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Abstract: In this paper, we consider a time fractional diffusion system with a nonlinear memory
term in a bounded domain. We mainly prove some blow-up and global existence results for this
problem. Moreover, we also give the decay estimates of the global solutions. Our proof relies on
the eigenfunction method combined with the asymptotic behavior of the solution of a fractional
differential inequality system, the estimates of the solution operators and the asymptotic behavior of
the Mittag—Leffler function. In particular, we give the critical exponents of this problem in different
cases. Our results show that, in some cases, whether one of the initial values is identically equal to
zero has a great influence on blow-up and global existence of the solutions for this problem, which is
a remarkable property of time fractional diffusion systems because the classical diffusion systems can
not admit this property.

Keywords: time fractional diffusion system; blow-up; global existence; critical exponent; nonlinear
memory
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1. Introduction

In recent years, many research studies have focused on time fractional diffusion
equations and systems since they are useful to model phenomena such as viscoelasticity,
anomalous diffusion phenomena, quantum mechanics, etc.(see, e.g., [1-7]). For example,
time fractional diffusion equations can often be used to model physical systems exhibiting
anomalous diffusion (see, e.g., [1,4,7]). In many complex dynamical systems, the diffusion
processes do not follow Gaussian statistics, and then the related transport behavior can
not be described by the Fick second law. The mean squared displacement of a diffusive
particle usually follows the power type law, i.e., (x(t)) ~ const - %, which is linear in f in
the classical diffusion process. Since the mean squared displacement describes how fast
particles diffuse, the diffusion process is called the sub-diffusion process when 0 < a < 1
and is called the sup-diffusion process when 1 < a < 2, see, e.g., [1,7]. Hence, recently,
there have been a lot of literature studies studying time fractional differential equations and
systems, see, e.g., [1,8-34]. For instance, in [20], the authors considered the blow-up and
global existence of the solution to a Cauchy problem for a time-space fractional diffusion
equation, where the time derivative is taken in the sense of the Caputo-Hadamard type
and the spatial derivative is taken by the fractional Laplace operator. They also verified the
blow-up results by numerical simulations. In [23], the authors generalized some theorems
of counting zeros for analytical functions, and obtained an algebraic test to determine the
stability of fractional order systems by the matrix inequalities. In [15], an initial-boundary
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value problem for the Caputo time fractional diffusion equation was studied, and the
equivalence of viscosity solutions and distributional solutions for this problem was proved.

The goals of this paper are to prove blow-up and global existence results and give
the decay estimates of the global solutions for the following Caputo time fractional
diffusion system:

CDPo— Ao = 11*72(|u|ﬂ*1u), (t,x) (o T) x Q, )
u(t,x) =0, v(t,x) =0, (t,x) € (0,T) x 9Q),
1(0,x) = up(x), v(0, x) =17y(x), x €Q,

where QO C RN is a smooth bounded domain, 0 < 0,<1L,0< 1, 2<L,pg>1pg>1
and 19, vy € Co(Q). Here, Dfu = at[ I (u(t, x) — up(x))] is the Caputo derivative of u
with respect to ¢.

Firstly, let us dwell on some known results on blow-up and global existence of the
solution for time fractional diffusion systems. In [32], Zhang et al. discussed the semilinear
time fractional diffusion system

§Dfu— Au = [v[P~lo, x e RN, t>0,

§Dfv— Av=|ulilu, xeRN, t>0, 2
u(0,x) = up(x), x € RN,

v(0,x) = vo(x), x € RN,

where 0 < & < 1, p,q > 1, up,vg # 0 with up,vg € CO(RN), and gave the Fujita critical
exponent of (2), which is the same as that of the classical diffusion system (i.e., (2) with
« = 1). They showed that problem (2) can admit global nontrivial solutions in the critical
case, whereas for a classical diffusion system (i.e., (2) with « = 1), all positive solutions
blow up in finite time in the critical case. In [8], a time fractional diffusion system on
RN with two different fractional powers was considered and some blow-up and global
existence results were proved.

Let us now turn to the study of time fractional diffusion equations with nonlinear
memory terms on both RN and a domain Q C RN. There have been many papers on
existence and nonexistence of global solutions for these problems (see, e.g., [10,13,22,33-35]).
For the time fractional diffusion equation

SDfu— A= oI} (JulP~1u), )

on both RN and a bounded domain QO ¢ RN, where a € (0,1], v € [0,1) and p>1,
Cazenave et al. [35] obtained the critical exponents of this problem with a = 1. For the case
0 < « <1, Zhang and Li [22,33,34] generalized the results of [35] and obtained the Fujita
critical exponents for the case « < y and a > v, respectively. The results indicate that the
properties of solutions for problem (3) on both RN and a bounded domain Q C RN can be
different for these two cases.

In [13], the authors studied the blow-up of solution for the following semilinear
fractional diffusion equation in a bounded domain:

u(t,x) =0, x€d), t>0, 4)

up = 0¢(ga * Au)(t,x) + ulflu xe€Q, t>0,
u(0,x) = up(x), x €,

where 0 < a < 1,0 >1, gu(t) = ( ) ~and Qax Au = fo Qa(s)Au(t — s, x)ds. They obtained
that, if 7o < 1, ug > 0 and 1y # 0, then any solution of (4) blows up in L* norm.
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Fixed R > 0, Asogwa et al. [10] considered

EDPV = —(=A)2V 41 P(VIH1), x e B(O,R), t >0,
V(t,x) =0, x € B(0,R)C, t>0, ®)
V(0,x) = Vy(x), x € B(O,R),

where g € (0,1),« € (0,2). They obtained that, if 0 < 7 < % —1land fB(O,R) Vo(x)¢1(x)dx >
0, where ¢, is the first eigenfunction of the above Dirichlet fractional Laplace operator, then
all nonzero solutions of (5) can not exist globally in time.

