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Abstract: In the particular configuration of the scalar field k-essence in the Wheeler-DeWitt quantum
equation, for some age in the Bianchi type I anisotropic cosmological model, a fractional differential
equation for the scalar field arises naturally. The order of the fractional differential equation is

=3 Iff 7- This fractional equation belongs to different intervals depending on the value of the
barotropic parameter; when wy € [0,1], the order belongs to the interval 1 < § < 2, and when
wx € [—1,0), the order belongs to the interval 0 < § < 1. In the quantum scheme, we introduce the
factor ordering problem in the variables (2, ¢) and its corresponding momenta (TTq, I1y), obtaining
a linear fractional differential equation with variable coefficients in the scalar field equation, then the
solution is found using a fractional power series expansion. The corresponding quantum solutions
are also given. We found the classical solution in the usual gauge N obtained in the Hamiltonian
formalism and without a gauge. In the last case, the general solution is presented in a transformed
time T(7); however, in the dust era we found a closed solution in the gauge time 7.

Keywords: fractional derivative; fractional quantum cosmology; k-essence formalism; classical and
quantum exact solutions

1. Introduction

Fractional cosmology is a new line of research born approximately twenty years
ago based on fractional calculus (FC). The FC is a non-local natural generalization to the
arbitrary order of derivatives and integrals. Non-local effects occur in space and time. In
the time domain, a non-local description becomes manifest as a memory effect, and in the
space domain, it manifests as non-homogeneous similarity structures [1-3]. During the
last decades, FC has been the subject of intense theoretical and applied research in almost
all areas of the sciences and engineering from the point of view of classical and quantum
systems [4-14]; recently, new studies on FC have been made [15-18]. This is because FC
describes complex physical systems more accurately, and at the same time investigates more
about simple dynamical systems [19,20]. General relativity is not an exception, in [21-31]
the importance of FC and its potential applications in cosmology was introduced. In [32],
the FRW universe was presented in the context of the variational principle of fractional
action. In this new cosmological formulation, the accelerated expansion of the universe
can be attributed to the fractional dissipative force without the need to introduce any kind
of matter or scalar fields; similar results are obtained in [33,34]. In [22], the concept of
fractional action cosmology was applied to massive gravity, where fractional graviton
masses are introduced.

Unlike the previously described formalism to obtain fractional cosmology, in [35]
it is mentioned that by quantifying different epochs of the k-essence theory, a fractional
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Wheeler-DeWitt equation in the scalar field component is naturally obtained. Recently,
such an equation was solved for some epochs in the FRW model and communicated in [36].
In this work, we present the continuation of our previous investigation. In this case, we
will analyze the Bianchi type I, which is the anisotropic generalization of the flat FRW
cosmological model. In the quantum scheme, we introduce the factor-ordering problem
in the variables (), ¢) and its corresponding momenta (Iln, 1), obtaining a fractional
differential equation with variable coefficients in the scalar field equation. The solution is
found using a fractional series expansion [37,38], generalizing our previous work [36].

This paper is organized in the following way: in Section 1, we give a brief review of
fractional calculus and the main ideas of the k-essence formalism; in Section 2, we construct
the Lagrangian and Hamiltonian densities for the anisotropic Bianchi type I cosmological
model, considering a barotropic perfect fluid for the scale field in the variable X. We found
the classical solution in the usual gauge N obtained in the Hamiltonian formalism, and
without a gauge. In the last case, the general solution is presented in a transformed time
T(t); however, in the dust era we found a closed solution in the gauge time 7; in Section 3,
the quantization of the model for any era in our universe is performed and we present
particular scenarios too. In this section, we introduce the factor ordering in both variables;
finally, in Section 4, the conclusions are given.

2. Brief Review on Fractional Calculus and K-Essence Theory
2.1. Brief Review on Fractional Calculus

In the theory of fractional calculus, there are some definitions of fractional derivatives;
Riemann-Liouville, Caputo, Caputo-Fabrizio, Atangana—Baleanu, to name a few, each
with its advantages and disadvantages [39-41]. In this work, we use the Caputo fractional
derivative of order 7, defined by using the Riemann-Liouville fractional integral [1]

1t f@)
) = o | dr, >0, 1
recovering the ordinary integral when v — 1. The Caputo fractional derivative of order
v > 0 of a function f(t), then, is defined as the fractional-order integral (1) of the integer-
order derivative

(n)
SDIF(t) = 1) oDy £(t) = —— /Ot(f O e, @

I(n—v)Jo (t—7)r "t
withn—1 <y <neN=12,..,79 € Ris the order of the fractional derivative, f (n)

are the ordinary integer derivatives, and I'(x) = fooo e~tt*~1dt is the gamma function. The
Caputo derivative satisfies the following relations

