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Abstract: This manuscript investigates a constrained problem of an arbitrary (fractional) order
quadratic functional integro-differential equation with a quadratic functional integro-differential
constraint. We demonstrate that there is at least one solution x € C[0, T] to the problem. Moreover, we
outline the necessary demands for the solution’s uniqueness. In addition, the continuous dependence
of the solution and the Hyers—Ulam stability of the problem are analyzed. In order to illustrate our

results, we provide some particular cases and instances.
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1. Introduction

Fractional-order differential and integral equations have a wide range of applications
across various fields with examples in physics, engineering, and biomedical engineering.
The nonlocal conditions are often encountered in mathematical and physical problems,
where the behavior of a system depends on different factors or parameters; see [1-10].

In recent years, several scholars have concentrated their efforts on constrained integral
equations. Their findings about functional integral equations have been expanded to
include a particular set of constrained integral equations on a bounded interval (see [11-13])
and unbounded intervals (see [14]). Constrained problems are essential in the mathematical
depiction of real-world situations, where such problems are transformed into mathematical
models [15-17]. The relevance of handling constraints or control variables arises from
the unanticipated elements that persistently disrupt biological systems in the real world;
biological traits like survival rates might change as a result. The question of whether an
ecosystem can survive those erratic, disruptive occurrences that happen for a short while is
of practical significance to ecology. The disturbance functions are what we refer to as control
variables in the context of control variables. Numerous papers address this type of problem;
for instance, in [18], the authors discussed a nonlinear constrained problem involving a
nonlinear functional integral equation. They also examined the appropriate conditions
for the solution’s uniqueness and its continuous dependence on certain parameters. The
authors applied Schauder’s fixed-point theorem to prove the existence of solutions. In [14],
the authors studied the solvability of a constrained problem involving a nonlinear-delay
functional equation subject to a quadratic functional integral constraint. By applying the
De Blasi measure of noncompactness, they studied nondecreasing solutions in the bounded
interval L4 [0, T] and nonincreasing solutions in the unbounded interval L1 (R+).

Problems with a feedback control or control variable have great importance in numer-
ous fields due to unforeseen factors that disrupt ecosystems in the real world. It could
lead to changes in biological characteristics like survival rates; see [19-22]. Furthermore,

Fractal Fract. 2023, 7, 835. https:/ /doi.org/10.3390/ fractalfract7120835

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract7120835
https://doi.org/10.3390/fractalfract7120835
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0001-7092-7950
https://orcid.org/0000-0002-6085-3190
https://doi.org/10.3390/fractalfract7120835
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7120835?type=check_update&version=4

Fractal Fract. 2023, 7, 835

20f16

ecology faces a practical challenge in determining whether an ecosystem can withstand
unpredictable, disruptive events; see [15,23-25]. In addition, feedback control problems are
crucial to establishing the solutions to delay population models; see [26-29]. In [23], the
authors investigated the effect of feedback control on chemostat models; they studied a
sufficient condition for the existence of a positive periodic solution tp the model. In [30],
the author discussed a positive periodic solution to a nonlinear neutral delay population
equation with feedback control. In [12], the authors studied fractional-order models of
thermostats; they proved the existence of a solution and the continuous dependence of the
unique solution on the control variable. In [13], the author investigated the solvability and
the asymptotic stability of a class of nonlinear functional-integral equations with feedback
control. For further relevant works, see [12,31-35].

Fixed-point theorems are a great tool for discussing the solvability of differential equation problems
that have been studied in a number of monographs and publications; see [6,31,36—40].

Inspired by the above, we consider the constrained problem

()
If;_f(t,gl(t,Dgx(t))-/oﬂ gZ(s,mx(s))ds), &re(01), te (0,1 (1)

with the quadratic functional integro-differential constrained
T-1
x(1) = x0+/ h(s,x(s) - D'x(s))ds, 1€ (0,1), T€[0,T]. @)
0

Our aim in this paper is to examine the existence of a solution x € C(0,T] to the
constrained problems (1) and (2). A sufficient hypothesis for the solution’s uniqueness will
be given. Furthermore, we prove the Hyers—Ulam stability of the problem. The continuous
dependence of the solution on the fractional-order derivative D¢x(t), the parameter xo,
and the function & will be studied. To highlight our results, we present several examples
and special cases. This study establishes conditions for the existence and uniqueness of the
solution according to Schauder’s fixed-point theorem.