For the diffusion systems with nonlinear memory terms, to our knowledge, there
were only a few papers investigating the blow-up and global existence of solutions. In
the limiting case « = B = 1, Loayza and Quinteiro [36] proved that, if max{1 — py, +
p(1—g71),1—q7v1 +q(1 —py2)} > 0and up, vy > 0, 1g + vg > 0, then the correspondent
solution of (1) blows up in finite time, while if max{1 — py2 + p(1 —gqv1),1 —g711 +q(1 —
pr2)} < 0and the L® norms of 1y and vy are sufficiently small, then (1) admits a global
solution.

Motivated by the aforementioned results, in this paper, we study global existence and
blow-up of solutions of (1) in six different situations (see Section 3), and extend the results
in [34,36].

Comparing with the results of [34,36], our conclusions of (1) show that the time
fractional diffusion system (1) is more delicate. When we consider problem (1), some new
cases appear and need to be studied. For example, we have to consider the case that one
of the initial values identically equals zero. Indeed, in some cases, our conclusions show
that the solutions of (1) can globally exist in the case 1, vg # 0, but all nontrivial solutions
must blow up in finite time for the case 1y # 0,79 = 0 (see Section 3). The main reason for
making such difference is due to the nonlocality of time fractional derivatives. Thus, initial
values have a great influence on the properties of the solution for problem (1). On the other
hand, since the orders of time fractional derivatives for problem (1) can be different and
time fractional derivatives are nonlocal, some methods and arguments used in [36] can not
be directly applied to the study of problem (1).

This paper is organized as follows: In Section 2, we first present some definitions
and properties of Riemann-Liouville fractional integrals, Caputo fractional derivatives,
Mittag-Leffler function, and Wright type function. Secondly, we recall some properties of
solution operators P, (t) and S,(t). Finally, some properties of the solution for a fractional
differential inequality system are provided. The main results are given and proved in
Section 3. Section 4 is devoted to a brief summary of this paper.

For simplicity of presentation, in the following sections, we use C to denote a positive
constant, whose value may be not the same in different parts.

2. Preliminaries

In this section, we are ready to give some preliminaries that will be used in the
following sections.
For T > 0, a € (0,1], the Riemann-Liouville fractional integrals are defined by [5,37]

w1t f(s) wp_ LT f(s)
olff = r(a)/o (—syiads if = r(a)/t il

and the Caputo fractional derivatives are defined by [5]

§DEF = Lol #[() — FO), £D4F = — 4 k<(7(0) — £(7)).

When a = 1, we define { D¢ f = —SD4f = f/(t). Moreover, if f € AC([0, T]), then
SDYf and D%f exist almost everywhere on [0,T] and {D{f = oI} “f(t),
EDYf = =13 f/(t) (see [5)).
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Letp,g > 1and % + % = 1. Assuming that f € LF(0,T), g € L1(0, T), we have [5]

T T
| Grpg@d = [ () ©
Furthermore, the following formula of integration by parts is valid [33]
T c T c
| s®§ornat= [ (7t = £(0)f Digt, ”

provided that f € C([0, T]), { D f exists almost everywhere on [0, T], {D%f € L'(0, T) and
g € AC([0, T]) with g(T) = 0.

Next, we recall some properties of the Mittag—Leffler function. The Mittag—Leffler
function is defined by

(=) k
E,,(,l;(z) = k/;) F(#H%)’ a,p e C, Re(a) >0, Ex(z) = Ey1(z2). (8)

E,5(2) is an entire function and has the asymptotic behavior at infinity for 0 < a < 1,

N 1 1 1
Eyp(z) = —]Em;k*'o(ﬁ) )

with |z| — 4coand pu < |arg(z)| < 7, where u € (7, 7ta) is a constant (see, e.g., [5,37]).
The Wright type function

dul(z) = i (—z)k
o KT (—ak +1—a)

,0<a<1,zeC (10)

is an entire function and a probability density function, i.e., ¢,(f) > 0 for 6 > 0,
fow $a(0)d6 = 1. Moreover,

* g o °° 2035 B
/0 b (0)e2d0 = Eq( z)andzx/o 0pu (0)e 0 = Equ(—2) (11)

for z € C (see, e.g., [6,11,29]).
Denote A = A. Let T(t) be the heat semigroup generated by A on Co((2). Similar
to [11,29,34], we define the operators Py (t) and S,(t) as

Pa(t)ug = /O " 0 () T(#0)uod6, t > 0, (12)

Su(Fitp = o / 0 (6) T(£°0)11pd6), t > 0. (13)
0
Next, we collect some properties of the operators Py () and Su/(t).

Lemma 1 ([31]). The operators P, (t) and S, (t) have the following properties:
(i) For ug € Co(Q), we have Py(t)ug € C([0, T + 00),Co(Q2)), Pu(t)ug € D(A) for all
t > 0and

d
— Py (t)ug = t* " LAS,(t)ug, t >0,

SD?Pa(t)”O = APy (t)uy, it

[0

| APy (t)uiol| oo () + [[ASa(B)tio|| o) < o ltt0lLo(ry, £>0

R

t
for some constant C > 0.
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(ii)) Let h € L1((0,T),Co(Q)), g > 1, w = fo )*1S, (t — s)h(s)ds. Then, w(0) =0

and w € C'X*%([O, T],Co(Q)) if gqu > 1. Furthermore, 1fh € CP([0,T],Co(Q)) for some
B € (0,1), then
$Dfw = Aw + h(t), t €[0,T].