GDTIF(1) +g(1)] = §DVf(t)+§DTg(H). ®)

§D7c = 0, where c is a constant. 4)

The Laplace transform of the function f(t) defined in the ordinary case is given by

0= [ Festar = F(s), ©

then, the Laplace transform of the Caputo fractional derivative (2) has the form

LI§D7f(t)] = s7F(s st =1 6)
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where £ is the ordinary derivative. Another definition which will be used is the Mittag-
Leffler function [42-44],

Eyo(z) Z nx—i—a (x, o>0), 7)

for o = 1, we have a one-parameter Mittag-Leffler function:

B(D)=Eni@) = L gy 0> 0 ®)

Other special cases are given in [43,44]

Ei(+z) = e%7, Es(z) = cosh v/, ]E2,1(—zz) = cosz,
sinh z sinz
Eop(z?) = o Epp(—2%) = — )

A Laplace transform (5) of the Mittage—Leffler function is given by the formula

() 1gX—0
e Stpxmt+o— lE( m) +atX\dt = mi 10
| e it = (10)
Consequently, the inverse Laplace transform is
-1 m!sX—7 xm+o—1 (m) X
[7(5)(”)%1} =t E\") (+atY). (11)

This expression will be very useful to obtain analytical solutions of fractional differen-
tial equations using the Laplace transform.

2.2. K-Essence Fractional in the Bianchi Type I Scenario

One of the fundamental problems of cosmology is to find an explanation consistent
with experiments for the accelerated expansion of the universe. Many proposals to tackle
this task suggest modifying the general relativity theory. A recent proposal suggests
unifying the description of dark matter, dark energy, and inflation, employing a scalar field
with a nonstandard kinetic term, known as k-essence theory. Usually, the action of the
k-essence models [45-50] can be written as

s_/d4x\/?g(;7z+f(¢)g(x)+£mttﬂ), (12)

with ¢ being the determinant of the metric, R the scalar curvature, f(¢) an arbitrary function of
the dimensionless scalar field ¢, X = —5 gf”/VV(PVMP the canonical kinetic energy, and Latter
is the corresponding Lagrangian density of ordinary matter. So, performing the variation of
the action (12) with respect to the metric g, and X, the field equations are obtained:

Gyv - f(Qb) |:gXqu>V1/(P + gg;w:| - T;u/; (13)
£(9)|Gx V"V, + gxxvywi} U [g zxgx} ~ 0, (14)

where we have assumed that 87G = 1 and a subscript X denotes differentiation with re-
spect to X. K-essence was originally proposed as a model for inflation; and then, as a model
for dark energy, along with explorations of unifying dark energy and dark matter [51,52].
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The last set of field Equations (13) and (14) are the results of considering the scalar
field X(¢) as part of the matter content, i.e., Lx 4 = f(¢)G(X), with the corresponding
energy-momentum tensor

Tal! = F@)[Gx V9V + G (X)gpu]. as)
Also, considering the energy—-momentum tensor of a barotropic perfect fluid,
Tl = (pg + Py)uytty + Pogyu, (16)
with u;, being the four-velocity satisfying the relation u,u" = —1, py the energy density,

and Py the pressure of the fluid. To simplify, we are going to consider a comoving perfect
fluid, whose pressure and energy density corresponding to the energy—-momentum tensor

of the field X are
Pp(X) = f(9)G,  pp(X) = f(9)[2XGx — G, (17)
thus the barotropic parameter wy = Z’;&(? for the equivalent fluid is
_ g
wyx = Zng—g' (18)

Notice that the case of a constant barotropic index wyx (with the exception wy = 0)
can be obtained using the G function

l+wy

G=X%x. (19)
At this point we can choose

go ttoex o o 1
T 2wy =1

G = X", (20)

With this, we can write the states in the evolution of the universe summarized in
the Table 1.

Table 1. States of the universe’s evolution according to the barotropic parameter wyx.

wx « G(X) State of Evolution
1 1 X Stiff matter
% 2 X2 Radiation
—0 — 00 X™m, m— o Dust-like
-1 0 1, f(¢)=A=cte Inflation
_ % 1 % Inflation-like
— % — % 4%/? Inflation-like

We are interested in the four-dimensional fractional cosmology in the scenario of
k-essence within the anisotropic background, precisely, the Bianchi type I, whose metric
has the line element g, 5, which can be read as

ds? = —N?(t)di? + A%(t) dx® + B(t) dy* + C*(t) dz?, (21)
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where N(t) is the lapse function, and the functions A(t), B(t), and C(t) are the correspond-
ing scale factors in the (x, y, z) directions, respectively. Moreover, in Misner’s parametriza-
tion, the radii for this anisotropic background have the explicit forms