2. Main Result
2.1. Formulation of the Problem

Consider the constrained problem (1) and (2) under the next hypothesis. Let I = [0, T].
(i) 9:1— Iiscontinuous function such that ¢(f) < t.

(i) f,hand g;, i =1,2:I x R — R are Caratheodry functions [41]. There exist bounded
measurable functions [42] a and a; : I — R and a positive constants b and b; such that

If(tx)| < la(t)[+blx| <a® +blx|, a* =supla(t)].
tel
gi(t,x)| < ai(t)| + bilx| < a7 +bilx|, af =supla;(t)],i=1,2.
tel
T-1
|h(t,x)| < |az(t)|+bs|x|, sup A las(s)|ds < N.
sel

(iii) The following algebraic equation has a real positive root ry.

bbby T2~ 712 + (a*szz_”’ + baiby T~ + bbya3T?~¢ — 1)r +a*a; T* ¢ + baja;T>¢ = 0.

(iv) rbsTé 1 < 1.

The next lemma demonstrates the equivalence between the constrained problem (1)
and (2) and its corresponding integral equations.
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Lemma 1. If the solution to (1) and (2) exists, then it can be expressed by
T-7t
w0 =t [ (s, (6) - () s = £y(o) + 1) ®
and
(1)
) =15 (nye) - [ salo 159 ). @

Proof. Let x be the solution to (1) and (2). Operating by 1'% in on both sides of (1),
we obtain

Dix(t) = Il—é’%‘ — 17 (f(t,gl(t, Dix(t) - /OM (s, mx(s))ds).

Taking D%x(t) = y(t), then,

x(t) = x(0) + Iy(t). ®)
And we can deduce that
E7y(t) = I7DSx(t) = 15*711*5%
dx
=D x(t), (6)
and similarly,

E7y(t) = I57"DSx(t) = 15—711—5%

_ 11475’; — DUx(t). @

Substituting from (5)—(7) in (1) and (2), we obtain (4) and (3). Conversely, let x be a
solution to (3). Differentiating (3), we obtain

o= ot [ (s x(9) Ge) Jas - o) + oy
O(t)
- jtﬂyziﬂﬂ—ﬂf(t,gl(t,zvﬁx(t))-./Ol’ ga(s, D7x(s))ds
(t)
- f(t,gl(t,pﬁx(t))-/(;9 (s, D7x(s))ds

This proves the equivalence between the two systems (1) and (2) and (3) to (4). O

2.2. Existence of the Solution

Here, we prove the existence of the continuous solution x € C(I) of (1) and (2). For
this purpose, we present the next theorem.

Theorem 1. Assume that the hypotheses (i)—(iv) are satisfied; then, the solution x € C(I) of (1)
and (2) exists.

Proof. Define the closed sphere Q,, and the operator F; with

Qn ={y € (D) : [lyll < ri}-
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and

(t)
Fy(t) = 11€f<t/81(t/y(s)) : /Ol“ $2(s, 1€7y2(s))ds>.

Lety € Q,,; then, for t € [0, T], and assumptions (i)—(ii), we obtain

|Fy(t)| =

()
P4 (b ye) - [ gals 1 n)ds)
14 (o blai + 0ly(6)D) - [ 05+ bl () s )

IN

< (a* 4 b(at + b)) (12Ca5 + 12 Tbyry)

a;tzié n b271t2_7)
re-7) r@-m7)

< (@ 4b(a; + b)) (@ T+ by T7) = 1.

