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Abstract: The gravitational effect is a physical phenomenon that explains the motion of a conductive
fluid flowing under the impact of an exterior gravitational force. In this paper, we work on the Navier—
Stokes equations (NSES) of the fluid flowing under the impact of an exterior gravitational force inclined
at an angle of 45° with A time-fractional derivative of order § € (0,1). To encourage anomalous
diffusion in fractal media, we apply these equations. In H", we prove the existence and uniqueness of
local and global mild solutions. Additionally, we provide moderate local solutions in J,. Additionally,
we establish the regularity and existence of classical solutions to these equations in J;.
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1. Introduction

The study of the various definitions of real number powers or complex number powers
of the differentiation operator D and the integration operator J, as well as the creation of a
calculus for these operators, is the subject of the mathematical analysis branch known as
fractional calculus [1,2]. Furthermore, developing a calculus for such operators generalizes
the classical one. The Navier-Stokes equation is a partial differential equation which is used
to model the flow of incompressible fluids in fluid mechanics [3]. A model is a generalized
form of the one created in the 18th century by the Swiss mathematician Leonhard Euler to
describe the flow of incompressible and frictionless fluids [4]. The Navier—Stokes equation
for incompressible fluid is:

w + (w.V)u — pV2w = —EVP—i—f.
ot 0

The fractional calculus has numerous and varied applications in the domains of en-
gineering and science, including optics, data processing, viscoelasticity, fluid mechanics,
electrochemistry, biological population models, and electromagnetics [5,6]. To better un-
derstand engineering and physical processes, fractional differential equations have been
applied to simulate them. The systems that require the correct modeling of damping are
modeled using fractional derivative models. In recent years, a variety of analytical and
numerical approaches have been suggested in these disciplines, along with their applica-
tions to new challenges. The purpose of this Special Issue on “Fractional Calculus and its
Applications in Applied Mathematics and Other Sciences” is to examine the most recent
research in the areas of fractional calculus conducted by the top scholars.
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The purpose of this Special Issue is to bring together top academics from a variety
of engineering disciplines, including applied mathematicians, and give them a forum to
present their creative research. The primary focus of the article includes analytical and
numerical methods with cutting-edge mathematical modeling and new advancements in
differential and integral equations of arbitrary order originating in physical systems.

In [7], the authors introduced the concept of a viscous fluid equation of motion. At
this point, it might be beneficial to investigate the nature of this equation a little more.
The Navier-Stokes equation, which was independently developed by two of the greatest
applied mathematicians of the nineteenth century, is known when the forces operating
in or on the fluid are viscosity, gravity, and pressure. To derive the spatial distributions
of velocities, pressures, and shear stresses in a particular flow issue, the Navier-Stokes
equation must be solved. The main causes are that the viscous-force phrase contains
second derivatives, which are the derivatives of derivatives, and that the acceleration term
is nonlinear, which means that it comprises products of partial derivatives. The Navier—
Stokes equation can only be analytically solved in a few rare cases where one or both of these
terms can be omitted or simplified. However, with today’s powerful computers, numerical
solutions to the entire Navier-Stokes equation are now possible for a considerably larger
variety of flow situations. The Navier-Stokes equation for incompressible fluid is

ow 1
T (w.NV)u —uVow = —EVP—i-f,
Vaw =0.

A gravity current, also known as a density current, is a largely horizontal flow in a
gravitational field that is caused by a difference in the densities of one or more fluids and is
confined to horizontal flow, such as a ceiling. The irresistible momentum assumptions made
about the Cauchy stress tensor lead to the Navier—Stokes equation: the stress is Galilean
invariant, meaning that it only depends on the spatial derivatives of the flow velocity rather
than the flow velocity itself. In a purely mathematical sense, the Navier-Stokes equations
are also extremely interesting. It has not yet been established whether smooth solutions
always exist in three dimensions, i.e., whether they are infinitely differentiable (or even just
limited) at all locations in the domain. This is despite the fact that they have a wide range
of practical applications [8]. The Navier—Stokes existence and smoothness problem refer
to this. Niazi et al. [9], Shafqat et al. [10], Alnahdi [11], Khan [12] and Abuasbeh et al. [13]
investigated the existence and uniqueness the fractional evolution equations. The main
effort on time-fractional Navier-Stokes equations has been dedicated into attempting to
derive numerical solutions and analytical solutions; see Ganji et al. [14] and Momani
and Zaid [15]. However, to the best of our knowledge, there are very few results on the
existence and regularity of mild solutions for time-fractional Navier—Stokes equations.
Recently, Carvalho-Neto [16] dealt with the existence and uniqueness of global and local
mild solutions for the time-fractional Navier-Stokes equations. In this paper, inspired by
the prior explanation, we analyze the time-fractional Navier-Stokes equations having a
smooth boundary Q) = K in R” for (n > 3):

afw —vAw+ (wV)w=-Vp+g, t>0,
V.aw =0,

w|al€ =0,

w(t, x) = axcosp + btsinp,

where the Caputo fractional derivative of order p € (0,1) is denoted by af . Motion is
gravitational, where the velocity field at a point x € K and time ¢ > 0 is denoted by
w = (wy(t,x), wa(t,x),w3(t, x),..., wu(t x)), the pressure term is denoted by p = p(t,x),
the kinematic viscosity shows by symbol v, t represents the time, and a = a(x) signifies the
starting velocity. The smooth boundary is K. This model was extended by substituting a
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fractional derivative of order 8, and 0 < B < 1 for the first-time derivative. Since the flow
of fluid due to gravity is tilted at an angle of 45°,

ax

V2

afw—vAw—i- (wV)w=—-VP+g, t>0,

w(0, x) = axcos45° =

Vaw =0,
wlae =0, . )
w(0,x) = —.

V2

Here are some properties, before applying the Leray projector on (1),

P (w) =w,
ow dw
P.(VP) =0,
F(w) = F(w,w) = —P(w.V)w. (Bilinear property)

Consider
afw —vAw+ (w.V)w=—-VP+g, t>0,
Vw=0,

Py (8fw) — P (vAw) = —Py(w.V)w + PL(~VP) + Py (g)
CDPw(t) — vPL(Au) = F(u,v) + 0+ P.(g)

CDPw(t) + A(w) = F(w, w) + P.(g)

CDPw(t) + A(w) = F(w,w) + PL(g).

Now, (NSE) is converted into a time-fractional model using the Helmholtz-Leray projector
Py, to Equation (1). The operator —vPA with Dirichlet boundary conditions is simply
the same operator A, just like in the divergence-free function space under consideration.
We then write (1) in its abstract sense, which is

N @)
w(0) Nk

where F(w,v) = — P (w.V)v. If the Stokes function A and the Helmholtz-Leray projection
P;, resemble each other, then the Equation (2) has a similar solution to that of Equation (1).
For convenience, we simply write P instead of P;. The goal of this paper was to demonstrate
the presence and distinction of the moderate global and local problem solutions of (2) in
H°". Additionally, we demonstrate the regularity findings, which indicate that there is
just one classical solution if Pg is Holder continuous. For Aw and €, Dtfw(t) is Holder
continuous in [, and w(t) has to be the such solution.