A= OPeVap g OHPeV3E 0= 02 (22)

where the functions in the radii are dependent on time, QO = Q)(t), and B+ = B+ (t). In this
point, we notice that the line element (21) in the time dt = Ndt reads as

dsz — _de + eZ(Q(T)J'_IS#'(T)J’_\/g:B*(T)) dxz + ez(Q(T)_'_/SJr(T)_\/gﬁ*(T)) dyZ _|_ eZQ(T)_4/8+(T) d22, (23)

and employing the form of the functional G = X*, and the following quantities:

I = % - %’ grr=8" =-1, Gx = aX*1, Gxx = a(x —1)X*72,
95 = 8" (0w —Thuda) = (9" +3Q¢),  Xug" = g9, Xy = —X'¢),
X=3@)7 @)= X=¢y, ¢ = ;f
then Equation (14) is written as
aX¥ (9" +30V¢)) + a(a —1)X*2X'¢ + (20 — 1)X”‘;;Ln f=0, (24)
which can be transformed into
i(LnX+2a6(_)1+Lnf}~) =0, (25)
and in turn integrated, resulting in
[ FE@dp=var [ s ar, (26)

where A is an integration constant and has the same sign as f(¢). In the gauge N = 24e%,
the right-hand side is

[ £ @) dp = 2420 (1~ 1), 27)

where t; is the initial time for the « scenario in the universe. At this point, we can introduce
some structure for the function f(¢) and solve the integral.

When we consider the particular mathematical structure for the function
f(¢) = pp™ or f(¢) = pe™? with p and m constants, the classical solutions for the field ¢
in quadratures are

20

a+m) L _30(1) 2utit
ey va e BT, )= p, mt
_1 _ 30 2
Exp {P wV2M [em dT} f(@)=pp~>, m=-2u (28)
% |y kVaR e Ba], fp) = pe, m
pVIA [ T dr f@)=p, m=0.
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The complete solution to the scalar field ¢ depends strongly on the mathematical
30
structure of the scale factor Q)(7) in the a scenario in our universe. In the gauge N = 24e%-1,
these solutions are
2u

PO = VoA - 1)| T, f(9) = g™, m £ —2a

14

ot) = (e +  EXP[24pEV2RE—8)], f9
2 [ 12252 (- 1), f(@) =pe™, m#0,

24p~ 2 \2A(t — t;) f

where t; and ¢(t;) are the initial time and the scalar field in this time for the & scenario
in the universe. In what follows, we perform the calculations to obtain the scale factor in
some cases.

3. Lagrange and Hamilton Formalism

Introducing the line element (21) of the anisotropic Bianchi type I cosmological model
into the Lagrangian (12), we have

92 32 32 L3
L= em{é?V - 6% - 6% ~f(#) (;) (4’>>2“N‘2““}. (30)

Using the standard definition of the momenta Il = %, where g are the coordinate
fields g# = (Q, B+, ¢), we obtain the momenta associated with each field

_ 12 30, 5 _ -3 Nlg
]._.[Q — Ne Q, Q—e 12 ’
12 . . _3q NITt
L — 1230 _ _ 3o NI
+ NE P B+ e o
1
1\* 2a e . _30 [2% TI, |21
= ~f0)(3) gt p- N BT e

and introducing them into the Lagrangian density, we obtain the canonical Lagrangian as
L anonical = Hygrg" — NH = Iug" — H. When we perform the variation of this canonical

Lagrangian with respect to N, W = 0, we obtain the constraint # = 0. In our model,
this is the only constraint corresponding to the Hamiltonian density, which is weakly zero.
So, the Hamiltonian is

1
N 5.q) sangr o ’ 21 12Q2a—1) 2L\ =®T
H= — 2a—1 20—1 114 — 1145 =11 ] _ HZ& 1 . 32

2 ‘ o « \afi) o @

3.1. Exact Solution in the Gauge N = 246%0
9H 9H

Using the Hamilton equations for the momenta IT,, = —§ 7 and coordinates ¥ = I,
we have
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. 6(a—1)
O = 2 =1 I, (33)
. . B _6(0(:1)Q
B+ = —2¢ = T7IL4, (34)
. 6(x—1)
B = —2¢ %100, (35)
) 20671 201 ﬁ
¢ = —24<) I, (36)
af(¢) ¢
. 6(x —1) _6(a-1)
HQ = %3_ 22T {2 [H%) — Hi_ — H2_:| , (37)
I[I. = 0, = I1L = py = constant, (38)
1
: 12 (207 INTT ;e o f
i, = —— 12 f 1L, 39
’ 2 ( « ) R )

solving Equation (39) using (36), we have Iy, = py f 2, with pe an integration constant.
With this result, and taking into account Equation (36), we obtain

