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Abstract: In this manuscript, we are interested in studying the homoclinic solutions of fractional
Hamiltonian system of the form — D¢, (~D¢Z(¢)) — A(¢)Z(g) + V@(g, Z(g)) = 0, wherea € (3,1],
Z € H*(R,RN) and @ € C'(R x RN, R) are not periodic in ¢. The characteristics of the critical point
theory are used to illustrate the primary findings. Our results substantially improve and generalize
the most recent results of the proposed system. We conclude our study by providing an example to
highlight the significance of the theoretical results.

Keywords: fractional Hamiltonian systems; Mountain Pass Theorem; genus properties critical point

1. Introduction

In physics, mechanics, control theory, biology, bioengineering, and economics, pro-
cesses are frequently simulated using fractional ordinary and partial differential equations.
The theory of fractional differential equations has consequently attracted a lot of attention
in recent years. For instance, existence and stability are addressed in [1-3], and several
resolution strategies are in [4-6]. The monographs [7,8] are exceptional sources for numer-
ous techniques that are thought to be extensions of various differential equations. Recent
discussions have focused in particular on equations that have both left and right fractional
derivatives. With regard to their numerous applications, these kinds of equations are
significant and are considered as a novel subject in the theory of fractional differential equa-
tions. Using nonlinear analytic techniques such as fixed point theory, there have appeared
many results dealing with the existence and multiplicity of solutions to nonlinear fractional
differential equations in this field. For instance, we name here Leray-Schauder nonlinear
alternative [9], topological degree theory [10], and the comparison method, which includes
upper and lower solutions and monotone iterative method [11,12], and so on. On the other
hand, it has been demonstrated that the critical point theory and variational techniques are
crucial for assessing whether or not differential equations have solutions. With the help of
this theory, one can search for solutions to a specific boundary value problem by locating
the critical points of an appropriate energy functional defined on a suitable function space.
In light of this, the critical point theory has developed into a potent tool for investigating
the existence of solutions to differential equations with variational forms (see [13,14] and
the references therein).
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Adopting the aforementioned classic research, Zhou and Lu [15] implemented the
critical point theory to tackle the existence of solutions for the following fractional BVP

{ DT(09¢Z(¢)) = V(g Z(g)), ae ¢e(0T], 1)
2(0) = Z(T),

where « in (%,1), Z e RN, @ € C1([0, T] x RN,R) and Vw(g, Z) is the gradient of @ at Z.
It is significant to note that many of the premises made in order to arrive at the conclusions
in [15] weaken the fundamental theorems. Inspired by their work, Torres [16] studied the
following fractional Hamiltonian systems

{ — D& (—DEZ(g)) — Alg)Z(g) + V(g Z(g)) = 0, @
Z € H*(R,RN),

where _D¢ and (D5, are left and right Liouville-Weyl fractional derivatives of order « and

A(g) € C(R,RN 2) is symmetric and positive definite matrix for all ¢ € R. The Mountain
Pass Theorem was used in [16] to show that equations accept at least one nontrivial solution
as long as A and @ can validate the following four hypotheses:

(Yo) A(g) is symmetric and positive definite matrix V ¢ € R, and there exists functional
I € C(R,(0,00)) while [(g) — oo as || — coand (A(g)Z, Z) > I(¢)|Z[* forany ¢ € R
and Z € RN;

(F1) |Va(g, Z)| = 0(|Z]) as | Z] — 0 uniformly in¢ € R;

(F,) There exists @ € C(RN,R) such that |@(g,Z)| + |Vw@(g, Z)| < |@(Z)] for all
(c,Z) e Rx RN,

(F3) There exists some constant ¢ > 2 such as 0 < puw(g, Z) < (Vo(g, Z),Z2), for any
¢ € Rand Z € RN\ {0}.

For « = 1, Equation (2) is downloaded to the following standard second-order

Hamiltonian system

Z(g) — A(6)Z(g) + V(s Z(g)) = 0. ®3)

Several papers including [17-24] investigated the existence of homoclinic solutions for
the Hamiltonian system (3) when A(¢) and @(g, Z) are either independent of or periodic
ing.