< (f+WWI+hﬁD(

From assumption (iii), we obtain

IEyll < (a* +b(af +b1r1)) (3T + b T277) = 14,

This proves that {F,y} is uniformly bounded on Q,,. Lety € Q,,, t1, 2 € I such that

ty >ty and | t; — tp | < J. By using assumption (ii), then,

|Fiy(t2) — Fiy(t)| =

2 (t _S)_g 9(s) B
/0 1“2(1—§)<f (s,81(s,y(s)) - /0 82(6,1° 7y(a))de>ds
| 0 t1 —5) -4 (f S, gl s, y '/(;19(5) gz(er IC—Vy(g))d9> ds
(t —s) ¢ 8(s) B
/0 r2(1 =0 (f(s 81(s5,y(s)) - /0 (6, 1° ”y(e))de)ds
t tz —s) g(f (s,81(s,y(s /Oﬂ(s) gz(g,lévy((?))d(?)ds

—_s) ¢ 8(s)
0 tl Sé) <f s,g1(s,y(s /0 g2(9,1§7y(9))d0>ds
¢

/ (tz—s) C(h—s)t
v TA-0)  TA-0)
th 1
* ), momr

(a* + b(a} +byr1)) (@5 T> 6 4 byr  T>77))ds

(a* + b(at + byr1)) (a3 T2 ¢ + byr T>7))ds

51 —5)6 — —S
/0 ‘r( (t2 —5)¢ = (t —5)° I (" + b(a; + bir1)) (a3 T ¢ + bor T277) )ds

1-0)(h - )i (b —s
1

5]
“+bla 2 T27¢ T2~7))ds.
" /t1 r(l—g)(tz_s)g(“ +b(ay +b1r1))(a3T°° + bory T 7) )ds
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This proves that F; : Q;, — Q,, and that {Fy} is equi-continuous on Q,,. From [41],
{F1y} is relatively compact. Hence, the operator F; is compact.
Let {y»} C Q, be such that y, — y; then,

B = P (bt (0): [ (s 1 w(6))as ),

Thus, by taking the limits for both sides and in view of Lebesgues dominated convergence
Theorem [41] and assumption (ii), we obtain

n—o0

o(t)
tim () = Jim 5 (gm0 [ gals 7 (6))s
n—oo 0

n—oo

(1) .
_ 11_§f<t,g1(t,7}i£§oyn(f))'./() g2(s, 177 lim yn(s))ds)

(1
_ 11§f<t,g1(t,y(f))‘/ow gZ(S’I“y(S))dS)
= Fy(t),

Hence, F; is continuous and the solution to (4) exists.
Now, for the validity of solutions x € C(I) of (3), let the assumptions (i)—(iv) be
satisfied. Define Qy, as the closed sphere

_ ) B |x0|+N+2r1T5
Qn = (v C(D): [ <ra), o = FOENAZAT

and define the operator F, as

Bx(t) = xo + /OTir (h(s,x(s) : Ig_Wy(s))>ds — Ify(7) + Iy(t).

Let x € Qy,; then, by using assumption (ii), we obtain

T—7
|Ex(t)] = xo—l-/o h(s,x(s)-Ig_ﬂy(s))ds—Igy(r)+1§y(t)‘
T—t
< |9f0|+/0 (s, x(s) - 1" Ty(s)|ds + I |y (T)| + I |y (¢)]
"T—T
< bt [ (s + bl Ty(6) )ds 2010
- T—t ) 61 i 2r, T¢
< bl [ (e )
C—1 e
< x|+ N+ r1robsT 21T

[(C—n+1) T(C+1)
and from assumption (iv), we obtain

HszH < |x0| + N+ 7’11’2173T€777 —|—21f1Tg = 79.
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This shows that {F,x} is uniformly bounded on Qy,. Now, for x € Q,, and t1, f, € I,
where t, > 1 and | f; — £, |< §, we obtain

Box() ~ Bx)] = frot [ h(sx(s) - ETy(0)ds — Fy(r) + y(e)

x| Hs () Ty () ds — Fy(o) + Fy(e)
t2 (t)
[P (s [ s r o) o
1 ®)
- [ (samven- [ et 1y ) s
2 *)
< /tlt |f<5,g1(s,y(s))~/ol9t gz(s,1§7y(s))ds)|ds.

