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Abstract: Fractional Differential inclusions, the multivalued version of fractional differential equa-
tions, yellow play a vital role in various fields of applied sciences. In the present article, a class of
g-rung orthopair fuzzy (g-ROF) set valued mappings along with g-ROF upper/lower semi-continuity
have been introduced. Based on these ideas, existence theorems for a numerical solution of a distinct
class of fractional differential inclusions have been achieved with the help of Schaefer type and Banach
contraction fixed point theorems. A physical example is also provided to validate the hypothesis
of the main results. The notion of g-rung orthopair fuzzy mappings along with the use of fixed
point techniques and a new-fangled Caputo type fractional derivative are the principal novelty of
this article.
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1. Introduction

From the last five decades, a lot of development has been observed in the field of
fuzzy set theory and its connected branches. Many scientists have initiated various ideas
and applications of fuzzy sets towards decision-making, game theory, control systems
engineering, robotics, image processing and optimization theory, etc. Fuzzy set has been
generalized in different directions such as L-fuzzy set [1], by defining membership on
lattice and intuitionistic fuzzy set [2], by considering membership and nonmembership
grades, Pythagorean fuzzy set [3], having membership grades in the form of orthopairs
and g-rung orthopair fuzzy set [4], have g-rung orthopair membership grades. The main
idea behind all this development is to allow more space to the membership grades. In all
the above mentioned papers, the authors highlighted some important characteristics of the
fuzzy family. The notion of fuzzy mappings was initiated by Weiss [5] and Butnariu [6].
Consequently, Heilpern [7] proved a fixed point result for fuzzy contractive mappings
to generalize Nadler’s result [8]. Afterwards, many mathematicians extended the idea
of fuzzy mappings in various directions (for example, see [9-13]). Fractional calculus
plays an important role in the modelling of physical problems in a more efficient way.
Many fractional derivatives were defined such as Riemman-Liouville, Hadamard, Caputo
and Grunwald—-Letnikov [14-16]. The nature of the problem decides which fractional
derivative is useful. In [17], authors define a new type of fractional derivative called a
Caputo-Fabrizio derivative with a non-singular kernel, it was applied in many real world
problems [18-21]. The Caputo-Fabrizio derivative was unable to satisfy some required
properties; for example, it cannot produce the original function if the order approaches
to 1. To overcome these issues, an other derivative with a nonsingular kernel using the
Mittag-Leffler function was introduced [22,23]. Many investigations and applications have
been made using this derivative [24-27]. Differential inclusions are of great importance in
the modelling of optimization problems and game theory. An interesting way to generalize
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the modelling with differential inclusions is with fuzzy differential inclusions. In 2000,
Zhou et al. presented a way to generalize the differential inclusions via fuzzy mappings.
An extension of this idea was made by Min et al. in [28] and proved a result for the
existence of a solution of system of fuzzy differential inclusions using a continuous selection
theorem. This idea was extended for fuzzy partial differential inclusions in [29], and the
system of fuzzy partial differential inclusions in [30]. In this article, we introduce the
notions of g-rung orthopair fuzzy (g-ROF for short) convex, concave functions, g-ROF
upper/lower semicontinuous mappings and g-ROF numbers. Using these notions, we
have presented existence results for fractional differential inclusions of ABC type via g-
rung orthopair fuzzy mappings. We consider two problems related to open and closed
g-rung orthopair fuzzy cuts of g-rung orthopair fuzzy mappings. We use well known
selection theorems to prove these existence results. Finally, the existence results for obtained
fractional differential equations of ABC types are proved using Schaefer type and the
Banach contraction principle.

2. Preliminaries

The following are defined in [2].

Definition 1. Consider X a non-empty set. A pair A = (ja,va) where g, va : X — [0,1] are
functions satisfying pa(x) +va(x) < 1V x € X is known as an intuitionistic fuzzy set (IF-set for
short). The functions y 4, v 4 are its membership and non-membership functions.