In this work, we impose new standards based on the critical point theory to demon-
strate the existence of infinitely many homoclinic solutions of fractional Hamiltonian
system (2) where @(g, Z) is sub-quadratic as |Z| — +o0. In addition to condition (Yy), we
assume that @(g, Z) fulfills the following three conditions:

(A1)@ € CI(R x RN,R), and there exists 1, 7 satisfying 1 < 71 < 72 < 2 and two
2
functional a1, a5 in £2 1 (R, R+) such that

|o(g, Z)| < ar(g)|Z|™, forall (¢, Z) in R x RN, |1Z] <1,

and
|@(g, Z2)| < ax(g)|Z|"?, forall (¢, Z) in R x RN, |1Z| > 1.

2
(A2) There exists b in L7771 (R,R") and ¢ in C(]0, +0), [0, +0)) such that
\Vo(c,Z)| < b(c)g(|Z]), forall (¢, Z) inR x RN,

and ¢(s) = O(sm 1) ass — 0.
(A3) There exists an open set | C R and two constants 3 € (1,2), # > 0 such that

@(c,Z) 2|2, ¥ (¢, 2) € ] xRN, |Z] < 1.
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It is worthy mentioning here that the results given in [14] were obtained under the
condition (F3), which is known as the global Ambrosetti-Rabinowitz condition. That is,
@(g, Z) is super-quadratic when |Z| — co. Moreover, it was assumed that Z and @ are
periodic in ¢. In this paper, however, the main results are proved under less restrictive
condition where A is coercive at infinity, @ is sub-quadratic growth as |Z| — oo (ﬁ = 0if
|Z| — o0 ) and Z and @ are not periodic in ¢. Our results supply substantial generalizations
to the recent results existing in the literature.

Significant findings of our paper are described in the following two theorems.

Theorem 1. If conditions (Yo), (A1), (A2), and (A3) hold. So, (2) accepts one nontrivial
homoclinic solution.

Theorem 2. Assuming that (Yo), (A1), (Az) and (A3) hold. In addition, assume that (g, Z)
is even in Z. Then, (2) has infinitely many nontrivial homoclinic solutions (Zy)xen such that, as
k — oo,

[ [31-=Dt 0P + (A©)20), 20) — @le A0 de — 0~ @

The proofs of Theorems 1 and 2 are given in Section 3.

2. Essential Preliminaries

This section is devoted to stating and demonstrating some fundamental definitions
and lemmas that are required in the work that follows.

Definition 1. The left and right Liouville—=Weyl fractional integrals of order x on R, (0 < a« < 1)
are, respectively, given by

Wi Z() = r(l) [ -z, x ek, )

and

A8Z(4) = s [ (€ z@ d, xe R

Definition 2. The left and the right Liouville-Weyl fractional derivatives of order o on R,
(0 < &« < 1) are, respectively, given by

d
D7 () = E,OOIL—“Z(%), xR (6)
and p
DN Z () = —E%L}{"‘Z(%), xR

Remark 1. The operators (5) and (6) can be written in the form

N © Z(x) — Z(s —
,OOQ%Z(%) = F(ll’:a)/o ( ) §a+(1 g) dé;

d
" DEZ(50) = « /°° Z(%) —Z(3x+¢) az
Feo CT(1—a) Jo Fotl )

Definition 3. A solution x of (2) is called homoclinic (to 0) if x € C2(R,RN), x # 0, x(t) — 0
and x(t) — 0as |t| — oo. A function ¢ is said to be coercive if ¢(t) — oo as |t| — oo.
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We recall that the Fourier transform of Z(-) is

Z(w) = / ¥ 07 (50 dse,

—00

The semi—norm is given by
1Z|1, = -5 Z][12, & >0,

while the norm is
2 2 172
1Zle,, = (12172 +121: )

We denote by I* ,,(IR) the completion of C§°(R) coupled with the norm || - |« _, that is
I () = G R) "
Further, we define the semi-norm by
1Zlo = le]*Z||p2, 0 <a <1,

and the norm by
1Z]le = (1ZIIF2 + 1ZI2)"2.