{ CDPw(t) = — Aw + F(w,w) + P(g), t >0,

2. Preliminaries

In this section, we set the representations, definitions, and introductory information
that will be used throughout the research [17]. Let Q = K = {(x1,x2,...,X) : x4, > 0} be
the open subset of R”, where n > 3. Let 1 < r < oo, then there is the Hodge projection on
(L"(K))", which is a bounded projection P, whose range is the closure of

Cy(K) :={we (C*(K)"): V.w =0, w has compact subspace in K},
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and whose null space is the closure of

{we (C*(K)":w=Vny,nelCK)}

In order to make the notation clear, let J, := Cg°(IC)|'|r, which is a closed subspace of
(L"(K))". Furthermore, (Z™"(K))" is a Sobolev space with the norm |.| ;.
A = —vPA denotes the Stokes operator in J, whose domain is D,(A) = D,(A) N J;; here,

Dr(8) = {w € (Z*"(K))" : wlpx = 0}.

The bounded analytic semigroup {e~*4} on J, is generated by —A, which is a closed
linear operator. To present our findings, we must first define the fractional power spaces
associated with —A. For 6 > 0 and w € J,, describe

1 (o)
A %w = —/ =10t
I'(6) Jo

Then, A~ is a one-to-one bounded operator on J,. Let A? be the inverse of A~9, and we
denote the space H" by the range of A~° with the norm for § > 0.

0] e = | A%y

Checking that e 4 is extended (or restricted) to a bound analytic semigroup on H®"
is simple. Let X be a Banach space and | be a R interval. The set of all continuous X-
valued functions is denoted by C(J, X). C%(J, X) represents the set of all Holder continuous
functions with the exponent 9, for 0 < ¢ < 1. Let p € (0,1] and v : [0,00) — X. The
fractional integral of order 8 for a function v with a lower limit of zero is defined as

va(t) = /Ot gp(t —s)v(s)ds, t > 0.

Assuming that the right-hand-side is pointwise defined on [0, o), where g, denotes the

Riemann-Liouville kernel b1
1B

) = ——,

8 = 1g)

t > 0.

Furthermore, as the Caputo fractional derivative operator of order B is represented by CD? ,
it is defined by

Dfule) = i} Pwt) = vo)] = ([ 515 = 900) ~ v(0)as ), 1> 0.

More generally, for w : [0, c0] x R" — R", the Caputo fractional derivative concerning the
time of function w can be written as

t
Bfw(t,x) = at</0 g1-p(t —s)(w(t x) — w(O,x))ds), t>0.
Let us look into Mittag-Leffler’s special functions in general:
Eg(—tPA) = /0 Mg (s)e " Ads,

Eﬁ,ﬁ(—tﬂA) = /0 ,BsM}g(s)e*StﬁAds,
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where Mg(A) denotes the Mainardi-Wright type function, which is defined by

(] Am
];)m'l" B(1+m))

Proposition 1.
. 1
(i) E/g,ﬁ(—tﬁA) = — fre E/gﬁ —tﬁy)(yIJrA)_ldy;
(i) A%Egp(— tﬁA fraﬂ Epp(—tF3) (I + A)ldp.
Proof.
(i) Inview of [;° BsMg(s)e *'ds = Egg(—t) and Fubini theorem, we have
Eﬁlﬁ(—tﬁA) = / BsMpg (s)e_StﬁAds
, ; B
= Zm/ BsM / “HSE (Ul 4+ A) " duds
= ﬁ Eﬁﬁ( ) (ul + A)~tdy,

here, I'y is the appropriate integral route.
(ii) Similarly

A"‘Eﬁ,ﬁ(—tﬁA) = /ooﬁsM/g(s)A"‘e_StﬁAds
- Zm/ psM / uite S (ul + A) " dpds
= 2m o Epp(— ut) (Ul + A)~ldp.

O

The outcomes that follow are similar.

Lemma 1 ([18]). The operators Eﬁ(—tﬁA) and E/g/ﬁ(—tﬁA) are continuous for t > 0, in a uniform

operator topology. Moreover, the uniformly continuous on [r,o0) for r > 0.

Lemma 2 ([19]). Take 0 < B < 1 which implies:
(i) VweX, lim; o+ Eg(—tPA)w = w;
(ii) VweD(A)andt >0, CDf’Eﬁ(—tﬁA)w:—AEﬁ(—tﬁA)w;

(iii) ¥ weX, Ey(—tPA)w=—tF"1AEg 4(~tP A)w;

(iv) Vt>0, Eﬁ(—tﬁA)wzltlf’8 (tﬁ_lEﬁ,ﬁ(—tﬁA)u;).

We discuss the lemma below for the function h : [0,00) — X, before discussing the notion of a mild

solution to the issue (2). For details, we refer the reader to [20].

Lemma 3. If x(t) is solution of Equation (2) for w(0) = %, then w(t) is given as
w(t) = a 1 /t(t — )P (= Aw(s) + F(w(s), w(s)) + Pg)ds, fort >0, (3)
V2 T(B) Jo
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holds, then
at 1 £
) = —=+ = [ (t—5)P(-A d
wt) = ot gy [ 9 (-Aw(s)ds
1 t 1 t
— [ (t—s)FIF , ds+ —— [ (t—s)P~1Pgds.
gy 9 E@ ) ) + s [ ) Pads
Taking the Laplace on both sides
o)) = =+ L aw(V)] + LB w()) + = Pg(A)
T V202 AP ABT A&V
Multiplying by Af on both sides
Mw()) = \%AH + [~ Aw(A)] + F(w,w(A)) + Pg(A)
(AP + Ayw()) = %AH + F(w,w(A)) + Pg(A)
wd) = AP+ A)-l%ﬁ-z + (AP + A)TF(w,w(A)) + (AP + A) 71 Pg(A).
Taking the Laplace inverse on both sides
t t
w(t) = %/O Eﬁ(—(t—s)ﬁA)ds—l-/O(t—s)ﬁ_lEﬁ,lg(—(t—s)ﬁA)F(w(s),w(s))ds

+ /Ot(t—s)ﬂ_lEﬁrﬁ(—(t—s)ﬂA)Pg(s)ds.

Definition 1. A function w : [0,00) — H%or(],) is termed a global mild solution of problem (2)
in H, ifw € C([0,00), H*") and t € [0, 00),

w = A —(t—3s)PA)ds Ft—g)B-1 —(t—s)P w(s), w(s))ds
() ﬁfo Eg(—(t—s)PA)ds + [(t — )P Ep p(—(t —s)PA)F(w(s), w(s)) W
+ [yt —s)P T Eg g(—(t — 5)PA)Pg(s)ds.

Definition 2. Let 0 < T < co. Ifw € C([0, T], H*") or C([0, T], H*") and w and satisfy (4) for
t € [0, T). A functionw : [0,T] — HP" or (],) is called a local mild solution of problem (2) in
HP or (Jy).

We define three operators for case ¢, 77, ¢,

i = | Es(=(t=5)Pa)as,

=

—
~

~—

/Ot(t — 5)P1Eg 5(—(t — 5)PA) Pg(s)ds,
P = [ (6=5)P Egp(—(t = PAE@(S), ()i

Definition 3. A non-negative measurable function f is defined on measurable set & is said to be
integrable if, [ f < co.

Definition 4. Let g be integrable over £ and let < f, > be a sequence of measurable function such
that | fy| < gon € and limy e fn = f i.e.,

,}%/g,fn:/gf
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Clearly, every fy, is integrable on £ and furthermore, it follows that lim, e fy = f on € and
|fu| < gon & that |f| < g and hence f is integrable on £.

Lemma 4. Let (X, ||.||x) denote the Banach space, and let a bilinear operator which is defined as
G : X x X — X and a positive real number L such that

G, v)[x < Lllullx|[vllx, Vu,veX.

Then, for any ug € X with |[ug||x < 77, there is just unique solution u € X to the equation
u =g+ G(u,u).