Remark 1. Every fuzzy set having membership function y can be considered an IF-set < p,1 —
u >. The support of an IF-set A is the crisp set:

supp(A) ={A e X:pa(x) >0andvy(x) < 1} (1)

In 2016, Yager introduced the notion of g-rung orthopair fuzzy sets to generalize the
basic idea of fuzzy sets. In the following, we include some basic definitions from [4].

Definition 2. A g-ROF subset A of X, for short a q-ROF set, is an orthopair, A = ({a,1a)q
satisfying:

(i) 921,

(i) Ca(x) € [0,1] and na(x) € [0,1],

(iii) (Ca(x))T+ (a(x))T <1,

where {4,114 : X — [0,1] indicates the membership and nonmembership of elements in A, respec-
tively.

The negation of a ¢ — ROF set is given by C(a) = (1 — aq)%.

Remark 2. It is clear that IF sets are § — ROF sets with q = 1 and Pythagorean fuzzy sets are
q — ROF sets with q = 2.

Theorem 1. If A is g1 — ROF set on X and if gy > qq, then A is also qo — ROF set on X.

Definition 3. For a ¢ — ROF set A = ({a,1a)q, the strength of commitment at rung q is
defined as

= (=

$(A%(x)) = (Ca(x))T+ (14 (x))T)7,

which is actually a Minkowski metric.
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The hesitancy of a -ROF set membership grade is defined as

=

Hes gq(x) = (1= (Sa¢(x))7)
(1= ((Ca(x)T+ (7a(x))7)7.

Furthermore, if p > ¢, then Syp(x) < Saq(x) and correspondingly Hesp(x) >
Hes g4 (x).
Let F1(X) denote the family of all g-ROF sets defined on set X. Yager et al. in 2016 defined
some basic set operations on g-ROF sets.

(i) For A1, Ay € F1(X) with membership grades A} = <€@1177A1>q and A, = <€A2'77A2>qf

q 9 _ 1 q 9 _ 1
then gy +17), = (S,)" <Tand g 47}, = (54) < 1.

(ii) Let D = A1 N Aj, and the intersection of g-ROF sets is defined as D = <§Dr77D>q
where {p = min{{a,, {4, } and 7p = max{n4,, 14, }; note that, since ¢ + 7 <1, it
ensures that D € F1(X).

(iii) Let D = Aj; N Ay, intersection of q-ROF sets is defined as D = <§D177D>q where

{p = min{la,,{a,} and yp = max{na,,1a,}, note that, since éqD + 17?3 < 1, it
ensures that D € F1(X).

(iv) For A,B € F1(X), A C Bif A(x) < B(x) for each x € X, thatis, (4(x) < (p(x) and
na(x) = np(x). _ _

(v) Foraset A € F1(X), the complement A is defined as A = (174, €A>q'
Banach [31] in 1922 presented the famous Banach contraction principle.

==

Theorem 2. Let (X,d) be a complete metric space and T : X — X a contraction mapping
such that:
d(Tx, Ty) < ad(x,y),

forall x,y € X,a € (0,1).
Schaefer Theorem [32] is as follows.

Theorem 3. Let(X, ||.||) be a norm space. H be a continuous mapping of X into X, which is
compact on each bounded subset D of X. Then, either

(i) x = AHx has a solution in x, or
(ii) the set of all such solutions 0 < A < 1 is unbounded.

The following is defined in [33].
Definition 4. Associate with each real number s a positive measure yus on R" by setting,

dus(y) = (1+ |y[*) dm (y)

if f € L?(us) (where L* is the space of Lebesgue integrable functions), that is, if [ |f|?dus < oo,
then f is a tempered distribution. Hence, f is the Fourier Transform of a tempered distribution u.
The vector space of all u so obtained will be denoted by H®, equipped with the norm,

1/2
Jull = (19 )

These spaces H® are called Sobolev spaces.
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It is known that the Mittag—Leffler function is the solution of the following fractional
differential equation:
D'f
W:af, f0r0<t<1

Now, we recall recently a used fractional derivative and integral as given in [22,23].