This means that F, : Q,, — Qy, and that { F,x} is equi-continuous on Qy,. From [41],
{Fxx} is relatively compact. Hence, F, is compact.
Assuming that {x,} C Q,,, where x,, — x, then,

BExu(t) = xo+ /OT_Th(s, Xn(s) - 157 Ty(s))ds — ISy(T) + Ify(t)

and by passing the limit, we have

lim FBx,(t) = lim <x0 + /OT_Th(s, xXu(s) - €7y (s))ds — ISy () + Iéy(t)>

n—o0 n—o00

Applying the Lebesgue dominated convergence Theorem [41], then,

T—
lim Fx,(t) = xo +/O Th(s, Jlim x(s) - I57y(s))ds — I°y(T) + I*y(t)

n—oo

= xo+ /OTirh(s,x(s) I57y(s))ds — Iy(T) + Py (t) = Bx(t).

This means that F,x,(t) — Fx(t). Therefore, F, is continuous. From [41], the solution
x € C(I) of (3) exists. As a result, the solution x € C[0, T] to Problem (1) and (2) exists. [

3. Uniqueness of the Solution
Consider the next additional hypothesis:

(i) f,hand g;:I x R — R are measurablein t € I, Vx € R and satisfy the Lipschitz
condition [43]

If(t,x) = f(ty)| < blx—yl,
it x) —gi(ty)| < bilx—yl
<

[1(t,x) = h(t,y)] bs|x — |
with Lipschitz constants b, b;, b3 >0andt €, x, y€ R, i=1,2.
Remark 1. From assumption (i)*, we deduce assumption (ii) as follows:

[f(& )| <1f(£,0)] +blx],

|f(t,x)] <a+blx|, where a=sup|f(t0)].
tel
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Also,
18i(t, x)| < 1gi(t,0)| + bilx],
|gi(t,x)| < a;+b;|x|, where a; =sup|g;(t,0)|, i=1,2.
tel
and

(¢, x)| < |1(£,0)| + ba|x],

|h(t,x)| < as+ bs|x|, where az = sup |h(t,0)|.
tel

Theorem 2. Let the hypotheses (i)—(iv) and (i*) be valid. If
(a*by + bby(af + byry)) T2~ + bby (a5T> 6 + by T?77) < 1,
Hence, the solution to (1) and (2) is unique.

Proof. It is clear that all hypotheses of Theorem 1 are valid, and thus, the solution to (4)
exists. Now, assume that y1, > are two solutions of (4); then,

a(6) ~ 3 (6)
o(t
= (bt [ e ae)as)

= (bt [ gl T (o)as)

= (bt [ et ae)as)
= (bt [ gl e)as)
s 0 () [ gl (o))
= (bt [ sl o)

IN

(t)
P ) [ 182051 Tr2(5)) ~ gl (o)l

(t)
s 0 ()~ g @) ) [ lgals ()

IN

t
4@ 4+ bl + b)) by [ 157 ya(s) = 1 () |ds
t
18 (bbalyals) (6] [ (o3 + barly(5) s
< (@ +0(af +b1m) By — |l + BB (a3 TP 4 b T2 ) ly2 — wal.
Hence,

||y2 — yl || <1 — [(a*bz + bbz(aT —+ b]?’l))Tzi,y =+ bbl (aﬁTzfé -+ T]szz,y)]> S 0.

Since
(a*bz + bbz(ﬂf + blrl))Tz_'Y + bbq (aﬁTz_g + T1b2T2_7) <1

Then, the solution of (4) is unique.
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Now, for every solution y € C(I) to (4), there exists a unique solution x € C(I) of (3).
Let y € C(I) be a solution to (4), and let x1, xp be two solutions to Equation (3); then,

0 -n®] = o+ [ sl 1 1(9)ds — Fy(e) + (o)

- xo-— /OTiTh(s, x1(s) - 157 y(s))ds + ISy () — Igy(t)’.
T-71
)
T—1
nbs [ xa(s) —xi(s)| £,