3. Global and Local Existence in H%"

For the existence and unique property of a mild solution to the situation (2) in H%",
we provide adequate conditions. For this, we suppose that:
(e) For t > 0, Pg is continuous and |pg(t)|, = 0(t P1=9) for0 < 6 < 1ast — 0.

Lemma 5. Let 1 < r < oo and 81 < 6,. Then, the existence of the constant is C = C(d1,5)
such that
|e_tAv|H52,, < ct~(@2—4) [V]gorrs £ >0,

forv e H%". Furthermore,

lim #(%2701) |o=t4

V|16, =0.
t—0 |H2r

We will now examine a fundamental lemma that will enable us to demonstrate the
final major theorems of this section.

Lemma 6. Let 1 < r < oo and also 81 < 6. Then, for any T > 0, there is a constant C; =
C1(61,82) > 0 such that

|Eﬁ(—tﬁA)|H52,, < C1t*5(‘52*‘sl)|v|H§1,f, and |Eﬁ,ﬁ<_tﬁA>|H52ﬂ < Clt*5(52*51)|V|H51,r
forallv € H" and t € (0, T]. Furthermore, lim;_,q tP(2=00) |Eg(—tB A)v| s, = 0.

Proof. Letv € H%/. By the previous Lemma 5, we find that

© _oth
Ep(—tP AWl < [ Wp(o)]e™ 0]y s
< (C/ Mﬁ(s)s(‘5251)ds>tl3(5251)|1/|H51’7
0
< cltfﬁ(52—51)|V|H5w

Additionally, the dominated convergence theorem of Lebesgue demonstrates that

lim tﬁ(‘sf‘sl)\Eﬁ(—tﬁA)v|H52,, < /0 Mg(s) lim tﬁ(‘sf‘m|e*5tﬁAv\Hﬁ2/,ds =0.

t—0 t—0
Similarly,
© - —sth
|Eﬁ,ﬁ(—tﬂA)v|H52, < /0 BsMg(s)|e st Av\stz,rds
< (BC/O Mﬁ(s)sl_(‘52_‘51)ds>t‘ﬁ(‘52_51>|vH,sl,r
< Clt_ﬁ(52_51)|V|H51,r/
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where constant C; = C1(B, 61,02) is

C1 ZcmHX{rr(1_52+5l) 'Br(2_52+51) }

(14 B(01—62)) T(1+B(1+4 01— d2))
O

4. Global Existence in H%"

No portion of the above section of this article deals with the existence of a global mild
solution to the problem (2) in H%". We let

M(t) = sup {P1V|pg(s)l},
s€(0,t]

Bi = Cimax{B(B(1-19)),1—(B(1-10)),B(B(1—n)1-p(1-9¢))},
L > MG mux{[)’(ﬁ(l —0)),1-2B(a—6)),B(B(1 —a),1—2p(x— 5))}.

We assume that M is provided afterward.

Theorem 1. Let 1 < r < 00,0 < § < 1and (e) hold. For all \1% € H%". Suppose that
at 1
Ci|—= + BiMe < . 5
3l T O il ©)
The above mention M is defined as Mo 1= sup {sﬁ(l"s)Pg(s) bIF AL — 3 < 5, then there is
s€(0,00)

aw > max{6, %} and a function which is unique w : [0,00) — H%" helps to satisfy:
(@) The function w : [0,00) — H" is continuous and w(0) = \“/—%;
(b) The function w : (0,00) — H*" is continuous and lim,_,otP @9 |w(t)|ger = 0;
() w satisfy (4) fort € [0,00).
Proof. Take &« = #. Here, X is a space containing all the well-defined curves

u:(0,00) = H%", also Xeo = X[00] and the Xo term is a complete as well as non-empty
metric space:

(i) The continuous and bounded function is w : [0, c0) — H°";
(ii) Furthermore, the function is also continuous and bounded w : (0, 00) — H%", moreover,

lim 2 =9) |w(t) | gar = 0;
t—0

having a fundamental norm

ol = mae{ sup o) e supt? e (o) e .
t>0 £>0

Since it is clear that the mapping F : H*" x H*" — ], is a well defined, bounded as well
as bilinear mapping because of a Weissler argument, hence 3 M in such a way that for
w,v € HY,

Mw] s [V] o,

(6)

<
< M(|W|Ha,r+ |1/|Hu,r)|w—V|Htx,r.

Step I
Let us suppose that w, v € Xo. Here, the operator ¢(w(t),v(t)) € C([0,00), H") as well
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as the operator ¢(w(t),v(t)) € C((0,00), H*"). Consider t < t; as completely arbitrary
tp > 01is fixed and € > 0 is very small (the situation it follows is related). There are

\¢<w<t>,v<t>> ~ p(wlto), v(to))

Hoér

IN

0= 508 g (0 = )P A)F((s) ) s

b [T =9 = (= 9P B~ (¢ = 5)PANE((S), (6)] ord

+ /OtH(to = 5)P (g p(=(t =5)PA) = Eg p(—(to = )P A)) F(w(s), v(s) o ds
+ /mto_g(to — )P Egp(—(t —5)P A) — Egp(—(to — )P A)F(w(s), v(s)| yords

= Gu(t) + Gaa(t) + Gas(t) + Gaa(t).

Each of these four terms is estimated independently. For Gi(t), in light of the above
Lemma 6, we find

Gu(t) < € [ (=PI F(a(s), v(s) s

t
< MC1/t (£ — 8)BA= =1 () ggar | (5) | pgor s

0

t
< MCl/ (t —5)PU=07157 280 gg sup {s2P@=9)|2p(s)| par |v(s) | s }

to se[0,4]

1
= MCl/ (1 —s)PA=0)=15=26=0) g sup {%P@0) | (s) | pgur [V (5) | o }-
to/t se(0,4]

There exists § > 0 and from the definition of the Beta function, and ¢ is very small for
0<t—ty<3d,

P L )
to/t

Consequently, Gy1(t) approaches to 0 as t — tp approaches to 0. For Gy, (t),

Gia(t)

IN

& [ ((tg = 9P = (= ) 1) (k= ) P IF0(s), v(s) s

MGy /
0

to

IN

((tg —s)P~L — (£ —s)P 1) (t —5) P52 ds sup {520 |w(s)|gur|v(s)|pmr }.
SG[O,to]

It is interesting to note that
t
/ "t — s)P1 = (£ — s)B 1| (£ — 5) o5 2Ba=0)gg
0
! t
< / O(t — )Pt —5)FIs2Pad)gg 4 / O(to )1t 5)Fis2ha-0) g
0 0

< 2/t0(t0 _ 5)B1=0)-15-2p(a—0) 4
0
=2B(B(1—10),1—2p(a —9)).

Thus, by theorem (LDC), there are

t
/ O(to — )P — (£ — )Pt —5) P52 s 0 as t — t.
0
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lim Gis(t) =

(@ (), v(E)por <

|p(w(t), v(t))|prer

We conclude that a limiting value of Gi,(t) is equal to zero as t approaches ty. Now, we
move towards Gy3(f),

Gis(t)

IN

/c>t0_€(to = )P (Bpp(—(t = )P A) + Egp(—(to — )P AYF(w(s), v(5)) | yordls
/oth(to — )P ((t =) + (to —5) ") |[F(w(s), v(s)| yords

to—e
2MCy /0 " (tg — 5)BA=O=1572(=0) g qup {5280 |0p(s) | yar |1 (5) | s }-

se [O,to]

IN

IN

Using the (LDC) theorem one more time, the operator Eg g (—tPA) is uniform continuous
by Lemma 1, which shows

/otOis(to - 5)5_1}L%|Eﬁ,ﬁ(—(t —$)PA) — Egp(—(to — s)PA)F(w(s), v(s))| yords
0.