Definition 5. Considering f € H'(a,b) and t € [0,1], then Atangana—Baleanu—Caputo frac-
tional derivative (ABC fractional derivative) of order t is given by

¢ t
teenisen = 29 [ () ( :?)dx, @

b

where B(t) denotes a normalization function satisfying B(0) = B(1) = 1. The associated integral
is defined by

¢
1t t

IO} = 5 FO+ gryn [ O -9 s )

a

The following concepts are defined in [34].

Definition 6. Let A € F1(X) and x € X, then, respectively, the g-rung closed and open «-level
cuts, for a € (0,1] of A are defined by

Al = {x € X: ({a(x) > wand (a(x)" <1}

and
All ={x e X: (Ca(x))? > aand (n4(x))T <1—a}.

Definition 7. Let o, f € (0,1] and a + B < 1, then, respectively, the g-rung closed and open
(&, B)-cuts of A are defined by

[AY], 5 = {x € X2 (La(x))7 > wand (4 (x)" < B}

and

A?“,ﬁ) ={xeX:((a(x)T >aand (na(x))! < p}.

Definition 8. Consider X be a non-empty set, Y be metric space. A mapping S : X — F1(Y) is
called q-ROF mapping.

Definition 9. A point x* € X is called q-ROF fixed point of a g-ROF mapping S : X — F1(X) if
there exists a, f € (0,1] such that x* € [Sx*][, ;.

3. Existence Results

Definition 10. Let V}, represent the set of all g-ROF sets defined on set R" such that, for A € V3,
the following properties are satisfied:

(i) If there exist x,y € R" such that ({4(x))? = 1and (14(y))? = 0, then A is normal;

(ii) A is g-ROF convex, that is, { 4 is q-rung fuzzy convex, and 1 4 is q-rung fuzzy concave, that is,
forx,y e RMand 0 < A <1,

(Ca(Ax+ (1= A)y))" = min{(Za(x))%, (Ca))"},
(na(Ax+ (1= A)y))? < max{(na(x))7, (14 ()" };
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(iii) A is upper semicontinuous that is for any «, € [0,1], [A}? is a closed subset of R";

(iv) the closure of [A]{Z

«,p)

01) 18 compact.

In fact V denotes the set of all g-ROF numbers. For A, B € V1, define

q q _ q q
H (1AL gy Blfa)) = maxy sup d(b(4]fp), sup d(a[B1,,) ¢
be[B](a,ﬁ) ae[A}(a/ﬁ)

the Hausdorff distance, clearly [A]? . [B]?

(w,p) (Bl (s p) aTE compact subsets of R". Again, for A, B €

V1, we define

H(A,B) = sup{H (A5 1Bl ) -

Definition 11. Let (X, dx) and (Y, dy) be any two metric spaces. A multivalued map S : X — 2¥
is upper semicontinuous at ¢y € X if and only if, for any neighborhood M of S(eg), there exists a
neighborhood N of €g such that, for each e > 0in N, S(e) C M. S is called upper semicontinuous
on X if it is upper semicontinuous at any point g9 € X.

Remark 3. A g-ROF valued map S : X — V} can generate a vector valued function S : X x
R — [0,1], where, forany x € X, y € R",5(x,y) = S(x)(y).

Throughout this paper, an open subset in R x R" is denoted by ® with ({p,&p) € P.

Lemma 1. Consider I' a paracompact Hausdorff topological space, E a topological vector space,
S : T — 2F a multifunction having nonempty convex values. If S possesses open lower sections,
that is, forany e € E, S~'(e) = {x €T :e € S(x)} is open in T, then a function f : T — E
exists, which is continuous and f(x) € S(x) forany x € I

Definition 12. Let S : ® — V} be a g-ROF map. The mapping S is called lower open if
(S(¢,¢€))(x) is lower semicontinuous at ({,€) € P.