We define the fractional Sobolev space H*(R) in terms of the Fourier transform as follows:
HY(R) := WH‘HD&'
Noting that Z € L2(R) is an element of I* ., (R) if and only if
lw|*Z e L2(R).

In particular, we obtain
2], = llw]*Z][2w)-

Therefore, if the semi-norm and the norm are equivalent, then H*(R) and I* ,(R) are also
equivalent [16].

Similar to I* ,(R), we define I (R). Thus, the semi-norm |Z| ;2 and the norm |Z|;« of
Z are, respectively, given by

12l = Dol r)/
and
1Zll1, = (I1ZIIE2 + 12132
Letting

I (®) = TP E) e

Additionally, if the semi-norm and the norm are equivalent, then I%(R) and I* . (R)
are equivalent.

Lemma 1 ([16]). Ifa > 3, then H¥(R) is included in the continuous real functions space C(R),
and there exists a constant Cy (noted by C) such that

|Z]|lLe = sup |Z(3)| < C[|Z]a- @)
ZeR
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Remark 2. If Z € H*(R), then Z € L1(R) for any q in [2, 0], as
120Gt < | ZIE2 21

Next, we define the fractional space and construct the variational framework of the
fractional Hamiltonian systems (2). To this end, letting

E=X"={Zin H'(R,R"): /R ~DEZ(S) 2 + (A()Z(6), Z(g)) dg < oo} (8)

The space X" is a reflexive and separable Hilbert space under the inner product

(Z,0)xe = [ (CwDEZ(6)—DE0(6)) + (A()Z(0), (6))de,

with the norm
1Z|* = (Z,Z) x«

Lemma 2. If A satisfies (Y), then X* is continuously embedded in H*(R, R").

Proof. Since! € C(R, (0,00)) and [ is coercive, then L, := mlﬂlgl( ¢) exists. So, we obtain
ce

(A(6)Z(¢), Z(c)) = 1(g)|¢* > I.|¢|*, for any real c.

Thus,
1212 = [ (1-=DEZ(6) P+ (A(€)Z(5), Z(6)))ds
< [ 1®2(0)Pds+ - [ (A6)2(0), Z(6))de.

Therefore,
1ZIIz < K|IZ|?, )

where K := max (1, ll> O

It is difficult to demonstrate that there are infinitely many solutions to the Hamil-
tonian systems (2) because the Sobolev embedding is not compact under the assump-
tions of Theorems 1 and 2. We will utilize the following lemma to ensure that the task is
made simple:

Lemma 3. If A satisfies the condition (Yy), then the embedding of X* in IL?(R) is compact.

Proof. Form Lemma 2 and Remark 2, we obtain the continuity of X* — L?(R). Let
(Z) € X* be a sequence such that Z; — Z in X*. We will prove that Z; — Z in L?(R)
functional. The Banach-Steinhauss theorem implies that

A = sup||Zy — Z|| < oco.
keN

Let € > 0. Since | l‘lm I(g) = oo, there exits a real Ty > 0 such that
G|—00
1

I(¢)

<, forall [g| > Tp.
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Therefore,

2 2
J g6 - 2@ e < e [ 10)12(e) - 2(0) P
< el|Z - Z|* < eA”. (10)

Moreover, Sobolev’s theorem ([13]) implies that Zy — Z uniformly on [—Ty, Ty]. Thus,
there is kg € N such that

/ 1Z,(c) — Z(¢)]Pde < e, forall k > ko. (11)
[¢|<To

By combining (10) and (11), we obtain that Z; — Z in L?(R). O

Remark 3. We note that Remark 2 and Lemma 3 assure the embedding of X* in L1(R). For
q € (2,00), the operator X* is also continuous and compact. Consequently, by the Lemma 1, there
exists a constant C, satisfies

|1 Z4|| < C4llZ]| for any q € [2, o0]. (12)

Lemma 4. Under the condition of Theorem 1, if Zy — Z in X*, then V@ (g, Zy) — V(g Z)
in L2(R).