For Gy4(t), from calculations, we find conclusions that

fo
Gut) < [ (to=9)F ((t=)F + (t =) P) F(w(s), v(s)] s
0—¢&
£
< 2M0 [ (=P sup [P fau(s) e (5) o
to—e s€[tg—eto]
— 0,ase—0.

From the characteristics of p-function, we find that

\¢<w<t>,v<t>> () v())| 0 ast s
H&,r

The continuous operator ¢(w, v) calculated in C((0, c0), H*") follows the same conversation
as before. Thus, we skip the explanation.
Step II

This must prove that ¢ : Xe X Xeo — X is bilinear as well as a continuous operator.
From Lemma 6, it gives

/Ot(t - s)ﬁflEﬁ,}g(—(t —5)PAYF(w(s),v(s)ds

Hoér

t
< Cl/ (t—s)ﬁ(lf‘s)*l|F(w(s),v(s)|rds
0
t
< /\/l01/ (t —5)P=0)~15=2p(e=0) gs syp {Szﬁ(a75)|ZU(S)|Htx,r|V(S)‘Hmr}
0 se€[0,4]
= MCB(B(1-95),1-2B(a = 9))||w||x V]| xe/
and
ot
< /(t—s)ﬁ_lEﬁ,ﬁ(—(t—s)ﬁA)F(w(s),v(s))ds
O HIX,T
t
< cl/0 (t — )P =1 F(ap(s), v ()|, ds
t
< MC1/0 (t — 5)P=0)~15=28(a=0)gs sup {525("‘_5)|w(s)|Ha,r|v(s)\Ha,r}

s€(0,t]
= MCit PEIB(B(1 - a), 1 - 2B(a — 8))l[w]|x..|IV]|x..-



Fractal Fract. 2023, 7, 26

11 0f 28

Hence,

sup g (w(t), (1)) | por < MCB(B(L — ), 1 — 2B(a — &) o]l x| V] .-

te[0,00)

To be more accurate,

lim 29 |p(w(t), v(t))|gar = 0.

t—tg

Thus, ¢(w, v) belongs to Xeo and [[@(w(t), v(£))|[xe < Lllwl[x.|[V]|x.-

Step III

Let0 <t < ty. Since

IA

_|_

+

IN

[17(t) =71 (t0) o

=9 (== P AP (s) s

[ G0 = P = (6= )P B (¢ = 9P )P ) o

[ o= 5P B~ (5 = )P A) — Egp(—(to — 5)PA)P(6)] sl
[ (=908 gl (= )P 4) = Egp(—(to = 5)°A4)Pg(s) s

€ [ (=)0 o)

G [ ((to = 9P = (6= )P 1)t =) [Pl

& [ (10— 51 g~ (1 = 9)PA) — Egp(— (1o — 5)PAYP(s)] st

to
20, /t (to — 5)P(1=9=1|Pg(s)|,ds

0—¢&

t
M(t)clf (t—s)ﬁ(1—5)—1s—ﬁ(1_5)ds

to

M) /Oto((to — )Pl — (t— )P 1) (£ —5) PO P(1-0)gg

to—¢ o
M(t)Cl/O (to — s)P Y Egp(—(t — 5)PA) — Eg g(—(to — s)P A)sP1-0)ds
t
2M(H)C / " (b — )P0 -1g=p1-0) g
t(]—E

From the result of Lemma 1 as well as the property of  function, the first, second, and
third and final integral approaches to 0 as ¢ — tg as ¢ tends 0, which suggests

|77(t)_77(t0)|H(5,r — 0 as t —tp.

We evaluated that #(t) is continuous in H*" which implies a similarly prior explanation:

IN

0l < | [P g~ = 9P A)Pg(s)as

Hb',r

IN

& [ (=)0 pgis) s @)

M(H)C /0 (£ — 5)B1=0)-14=p1-0) 4
= M(H)CB(B(1-9),1-B(1-9)),

IN
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as well as
! -1
|;7(t)|Hﬁ,r S /(t—S)ﬁ E,B,ﬁ(_(t_s)ﬁA)Pg(S)dS
O HU(,Y
t
< C t— g)Pl—a)-1|p d
< o= Py (s)| ds
t
< M(t)cl/ (t_s)ﬁ(lfa)flsf,g(us)ds
0
= PIMOABEA - 0,1 (1 -0)).
Specifically,

Py ()| per < MOCB(BL — ), 1= B(1-6)) =0, ast — 0.

As we know that, if t — 0, then M (t) — 0. As a result of an assumption (e), it is guaranteed
that 7(t) € X« and
7(8)]]eo < BiMeo.

For \% € H%", and from the statement of Lemma 1, it is simple to see that
Eg(—tPA) € C([0,00), H*")

Eg(—tPA) € C((0,00), HY").

SERTE

Therefore, also
t a .
/OE/g(—(t—s)ﬁA)\ﬁds e ¢([0,00), H)
f a o,
/OE/g(—(t—s)/gA)\ﬁds € C((0,00), H).

From Lemma 6, which suggests that Vt € (0, T],

A
V2
A

V2

t b
/OEﬁ(—(t—s) ALis € X

o t
tﬂ(“*(’)/oEﬁ(—(t—s)ﬁA) ds € C((0,00), HY),

t a t a
Eg(—(t —s)PA)—ds < / Eg(—(t —s)PA)——ds ,
’(/0,3(())\@ x. — Jo ﬁ(())ﬁ Xeo
4 a
< /Oclfﬁma,yd&
at
= C1|l—=|1,-
1|ﬁ}H<5r
With the help of Equation (5), the inequality gives us
’/tE/g(—(t—s)ﬁA)ads—i-n(t) < ’/tEﬁ(—(t—s)ﬁA)ads —l—Hn(t)
0 \ﬁ Xeo 0 \6 Xeo Xeo
at 1
S Cl‘ﬁ’H5’7+BleSE

which shows the result that F has a unique and special fixed point.
Step IV
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at

V2

For the purpose of demonstrating that w(t) — in H%7, by assigning ¢t — 0. We must

demonstrate that:

a [t
%ln‘é(’:(t) }1—%\@/0 Eg(—tPA)ds =0,

t
. _ . -1 (B _
}1_1)1817(1‘) }138 : (t—s)P " Egp(—(t —s)PA)Pg(s)ds =0,

}i_r>%4>(w,1/)(t) }1_1)18 A (t— s)ﬁ_lEﬁlﬁ(—(t —s)PAYF(w(s), w(s))ds =0

in H. Tt is understood that lim¢_,77(t) = 0 and limy ;) M (t) = 0 with (7). Additionally,

/Ot(t — s)ﬁflEﬁ,ﬁ(—(t — s)ﬁA)F(w(s),w(s))ds

Hoér

< cl/Ot(t—s)ﬂHH|F(w(s),w(s))|rds

t
< M [ (=) ao(s) [, ds
"~ )BT (s [2
< MQ/O (t—s) |t0(5) |l
t
< MG /0 (t — 5)P1-015-2800) g5 sup {2P@=0)|(w(5) Pyer }

s€(0,4]
= MCB(B(1—6),1-2B(a—0)) sup {sP@|w(s)|2ur} — 0 as t —0.
se(0,4]

O

5. Local Existence in H%"

This part is further separated into the local mild solution to the problem (2) in H%".