In order to prove our main results, we shall borrow the idea in [35] to study proper-
ties of the solution of a fractional differential inequality system. We need to extend the
Proposition 2.2 in [35].

Lemma2 LetT > 0,0<a,f<1,0< 7,72 <1LBr=1-7,B=1-7pq9>1
pq > land a,b,c,d > 0. Suppose that (u,v) satisfies u,v € C([0,T]), u,v > 0 fort € (0,T],
u(0),v(0) >0, oI} *(u — u(0)) € AC([0,T]), OItl*ﬁ(v —0(0)) € AC([0,T]) and

CD2u + au > b(, I} "oP),
B 1 (14)
CD Fo+co > d( I ")
for almost every t € [0, T]. Then,
(i)  There exists a positive constant M independent of T such that
pBy__ Papy p(B+P) _ paPy pby__ (a+py) p(Bt+po) _ (atpy)

M(O) SM[ LX+/3177717W+T‘X+,B pg—1 — pg—1 +T7W7 pq—1 +T7 pg—1 — “pg—1 L

a(at+py) Mﬁz a1 _ (B+B2) a(a+py) _ (B+B2)

B
M = _i_T/S'Hg pa—1 T4+ T p—1 "pg-1 4 T pg=1 ~ “pg-1

0(0) < M[TPF2= 7

(i) IfT = oo, then iminf;_, {o t(t) = 0 and liminf;_, o v(t) = 0.
(iti) If T = oo, then iminf;_, o t71u(t) > 0 and liminf; | t720(t) > 0.

. o PPa+Py Lo 9P1 1Py
(iv) IfT = 4oo, then iminf;_, yoo t P11 u(t) < +ooand iminf; 1ot P11 v(t) < +oo0.

) Ifmax{l—py2+p(1—q7m),1—qn+q9(1—py2)} >0, then T < o0.

Proof. (i) From (14), (6) and (7), we deduce that
T Crya T pr 11-m TC «
|| € Dtg) +augldt = b [0 (1 " g)dt+u(0) | D}gd, (15)

/0 [v (CDﬁq))—i—qu) dt >d/ ul (I I; ™g)dt + (0 )/0 CDﬁgodt (16)

where ¢ € AC([0, T]) is nonnegative and ¢(T) = 0. By the results in [5], we know that, for
a,p>0and > a+p,

R - = rro g TP
EOHDR( -~ )] = gy TP ).

Let yr = (1 —£)" (m > max{¥ “fl), ! /3+/52 }). It should be illustrated that
choosing the test function of the type ¢ to prove the nonexistence of global solutions to
fractional differential equations firstly appeared in [18]. Here, taking ¢(t) = tCD!;] P in (15)
and ¢(t) = ED?Z Yr in (16), we deduce from Holder’s inequality that
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T T -1 -1 1
b [ oryrat+u(©) [ EDHED yrar < C(T'T P T WP ( / wlyrdt)”,
0 0 0

T T
dAlmﬁﬂ+dmA;ﬂﬁ§D?¢)<Cﬁp RS
for some constant C > 0, where we have used the fact that tlé%l (fD?1 Y1) = Pr and

i P2 (CDl3 >1r) = ¢r. This and Young's inequality with ¢ yield

T 1
(5+52)) ( /0 Uprdt) P

_riB1 1_PB+By) _ papy

b (T T _ by
5/ UpilJTdt+u(0)/ tCD"f(tCD?lng)dt gC(T1 Pl pg-1 4 T pg1 gl
0 0
1 PP2__ palatpy) 1_P(BtBy) _ paa+py)
+ T p-1" p—T 4T pi-1 pi—1 ), (17)

d T T _ riﬁ] pqﬁz q(a+p1) _ paBy
5/ uqlPTdt—l—v(O)/ tCDg(tCDgngT) gC(T1 Pi— L 7 s e TE
0 0
1_ B _ W(ﬁ+ﬁ2) 1_atpy) _ pa(B+pp)
4+ T 17 pl LT pad g1 ) (18)

Then, the estimates (17) and (18) imply that there exists a constant M > 0 such that

7&7% p(B+B2) _ paBy. By 7(“/51) _ p(BtBy) _ (atpy)
M(O) < M[ a+ﬁ1 pa—1" pq— _|_T’X+ﬁ pa=1 " pa—1 4 T pa— pa-1 L+ T  pg-1 pq-1 ],
q(at+p1) _ paBy. qﬂ1 _ (BtB2) q(at+p1) _ (B+Bo)

B
v(0) < M[Tﬁ"'ﬁ2 pg— 1_pg & +Tﬁ+ﬁ pi=1 T pa=l L Top T T £ T T

(ii) Suppose that there exist 771,172 > 0 such that u(t) > 1y or v(t) > np forall t > 1
Then, using (17) and (18), we derive that, for T > 1

bT(1 m+1 T _ by _ pip _p(B+By) _ pap
§(+)1) < g/ oPprdt <C(T' w1 w1 4 7't
m J1
_ By palatpy) 1_P(BEBy) _ palatpy)
+ T p-1 p—T LT pg—1 P, (19)
or
CT(l T)m+1 c T 1— 9B _ paPy 1_‘7(£¥+ﬁ1) _raB2
— Ll < = ulppdt <C(T" w1 p-T 4T p 1 pa-l
2(m+1) 1—2A =
aB1__ pa(B+B2) 1_atpy) _ pa(B+py)
4+ T P 1 e T 4T pd Pl ), (20)