TC—1+1
< r1b3||x2 - xlﬂm,

IN

h(s,x2(s) - 157y (s)) — h(s, x1(s).ITy(s)) |ds

IN

from assumption (iv), we obtain

nbT
r(1+¢—mn)

Thus, there is only one solution to (3). As a result, there is only one solution to (1)
and (2). O

[l = x| (1 = (

4. Hyers-Ulam Stability

Definition 1. [44] Let the solution to (1) and (2) exist. The constrained problem (1) and (2) is
Hyers—Ulam-stable if Ye > 0, 3 6(e) > 0 such that, for any solution x; € C[0,T] of (1) and
(2) satisfying

8(t)
%_ (t,gl(t,Dgxs(t))./O g2(s,D7x4(s)))| < 4. ®)

Then
Ix — xs]|c <e.

Theorem 3. Assume that the hypothesis of Theorem 2 is satisfied; then, problem (1) and (2)
is Hyers—Ulam-stable.

Proof. Let the condition of Equation (8) be satisfied; then, we have

Xs (t)
5 < PO g 1,000) [ gals D)) <5,

)
re-g)’

Tl 1-¢dxs(t)
feg =1

a8 D) [ sas, DT (5))d6) <

oS- ) [ g E Ty (s)ds) < o
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Now,
ly(t) —ys(t)] =

" ol 1y ())ds) — yalt)

P fity)- |
®)
) [ sl ()

b y®) [ g2l 1 Tys(6))as)

O]
g lhy() - [ gals, 1T Ty(s))d)

s 0) [ s E ()

(#)
IS f(t g1t ys(t)) - /O19 2(s, I Tys(s))ds) — ys(t)'

IN

()
PO [ gl 1) - g2(s, 1Ty (5)lds
()
b)) [ gl o)l +5,

t
Il_g(a* +b(a] +bir1)) -b2/0 IC_“’|y(s) —ys(s)|ds.

IN

t
£ IRy (s) — y(9)| - [ (05 + b s
< (@ 4 baf £ 01r)) BTy = gl + Db (T BTy = i 461

Hence,
lly — ysl| (1 — [(a* +b(aj + byry)) - by T2~ + blb(a’z‘TZ*C 47 szZ'Y)}) <

and

01
a* +b(aj +byry)) - by T2 4 bib(a3T>¢ + 1y - b T277)]

Iy =3l < 7=
Since
(a* +b(aj +b1r1)) - b T2 7 + bib(a3 T ¢ 7 - b T77) < 1,
then

ly —ysll <e.

Also, using assumption (iv), we obtain
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xo + /()T_Th(s,x(S) 5y (s))ds — oy () + oy (t)

- xp— /OTiTh(s, xs(s) - Ig_”ys(s))ds + Igys(’r) - Igys(t)

T—-1
< [ () () — s k() - 1) [ds + 28y — |
< 16 167 ds+ 2T
< 3'/0 (|x(s) — xs(s)| ly(s)[ + 57y (s) —ys(s)] [xs]) S+r(g+1)€
< r1bs TE— 11 It — ] + robs TE—11H1 - 2T% .
- TG -n+1) T -n+1) T+
robs TS 11 2T%
Hx - x*H < <T(§71’]+1) F(§+1))€
= 1 _ (rlb3T§711+1)
T(C—n+1)
Since
71b3T§777+1 <1,
I(C—n+1)
thus,

Jx— x| <e.
Then, the problem (1) and (2) is Hyers-Ulam-stable. [J

5. Continuous Dependence

Definition 2. The solution to (1) and (2) depends continuously on y = D%x, h and xq, and if

Ve >0,35(e) > 0such that
max{|ly — yll, [ = k|, [xo — %o| <6} = [lx— %[ <e,
where X and 1 are the solutions to
"T—7
¥ = w4+ / (s, %(s) - I1(s))ds — 537(7) + o9 (b),
J0

w0 = 1 (o) [ (5, 177(6))ds ).

