(s'=%). (57)

R (OIS NMORS PRI )] IORS/RIO! N

Similar to the above arguments, since ¢; 1, ¢; € Br(0, T;D"(Q2)), we have

esssup ||g0]~,1(t)HDV(Q) <R,
(0,1)

(58)
esssup || ¢;(t)] pra) S R
te(0,T)
Therefore, we obtain the following estimate:
Hq)]‘+1 (t) - (P](t)‘ DY (Q) (59)
p—1
(#17% — s17%)P=6P—1 | ess su v (8 (8) —@i_1(s d(st—
< [ s55p 1915 | <) RORUEC] G
p—1
1- 0p—1 1-
+ [ st ESS(S“" 195109 g <s>] [PORISIO! . Gy
< RPL {/ oo gl p=0p—1q (gl ]esssu i1(t . 60
[ ( ) (%) tm%qu) =910 10 (60)
From the fact that
/t(tl—zx _ sl—oc)ﬁ—@ﬂ—ld(sl—zx) < T(l—a)ﬁ’gﬁ’ (61)
0
by a a suitable choice of T, we have
1
@i1(t) — Qi) |y < = esssup ||@i(t) — @;_1(F) , t>0. (62)
I#11(6) = 01Ollw ) < 3 esssup o) = 920,
This is equivalent to the following result:
1
esssup [|j1(t) = ¢j(#) ||y ) < 5 esssup prj 4’#1(“')‘ (@) (63)

te(0,T) te(0,T)
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From the above estimate, we easily deduce that {¢;};cn is a Cauchy sequence in
Bg (0, T;DV())). The completeness of L*(0, T; D" (())) ensures the unique existence of a
function ¢ such that

— (64)

i ssun 1) 0]
te(0,T)

Therefore, we find that

p(t,x) = lim ¢;(t,%) = Ruo(H)g(x) + [ "Ry (st Vo(s, )| ds' ). ©63)

j—oo

We can now conclude that Problem (1) possesses a unique mild solution
¢ € L*(0, T;D"(Q))). The theorem is thus proven. [

4. Conclusions

In this study, we prove the existence and uniqueness of a mild solution to an initial
value problem for a fractional diffusion equation with the Caputo-like counterpart of
the hyper-Bessel derivative and a gradient source function. The result hopefully can be
extended in future works to global results, and indeed the blowing-up behavior of mild
solutions is also an interesting open problem.
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