Consequently, we know #; = 0 or 77, = 0 by letting T — 400, which contradicts

71 > 0and 7, > 0. Therefore, iminf;_, o u(t) = liminf;_, o v(t) = 0.
(iif) Since Eq(—At*) > 0and Ego(—At*) > 0for 0 < « < 1, A > Oand ¢ > 0 (see,

e.g., [38]), we deduce from (14) that

u(t) > Eq(—at®)u(0) + r(bﬁl) /Ot(t—s)HEa,a(—a(t —5)%) /Os(s 7)Mol (v)dds,

v(t) > Eﬁ(—ctﬁ)v(O) + F(ZZ) /Ot(t — s)ﬁflEM(—c(t —5)P) /Os(s — 1) 2ul(t)dtds.
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Hence, for t > 3,

"S

u(t) > F(Z ) /ttl(t—s)"‘_lEa,lx(—a(t—s)"‘)./O
b

T(B1) /til(t = )" Enal(—alt =5)*) /1

(s — )" MoP(t)dtds

2
(s — 7)™ MoP(7)dtds

>

> b /t (t—s)ﬂflE (_a(t_s)“)(s_l)f’hds inf Up(s)

— I(B1) Ji—1 e Inf,
b(i}_(ﬁll))71 It ") /til(t —8)"  Eaa(—a(t—s)")ds

= BT [ Bl

which proves lim inf;_, 4o t71u(t) > 0 by the fact that fol T Ey o (—at®)dt > 0. Similarly,
we can prove liminf;_, ;o t720(t) > 0.

(iv) In terms of Property (ii), there exist nondecreasing sequences {t, } and {s, } such
that u(t,) = minj<s<, u(t), v(sy) = minj<¢<s, v(t) and t, — +o0, s, — +oo. It follows
from (19) and (20) that

by (1 — L)+ , Sy -t pm
| Sa— T —oP(s Hdt <C(s pa— pa— +s Pq— pq—
Sty ) = 57 [ s (0t <Clo, )
1_&21_%%?1) 1_n(ﬁ+ﬁlz)_w(a+€1)
+s, pa— Pa— + 5, Pa— Pa— ), (21)
cta(1— t;)m+1 c t Q_ b1 _papy  q_a@tpy) _ pay
—— mr yi(t,) = —ul(t / Hdt <C(t, P71 1y pi—1 - pq—1
2<m+1) (”) 2 (”) 0 lptn() = (n n
17&1171%7(%/152) 17'7("‘+ﬁ11)7W(ﬂ+/i"2)
+t, pa— pa— +t, pa— Pa— ) (22)

o PB2 Py o P1tPy
Thus, iminf; 1ot P77 u(t) < +co and liminf; 1ot P71 v(t) < +oo0.

(v) Suppose the conclusion is not true. Then, T = +oo. If max{1 — py, + p(1 —
q71),1—qv1+q(1—py2)} > 0, without loss of generality, we may assume 1 — py, + p(1 —
gy1) > 0. Property (iii) implies that there exists a constant C > 0 such that u(t) > Ct~ 7
fort > 2. Then,

Prtpbaypa=1(4) > CHPrtP=am) 5 1oo t 5 too,

which contradicts Property (iv). If max{1 — py2 + p(1 —g71),1 — g1 +q(1 —pr2)} =0,
without loss of generality, we may assume 1 — py, + p(1 — g7y1) = 0. According to Property
(iii), there exists a constant C > 0 such that, for t > 3,

v(t) > C t (t— s)ﬂflEﬂ,ﬁ(—c(t —5)P) /15(5 — 1) "2 IMdtds

t—1

t s
> ctm / (t— )P Eg p(—c(t —5)P) / (s — 7) " "2dtds
t—1 1

t
> Ct‘””l(t—z)l‘”/ (t—s)P1Egs(—c(t —5)P)ds
t—1
1
= CHIM(t—2 1*72/ B-1E, o(—ctP)dr.
(t-2)' [ Pl p(—cr)ar
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This implies that for t > 4

S
(t— ) TEgu(—a(t —s)*) /3 TP (v — 2)PU=712) drds

u(t) > Ccrm /t

t—1

t s
> Ct_““/ (t—s)“‘lEM(—a(t—s)”‘)/ TP HP(=72) g gs
t—1 J3

t s
:Ct—“ﬂ/ (t—s)"‘_lEW(—a(t—s)"‘)/ tldrds
t—1 3

> CtM[In(t — 1) — In3) /til(t ) 1R a(—a(t —s)%)ds

1
— CH " In(t—1) — In3] / 1, o (—at®)dr.
0

Hence
tPrpPaypa=1(4) > cPa—1B1+pB2—(pa—1)m [In(t —1) — In3)P7~1
=CPI HIn(t — 1) —In3]P7"! — +oo, t — oo.
This contradicts Property (iv). Therefore, T < +oc0. [

Remark 1. (i) In [33], for the fractional differential inequality, the authors generalized Proposition
2.2in [35]. On the other hand, in [36], the authors extended Proposition 2.2 in [35] to the differential
system. Lemma 2 further extends Lemma 5 in [33] and Proposition 6 in [36].

(ii)) When o« = B = 1, the key point of proving Proposition 6 in [36] is to shift the time.
Howeuver, this method could not be used for our problem owing to the nonlocality of time fractional
derivatives. Comparing with Lemma 5 in [33], the results of Lemma 2 are more delicate since we are
dealing with a system. Moreover, some arguments used in [33] can not be directly applied.

Finally, we introduce definitions of the mild solution and weak solution of (1) and
clarify their relation.