©)

(10)

Theorem 4. Suppose that the hypotheses of Theorem 2 are satisfied; then, the solution to (1) and (2)

depends continuously on y, h, and x.
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Proof. If x(t) and X(t) are the solutions to (3) and (9), respectively, using assumption (i)*,
we obtain

x(t) = %(0)
T-71
xo [ s x(s) - IETy(s))ds — Fy(o) + Fy(t)

- %—AT%@KW@W@MHJ%m—ﬂﬂﬂ

IN

|x — x| + ‘ /OT_T <h(s,x(s) CI67My(s)) — Ri(s, %(s) - Igﬂg(s))ds> ds

+ () - g0) + 0 - 50)

IN

|x — x| + /OT_T 'h(s,x(s) . Iéfﬂy(s)) — h(s, X(s) - Igfﬂg(s))

+ h(s,%(s) - I7(s)) — h(s, %(s) - I "y(s)) |ds + 21|y — 7]

IN

T-71
|x — X[ + b3 / |x(s) ISy (s) — %(s)I° i (s) |ds
0

T—1 .
£ [ I Rds + 26y~

T—1
< x| +bs / |x(s) T4 y(s) — x(s)I*(s)
0
£ () E(s) — H$) () ds + by b — BT+ ly — 7 2o
r(+1)
T—1
< 5+%A |x(s) |15 y(s) — §(s) | ds
T—7 2766
¥ =114y
+ %A bx(s) = XY I V1g(6)lds + BT+ s
TC-+1 TG+ 26T¢
< 0+Db — Y| — +b — X =———— + b3 TS
< Otbnly—dlgr— gy thenly = Fgr o o T rr
T+ TG—n+1 20T¢
< S4byrb=e—— +b e+ b3 To+ ———
< Otbndpr gy Hhnl =Sl Sy T T
Hence,
y by T6H1 ( rabsTe 11 2T¢ )
x—¥(1- 77— ) < 1+ + +b3T )6
Ix =10 - v 7)) FC—n+1) TE+1) 7
and
oy TE—1+1 27¢
] (” fC-0 + e +b3T>‘5
=l = | e -
T(g—n+1)
Since 71T "

T+ < 1, therefore, the solution to (3) depends continuously on vy, i, xg.
Consequently, the solution x € C[0, T] of (1) and (2) depends continuously on y, i, xg. O
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6. Special Cases and Examples

Corollary 1. Let the hypothesis of Theorem 1 be wvalid; if we put T = T in (2), then the
backward problem

B Fls D) [ 52l DTx(E)a), Ly e (01), Ee O.T)

x(T) = xo,

has a solution x € C|0, T]. Consequently, if the hypotheses of Theorem 2 are valid, it has a unique
solution x € C[0, T].

Corollary 2. Let the hypothesis of Corollary 1 be valid. If T = T, v = 1 —(, then the
backward problem

(t)
T D) [ s D (s, G (31, 1e 0.T]

x(T) = xo.

has a solution x € C[0, T|. Consequently, if the hypotheses of Theorem 2 are valid, it
has a unique solution x € CI[0, T].

Example 1. Consider the next problem,

dx 1, et 1,2 1 1 Pt 1 1
& = )+ g5 + D /0 S+ 5Dix(s))ds, te (0,1], (1)
1-T of
x(1t) = 1—1—/ (%+1x(s)-D%x(s))ds, (12)
4 0 6 2
where
1 1
@—77—7—51 p€(0,1), x(O)—Z.
Then
9(t)
F(Ln D) [ s DTx(e)s)
0
1, et 1/2 1 _1 pt 3 1 1
= 2<1+e—t)+8<2 —|—6D2x(t)) ./o T gsz(s))ds
Set
z 2 1 1
e Dix(e) = 5+ iDix(y
B 1
(t,Dx(t)) = Z+§sz(t)
Bt x(t) - DMx(f)) = %’” % (1) - D x(t)
Here, we have
. " 1 ., 1 1 1 1 1
a :al:Elazzi/bzé/blzgrbzzglb:’)zi
N = %, r ~ 0.2, and rp = 0.9.
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dx _
dar

It is obvious that all the hypotheses of Theorem 1 are valid. Hence there exists at least one
solution x € [0,1] of (15)—(12). Moreover, we have

a*by + bby(af + byr)T>™Y 4 bby (a3 T?~% + 115, T>77) = 0.1950 < 1.
Thus, all the hypotheses of Theorem 2 are valid, so the solution of Problem (15)—(12) is unique.