. a—1 ﬁ
/ff”*d4>——24<’04”2 ) (t=t), (40)

o

that is, similar to (27), previously obtained, which was solved a Klein—-Gordon-like equa-
tion directly. Using the Hamiltonian constraint and the solution to Equation (39) found
previously, we have

1
20 pa—1\ 2a—T

6(a-1) 12(20 — 1 2
e T 1O}~ 18 — 12 | = = )<p¢ ) : (41)

o «

then, the solution for the momenta becomes
o = fa t + po, (42)
P
@) (g2 BT . .

where the constant 17, = = — | *— and py are constants of integration that,

when introduced into the equation for (), give us the equation for the () function,

dQ _ 6(a—1) 6(a—1) 6(a—1
g 2 2T Q(Uat + po), e 1= %(Uﬂtz +2pot + Pl)/ (43)
whose solution becomes
20 —1 6(a—1)/
= 2 44
6(x—1) n{Zoc—l (Wt—'— P0t+P1>}, (44)

and the solution for the scalar field is given by Equation (29). The solutions for the
anisotropic function §4 are given by

(20 —1)p+ 1 it +Po — \/ P — TlaPr (45)
n ’
24(ax — 1) a\/P2 — apr | Mat + Po+\/PR — apr

e ()Y

Br(t) = by —
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where
Si(t) =nat+po£ VA, and Ay = pd—ap1 > 0.

According to the last expressions, the radii associated with the Bianchi type I have the
following behavior:

P++\[p,

a—1
6(a — 1 3 t T4 6(a—1)
A(t) = Q+ﬁ++\[,5 (lx—l <Z+ t ) (ﬂat2+2P0f+P1) ,
g oy
_ 6(x—1) (% A .
Bl =i [ 2(04—1 <Z+ ) (7at* +2pot + p1) , @
oap. _ o [Ble=1) (E-()) " =
C(t)=e +=C 2a—1 \ = (1) (U“t +2pot + p1) ,
with the volume of this universe V(t) = ABC = 3
6(x—1), e
V(t) =W m(’?txt +2pot + p1) (48)

where we have graphed on different time scales in each scenario; in both cases the volume
is increasing, as shown in Figure 1.

v v
300000 [-
250000 -
200000 -
150000 -
100000 -

50000

1 1 1 Lot L ¢
1 2 3 4 5 r 60 70 80 90 100

Figure 1. Volume of the universe into the radiation and dust ages, respectively, according to Table 1,
we choose pp =2 and p; = 1.

3.2. Exact Solution without Gauge N in the Time T

For this case, the Hamilton procedure is not adequate, so we shall use the Hamilton-

Jacobi procedure in order to find the solutions for the remaining mini-superspace variables,

which arise by making the identification 85(%7/%47) = I1}, in the Hamiltonian constraint (32),

H =0, taking S(Q, B+, ¢) = Sa(Q) + S+ (B+) +S—(B-) + Sp(¢), which results in

i Kdﬂ dp p_ “\ Fg) a9 0. (49

Separating this equation, we have
2

() () ()] () -

with £y a separation constant. The solution in the variable ¢ is
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20—1
2 20
%
Ay

1

= %o _ FE(9) = pof=(9), (51)

Iy = Qb

where S(¢) = py [ f = (¢) d¢, obtaining similar results in the Hamilton procedure.

20—1
¢2

T -1\ 7T
The specific values of the constants are py = [AZ] and A, = 12(20‘L1) ( %) et

in terms of the a parameter.
The other equations are read as

2 —
<‘ng) = B4R+ BT, (52)
s, \?
Dr) = 2, s =s,+0,py, (53)
ap-
2
(ZZ) — 2, S_—s_+0 p, (54)

where (2 are separation constants and s.. integration constants. On the other side, recall-
ing the expressions for the momenta we can obtain solutions for Equations (52)—(54) in
quadrature for the variable (2 and for a # 1.