The following lemma is from [28].

Lemma 2. Let ® C R x R" be an open set, ({y,e0) € ®and S : ® — T'(R") an upper
semicontinuous mutivalued operator. Then, there exists an interval L = [ly — €, £y + €] C R (for
€ > 0)and | > 0 such that

(Z) L x BRn(So,GI) C P;

(if) 1S(, &) < J on L x By (o, €]);

where T (R™) represents the set of all compact and convex subsets of R".

Lemma 3. Consider X a Banach space and L a measurable space. Assume that A,B : L — TI'(X
is any two multivalued measurable compact operators. For any measurable selection a(¢) € A({), a
measurable selection b(¢) € B({) exists such that

la(€) = (O]l < H(A(€), B(£)),
forall ¢ € L.

Theorem 4 assures the existence of solution of the following fractional differential
inclusion. Let R” represent a Banach space having norm ||.||.,, and ® represents an open
subset of [¢y — ¢, £ + €] x R". Suppose S : & — V) be a -ROF map and &, 8 : R" — [0, 1]
are upper and lower semicontinuous functions. Assume the g-rung fuzzy differential
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inclusions:
forag-ROFmap S : ® — V}, find ¢ € C(I,R") such that

q q
(25000 (*PCD}(e(0))) )" > wand (ns(qe) (EDie(1)) )" < B,
with initial condition &(¢p) = ¢y,

in other words,
q

S <e,e(é>)> wp)’

~/

{ ABCDI (e(0)) €

Theorem 4. Let S : & — V7 be a g-ROF map, which is also a bounded and lower open fuzzy
surjection. Suppose (s is q-rung fuzzy convex, yjs is q-rung fuzzy concave, and a, p : R" — [0,1]
are upper and lower semicontinuous functions, respectively, satisfying (S(£,e(£)) )?a 5) is nonempty

for every (¢,€) in ®. Then, there exists continuous selection f: D — R" with

(z7(#2eDie(0)))" > w (np(A2D(e(e)) )" < p
and ABCDi(e(0)) € (S(@,s(é)))?“,ﬁ) forall (¢,¢) in ®.

Proof. Define a set-valued function S : ® — 28" as

~ q
S(Le(0) = (Sirey) f)

where
(Steten )y p) = {x € CLLEY 2 (Gs(x(1)" > wand (5s(x(0)))" < B}

for each (¢,¢) € ®. Obviously S(¢,&(£)) is nonempty, for each (/,e) € ®. Suppose for
x,y €S ell))and A € [0,1] :

(25 Ax+ (1= 2)p)" = min{ (25, )", (85, )"} >
(15, A+ (1= 1)) < max{ (ns,,, ()", (15, )"} < B

Then, the g-rung convexity of (s and the g-rung concavity of #s ensure Ax + (1 — A)y €

S(¢,¢(?)). Thus, (S(Z,e(ﬂ)))?ﬂrﬁ) is a convex set on ®. Next, it is shown that S has open

lower sections. Consider for any v € R”

S(v) = {(z,e) cd:ive 5(5,8(5))},
= {(E,e) €®: ({5(v))? > wand (15(v))? < ﬁ}
In order to do so, it will be enough to prove that the complement of 5~!(v) that is the set

{(6,8) €®: ({5(v))? < wand (y5(v))? > ﬁ} is closed. For this, suppose {({n, 1)} ,en

~ Cc
a sequence in (S_l(v)) such that (¢,,e,) — (¢, ¢€). Since S is lower open, « is upper
semicontinuous and S is lower semicontinuous, we have

(657 @) < attwen, (1 @) 2 Bltne)

lnjen
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which implies

q q
(@@;(W) <li,§gioglf(§5m)(v)>

<limsupa(y, €n)
Nn—r0000

<w(l¢)

and

q q
(175(;?) (U)) Z lim sup (775@;1> (U))

11— 0000

> lir{gio{}fﬁ(fn, €n)

> B(L,¢).