Proof. Assuming Z; — Z in X*. Consequently, by using the Banach-Steinhauss theorem,
there exists M > 0 such that

sup||Zg|]| £ M and ||Z]] < M. (13)
keN

By (Ay), there exists M; > 0 such as
¢(|1Z]) < My|Z|" 7Y, forall |Z] < M. (14)
Further, by (8), for any Z € X*, there exists T > 0 such that
|Z(g)| < M, forall [¢| > T. (15)

Therefore, from the inequalities (12), (13), (14) and (15), and by using Holder inequality, we
obtain

|, V(e 2(0) ~ Vale 2(e) s
<2/ (|Vals Zk(e)* +|Vals Z(5)))dg

lg|>T

) 2 2(y-1) (m=1)
< 2M3 /\g\z b(c)] <|Zk( )l P+ 1Z(0)P )dg

2—71 ) 71-1
<o ([ o) ([ ador)
Ig\>T lgI>T
([ wenmae) ([ izera)”
+2M (/ 2- 71dg> ( c dg)
"\Jigzr | \>T

1) 1
<2 |b) 2 (szuz“ + iz ")

<4M2M2<%—1) 2(m=1) ||b|| (16)
71
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Moreover, since V(D(g, Z) is continuous, there is a constant d > 0 such that
] 4 V@6 24(0) - Vale 2(9) e < . (17)
Thus, by combining (16) and (17), we obtain
[1V0(6 24(0)) - Vale, 2(e)) e < d-+ MOV Vol

However, by Lemma 3, the fact Z, — Z implies the existence of a subsequence (Zj)ien
such that Z; — Z € L?(R), which yields Z;(¢) — Z(g) for almost every ¢ € R. Thus, the
proof is completed by applying the Lebesgue’s convergence Theorem. O

Lemma 5 ([13]). Let I € C'(B, R) satisfying the Palais-Smale condition (PS) and bounded below.
Then, c = irf}f 1 is a critical value of I.

To find solutions of (2) under the conditions of Theorem 2, we use the genus properties.
For this, we recall some definitions and results from [14]. Denote by B the real Banach
space. For I € C'(B,R) and c € R, let us define the following sets:

L := {A C B\{0} such that A symmetric with respect to 0 and closed in B},

Ke:={ZeB:1(Z)=cI'(Z) =0},

and
I°:={ZeB:I1(Z) <c}.

Definition 4. For A € X, we call the genus of A is j (denoted by T'(A) = j) if there is an odd map
yin C(A,RIN\{0}), where j is the smallest integer satisfy this property.

Lemma 6 ([14]). Let I € C! be an even functional on B that satisfies the Palais—Smale (PS)

condition. Further, for every j € N, let £; = {A € £: T(A) > j} and c; = Aian; sup I(Z).
ALY

(i) If%; #@andcj € R, then c; is a critical value of .

(ii)  If there exists a natural number r such that c; = cjy1 = ... = ¢j;, = c € R, and ¢ # 1(0),
thenT(K.) > r+1.

Remark 4 ([14]). If K. belongs to X and T'(K.) > 1, then K. has infinitely many distinct points.
Thus, I contains infinitely many distinct critical points in B.

3. Proofs of Main Results

First, we construct the variational framework to prove the existence of solutions for (2).
We define [ : X* — R, by

12) = [ [31-=D:2©)F + 3 (A©)2(e), 2(6)) - @(c, 2(6) | e
= 51212~ [ (e, 2(0)de. 19

Under the assumptions of Theorem 1, we obtain

I(2)o = [ [(-D82(0)-=Dt0(c) ) + (Al6)Z(c),0(e)) ~ (Vs Z(6)), 0(¢)) e 0)
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for any Z,v € X*. This implies that

U@ = ol = [ (Va(e, 2(0)), o(6)de. ey

Furthermore, I is defined on X* and continuously Fréchet-differentiable functional; that is
I € CH{(X* R).