Definition 1. Let T > 0, ug,vp € Co(Q) and u,v € C([0,T], Co(QY)). (u,v) is called a mild
solution of problem (1) if

u(t) = Py(t)ug + /Ot(t —8)* 18, (t —8)[v|P"tu(s)ds, t € [0,T],

o(t) = Py(t)vp + /Ot(t —s)* 18t —s)|u|" Lu(s)ds, t € [0, T].

Definition 2. Let T > 0, p,q > 1. Assume that ug, vy € Ll(Q). We say that (u,v) is a weak
solution of (1) ifu € L1((0,T) x Q) andv € LP((0,T) x QO) and

T T T
1 (ol Mg+ uo(FDFg)atdx = [ [ u(-Ag)tdx+ [ [ u(EDsp)atx,
L o ol e+ oDt patax = [ [T u(-npyds+ [ [ u(EDbg)atdx

. T - T T
L[ o oo DS latax = [ [To(=apdtx+ [ o(Dhy)didx
for every @, € CY2([0, T] x Q) with ¢ = p = 0on dQ and ¢(T,x) = P(T,x) = 0 for x € Q.

The following Lemma asserts that, for problem (1), a mild solution is a weak solution.
We omit the proof of this result because it is similar to that in [22,33].

Lemma 3. Let T > 0and p,q > 1. Assume that uy, vy € Co(Q) and u,v € C([0,T], Co(QY)). If
(u,v) is a mild solution of problem (1), then (u,v) is also a weak solution of problem (1).
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3. Blow-Up and Global Existence

Firstly, we can establish the following local solvability result for problem (1) by an
analogous argument to that in [32,33].

Theorem 1. Let 0 < o, < 1,0 < 71,72 < land p,q > 1, pg > 1. For given ug, vy €
Co(Q)), there exists T = T(ug,v9) > 0 such that (1) has a unique mild solution (u,v) €
C([0,T],Co(Q2)) x C([0, T],Co(Q2)). The solution (u,v) can be uniquely continued up to a
maximal existence interval [0, T.), where either T, = +o0 or

limsup|[|uf| =) + [[o]lL=(q)] = +oo.
t—Ty

In addition, if ug,vo > 0, ug +vg # 0, then u(t, x),v(t,x) > 0 for (t,x) € (0, T,) x Q.
We say that (1, v) blows up in a time T if

tim sup || 1(8) () = limsup [0(0) (1) = +eo.
t—=T, t—Ty

In the case 71 < &, we can prove the following results.

Theorem 2. Let p,g > 1,pqg> 1,61 =1—71,B2=1—72, 71 < aand v, < B. Assume that
Uup, g € Co(Q)

(i) Ifﬁlﬂ”ﬁ2 > v 0r /32+q/51 > vy, and ug,vg > 0, ug + vy Z 0, then the mild solution of (1)
blows up in a finite tzme

() If ﬁ1+sz < 71, % < 72 and |[ugl| o), l|vo0llro() are sufficiently small, then

problem (1) has a global solution (u,v). Moreover, there exists a constant C > 0 such that

_B1trB Batapy
lu(®) oy < CA+D 7T |o(6)l|m) < COL+HT T fort >0,

Proof. (i) We denote by A; the first eigenvalue of —A in Hé (Q2) and by ¢; the correspond-
ing eigenfunction. We choose @1 > 0and [, ¢1(x)dx = 1. It is easy to see that ¢, € C*(Q))
and ¢1(x) = 0,x € 9Q2. Suppose that (u,v) is the mild solution of (1) obtained by Theo-
rem 1 and the maximal existence time T, = +oco. Then, it follows from Theorem 1 and
Lemma 3 that u,v > 0 for (¢,x) € (0,+00) x (), and (u,v) is also a weak solution of (1)
for every T > 0. Next, we choose ¢(t,x) = ¢(t,x) = ¢1(x)¢r(t) in Definition 2, where
¢r € CL([0, T)) satisfies 7 > 0 and ¢r(T) = 0, and then

T T
L[ ol @) eryr + mogn (FDpn)ldtdx = [ [ hugrpr + g (Dgpr) atdx. @)
Ty Cpb ! Cpb
/Q/O oIy " (u") @191 + vo@1 (y Dyypr)]dtdx = /Q/O [Mogrpr + ver (7 Dyyr)]dtdx. (24)
Denote f(t) = [,ugidx and g(t) = [,v¢idx. It is easy to confirm that f,g €

C([o, T]),f(O) g(O) > 0and f(t),g(t) > 0 for t € (0, T]. Using (23), (24), (6) and Jensen’s
inequality, we can obtain that

T T T T
| &7yt +£(0) [ EDtgrat < [ fprdt+ [ f(EDSrIAL 25

/fq(tl Yr dt+g(0)/ CDﬁ¢Tdt</\1/ g¢Tdt+/ CDﬁ T)dt. (26)

In addition, Lemma 1 yields oI! *(f — £(0)) € AC([0,T]) and oI, P(g — g(0)) €
AC([0,T]). Thus, we deduce from (25), (26), (6) and (7) that
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T T
[ ifsyprdt < aa [ pgrars [ 1£0) - FOIFDgprat = a1 [ pyrar+ [ Dt firan,

T T T
[t e < 2y [ gwrdt+ [ 10) - O Dprat = a1 [ et + [ §DEgprat

Due to the arbitrariness of {7, we obtain
SDEf+Mf > oIf'gP, §DPg+A1g > oIP2f7, € [0,T]. 27)

Note that max{1 — py2 + p(1 —g71),1 — 971 + 9(1 — py2)} > 0 if and only if
max{M -n ,ﬁ z+q!3 L — vy} > 0. We can obtain a contradiction by (27) and