Theorem 2. Let1 < r < 00,0 < < 1and (e) exist. Let us suppose that

n 1
5—§<(5. (8)

The existence of a function o > max{é, %} is such that for all “72 € H”3 T. > 0anda

distinctive continuous function u : [0, T..] — H®" which is constant:

(i) A continuous mapping in H*" is defined as w : [0, T..] — H" with w(0) = \%;

(i) A continuous mapping in H" is defined as w : (0, T.] — H™" with a limiting value of
function lim;_o tP=9) |w(t)| par = 0;

(iii) w holds (4) for t € [0, Ty].

Proof. Take « = 14 and a value % € H%". Let us define X7 as the space of curves in

such a way that w : (0, T] — H%", moreover Xz = X|[T:

(a*) A continuous mapping is defined as w : [0, T] — H*";

(b*) A continuous mapping with limiting value of function is defined as w : (0, T| — H*",
with limy_,gtP@=9) [w(t)| ar = 0;
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with a norm defined by

[[wllx = sup
te[0,T)

{tﬁ(a_(s) |w<t) ‘Ha,r }

From the proof of Theorem 1, we notice that the operator ¢ is continuous and shows a

linear map ¢ : X x X — X and 7(t) € X. From Lemma 1, we can claim V' t € (0, T],

e C([o,T],H),
€ C([o,T], H*"),
e C([o,T,H"),

c c((o,T, H ).

Hence, from the previous Lemma 6, this yields that

/Ot Eﬁ(—(t—s)ﬁA)\%ds e X

t ~
tﬁ(a—ﬁ)/o Eﬁ(f(tfs)ﬁA)\%ds e c([o,T), H*").

t
/0 Ep(—(t— s)ﬁA)\%ds

X

IA

IA

t
)
t a
‘/0 Cl ‘ E ’Hzi,rdsl

at
G ’ \ﬁ ‘HM'

Ep(—(t— s)ﬁA)\%ds

With the help of Equation (5), the inequality gives us

t a t a
Eg(—(t—s)PA)——ds + n(t < ‘ Eg(—(t—s)PA)——ds +H t
| fEstaopmygpasenwl| o< || [TEsieorar |kl
t 1
< Cl|\%\HM+Ble§E

This gives a result that F has a unique fixed point due to Lemma 4. [

6. Existence Locally in J,

X

X[T,]

4

We are using the iteration method in this part intended for the thought of the local

1+5

existence of a mild solution to the problem (2) in J,. Let & = -3°.

Theorem 3. Suppose 1 < r < 00,0 < § < 1 and (e) holds. Let us take the value in H®"

at
— €

V2

2

1
HO" with % _ <6

2

Thus, the mild solution of (2) is unique answer for at € H% in J,. Additionally, tP(*—%) A%w(t)

V2

is bounded as t — 0, Moreover, w and A%u are both continuous functions in [0, T] and (0, T),

respectively.
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Proof. Step I Set

k(t) :== sup sPA=9)| A% (s)],
s€(0,t]

also
B = p,)(0) = [ (6= P Epp(—(t = )P AF(w(s), w(s))ds

The instant results from Step II in Theorem 1 reveal that, A continuous functions () and
A% (t) exist in [0, T] and (0, T], respectively, with the value

4Gl < | [ A= 9P By p(— (¢ P AF(w(s), w(s)ds

r

IN

G /ot A%t —s)PU97 1 F(u(s), u(s))l, ds

IN

t
My [ 4% (¢ = )P0 152800) sup 2860 ja(s)] wo(s)] s (9)
0 s€(0,t]

t
= MCl/O (t —s)PU—0=1g=28(0=0)gs [ sup A%s?P@=0)|op(s)|?}

se(0,t]

A1), < MCt PEIBB(1 —a),1—2B(x — 5))R3(H).
We also take into account the integral #(t). Given that (e) is true,
|Pg(s)|, < M()sP1=9),

The above inequality with a continuous function M (t) holds. Theorem 1’s third stage
reveals that A% (t) is continuous in (0, T] with the results

a0l = | [0 9f A (- P Apg(e))| o
Har

IN

t
¢ /0 (t — 5)P1=0-1| A%Dg(s)| ds

IN

t
M) /O (t — 5)P1-0)=15-p(1-0) g (10)

PO M(DB(B( )1~ (1 - 0))
FPEDC M(DB(B(L - 8),1 - (1 - 0)),

IN

A%y ()]

For |Pg(t)|, = 0(t~P(1-9)), t tends towards zero and M(t) = 0. The above Equation (10)
concludes that | A% (t)|, = 0(t P*~9)) as t approaches 0. We establish the continuity of
in J;. In actuality, we take0 < ty < t < T, resulting in
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’ /Ot A"Eg(—(t — s)ﬁA)\%ds

to
0

3 /tot(t - 5)571|Pg(s)‘rds +C3/ ((tg—s)P 1= (t— S))/S71|Pg(5)’rd5
Cs /Otoj(to - S)ﬁ—1||E5/ﬁ(—(t — s)ﬁA) - Eﬁ,ﬁ(—(to — S)ﬁA)H |Pg(s)|,ds

to
205 / (to — 5)P~1|Pg(s) | ds
t

0—¢&

t

oty {19 00
to
t

EM() [ (=511 = (10— )P 1) 5P

to—e
CM(1) [7 (to= )P 15 P00 sup [|Egp(—(t—5)PA) = Egg(—(to =) A)]|

se[0,t—e]

t
2C3M(t)/0 (tg—s)P~1sP0=0ds — 0, ast — t.

to—e

Additionally, we think about the function fot Eg(—(t - s)ﬁA)% ds. It is clear from the

Lemma 6 that

a

V2

toa
et Pl [ s
02 "

_B(a_s), @ . -
= Cyt Pl 5)|\ﬁt|HM tlgr})tﬁ(vc %)

ds

r

< /Ot ‘A"‘E/g((ts)ﬁA)

r

IN

/O A“Eﬁ;(—(t—s)ﬁA)\—@ds ,

r

t
= i tﬁ(“*f”/]g (—s)PA) L4
t1~>n}) 0 'B( ( S) )\/E SH:x,r
= 0.

Step II
Now, using the successive approximation method, we create the solution:

wo(t) = Jy Ep(—(t—s)PA) Sds + (1),
wyi1(t) = wo(t) + p(wy, wy)(t), n=0,1,2,....