3.1. Proof of Theorem 1

First, we prove that I is bounded below. From the hypothesis (A1) and Holder
inequality, we obtain

1.2
I(Z) > =||Z||F — a Z(c)|Md¢ — a Z ReY’|
(2) =z 51IZ]] /R(\Z(g)|§l) 1(6)|Z ()" dg /R(\Z(g)\Zl) 2(6)|1Z(g)|"*dg

2—m

2= ([ m@d) Tzl
2 R(|1Z()|<1) 2

2-7p

([ ey @) = (. |z<>|zv”d)?
— a 72 1
R(zZ()<1) 2 ¢ R(zZ@)zn) e

v

1. _
> _n m_cn T2=7 72
Z 12117 = G llar | 2 W21 = Gzl 212l 2]l
1.0 _
> S0 = Gt el 2 |12l = ' CE ™ laall 21 Z]|™. (22)
T mn

Since 1 < 1 < 79, from (22), we conclude
1(Z) — o0 as ||Z]] — oo.

Thus, I is bounded below.

Now, we show that I satisfies the (PS) condition. To this end, let (Z)cn be a sequence
in X* such that (I(Zy)) is bounded and I'(Zy) — 0 as k — o0. So, by (19) and (22), it follows
that there exists a positive real constant A such that

|1Zk|| < A, forall ke N. (23)

It follows from (21) that
(1'(Z0) ~ 1 (2)(Z - 2) = |12~ 2 - [ (Vols, 24(e)) — Veole, 2(6)), 2 — 2(e))ds
Since (I'(Zy) — I'(2))(Zx — Z) — 0 as k — oo, by the Lemma 4, we deduce that

1Zx — Z||* = 0 as k — co.

Consequently, I validates the Palais-Smale condition (PS) as desired.
Now, by Lemma 5, it follows that ¢ = anaf I(Z) is a critical value of I. Thus, there exists
a critical point Z, € X% such that I(Z,) = c.

It is remaining to show that Z, # 0. Let Zg € (W,(J) N X*)\{0} and ||Zp||, < 1. Then,
by (A1), (Asz) and (19), we obtain

52 S2
1(620) = F1 201 = [ @l sZa(e))de = F 120l ~ [ @(e,20(6))ds

IN

2
Tl =™ [ |Za["dg 0.< 5 <1. (24)
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Since 1 < 3 < 2, it follows from (24) that I(sZy) < 0 for s > 0 small enough. Hence
I(Z,) = ¢ < 0, and thus Z, is nontrivial critical point of I. Therefore, Z, = Z(g) is
nontrivial solution of (2).

3.2. Proof of Theorem 2
By Lemma 5 and the proof of Theorem 1, I € C! (X%, R) is bounded below and satisfies
the (PS) condition. It is clear that I is even and I(0) = 0. In order to apply the Lemma 6,
we show that
Vn e N3Je > 0suchthat y(I7°) > n. (25)

n
For any natural n, take n disjoint open sets J; such that U JiCJ.Fori=1,2,...,n, choose
i=1
Z e (W&’z(]i) N X“)\{O} such that ||Z;|| = 1. Letting

E, :=span{Zi,Zy,...,Zy} and S, :={Z € E;, : || Z|| = 1}.

For each Z € E,;, thereexist A; € R,i =1,2,...,n such that

n
Z(g) = Y MiZi(g) forg e R. (26)
i=1
Hence,
n 1
3 3 - V3 3 ”
1Zll, = ( 120 de ) * = | LA™ [ zite)™de ) @7)
i=1 i
and hence

||Z||2=/(IfooQ“Z(g)lzﬂL(A(G)Z(Q),Z(g)))dg

= LA [(-eDZOF + (AQZe) Zile s = LA (9

=1 i=1

There exists a constant ¢ > 0 such that all norms of a finite dimensional normed space
are similar
clz|| < 11Z]|,,, for Z € Ey. (29)

So, by (A1), (A3), (27)—~(29), we have

s2
162) = 51217 - [, ole,52(0)ds = 51217 - 1. [ @le shzite)ds

IN

S2 n
1217 = / 1Zi(6) e

*IIZH — sz < IIZH —1(cs)”(|Z]| ™
2

= % —y(cs)”, forall Z € S,,, with0 < s < 1. (30)
From (30), it follows that there exists € > 0 and ¢ > 0 such as