Lemma 2(V) Hence, T* < +oco and by Theorem 1, we know

lim supl([|u(£)[| L= () + [[0(8)[[ L= ()] = +oo.
t—T,
Furthermore, it is easy to show that limsup, .- [[u(t)|r~(q) =
limsup; 1 [[0(f)[| =) = +o0. In fact, if u is bounded on [0, T:) x Q, then the sec-
ond equation would lead to a uniform bound on v, which yields a contradiction. The proof

is completed.
(ii) Set

X = {(u,0) € L%((0,00), L7(Q)) x LT((0,00), LZ(Q)) | [[(u, 0)[| < o0},

where
Ba+4Pq
| (u,0)|| = maX{iUP 1+f) T [Ju(t )||L°°(Q)rstu§(1+t) Pt IIU(t)IILw(m}-
>0 >

We define the operator ® on X as ¥(u,v)(t) = (¥1(v), ¥2(u)),

¥1(v)(t) = Pa(t)uo + (,Bl) / (t—8)* 1S (t —s) /Os(s—T)_71|v|”_1v(T)des,

S

Yo (u)(t) = Pg(t)uo + r('l&) /;(t - s)ﬁ_lsﬁ(t —s) /0 (s —7) " " |u|7  u(t)drds.

Fix K > 0 and let Bx = {(u,v) € X | ||(4,v)|| < K}. Note that % < 1lifand

only if £ /Zfiﬂls L < v, and ngfl&) < 1if and only if 11/;’11%[132 < 72. Hence, it follows from

(9) and (11) that there exists a constant C > 0 such that, for 1y, vy € Cyp(Q),

B1+rB2

B1t+prB2 +00 %0
(140 T BBl < CA+0) T [T gu(B)e a8 10y

+rBo
_C(1+t) T Ey (- At) [[uol| ()

+rbo
< C(1+t) e “luoll (e (28)

Ba+4Bq -B
(L+1t) 7T [[Pg(t)voll 1= (n <C(1+t) KEs [vollze(0)- (29)

Moreover, for any (u,v) € Bk, we deduce from (11) that
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B1+pBo
(L+1t) T |[¥1(0)) — Palt )uolle(n)

ﬁﬁ'ﬂﬁz B +o0 Ay (t—s)%0
L=yt [ agu@)e 06 o() [ s
ﬁﬁ-ﬂﬁz

b1 // (£ =515 = 1) M Eaa = A1 (= 8))[0(T) [ TS

B1+pB p(B2+qB1)

<CKP(L+t) M T // (F =) (s — T) M Eqa(—A(E—s))(1+7) " 1" deds

p(Ba+ap

+rp 9B1
<CKP(1+ 1) T / (t—s)“‘lEa,“(—)Ll(t—s)“)/ (s— 1) H T drds
0

BitpBy t 9 Bi— p(B2+4B7)
_CKP(1+ 1) h T /(tfs)"‘ Eaa(—Ap(t—s))sP ™t s, (30)
0
Ba+apy
(141¢) rit ||‘Y2(u))—Pﬁ(f)Mo||Lw(Q)
Botapy 1 B _ q(B1+pBo)
<CKq(1+t) e /(t—s)ﬁ Eﬁ,ﬁ(—/\l(t—s)ﬂ)s 2Tl s, (31)

For any (u1,v1), (up,v2) € Bk, using some arguments analogous to those used above,
we derive that there exists a constant C > 0 such that

Bitrby
(T+8) 7T [[¥1(o1)) — Y1(02)) | o)

P1+rBa

1 1 s B _ p(Bp+4B1)
<CKPY(1+1) prr /(t—s)“ E,X,,x(—/\l(t—s)”‘)/ (s—7)"M7 M1 drds||u— o]
0 0

B1+rB2

<CKP (14t T /(t_s)HEM(—M(t—s) )sP1- 7ds||u—v|\ £>0, (32)
0

1+ 6 [ ¥200)) - Fa(2) i

1 B2+4B1 B _ 49(B1+pBo)
<CKI7Y(14-t) w1 /(t—s)/3 YEgp(—Aq(t—s)P)sP2™ w1 ds|ju — o], t > 0. (33)

Since max{” ﬁ2+qﬁ1), (’51+pﬁ2)} < land Ey(z), Egp(z) are entire functions, we know
that, for given t > 0

+apy)
(b= 8 Eaa(Ay(t— )P AT < 11(0,1),
(B1+pB2)
(t— )P Egp(Ay(t—s)P)sP2 T € L1(0,1).
Thus, the dominated convergence theorem and (8) imply that

t 1 B _ p(B2+4Bq)
/(t—s)”‘ Eaa(—Aq(t—s))sPt ™t s
0

0 t (_Al)k )txk+/x 1 ﬁl_ ﬁpzq ’4151)
= Z/ ds
= Jo I'(ak+ a)

P(B2+9B1) ) B2 p
pg—1

= F(l + ‘Bl aa+1+ﬁ 132+17ﬁ1 (7)\11‘0‘)/

9(B1+rB2)

(t—5)P1Eg (= Ay (£ — 5)P)sP2 7T ds

S~

+ Batapy
= T(l +,82 (’Bplq_pl‘BZ))tﬁ pq—1 Eﬁ /5+1+ﬁ ﬁ1+pﬁ2 (—Alt’g) (34)
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Note that 71 < &, 72 < B. Then, % < 71 < wand % < 72 < B. Hence,
it follows from (9) and (28)—(33) that we can choose ||ug||;~(q), [[v0l[r=() and K small
enough so that ¥ is a contraction on Bg. As a result, ¥ possesses a unique fixed point
(u,v) € Bg. Evidently, u,v € C([0,00), Co(Q2)). We have thus proved the theorem. [

Theorem 3. Let p,q > 1, pg > 1,71 < a, 72 > B and up, vy € Co(Q).