3.3. Case for w # 1

In this particular case, we have

30)
gr—12—_ S92  p_ 242, (55)
P24 e HT0

and for the anisotropic variables,
14
ABs = :F% /6730(1—) ar. (56)

For solving Equation (55), we employ the transformation in the time variable dt =
6(a—1) _1) 6la=1)
eﬁQdT and U = 2 + Ké e 21 Q, so, dU = Eé 6a—1) o= QdQ, resulting in

20—1

6(a—1)

e 10 2020 —1) dU
vu (a =1 VU’

dT =12

and the solution is

420 —1)
T—To—(a_%(x/ﬁ—m)),

then, for the Q) variable, we have

o 2 2 6(2::1)
am-u (fehe-wn B - (O] @

and the time transformation becomes

o 2 2 ﬁ
dr = [(M@_Tm i’f) - (;;) ] . 8)
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To obtain the solutions in the time T for the anisotropic functions B+ (T), we solve
the integral

/e*m(ﬂdr _ /m“ T)gT — / dT
[(P(ﬂt 1

2
U A%
((Za (T = T) + ezo) (%)
éz(tx 1)

faayy (T —To) +v/Ho — ¢

420 — 1)

= Ln ’ (59)
lla—1 (3 (a—1)
(1) 4(25 sy (T = To) + y/Hig + ¢
then, the anisotropic functions (56) become
2
ly (20 —1) zf(z(; 11)))(T To) + /o — ¢
P(T) =PI F 34— 1" | ey ' (©0)
and the scalar field (28) takes the form
2 1 %
[Emp s AT -T)| ™, flg) = p", m A —2a
_1 7 o ) _
o(T) = oy + | Exp[p EVAT - 1)), Sy =pp=™, m = G)
Bln[fp AVOMT-T)], @) =pe™, m#0
p 5 VAT - T), flg)=p, m=0,

On the other side, the only state when the time 7 = T corresponds to the scenario
& — 00, which is calculated below.

Dust Scenario, & — oo

For this particular case, we have

2 5
B ly Uy 02
Q(t) =Ln [(8(T —T) + 542)) - <€¢) ] , (62)

then, the volume function becomes

e U\’ ()2
V(T) = VQ{ <8(T—T0) + %) - (&p) }, (63)

and the anisotropic functions are

G _
Bx(T) = B+(m0) F %%L” [; SRR/ é] : (64)
+( )+ o+ ¢

We can see that the scalar field constant /4 is huge, the anisotropic function tends to
constant, and the anisotropic model can be an isotropic one. We rewrite the corresponding
solutions in the scalar field (28) for this scenario:

[\/ﬁ(T B TO)]f (@) =pp™, m# —2a
o(1) = p(m) | EPVAC=w)], f@)= m=-2 o

Ln {\/27(1 — ri)} , F() = pe??,

V2A(T - ), fl¢)=p, m=0
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fFEi(g)¢

4. Quantum Regime

The WDW equation for these models is obtained by making the usual substitution
I = —ihdye in (32) and promoting the classical Hamiltonian density in the differential

operator applied to the wave function ¥ (Q, B+, $), HY = 0; we have

Y =0. (66)

1 o
6<a1>0[ PY  R¥ 82‘1’] 1220 1) (2*—1 T 9zt
)

h2 T 221 — Za—1
¢ an + B‘B%_ + 8’82_ 44 le((l) a(szfﬁl

This fractional differential equation of degree g = fol, belongs to different intervals
depending on the value of the barotropic parameter [36]. We can write this equation in
terms of the B parameter; we have

1
Y 0%Y %Y 24 (20"l =T o 9b
B2e—32-p | _ -= () P —¥ = 0. 67

¢ a2+ I * apE | B \af(e) o¢pP 7

For simplicity, the factor e~ (2’/5)0 may be the factor ordered with Il and f~ =T (¢)
may be the factor ordered w1th . In many ways, what we employ what might be called a

semi-general factor ordering, whlch, in this case, would order the terms e~ 3(2 ﬂ)QH%)
as —e B2-P-Q0 g ,-Q0, = _32-H 8%) + Qe 32PN, where Q is any real
constant that measures the ambiguity in the factor ordering in the variables (2 and its
corresponding momenta. For the other factor ordering, we make the following calculation

which, in this case, would order the terms —&4/— () a%jﬁ, where in the particular case we
fz“ 1(9)
choose g(¢) = ¢°, similarly to f(¢) in the classical case, is
bt s P e P 0P| P2 ] 9P
frE1() ¢ 34)5/247 P 2 1(4’)W+f 2T () ¢ W(P FYRTeX (68)
where the Caputo fractional derivative of { 20P72 ¢° } becomes [1],
cPB/2 s I'(s+1) s—B/2
Thus, Equation (68) is rewritten as
AP = @) et f i (g) g e T
apP/2" 9gf opP I[(s+1—-p/2) o¢P
N TR F(s + 1) g2 O/
= -1 () — 2T L S e A— 70