I(cZ) < —efor Z € Sy,. (31)

Letting

n
¢:={0Z:Z€S,} and Q:= {(/\1,/\2,~~-,An) eR": Y A2 <a2}.
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Thus, from (31), is results that I(Z) < —e for Z € SY. In addition, we have I € C!(X*,R)
and even. This implies that
ST CcI¢ex. (32)

From (26) and (28) we deduce that there exists ¢ € C(57,0Q)) an odd homeomorphism
mapping ([14]), we obtain

L(I7¢) = T(Sy) = n, (33)

Let ¢, = inf supI(Z). Since I is bounded below on E, from (33) we obtain

AL 7€ A
—o0 < ¢y < —€ < 0,and so ¢; € Ry. We know that I has infinitely many nontrivial

critical points (by using Lemma 3). Thus, the system 2 possesses infinitely many non
trivial solutions.
Next, we show that ¢, — 0~ as n — +o0. Define

[ee]
Xy = span{en}, Zn = @ Xk,
k=n

where {e, },"_; the standard orthogonal basis of X*, and let

bu=  swp (12l 9
ZEZV!/HZH:l

We claim that 8, — 0 as n — +o0. Indeed, 0 < B,,4+1 < By, andso B, — B > 0asn — +oo.

Now, for all n > 1, there exists Z, € Z, assuch || Z,|| = 1and ||Z,| > '/32—” By definition of

Zn, it follows that Z, — 0 in X*. Thus, by Lemma 3, we obtain Z, — 0 in L>(R), and so

B = 0. This proves our claim. Moreover, we have

1, o ~
1(2) 2 S|1ZIIF = GG laal| 2_[1Z]™ = C3*C ™ [laal | =_[12] ™.
7 71

2
7=

This implies that I(Z) is coercive and [(Z) — +o0 as || Z|| — +o0. Hence, there exists a
T > 0 such that I(Z) — 0 for ||Z|| > t. Moreover, for any A € X,, T(A) > n, and so
ANZ, #@. Thus, (34), yields

supI(Z) > inf  I(Z

ZeA T ZeZy|IZ| <7
1, B
> inf |z _mm a 7 " o_ ’ch’Yz T a 7 ’YZ)
_ZEZn,|Z|<T(2| © = Bu'l 1||ﬁ\| "™ = Ba'Cs | 2||ﬁ|| |
2 —pa ol 2 T = A G
-n

Therefore,

¢, = inf sup I(Z) > —B1|a T — ghclaTmy, T2,
n=inf sup (Z) = —Ba'|l 1Hﬁ Bn'Cs || 2||ﬁ

Combining this with ¢, < 0 and 8, — 0, we obtain ¢, — 0~ as n — o0 as desired.

4. Example

Consider system (2) with A(¢) = (1 + ¢2)Iy, where Iy is the identity matrix of order
N and )
e S sin(g), 3

_ 2
e % cos(g) W
1+ g|

4
73 +
Tl 7!

(g, Z) =
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Then, we obtain

4e=cos(c) |, =2 3e~sin(c)

-1
V(g Z)= —— 871574 = "8 1715 7,
&2 =Fasqen 72T 2 g
2e=¢ 4
@(¢,Z)| < ——=|Z|3,V (¢,Z) e Rx RV, |Z] <1,
1+ g
062 < 25 17149 (67) cRx BV, 2] 21
w 7 = T 1 2/ 7 S X 7 = 4
: T+ ‘
20 (2|3 + 92|
e
Vol(g, Z)| < YV (c,Z) e RxRN,
V(e 2)| < ¥ Y € 2)
and
3% |z} n
e
Z)> > 1= Z )y x RN, |z < 1.
@(2) > Sz o ¥ (62) € (0.5) xBY, 2] <
Therefore, the conditions of Theorem 2 are satisfied, where
4 3 2e—¢ 853 + 952
3= M=13<7= 5 a1(g) = a2(g) = b(g) = mr p(s) = 1

Thus, by applying Theorem 2, we conclude that the system (2) has infinitely many
nontrivial solutions.