@ I ﬁ;%ffz > yio0r % > B, and ug, vy > 0, vy % O, then the corresponding mild solution
(u,v) of (1) blows up in a finite time.
(i) If ﬁlﬂ’l’gz < 7 and 13;;717/131 < B, then problem (1) admits a global solution (u,v) when

B1trBy
[0 || oo (2 and ||vo || L= (y) are sufficiently small. Moreover, |[u(t)|| ey < C(14t) 7T,

Ba+4B
|lo(t )HLoo ) < C(1+¢t) Es for some constant C > 0.

Proof. (i) Suppose that the maximal existence interval of (u,v) is [0, Tx). According to the
proof of Theorem 2(i), we find that inequality (27) still holds in this case. Then, Lemma 2(i)

implies g(0) = 0 if % — B > 0. In addition, % > vy ifand only if 1 — py2 + p(1 —
gy1) > 0. Hence, it follows from Lemma 2(v) that T, < +oo.
(ii) In this case, our assumptions imply that ﬁ;,%f/lgz <71 <aand % < B < 7.

Then, p(ézqtqlﬁ ) < 1, 9(p r}qt 4 1/5 2) <1, Proceeding as in the proof of Theorem 2(ii), we can

carry out the proof of this theorem. [

When ;7 < « and vyp = 0, we can obtain that Theorem 2 remains true for every
g€ (0,1)and v, € [0,1).

Theorem 4. Let p,g > 1,pg > 1,71 < aand ug € Cy(Q), vg = 0.

(1) If ﬁ1+p/32 > y1 0t ﬁ;‘;rif/fl > o, and ug > 0, ug # O, then the corresponding mild solution
(u, v) of (1) blows up in a finite time.

(ii) f Brrppa 1+p ’g 2 < ypand B ;;qﬁ L < 7y, then problem (1) admits a global solution (u,v) providing
that Hu0||Loo ) and [|vg ||y are sufficiently small. Moreover, |[u(t)[|po(q) < C(1+

Ba+ap
UU)HLW(Q) <C(+t) ey for some constant C > 0.

Proof. (i) The result follows from Theorem 2(i).
(ii) In this case, the estimate (29) holds for 0 < g < 1 due to vy = 0. Moreover,

ﬁ1+Pﬁz p(Ba+qp1) q(B1+pp2)
our assumptions 1mp1y <m < S5 < 1 and et < 1. Then, when
B> B2tas zﬂiﬁ L, we can obtain the desired conclusion by some arguments analogous to those in

Theorem 2(11). For the case g < %, we can estimate (31) and (33) for t > 1 by using (34).
When 0 <t <1, we can easily see that the term of the right hand of (31) is less than CM1
and the term of the right hand of (34) is less than CK7~!||u — v||y. Thus, the conclusion of
this theorem also holds in the case < % O

Remark 2. (i) We deduce from the proof of Theorem 4 that the conclusions remain true for the case
Y2 < B,a€(0,1)and uy =0, vy #0.

(ii) It follows from Theorem 2 that our results coincide with those in [36] when « = B = 1.
Hence, our results extend those in [36].

(iii) Theorems 3 and 4 imply that, for the case y1 < « and 7y > B, the properties of solutions
of (1) can be different if one of the initial values is identically vanishing. This is impossible for the
classical reaction diffusion system (i.e., (1) with « = B = 1) because of y» < 1 = B.

Finally, we consider the case y; > &, and have the following results.
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Theorem 5. Let p,q > 1, pg > 1, 71 > a, 72 > B and up, vy € Co(Q).

@ I /3;;710?2 > o or ﬁ;%’lfl > B and ug,vg > 0, ug,vg # 0O, then the corresponding mild
solution (u,v) of (1) blows up in a finite time.

@) If ﬁ;;ffz < u, ﬁ;ﬁ’fl < Band |ug| =), [[vollL=(q) are sufficiently small, then prob-
lem (1) has a global solution (u,v). Moreover, there exists a constant C > 0 such that

Pr+pB By-tapy
[u(®) oy < CA+) 7T [Jo(B)][po() < C(L+ 1) P71 fort > 0.

Proof. (i) Suppose that the maximal existence interval of (u,v) is [0, +00). In terms of the
proof of Theorem 2(i), we see that inequality (27) remains valid for every T > 0 in this case.

Note that Lemma 2(i) implies that f(0) = 0 or g(0) = 0 if max{ ﬁ;;rflm —a, ﬁ2+qﬁ1 - B} >0.
This yields a contradiction. The proof is completed.

(ii) From our assumptions, we have ﬁ;%f’fz < a < 7, B 2+fﬁ L < B < 72 and
(ﬁ;qtqf U o< q, 26 pl; £ f 2) < 1. Then, by proceeding as in the proof of Theorem 2(ii), the

conclusion holds. [

Theorem 6. Let p,qg > 1,pg > 1, v1 > a, v2 < Band ug,vg € Co(QY). Assume that (u,v) is
the corresponding mild solution of (1).

(i) Ifﬁllm;r’ﬂl’32 > or ﬁ;;qﬁl > yp and ug,vg > 0, ug # 0, then (u, v) blows up in a finite time.