Assuming this factor ordering for the Wheeler-DeWitt equation, we obtain

_3(2_5)()[ PY 0¥ Y aZ‘f]

sz T%a tap Top

24 2n! S Y 24 (22! =1 I(s+1) 9
w Ly ( ) mhp=s
(wf( )) P af (¢) e T(s+1—1) gt

Using the ansatz for the wave function ¥ (Q, B+, -, ¢) = A(Q) B4 (B+)B-(B-)C(¢),
we obtain the following differential equations on the corresponding variables:

¥ = 0. (71)
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> A dA P\? s2-p, 2 _
a2 d()_[i<h) ¢ +P1]A =0 72)
@B
—;By = 0, 73
d’B_
T pB- = 0, pi=p5—pf (74)

d27C  T(s+1) d'C | /pea\mT vp>
R P <2H> St = 0 =2y, 0<y<LOY)
We can see that the fractional differential Equation (75) has variable coefficients, so to
solve it we can use the fractional power series [37,38], also f(¢) = pg¢™, with py a constant
and choosing 5" = —, as a particular case, which implies that the parameter m = —a in
the sense that the y parameter is in accordance with its original definition (see Equation (75)
and the definition of the B parameter, or the equation in the text after Equation (76)).
Following the book of Polyanin [53] (page 179.10), we find the solution for the first
equation, considering different values in the factor-ordering parameter (we take the corre-

sponding sign as minus in the constant p?):

A@Q) =T [ClKV(peS(l—”“) +C21V(p)e3“‘”“)], (76)

3h(1—1) 3h(1—1
/ 2
where K, (z) and I,(z) are the modified Bessel functions, and order v = 6((212_Jr;1)p 1 with

v = g = 5% the new order in the fractional derivative. However, for physical conditions

we will only take the modified Bessel K,.
The corresponding quantum solutions for Equations (73) and (74) are

By = agef2P+ 4 gre r2P+, (77)
B_ = b0€p3‘B’ + b1€7p3‘37. (78)

with p? and p? being separation constants.

The solution of Equation (75) with a positive sign and f(¢) = py = constant, with zero
factor ordering, may be obtained by applying direct and inverse Laplace
transforms [20,36], providing

1
_ 2 _ ([ Per Ny VP,
Crem) =By (-2), 2= (37) St 0<rsL ()

where [y, is the Mittag-Leffler function (7), then, the probability density of the wave
function for this particular case becomes

¥ = l/J%eQQ:thzﬁJFiZogﬁf K2 [963(17)0 E%W(_Zz), (80)

3n(1—1)

and its corresponding plot for two values in the ordering parameter Q is shown in the Figure 2.
Table 2 shows the differential equations obtained from (75), depending on the values
of wy, &, and 7.
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Figure 2. Probability density (80) of the universe dominated by dust era in this stage of the universe
shows that the probability density has a decay, both in ) and ¢. Both are plotted with p = 0.5,y = %,
and p; =0.1. (a) Q = 6, v = 2.00111; (b) Q = 2, v = 0.669992.

Table 2. Fractionary equation in the field ¢ according to the barotropic parameter wx.

wx [ % Fractionary Equation
1 1 1 g + Lt 4 py e =0
b2 3 edpmecggifon
=0 — oo } <p%%+§((jj?)%i%czo
-1 0 0 without equation
Gt 1 PR ()T e
_% _% % ‘P%Z%+ ;éﬁ;%i (;ﬁ)“*l 7;:36 =0
Solution to FDE Associated with the Different State Evolutions
We write the fractional differential Equation (75) as follows:
¢7%+A%+BC:O, 0<y<1, (81)

1
21 yu?
where we have made the simplifications A = % and By ==+ (2]%“1) et 1;;:%. The

last linear fractional differential Equation (81) will be solved using the fractional power
series [37,38]

C= i an "7 (82)
n=0

Then, the fractional derivatives are

C _ o Ty 41 o

M B ,;un Il(n—1)y+1] ¢ K (83)
21e i o Ty +1)0[(n — 1)y +1] =27

a9~ = T((n = 1)y +1T[(n —2)7 +1] '

Substituting expressions (83) into (81), we obtain
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g

ap41 = —

—(" o swmmrTar
E e RANRELP DLy o ey

[ny +1] Iy +1]

VY 4+ By Y an " = 0. (84)

n=1

Now, taking ¢ = n — 1 into the first and second terms, and n = ¢ into the third term
of (84), we have

[(E+D)r+1] 4 - T+ )y+1 4 by
EWHF = 1)7+1]¢ +AZ§)W+1 oy + 1] ¢ +B(uc,’y)[§0a€¢ =0. (89)

Shifting one place in the second and third summations, we have

T[(+1)y+1] Ty +1] ad T[(+1)y+1] ,
Z STy A atA)Y a N

+ B(a)0 + B(ay) Y ar ¢’ = 0. (86)
/=1

From the last expression (86), we obtain (s # 0)