(11)

Using the above results, we have &, () := sup sP@=9)|A%w,(s)|,

s€(0,t]
which are continuous and increasing in [0, T] with a value of &, (0) = 0. However, given (9)
and (10) and that the inequality is satisfied by &, (f),

Rus1(t) < Ro(t) + MCB(B(1 - a),1 = 2B(x — 0))R5 (). (12)

For %o(0) = 0, select T > 0 in such a way that
AMCB(B(1 —a),1—2B(a —8))&o(T) < 1. (13)
The sequence &, (T) is hence guaranteed to be bounded by fundamental consideration (12), i.e.,

#,(T) <p(T), n=0,1,2,....
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There are

3(1) = 1= VI1—4AMCB(B(1 —a),1—2B(a —9))Ro(t)

P 2MCB(B(1—a), 1 2B(x —9))

It is true that #n(t) < p(t) holds for any value of t € (0, T]. Similarly, we say §(t) < 2%y (t).
Let us think about equality

t
zny1(t) = /0 (t—5)PEg g(—(t — )P A) [F(wyy1(s), wni1(s) — F(wn(s), wn(s))]ds,
fort € (0,T] and z, = U1 — un, n=0,1,2,.... By writing,

Zu(t) := sup P9 A%z, (s)],.
s€(0,f]

In light of (5), there are

|F(wn11(s), wnr1(s) — F(wn(s), wn(s))],
M(|wn+1|HW + |wn|H“") |wn+1 o w”|H‘W

= M(|wn+1|Ha,r + |wn|Ha,r)AaZn sup S—/S((X—(s)sﬁ(lx—&)
s€(0,4]

IN

= M(|A%, 41 + |A%wy|,) 2z sup s PE0)ghla—0)
s€(0,4]

= M( sup sP 0| A%wy 44,
s€(0,¢]

+ sup sPa=9) |A*wy, |r> zns P9

s€(0,]
< M(KnJrl + f(n)ZnSiﬁ('xié) sup gB(a—3) g—p(a—0) g
se€(0,t]
< M(Rpyp1 +R&y) sup sﬁ(“*é)\A"‘zn(s)|rs*2ﬁ(“*f5)
s€(0,1]

|P(wn+1(s)rwn+1(5) — F(wa(s), wn(s))‘r < ./\/l(f(nJrl —l—kn)Zn(s)s_zﬁ(“_&).

This is implied by Step Il in Theorem 1 that

Such inequality results in

Zpa(T) < 2MCB(B(1 - a),1 = 2B(a = 8))p(T) Zu(T)

(14)
< 4MCB(B(1 - 1), 1~ 2B(x - 6))&o(T) Zu(T).

As per (13) with (14), it is indeed obvious that

Zn+1 (T)

i @) < AMOBE(— )1 - 2p(— 8))%o(T) < 1.

Thus, the convergence of the series £ Z,(T) implies the uniform convergence of the
series Z;’;Otﬁ(“*‘s)A”‘zn (t) for t € (0, T]; hence, the uniform convergence of the sequence
{tP(a=0) A%y, ()} holds in (0, T]. Thus,

lim w,(t) = w(t) € D(A")

n—oo
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and
lim P9 A%y, (1) = t(2=9) A%up(t) uniformly.

n—oo
According to the boundedness theorem, “A function f continuous on a bounded and closed

interval is necessarily a bounded function”. Therefore, both A™* and A* are bound and
closed, respectively. Accordingly, the function #(t) = sup sP(*~%)|A%w(s)|, also satisfies

s€(0,4]
®(t) <p(t) <2&%(t), t € (0,t], (15)
as well as
6o = sup P |F(wi(s), wnls) — F(w(s), w(s))lr
5€(0,T]
< M(&(T) + &(T)) sup P A% (w,(s) —w(s))], — 0, asn — oco.

s€(0,T]

To conclude, it is necessary to confirm that w is a mild solution to the problem (2) in the
domain of [0, T],

(p(0n,00) (1)~ 9, w) (D] < [ (1= 9P s 20 ds = ¥, = 0, (1 oo).

In other words, we obtain ¢(wy,, wy,)(t) — ¢(w, w)(t) as the limits on both sides of (10) are
taken, and we deduce that

w(t) = wo(t) + ¢p(w, w)(t). (16)
t

Let w(0) = %, and we learn that (16) is true for both t € [0,T] and w € C([0,T], J;).

Additionally, the continuity of A*w(t) in (0, T] is derived from the uniform convergence of
tP(@=0) Aqp, (1) to tP(*—=9) A%w(t). We conclude that |A%w(t)|, = 0(t P*~9)) is clear from
(15) and %y (t) = 0.

Step 111

We demonstrate the distinction of mild solutions. Suppose that w and v are mild solutions
to the problem (2).

Let z = w — v, and consider the inequality

z(t) = /Ot(t - s)ﬁﬁlEﬁ,ﬁ(—(t - s)ﬂA) [F(w(s), w(s) — F(v(s),v(s))]ds.
Expressing the solution

&(t) := max{ sup sP@9)|A*(w(s))|,, sup P9 |A%(v(s))]|,}.
s€(0,4] s€(0,t]

From (5) and Lemma 6, we have the inequality
t
|A%z()|, < MCiR(t) / (t — )P0 =15=Ba=0)| A%5(5)| ds.
0

The Gronwall inequality demonstrates that for t € (0, T], A*z(t) = 0. This indicates that,
fort € [0,T], z(t) = w(t) — v(t) = 0. The mild solution is a special result. [
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(t—s)P1

(t—s)P~

AEg(—(t—s)PA)(Pg(s) — Pg(t))

AEg(~(t — )P A) (Pg(s) — Pg(1))

7. Regularity

The regularity of a w solution that answers the problem is examined in this section (2).
In this essay, we suppose that:
(e1) With an exponent ¢ € (0, 3(1 —«)), Pg(t) is Holder continuous, that is,

f@) = fl < [lx—yllP,
|Pg(t) — Pg(s)|, < Llt—s|® forall 0<t s<T.

Definition 5. An expression w : [0, T] — J,. Ifw € C([0, T, J,) with Cwa(t) € C((0,T],Jr),
this accepts values in D(A) and solves (2) for every t € (0, T|; then, ], is referred to as the classical
solution of the (2).

Lemma 7. Let (eq) be satisfied. If
t ~
m(t) = /0 (t—s)P1Egp(—(t—s)PA)(Pg(t) — Pg(s))ds, V t € (0,T),
then n1(t) € D(A) also Any(t) € C%([0, T], J;).
Proof. To be fixed, t € (0, T]. Let us think about

(t—5)P | AEg5(—(t — )P A) (Pg(s) — Pg(t)) Ir-

Lemma 6 with (e1) give us

< Ci(t—s)P (e —s)"P|Pg(s) — Pg(t)],

r

= Ci(t—s)"'|Pg(s) — Pg(t)|, (17)

< CL(t—s)1 e LY([0,T], ).

r

Then,

IN

AEgs(—(t —5)PA) (pg(s) — pg(t))| ds

r

t
Am@l < [=9p
ClLtﬂ

t
< AN B e L
< ClL./o (t—s)"""ds < g <®

Since A is closed, we can write 1 (t) € D(A).
It is necessary to demonstrate that Az () is Holder continuous. Because

d, s _
ﬁ(fﬁ "B p(—utP)) = tF2Eg g1 (—ptP).
Then,

d, s
a( p 1AE,3,13(71”3A))

1 _ _
= ﬁ/r 2B g1 (—ptP) A(pl + A)ldp
0

1 } ) _ )
B %/1"9 ! ZE’s”gfl(*Wﬁ)dﬂfﬁ/rg P72 uEp g1 (—putP) (uI + A)ldp.
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Put —utP =

_ a4y
duy = T
-1
1 . 1 1 . Y[~y 1
= — [ 2 —dp — — p-2 Ly o Sl
27ri/rg T Eppr () 5 27ti/r/9t Epp1(9); (tﬁI+A> BV

In light of

(uI+A)Y| < @ we derive that

Cpt 2, 0<t<T.