Remark 5. In light of the above example, one can easily figure out that Z and @ are not periodic
in g. Moreover, @ is of sub-quadratic. Therefore, System (2) with the above parameters can not be
commented by the results obtained in [14]. In contrast to the outcome and conditions suggested
in [15], our assumptions in the present paper are more effective. The resulting example supports the
validity of the proposed hypotheses.

5. Conclusions

We investigated in this research, the existence of infinitely many homoclinic solutions
for fractional Hamiltonian systems (2). The present method is different from those consid-
ered in the literature in the sense that it provides less restrictive assumptions and assumes
that A is coercive at infinity, @ is of sub-quadratic growth as |Z| — oo, and that Z and @
are not periodic in ¢. The properties of the critical point theory have been employed to
prove the main results. The findings in this paper not only generalize but also improve the
recent results on fractional Hamiltonian systems (2). We provide a concrete example that
demonstrates the advantage of our theorems over the previous results.

Author Contributions: AM., H.B,, J.A,, EK., and M. contributed to the design and implementation
of the research, to the analysis of the results, and to the writing of the manuscript. All authors have
read and agreed to the published version of the manuscript.

Funding: The deanship of Scientific Research at King Khalid University.
Data Availability Statement: Not available.

Acknowledgments: The authors extend their appreciation to the Deanship of Scientific Research at
King Khalid University for funding this work through Small Groups (RGP.1/350/43). J. Alzabut is
thankful to Prince Sultan University and Ostim Technical University for their endless support.

Conflicts of Interest: The authors declare no conflict of interest.



Fractal Fract. 2023, 7, 39 12 of 12

References

1.  Abdellouahab, N.; Tellab, B.; Zennir, K. Existence and stability results of A nonlinear fractional integro-differential equation with
integral boundary conditions. Kragujev. ]. Math. 2022, 46, 685-699. [CrossRef]

2. Azzaoui, B,; Tellab, B.; Zennir, K. Positive solutions for a fractional configuration of the Riemann Liouville semilinear differential
equation. Math. Methods Appl. Sci. 2022 . [CrossRef]

3. Bentrcia, T.; Mennouni, A. On the asymptotic stability of a Bresse system with two fractional damping terms: Theoretical and
numerical analysis. Discret. Contin. Dyn. Syst.—Ser. B 2023, 28, 580-622. [CrossRef]

4. Mennouni, A; Bougoffa, L.; Wazwaz, A.M. A new recursive scheme for solving a fractional differential equation of ray tracing
through the crystalline lens. Opt. Quantum Electron. 2022, 54, 1-12 [CrossRef]

5. Nyamoradi, N.; Zhou, Y. Bifurcation results for a class of fractional Hamiltonian systems with Liouville-Wely fractional derivatives.
J. Vib. Control 2014, 5, 1358-1368. [CrossRef]

6. Rajchakit, G.; Pratap, A.; Raja, R.; Cao, J.; Alzabut, J.; Huang, C. Hybrid control scheme for projective lag synchronization
of Riemann Liouville sense fractional order memristive BAM neural networks with mixed delays. Mathematics 2019, 7, 759.
[CrossRef]

7.  Kilbas, A; Bonilla, B.; Trujillo, J.J. Existence and uniqueness theorems for nonlinear fractional differential equations. Demonstr.
Math. 2000, 33 , 583-602. [CrossRef]

8.  Omana, W.; Willem, M. Homoclinic orbits for a class of Hamiltonian systems. Differ. Integral Equ. 1992, 114, 1115-1120. [CrossRef]

9.  Zhang, S.Q. Existence of a solution for the fractional differential equation with nonlinear boundary conditions. Comput. Math.
Appl. 2011, 61, 1202-1208. [CrossRef]

10. Izydorek, M.; Janczewska, J. Homoclinic solutions for nonautonomous second order Hamiltonian systems with a coercive
potential. . Math. Anal. Appl. 2007, 335, 1119-1127. [CrossRef]