B T[s+1—1]B
_ (07) ()
NE AT+ 1) T ATy +1 (87)

and the recurrence relationship between the parameters a, is

F[S +1- ’)/]B(’X/Y) F[g’)’ + 1] F[(€ - 1)’)’ + 1}

ag,
L(¢+1)y+1] {F[s +1—9]Tly+1]+T[s+1T[(£—1)y+ 1}}

V> 1. (88)

Some terms of this relation are
F[S +1-— r)/}B(tx,’y)

N T T
- (r[s+1 —’y]B(,m))z
T+ T2y + UTs + ]+ T +1— Ty + 1))
. Iy +1] "
3T T+ UTBy + (T + 1 — T2y + 1] + s + 1T [y + 1])
<F[S+l —’)/}B(a,,y))S 89
Ts+1+T[s+1—T[y+1)) ) * (89)
0 = Ty +1]T[2y + 1]

s + T[4y + 1 (Ts + 1 — T3y + 1] + I[s + UI2y + 1)
(F[S +1- r)/] B(zx,'y))4 >

Tls+ 17Ty + 1 +I[s+ [y + 1)(T[s + 1] + [[s + 1 — 9]T[y + 1])

Then, the solution of the fractional Equation (81) has the form

F[S +1-— ’Y]B(a %)
— _ ’ 0
Comy = f0 [1 T[s+ 1] T[y + 1]

(rfs+1 —»y]B(m))z
s+ T2y + T+ + T +1— Ty +1) 7

(90)

+ 2 4]
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For the dust-like scenario (see Table 2), x — oo and v = %, then B (o0 d) = %. The
solution associated with this fractional differential equation is given in fractional series
form by

2
2[s+ 1B, 1 2(r[s+%]3 ;)
C,ovor = ap|l———— C2)lgi (c97) P 1)
M Ils+1]v7m T[s +1)(2C[s + 1] + T[s + 3]v/7)
3
2(2rls+ 3510 |
— ‘2 P24+,
3y/Al[s +1](2T[s + 3] + T[s + 1]y/70) (2T [s + 1] + T[s + 1]/7)
where we employed I'[3] = 4 and T3] = %.
2
For the radiation stage, « = 2 and ¢y = %, then B 23) = mf , the solution for the
! 1813
fractional differential equation is
2
3T[s+ 3Bz, (3r[s + %]B(Z%)) \
C522 = a|l-— s 3+ ¢3 (92)
2T[s + 1]T[3] AT[s + 1]T[4] (3r[s +1) 4 2T[s + %]r[%})

r(3)(arfs + 31B,3))”

3

| +Tls +1Jr[3]) (3T[s +1) +2Ts + §]T(3))

%
2fs 4 1] (2r[s+ e

with T[$] = 1.35412 and T'[3] = 0.89298.

We are going to present the graphical behavior of the wave function for the dust-like
case, in which the solution is constrained to the variables () and ¢. This means we are
going to shrink the directions 4 and B_. So, the wave function takes the form

Y(O, B, o) =2 [ClKV (We3<l—w>0)] x

I—v

|} — a14>% +axp — a34>% + agp? — a54>% + agp® — a747% +agp* +...|. (93)
/ 2
By restraining ourselves to the values of v = 6(?2*—;%1 ,Q0=10,6,2,16,p = %, v = %,
s =1,p1 = 0.1, and C; = 1, we see that the wave function ((93)) can be rewritten as
2 30 1 VT 2/
2 _ Q0 p2( 4% _ L1 _ 3/2

Q.9) ¢ KV<3E ){1 24 T s 0? T nan@Er0?

663552(8 + 37) (4 + 1) ¢ 69672960(8 + 377) (4 + 71) ¢

+ i 3
334430208(8 + 37) (4 + 7)(32 + 157) ¢
3 :
45649723392(8 + 37t)(4 4 1) (32 + 157) ¢

7 2
2

)4>4 . (99)

5
+ 208684449792(8 + 37t) (4 + 77)(32 + 157) (192 + 1057

where we have taken the cut-off order in ¢* and the ‘a’ parameters are read from (89).
In the following, we present some plots of the probability density of the wave function,
including the factor-ordering parameter Q and particular values in the parameter p, p1 and
the particular value to the ordering parameter s = 1. In all of them, we observe that for
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any value of Q, the probability density decays with respect to the scale factor, but has a
different evolution in the scalar field. For small Q’s, the quantum universe has considerable
existence in the evolution with respect to the scale factor and then decays. On the other
hand, for large Q’s, this interval is small. What we can say about the evolution of the scalar
field is that at small Q’s, the scalar field appears faster than for large Q’s, which enters late,
but has existed forever (Figure 3).