Hence, ({,¢) € (§ -1 (U)) ‘ Thus, S contains open lower sections. Now, with the help of a

Proposition, a continuous selection f : & — R exists so that f(£,¢) € (S (g,e(g)))’z 5 for
%

each (£,¢) € ®. Since § is surjection and S(¢,¢(¢)) is bounded, therefore ABEDE (e(0)) =

f(¢,¢) foreach (¢,¢) € ®. O

Theorem 5 assures the existence of solution of the following fractional differential inclu-
sion.

Consider the g-rung fuzzy differential inclusions:
for a g-ROF map S : ® — V} evaluating e € C(I, R") such that

{ (65(@,8) (ABCDE(S(K))))q > aand (;75(&8) (ABCDE(S(@)))q <5
e(lo) = €o,

in other words,

q
ABCDE(S(E)) € (S(g,s(f)))(a ﬁ)’
s(fo) = €0

Theorem 5. Let S : ® — V', be a uniformly continuous and q-rung fuzzy integrably bounded
mapping and a, p : R"™ — [0, 1] are uniformly continuous. If, for every ({,¢) and (¢,€) in ®,:
H(S(4,€),5(4,)) < lle—]
and
B(t) " B(t)
are satisfied, where a € R. Then, a solution of the above fractional differential inclusion exists.

Proof. Define a set-valued function S : ® — 2R" as

- q
Sl e(l)) = [S(fﬁ(f))} (@,p)

where

[Steaten][, 5 = {6 € CLLR") : @s(x(0)))" = wand (5s(x(0)" < B}
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for each (¢,¢) € ®. Now, we show that the mapping S is upper semicontinuous. For this,
consider the neighborhood of S (Z, E) , for (Z, E) € ®, as follows:

/\/VS(Z'E) = {s ceR": d(s, SN(Z,E)) < r}.
For({,¢) € ®and v € S(£,¢), we have
d(v,E(Z,z)) < H(§(e,s),§(2,z))
- H ( St 0y 560 Z;,;,g))
1 ( Saa) Z;X«,g)' [Sceo Za,g)) H ( [Sto] oy [Scea) Za,m)

< H(S(0)5(00) + 1 [Sal gy S0l )

Since S and & are uniformly continuous, utilizing the above inequality, a small enough
neighborhood X of (Z, E) in @ can be found, satisfying for all (£,€) € X and 6 € S(¢, ¢)

d(5,§(z,z)) <7,
S0y c A,

which shows § is upper semicontinuous. Thus, utilizing lemma 3, a real constant x > 0
exists such that

IN

thus

max
(te)

v e C(LRY) : ||v(f) — vl <xy,
W= forall/ € I =10,4],

where v({y) = vy

S~(€,£)H < k.

Let

with a metricdy : W x W — R U {+c0} defined by;

dw (01,02) = sup{[[o1(£) —v2(O) |}

tel
Then, (W, dy) become a complete generalized metric space [28].

Now, define a multivalued mapping T : W —> oW by

11—t q t

l
_ q .
{U :0(4) € vy + B {S(m(r))] (p) + B(t)o/ {S(m(r))} (vc,/S)dT almost everywhere in I},

14

provided that [S(T,U(T))} le 5 = {0} at T = £y, where / [S(T,U(T))} le ﬁ)d’f is the multivalued
0

integral by Aumann [35].
Now, we show that T(v) is nonempty for all v € W. Since the multivalued operator

N g
S(¢,e(l)) = [5(4/8(‘?))} («,8)

ing to Kuratowski-Ryll-Nardzewski selection, Theorem [36], S (£, ¢) contains a measurable

is upper semicontinuous with compact values, therefore accord-
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selection f(£,€) € S(£,¢) for all £ € I and, by a given condition f(£,(£)), is also Lebesgue
integrable. Let

¢
0(0) =vo+ ;(_t)tf(r,v(r)) + %/f(r,v(r))dn
0

then 9 € T(v), implying T (v) # @.
Next, it is claimed that T(v) is closed for each v € W. Assume that (v,) is a sequence in
T(v) which is convergent to v° € W. Since we know that

—t~ t

i
vn(l) € vy + ! S(t,0(7)) + —/g(r,v(‘t))dr almost everywhere in I,
0

B(H B(0)

and the set vy + B(t§S(T o(T)) + %/g(r,v(r))dr is closed [37], it follows that v° € T(v).