11. Baitiche, Z.; Derbazi, C.; Alzabut, ].; Samei, M.E.; Kaabar, M.K.A; Siri, Z. Monotone Iterative Method for Langevin Equation in
Terms of {y—Caputo Fractional Derivative and Nonlinear Boundary Conditions. Fractal Fract. 2021, 5, 81. [CrossRef]

12.  Boutiara, A.; Benbachir, M.; Alzabut, J.; Samei, M.E. Monotone iterative and upper-lower solutions techniques for solving
nonlinear y—Caputo fractional boundary value problem. Fractal Fract. 2021, 5, 194. [CrossRef]

13. Mawhin, J.; Willem, M. Critical Point Theory and Hamiltonian Systems; Springer: New York, NY, USA, 1989.

14. Rabinowitz, PH. Minimax Methods in Critical Point Theory with Applications to Differential Equations; CBMS Regional Conference
Series in Mathematics; American Mathematical Society: Provodence, RI, USA, 1986; Volume 65.

15.  Zhou, Y.; Lu, Z. Existence and multiplicity results of homoclinic solutions for fractional Hamiltonian systems. Comput. Math.
Appl. 2017, 73, 1325-1345. [CrossRef]

16. Torres, C. Existence of solution for a class of fractional Hamiltonian systems. Electron. |. Differ. Equ. 2013, 259, 1-12.

17.  Bartolo, P; Benci, V.; Fortunato, D. Abstract critical point theorems and applications to some nonlinear problems with strong
resonance at infinity. Nonlinear Anal. 1983, 7, 981-1012. [CrossRef]

18. Rabinowitz, PH. Homoclinic orbits Some for a class of Hamiltonian systems. Proceed. R. Soc. Edimburgh Sect. A 1990, 114, 33-38.
[CrossRef]

19. Ambrosetti, A.; Zelati, V.C. Multiple homoclinic orbits for a class of conservative systems. Rend. Semin. Mat. Univ. Padova 1993,
89,177-194.

20. Ding, Y.H. Existence and multiplicity results for homoclinic solutions to a class of Hamiltonian systems. Nonlinear Anal. 1995, 25,
1095-1113.

21.  Khelifi, F. Multiplicity of periodic solutions for a class of second order Hamiltonian systems. Nonlinear Dyn. Syst. Theory 2017, 17,
158-174.

22.  Khachnaoui, K. Existence of even homoclinic solutions for a class of Dynamical Systems. Nonlinear Dyn. Syst. Theory 2015, 15,
287-301.

23.  Timoumi, M. Periodic and subharmonic solutions for a class of noncoercive superquadratic Hamiltonian Systems. Nonlinear Dyn.
Syst. 2011, 11, 319-336.

24. Xu,J.; O’'Regan, D.; Zhang, K. Multiple solutions for a calss of fractional Hamiltonian systems. Fract. Calc. Appl. Anal. 2015, 18,

48-63. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.46793/KgJMat2205.685A
http://dx.doi.org/10.1002/mma.8110
http://dx.doi.org/10.3934/dcdsb.2022090
http://dx.doi.org/10.1007/s11082-022-03766-w
http://dx.doi.org/10.1177/1077546314535827
http://dx.doi.org/10.3390/math7080759
http://dx.doi.org/10.1515/dema-2000-0315
http://dx.doi.org/10.57262/die/1370870945
http://dx.doi.org/10.1016/j.camwa.2010.12.071
http://dx.doi.org/10.1016/j.jmaa.2007.02.038
http://dx.doi.org/10.3390/fractalfract5030081
http://dx.doi.org/10.3390/fractalfract5040194
http://dx.doi.org/10.1016/j.camwa.2016.04.041
http://dx.doi.org/10.1016/0362-546X(83)90115-3
http://dx.doi.org/10.1017/S0308210500024240
http://dx.doi.org/10.1515/fca-2015-0005

	Introduction
	Essential Preliminaries
	Proofs of Main Results 
	Proof of Theorem 1
	Proof of Theorem 2

	Example
	Conclusions
	References