(c) (d)

Figure 3. Probability density (94) of the universe dominated by dust era in this stage of the universe
shows that the probability density has a decay in () and exhibits considerable growth for certain
values of ¢. The plots have the parameters p = 0.5, v = %, and p; = 0.1. (a) Q = 10, v = 3.334;
(b) Q =6,v =2.00111; (c) Q = 2, v = 0.0669992; (d) Q = 1.6, v = 0.537489.

5. Conclusions

Unlike the previous work [36], in the present paper we employed a barotropic equation
with perfect fluid for the energy-momentum tensor in the k-essence scalar field into the
Lagrangian and Hamiltonian formalism, obtaining the momentum of a scalar field with
fractional numbers, while the momentum of the scale factor appears in the usual way. We
obtained the classical solutions for different scenarios in the universe, employing different
times (¢, T(7), T). In the quantum scheme, we include the factor-ordering problem, and we
find a fractional differential equation for the scalar field with variable coefficients, which
was solved using the fractional series expansion. With this in mind, we visualize two
alternatives in our analysis; the first one is within the traditional expectation over the
behavior of the probability density, that the best candidates for quantum solutions are those
that have a damping behavior with respect to the scale factor, appearing in all scenarios
under our study, without saying anything about the scalar field. The other scenario is when
we keep the scale factor, and we consider the values of the scalar field as significant in the
quantum regime, appearing in various scenarios in the behavior of the universe; mainly in
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those where the universe has a huge behavior, for example, in the actual epoch, where the
scalar field appears as background.

In other words, the interpretation of the probability density of the unnormalized wave
function is given when we demand that ¥ does not diverge when the scale factor A (or 2)
goes to infinity, and the scalar field is arbitrary. However, the evolution with the scalar field
is important in this class of theory and others as it appears in some stages of the evolution
of our universe.

In reference [54], the gravitational action integral is altered by hand, leading to a mod-
ified Friedmann-type equation. They employed the dynamical system approach in order
to find the balance points providing a range for the order of the fractional derivatives in
their investigation of the cosmological universe, and they mention that it can be confirmed
that the solutions isotropize at a late time. In our approach, this occurs when the ¢, is huge
(see Equation (64)); due to that, the anisotropic parameters become constants. On the other
hand, as we use the volume of the universe V = ABC = ¢>2(") on any timescale, it depends
only on the () function and not on the anisotropic parameters . Whereas the scale factors
A, B, and C depend on these anisotropic parameters. It remains to be studied whether the
fractional derivatives alter the gravitational part and how the universe’s singularity can be
avoided because, from our approach, this part needs to be revised since the gravitational
part is not altered from the point of view of the equations of motion. It is modified in the
scalar field part.

It would be interesting to extend the Bohm-type semi-classical formalism in this context,
which we will explore in future work. Much work has been made in this direction [55-61],
where the quantum potential emerges as the imaginary part in the Bohm formalism, appearing
as a constraint equation. In this sense, in Reference [62] an approach appears that is based on
the semi-classical limit of fractionary quantum cosmology using the Riesz derivative. It would
be interesting to continue under our focus, where the corresponding Friedmann equation and
the Hubble parameter depend on Levy’s fractional parameter, which is associated with the
concept of the Lévy path in the corresponding quantum cosmology:.

We briefly illustrate the main results of this work.

1.  Using the k-essence formalism in a general way, applied to the anisotropic Bianchi
type I cosmological model, we found the Hamiltonian density in the scalar field
momenta raised to powers of non-integers, which produces in the quantum scheme
a fractional differential equation in a natural way. We include the factor-ordering
problem in both variables (€, ¢) and its momenta (ITq, ITy), with the order f = 524,
where & € (—1,00), and it was solved in a general way, we include two particular
scenarios of our universe.

2. We found the solution in the classical scheme employing two gauges, N = 24¢3C,
for two forms of the function f(¢) in the time t; however, when we let the Lagrange
multiplier N, we need to employ a transformed time T(7) for solving the classical
equation and, only in the dust era, we recover the gauge time 7.

3. Inthe quantum regime, when we include the factor-ordering problem, the fractional
differential equation in the scalar field appears with variable coefficients, and it was
necessary to use the fractional series expansion to solve it in a general way.

4. Inone of our analyses presented on the probability density, we consider the values of
the scalar field as significant in the quantum regime, appearing in various scenarios in
the behavior of the universe, mainly in those where the universe has a huge behavior;
for example, in the actual epoch, where the scalar field appears as a background, the
quantum regime appears with big values, but it presents a moderate development in
other scenarios with different ordering parameters Q and s.
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