Example 2. Consider the problem

dx 1 _p 1/1, 1 1 21, e 1
i cos(2t) + 3 (3(5—t + D3x(t)) -/0 5(5—1—2 +D x(s))ds>
teo1], (13)
1 =t /1 . 1 1
x(t) = g —0—/0 (1852(5111(25—0—1)) + 6x(s)D5x(s))dS, (14)
where
1 1 1
gzg, ﬂ:gr ’)’:1/ tE(O,l], x(o)zf
Then,
(
a6, D30 [ gols, Dx(5)d)
= 7€7t2COS(2t) + %(%% + D%x(t)) /Oit %(:jrsz + Dix(s))ds
Set
4 1,1 1
g1(t, Dx(t)) = g(ﬁ+D3x(’f))
1, et 1
(4, D7x(t) = (5 +Dix(t)
h(t,x(£) - D'x(f)) = %(%tz(sin(2t+ 1)) + x(H)D3x(1)).

Here, we have

1 1 1 1 1 1
O j——— e e = — = — = —
a = 4/ aq 12/ ap 10/ b bl 3/ bZ 5/ b3 6/
1
N = E, r = 03, Ty = 005

It is obvious that all the hypotheses of Theorem 1 are valid. Hence the solution x € [0, T]
of (13) and (14) exists. Moreover, we have

a*by + bby(a* 4 byry )27 + bby (a5t~ + rbot?>”7) = 02314 < 1,
Thus, all the hypotheses of Theorem 2 are valid, and then the solution to (13)—(14) is unique.

Example 3. Consider the next problem

1, ¢ 1,743t In(1+|Dsx(8)]), [, 1 (D7x(s))?
1w 30 5t+7 )'/o (9—s+6(1+|D%x(s)l))dS'
tE(O,%], (15)
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1 37 2 In(1+|x(s)- Dix(s)|)
X = 3 /o &1 8+ 52 )as: 1o
Here, we have
r . 1 1 1 4
x0—11€—517—7/7—4/19(t>—t,
and
8(t)
£l D) [ gals, Dx(s)a))
Jo
1, ¢ 1,743t In(1+|Dsx(t)]), [, 1 (D7 x(s))?
= ()l ) [ gt 2 )ds.
4*+°+1" 3% 16 5t+7 0 "9=5  6(1+|D7x(s)|)
Set
o(t) = t4,
1
743t  In(1+4|D5x(t
qit,Dix(p) = T3, ROLDHOD,
z 2
ot DTx(t) = 1 n (D7x(s))

9=5  6(1+|D7x(s)])
£ In(1+|x(t) - Dix(t)])

h(t,x(t) - D1x(t)) =

241 8+ 12
Thus, we obtain
1 1 3 1 1 1 1 1
*:—, *:7, *:71N:71b:71b :7,b :7,b = -,
T T T o 9 31T T gy

r1 ~ 0.03, and ry ~ 0.42.

It is clear that all assumptions of Theorem 1 are satisfied. Hence, there exists at least one
solution x € [0, T] of (12)—(15). Moreover, we have

a*b, + bby (QT + blf’l)fz_ry + bby (ﬂ;f2_7 + lezfz_y) =0.043 < 1.

Thus, all assumptions of Theorem 2 are satisfied, and then the solution of the problem (12)—(15)
is unique.

7. Conclusions

In this manuscript, we considered the constrained problem of the fractional-order
integro-differential equation (1) under the quadratic functional integro-differential con-
straint (2). We proved the existence of solutions to the problem (1) and (2). The sufficient
conditions for the uniqueness of the solution have been presented. The Hyers-Ulam stabil-
ity of the problem (1) and (2) has been analyzed. The continuous dependence of the unique
solution on its fractional-order derivative D®x(t), the parameter x, and the function & has
been studied. We introduced several examples and special cases.
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