IN

d 5
Hdi’(tﬁ AEﬁ,ﬁ(_tﬁA))H
From MVT, we derive that V0 < s < t < T, and we obtain

t
Hf‘B_lAEIB,/g(tﬁA) Sﬁ_lAElg,’g(SﬁA)H = ’ /S %(T‘B_lAEIB,/g(*TﬁA))dT

/St

t
< Cﬁ/ T2t = C}gz,(s_1 — ).
S

IN

dt (18)

d g
o= (7f 1AEﬁ,ﬁ(—T/5A))‘

Takeh > Osuchthat0 < t < t+h < T, then
Anp(t+h) — A (t)
= /Ot ((t+h—s)/51AEﬁ,ﬁ(—(t+h—s)ﬁA)
— (t—s)P T AEgg(—(t— S)ﬁA)> (Pg(s) — Pg(t))ds (19)
+ /Ot(t +h—s)PLAEg g(—(t+ 1 —s)PA) (Pg(t) — Pg(t + h))ds

t+h 1
+ /t (t+h—s)PLAEg(—(t+h —s)PA)(Pg(s) — Pg(t+h))ds
= L(t) + L(t) + I(#).

The three major terms are discussed here one by one. We have (18) with (e;) for I (¢),

(L (8]

IN

/Ot H(t +h—s)F T AE p(—(t+h—s)PA) — (t —s)P 1 AEg g(—(t —5)PA) ‘ ‘
|Pg(s) — Pg(t)] ds

cﬁLh/Ot(tJrh—s)*l(t—s)ﬁ‘*lds (20)

IN

IN

t
CﬂLh/O (h+s)"1(t —s)°1ds

IN

P h o9 I
_ d
CﬂL/o s+hs dS+CﬁLh/;z erhS °

CpLh®.

IN

For solving I»(t), Lemma 6 and (e;1) are used here, and we have
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t
L], < /O(t—l—h—s)ﬁ’l AEgg(—(t+h—s)PA)(Pg(t) — Pg(t+h))| ds
T
t
< 01/0 (t+h—s)"|(Pg(t) — Pg(t+h))| ds (21)
T
ot
< Cthﬁ/O(tJrh—s)_lds
= CiL[In(h) —In(t + h)]K°.
Moreover, for solving I3(t), Lemma 6 and (e;) are used here, and we have
t+h
()|, < /t (t+h—s)P Y AEgg(—(t+ 1 —s)PA)(Pg(s) — Pg(t+h))| ds
t+h '
< 0 [t h—s) Y Pg(s) — Pg(t+ 1) | ds 22)
t r

t+h
< ClL/ (t4+h—s)°lds = 1L
t

By combining all the above (20), (21) with (22), we deduce that Holder’s continuity of
Anq () exists. [

Theorem 4. Suppose that Theorem 3's assumptions are satisfied. The mild solution of Equation (2)

is the classical one applicable to any % € D(A) if (e1) is true.

Proof. From Lemma 2(ii), it is guaranteed that function w(t) = fot Eﬁ(—(t—s)ﬁA)%dt (t>0)

is a classical solution for the given problem, for value “th € D(A):

{ CD’fw:—Aw, t>0,

w(0) = 2

7
Step 1
By verifying,

00 = [ (6= 9P Egp(~(t — 9P 4)Pg(s)ds

is the classical solution to the following problem

CDPw = —Aw + Pg(t), t > 0,
u(0) = 0.

Thus, it follows from Theorem 3 that 7 € C([0, T], J;). By rewriting 7(¢) = 171 (t)+172(t), then
t
mt) = /O (t—s)P1Egp(—(t —s)PA) (Pg(s) — Pg(t))ds,
t
) = [ (=P Egp(—(t =) A)Pg(t)ds.

From Lemma 7, we can write #1(t) € D(A). To demonstrate similar results for #,(t). By
Lemma 2(iii), we find that

Ana(t) = Pg(t) — Eg(—tP A)Pg(t).
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Since (e7) exists, therefore

[Ama(8)|r < (14 C1)[Pg(8)]r,

thus
n2(t) € D(A) fort € (0, T] and n2(t) € C°((0, T, J;). (23)

Furthermore, we verify for CDE n € C((0,T],Jr). In light of the Lemma 2(iv) with the
condition #7(0) = 0, there are

fyr) = 1! P(0) = 5 (Ex(~P2)+ ).

It must still be demonstrated that E ﬁ(tﬁ A) % Pg in [, is continuously differentiable.
Let0 < h < T —t, and we derive:

% (Eﬁ(—(f +h)PA) x Pg — Eg(—tPA) * Pg)
= 5 (Bo(= = 9P A Pg(s) — B~ = )P 4)glo) s
+% /t . Eg(—(t+h—s)P A)Pg(s)ds.
Note that

ds

r

/ot ;’Eﬁ(—(t +h—s)PA)Pg(s) — Eg(—(t —s)P A)Pg(s)
1 rt
i
+ Cl%/ot ds

t
Cl./\/l(t)%/o (t+h—s)Ps P19 gg

ds

r

IN

Eﬁ(—(t +h— s)ﬁA)Pg(s)

Eg(—(t —5))PA)Pg(s)

IN

+ ClM(t)% /Ot(t —5)Ps7P1-0)gs
< aM; ((t F )Py tl-ﬁ>3(1 _B1- 1 —0)).

We find the following result by using the LDC theorem given by Lebesgue

lim Ot % (Eﬁ(—(t +1h— )P A)Pg(s) — Eg(—(t - s)ﬁA)pg(s)>ds

- /ot(t —s)P 1 AEg g(—(t — 5)PA)Pg(s)ds
= An(h).
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In contrast,
; /t+h (t+h—s)PA)Pg(s)ds
- E/o Eg(—sPA)Pg(t +h —s)ds
1 h
= /0 Eﬁ(—sﬁA) <Pg(t +h—s)—Pg(t— S))>ds
Y

1 rh
- —sh
—|—h/0 Eg(—s"A)Pg(t)ds

Lemmas 1 and 6 with property (e1) give us

t
’}11/0 Eﬁ(—sﬁA)Pg(t+h—s) — Pg(t—s))ds| <C Lh®,
b T
1 gt P p h?
‘h/o Ep(~sPA)Pg(t —9)) = PR(0)ds| < il

Consequently, Lemma 2(i) offers that

. y )
;lfféh / Eg((—s)PA)Pg(s)ds = Pg(t).

Hence,

t+h
1 —s)P = :
hlg})h/ ((t4+h—s)PA)Pg(s)ds = Pg(t)

Our conclusion is that Eg (tPA) * Pg is differentiable at t ; and

;t (Ep(tPA) x Pg) . = An(t) + Pg(t).

Similarly, Eg(tF A)  Pg is differential at f and

d
57 (Ep(tPA) x Pg) _ = An(t) + Pg(t).
We show that Ay = Ay + Az € C((0,T], J;). It is clear that the given function

(1) = Pg(t) — Eg(tP A)Pg(t).

In consideration of Lemma 1, it is continuous because of Lemma 2(iii). Furthermore, in
addition, Lemma 7 tells us that Az (t) is also continuous. Accordingly, CDf 7 €C((0,T],J;).
Step I

Let us suppose that w is the mild solution of (2). To demonstrate F(w,w) € C*((0,T],J,),
from (5), we must verify that A*w is Holder continuous in J,. Apply & > 0 in a way that
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O<t<t+h p
Indicate §(t) := Eﬁ(—tﬁA)—

V2

through Lemma 2(iv) and (6), then

|Aa4~)(t + h) - Alx(ﬁ(t) |r

t+h
P LAYE, ,(—sPA)-Ld
S S S

t+h
.
t

Cl /t+h S‘B_ls_ﬁ(a_é)
t

r

IN

ds

r

A (—sPA)Ad L
gp(—s"A) 7

ds

r

IN

a
Ad
V2

A5L
V2

t+h a
_ C/ [3(1+(5—tx)—1d AL
L/ vt

Calalpor - -
- _AH ey \B(I+—a) _ yB(140—a)
B(1+6—u) ((£+1) )

C1l-J5 | o
< WVAIHY L psa)
-~ B(1+d—n)

- af Tt B p1 s
t

r

Thus, A% € ct((0, ], J,). Apply hinaway thate < t < t +h < T, for all small ¢ > 0, since
|[A%(t+h) — A% (t)|r
t+h
/ (t+h—s)PTAEg g(—(t+ I — s)P A)Pg(s)ds
t

IN

r

+

’ /Ot A*((t+h— S)'B_lElg,ﬁ(—(t +h—s)PA)—(t— s)ﬁ_lEﬁ,ﬁ(—(t — s)ﬁA))Pg(s)ds

= () +m(h).

r

By implementing Lemma 6 and (e), the result is

IN

t+h
n) < 6 (Erh=s)P0T Pg(s) s

IA

t+h
CLM(H) / (4 — 5)BI=0)~15=B(1-0) g

C1 o 80-0)-p0-0)
M(t)ﬁ(1 — “)h t

i pa—a),~B1-0)
M(t)ﬂ(l_a)h ¢ .