0
Now, we prove that T is a multivalued contraction. For this purpose, choose v, € T(v1),
which implies the existence of f(¢,v1) € S(¢,v1) such that

L

1—t¢ t
all) =0 + g f(To1(0) + gy [fE @,

0

Then, by Lemma 4, a measurable selection f(¢,v,) € S(£,v,) exists such that
If(€22) = F(Lon)l| < H(S(L,02), (6 01)

—H ( [S(f,vz)} ?a,ﬁy [5 (’v"’“)} ZW))

< H(S(4,03),5(¢,v1)).

Letvs € T(’Oz), then

l
03(£) = vo + 1B(_t)tf(r, (7)) + %/f(T, 0 (7))dT.
0
Consider

[03(€) —v2(€) || H
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< HlB(t;[fu,vzu)) — f(r,01(7))

+$ Z (1, 02(7))dr — j f(T,vl(T))dT] dr
< |51 + o5 | I meale) = fm oo
< :136)15 +aBét): H(S(t,02), S(t,01) )t

< it bt e =l

<[5 * 50 e

consequently, we have

H(T(002) T(0n) < [t + o505 ] 9(01,02)

Hence, Nadler’s theorem implies the existence of a fixed point v € T(v), which is the
solution of the given Problem 2. []

The following example shows the solution of fuzzy fractional differential inclusion
obtained by using Theorem 4.

Example 1. Consider the following fuzzy fractional differential inclusion:

q

ABCt x,z)+cf(x,z) € ) ,
flxz) +ef(x2) X (st et B0 sin]) (a(u(x)),Blu(xy)))

where f(x,0) = sinx,

x,y € R. Suppose that F : & — V}, is a g-rung orthopair fuzzy map and o, B : R" — [0,1] are
upper and lower semicontinuous functions such that

q q

Fooyu(x = 7 :
Pt s ey [X(m[réln+3<f>$“x]> (a(u() Blu(x)))

is non-empty for every (x,y,u) € ® and x is the characteristic function, defined as
{ ] q
X ot ; ’
(mrstime [ #2050 ) ] () pucea)
q

=0.

X ot .
{ (strtiae [ iy +B(0)sinx] ) (a(o(x))B(o(xy)))

. . . q
Now, Theorem 4 assures the existence of a continuous selection f (x,y,u) € [F( Xy () )]

(a(u(xy))Blulxy)))
for each (x,y,u) € ® such that

(gf <B<t> +1<1 —t)c {mti T B(t)st)q > a,
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and

<17f<B(t) +1(1 —t)c [r(:i 1 +B(t) SiHXD)q <B.

Hence,

! { t! + B(t) sinx} € {P }q
B(t)+ (1 —t)c |[T(t+1) oyt | a(u(ey)), BluCxy))

4. Conclusions

The notions of g-rung orthopair fuzzy convex, concave functions, g-rung orthopair
fuzzy mappings, g-rung orthopair fuzzy upper/lower semicontinuous mappings and g-
rung orthopair fuzzy numbers are introduced. On the basis of these notions and by using
Schaefer type and Banach contraction principle, the existence results for special type of
fractional differential inclusions have been proved. An example in support of main results
is also presented. The idea can be extended further in various directions for obtaining fuzzy
fixed points, fuzzy common fixed point and coincidence point results in various metric
spaces under diverse contractive conditions.
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