.. + +
@ If ﬁ;qfl’% < a, /5;{17@?1 < 72 and |[uol| =), |00l (r) are sufficiently small, then the
maximal existence time T, = +oo and there exists a constant C > 0 such that |[u(t)|| .~ (q) <

__B1trBo Bo+apy
Ca+t) m T [o(t)|re) <C(A+t) T fort>0.

Proof. (i) Suppose that the maximal existence time T, = +oco. In view of the proof of
Theorem 2(i), we see that inequality (27) remains true for every T > 0 in this case. Hence,

it follows from Lemma 2(i) that f(0) = 0 if ﬁlp;rifl’gz > «, which contradicts uy # 0. On the

other hand, if % > 79, we can obtain a contradiction by Lemma 2(v).

(ii) Since our assumptions imply that 131]9;;7101/52 < a < v, b ;;7[131 < 72 < Band

P (%qtqf ) < 1, 9( ];qt b 1!3 2) <1, Then, we obtain the desired conclusion by some arguments

similar to the proof of Theorem 2(ii). O

Theorem 7. Let p,q > 1, pg > 1, 71 > wand ug € Cy(Q), vg = 0. Assume that (u,v) is the
corresponding mild solution of (1).

@ I Birtpba - 4 op ﬁ;;ﬁfl > v, and ug > 0, ug # 0, then (u, v) blows up in a finite time.

pq—1
@ If /3;;7171’52 < wand % < 72, then (u,v) is a global solution of problem (1) when
P1tppo
[0 || o= (2 and ||vo || L= (y) are sufficiently small. Moreover, [|u(t)|| ey < C(1+1t) et

_Batapy
[o()l| Loy < C(1+t) P=T for some constant C > 0.

Proof. (i) The result follows from the proof of Theorem 6(i).
(ii) In this case, the estimate (29) holds for every 0 < B < 1. In addition, our as-

sumptions imply % <a <7, % < 1land ngpﬁz) < 1. Hence, we obtain
the desired conclusion by repeating some arguments in the proof of Theorem 2(ii) and

Theorem 4(ii). O

Remark 3. Our results coincide with those in [34] when o = B, y1 = yoand p =q > 1, and
those in [36] when o« = B = 1. Thus, we extend the results in [34,36]. Comparing the classical
diffusion system (i.e., (1) with « = p = 1), some new cases appear for problem (1). Moreover, we
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[ mo()er (v)dx < MIT P

[ w00 (x)dx < MR 4T
(@)

obtain some results, which are different from the classical diffusion system. Hence, our results are
not just direct generalizations of the case x = = 1.

Remark 4. For every p,q > 1, pqg > 1and T > 0, we deduce from Lemma 2 and the proof of
Theorem 2(i) that if ug, vy > 0 satisfy

Py paB1 B — p(B+B2)  paB1 _ pBy  (atBq) _ p(B+Bo)  (atBq)
17 p—T 4 TP T T T p1T p-1 4 T pal pq—1 ],
or
981 _ paB2 + _qlatpy) _ papy 9B (B+B2) _qe+By)  (B+B2)
T N T + T 1" p-1 4 T pi-1 pq—1 ]

where M is a positive constant given in Lemma 2, then the maximal existence time T, of the mild
solution satisfies Ty < T.

4. Conclusions

The main aim of this paper is to investigate the blow-up and global existence of the
solution of the initial boundary value problem (1). We firstly prove Lemma 2, where some
properties of the solutions for a fractional differential inequality system are studied. Our
result extends Lemma 5 in [36]. The proof of these estimates is based on the test function
method, the representation of solutions of the nonhomogeneous fractional differential
equations with constant coefficients, and the nonnegativity of the Mittag—Leffler functions
Enq(t) and E,(t) for the case 0 < a < 1. Due to the memory effect of time fractional
derivative, the standard method by shifting the time could not be available for our problem.
We overcome this technical difficulty by the test function method. Moreover, since the
orders of time fractional derivatives for problem (1) can be different, some methods and
arguments used in [36] can not be directly applied to the study of problem (1). Secondly,
we assert that the mild solution is the weak solution and give the local solvability result for
problem (1). Finally, the blow-up results for problem (1) in different situations are proved
by the eigenfunction method combined with the estimates in Lemma 2. Furthermore, by
using the estimates of the solution operators P, (t) and S, (t), the asymptotic behavior of
the Mittag—Leffler function and a fixed point argument, we obtain the existence of global
solutions and the decay estimates of the solutions in the space L*(Q}) when |[|uol|;~(q)
and [|vg| () are sufficiently small. As a result, we determine the critical exponents of
parameters «, 3, y1 and 7, in six different situations.

Our results extend ones in [34,36]. Some new results different from the ones of classical
diffusion systems are obtained. Comparing with the results of classical diffusion system
and time fractional diffusion equation, we find that the critical exponents of problem (1)
are more delicate. Our results show that, in some cases, whether one of the initial values
is identically equal to zero has a great influence on blow-up and global existence of the
solutions for problem (1). However, this conclusion is false for the classical diffusion system
because we can shift the time for the classical diffusion system. This indicates that the
nonlocality of time fractional derivatives really affect properties of the solutions for time
fractional diffusion systems.

In terms of practical applications and theoretical interests, ones may be more concerned
with the space-time fractional diffusion system than what we have studied in the current
paper. However, from the proof of our results, we know that the conclusions of this paper
are still valid when the Laplace operator is replaced by the fractional Laplace operator
supplemented with the exterior Dirichlet condition on RN \ Q). On the other hand, ones
may be concerned with the sup-diffusion case of problem (1),ie., 1 <a <2orl < < 2.
However, it will be definitely more challenging. For example, the nonnegativity of the
Mittag-Leffler function E, o (t) is invalid in the case 1 < a < 2, and thus the method used
in this paper can not be applied to study the sup-diffusion case. Nevertheless, we are still
considering this more generalized case, and we expect to establish parallel results.
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