To calculate 7, (t), we find the inequality

IN

IN

d, g 1 - .
a(tﬁ 1AD‘E‘B,‘3(—fﬁA)) = Tm/r‘uatﬁ 2E/3,‘3,1(—]1t/5)(‘ul+A) 1d;l
_ 1 ¥\ 52 % 1
_ zm,/r/(tﬁ>t Egpa(9)( — gl +A) pdv.
The above equation gives

d - —n)—
Hdt(tﬁ 1A“Eﬁ'ﬁ(—f‘;A>)H < Cptf-0-2,
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The mean value theorem gives yields

t
HtﬁlAwEﬁﬁ(—tﬁA) _SﬁlA“E,s,/s(—sﬁA)H < /s jT(T’glA“Eﬁ,,;(—rﬁA))‘ i
t
< Cﬂ/s 1—/5(17&)*2[17 = Cﬁ (Sﬁ(lfa)fl _ tﬁ(l*ﬂ()fl).

12(t)

IN

IN

IN

IN +

IN

[

(t— s)ﬁflEﬁ,ﬁ(—(t - s)ﬁA) Pg(s)

Thus,
A* ((t +h—s)P ' Egg(—(t+h—s)PA)

ds

r

/; ((t B s)ﬁ(l_a)_l) |Pg(s)],ds

Ol N R R Y

t+h
CoM(t) [ (4 h— )P0 1s=PO-0)gg
t

CpM (1) (PO~ — (¢ + h)PO=)B(B(1 — &), 1 — B(1 — 8)) + CpM(t)hP1 =) F1=0)
CoM (1) PO [e(e + )]PO=) 4 CoM (1) hP-0) g P1=0),

This guarantees that A%y € C?([e, T], J). Owing to random ¢, A%y € C?((0, T], J,).

t

p(t) = /0 (t = )P Egp(—(t —5)PA)F(w(s), w(s)))ds.

Here, we know that |F(w(s),w(s)))|, < M#&%(t)s~2#(#=9), in which the supplied function’s

continuity exists but is also bounded in (0,T], and &(t) := sup sP*9)|w(s)|ger. We
s€(0,¢]

are able to provide the Holder continuity of A*$ in the same fashion as in C?((0, T], J;)-

Therefore, we can write

Atw(t) = A%G(t) + A (t) + A*(t) € C°((0,T], Jr)

Seeing as F(w,w) € CY((0,T],J,) is demonstrated. From the previous Step I, these give
the results that CDt’gtp € ¢%(0,T),];), Ag € C((0,T],],) and CDfl,TJ = —Ap + F(w,w).
Similarly to what we did, we obtained that Cwa € C((0,T],],), Aw € €((0,T],],) and
Cwa = —Aw + F(w,w) + Pg.

Thus, the conclusion is that w is a classical solution as a result. [

Theorem 5. Suppose that (e1) is true. If w shows a classical solution of (2), then Aw €
C¥((0,T], Jy) also CDPw € cv((0,T), J1).

Proof. Unless w shows a classical solution of (2), hence we can write w(t) = ¢(t) + 1 (t) +
(). The evidence is adequate to show Ap € CP1-9)((0,T],],). For every e > 0, it is still
important to prove that
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AP € Cﬁ(l"s)([s, T],J). In fact, using Lemma 2(iii), & is picked in a way that e < t <
t+h<T:

[A@(t +h) — Ap(t)]r

t+h
P IA2E L (—sP ALy
s s s
/t s )\@

C1 /t+h s—P1-9)-1gg
t

C1l5 [ ger

fizH (t
p

Cil Jluor  ppO-0)

- B [e(e 4+ h)]P1—0)"

r

IN

||
\/i H&,r
B0 _ (4 4 p)~P1-9))

Similarly, from Lemma 7, we can write #(t) as

n(t) = m(t) +na(t)
= [ =P Epp(—(t = )P A4) (Pg(s) — P (1) ds

+ /Ot(t — s)ﬁ_lEﬁ/ﬂ(—(t —5)PA)Pg(t)ds,

in the domain of t € (0,T]. Lemma 7 with (23) leads to the conclusion that A#;(t) €
C’([0,T],]r) and Anp(t) € C*((0,T],];), accordingly. [

8. Application

Assuming that X € L?(7,27) and e, (x) = 5v/5/2msinx,n=1,2,.... Then, (ey,n =
1,2,...) is an orthonormal base of X. We define an infinite dimensional space U = X and
consider the following system governed by the semi-linear heat equation:

D7y (t,x) =¢ DFOY(t,x) + f(t,Y(t,x)) + Au(t,x),0 < t < a,m < x < 27,
Y(0,x) = Yp(x), m < x <2, (24)
Y(£,0) =Y(t2m),0 <t <aq,
where the nonlinear function f is considered as an operator satisfying hypothesis H; and
for each u € L2(0,a; U) of the form Y2° ; i1,0(t)ey; here, we define

Au(t) =Y fu0(t)ey,
n=1
where .
. 0,0<t<a(1—ﬁ),
= 25
n(t) { un(t),a(1— 1) <t <a (25)
Because

1Bullr2(00,%) < lull12(0,0,%)

the operator B is bounded from U into L?(], X). In fact, it is not difficult to check that
AU # L*(], X). Then, let t be an arbitrary element in L?(0,4, X) and € X be defined by

h= Eg(—a—s)PY(0)x + /O“(a )PS5 (0 5)g(s)ds.

Assume that

o(t) = ilfnu)en,
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and

Then, we claim that for every given ¢ € LZ(O, a,X), there exists u € U such that
t
Ep(—a —s)PY(0)x + / (a—5)P 'Sy (@~ 5) Au(s)ds
0

= Eg(—a— $)PY(0)x + ./Ot(a —5)P 1G5 (a — s)t(s)ds,

Ny

which means that the condition H, is satisfied, as assumptions H; and H; are satisfied.

9. Conclusions

This study uses Helmholtz-Leray projection to demonstrate the existence and unique-
ness of a solution for the fractional order Navier-Stokes equations. Meanwhile, we offer
a local viable solution in S,. The Navier-Stokes equations (NSEs) with time-fractional
derivatives of order ¢ € (0,1) are used to simulate anomaly diffusion in fractal media.
We demonstrate the existence of regular classical solutions to these equations in S,. The
concept put forth in this article may be expanded upon in future work through the inclusion
of observability and the generalization of other activities. Much research is being performed
in this fascinating area, which may result in a wide range of applications and theories.
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