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Abstract: In this paper, we use the finite difference methods to explore step-down Equity Linked
Securities (ELS) options under the fractional Black-Scholes model. We establish Crank-Nicolson
scheme under one asset and study the impact of Hurst exponent (H) on return of repayment under
fixed stock price. We also explore the impact of stock price on return of repayment under different H.
Through numerical experiments, it is found that the return of repayment of options is related to H,
and the result of difference scheme will increase with the increase of H. In the case of two assets, we
establish implicit scheme, and in the case of three assets, we use operator splitting method (OSM)
method to establish semi-implicit scheme. We get the result that the H also influences the return
of repayment in two and three assets. We also conduct Greeks analysis. Through Greeks analysis,
we find that the long-term correlation of stocks has a huge impact on investment gains or losses.
Therefore, we take historical volatility (fractal exponents) into account which can significantly reduce
risk and increase revenue for investors.

Keywords: fractional Black-Scholes model; ELS; finite difference scheme

1. Introduction

Options originated in the United States and European markets in the late 18th century,
but it was not until the 1970s that options trading developed rapidly with the unification
and standardization of the trading of options contracts. In recent decades, with the repaid
development of economy, the investment risk of financial market is also increasing, and
investors are gradually keen to invest in options with hedging, management and analysis
function. Therefore, more and more new options have emerged, which not only enrich
the financial market, but also meet the needs of a large number of investors to avoid risks.
Equity Linked Securities (ELS) is a kind of hybrid debt securities. As one of the most
popular derivatives in structured financial instrument, its annual issuance scale exceeds
5 trillion US dollars. Step-down ELS option contains knocks-in and knock-out and the
option price will gradually decrease with time. In addition, ELS option products can be
based on an underlying asset, such as the Shanghai 50 index. It can also be based on two
or three basic assets at the same time, such as Shanghai 50 index, Kospi 200 index, Hang
Seng index, etc. Chen and Kensinger [1] studied the pricing of American ELS options and
found that the variable interest paid by ELS is related to the performance of S & P 500 stock
market index. Baubonis et al. [2] used numerical algorithm to price ELS options. After that,
Kim et al. [3] used a new finite difference method to solve the three assets pricing problem
based on the operator splitting method which is used by Jeong et al. [4].
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Bachelier [5] established many bond price motion models under Brown motion to
describe the price return of stock. Because of the negative value of the results obtained from
the Brownian motion, Sumuelson [6] proposed a geometric Brownian motion model. Since
the 1970s, Black and Scholes [7] gave European call option pricing formula, the research
results of options have been increasing, but the results of option pricing research are mainly
obtained under the geometric Brownian motion. But in reality, the changes of the target asset
price described by the traditional geometric Brownian motion are not necessarily satisfied
with the normal, independent increment and continuous path. Mandelbrot and Ness [8]
proved that the distribution of capital market income is not symmetrical and does not
obey normal distribution. Therefore, some scholars have focused on the study of options
under fractional Brownian motion [9,10] or improve reaserch methods [11]. Peter [12]
considered that the characteristics of fractional Brownian motion, such as long memory,
thick tail and self similarity, can describe the changes of asset prices in financial markets,
and puts forward the fractal market hypothesis. Seidler [13] had proved in his paper that
the logarithmic return of financial assets has the characteristics of asymmetry, peak and
thick tail, capital market mutation or reversal, deviation and so on. But compared with
the traditional Brownian motion, the fractional Brownian motion can well describe these
characteristics. At the same time, many financial products in financial market have fractal
structure [14-17]. Necula [18] studied European option under fractional Brownian motion
and gave the corresponding pricing formula. Liu and Yang [19] studied the European
option on dividend-paying stock under fractional Brownian motion which is a new option
form. Murwaningtyas et al. [20] studied the European option pricing problem under
mixed fractional Brownian motion which includes fractional and geometric, and took the
method based on Fourier transformation and quasi conditional expectation to solve the
problem. Finally, them gave a formula to calculate the European call option. Jian Wang
et al. [21] used Monte Carlo method to study ELS options under fractional Brownian
motion and compared the results with those of ELS options and actual results under
traditional geometric Brownian motion. Ali et al. [22] developed new group iterative
schemes for the numerical solution of two-dimensional anomalous fractional sub-diffusion
equation subject to specific initial and Dirichlet boundary conditions. Oderinu et al. [23]
considered the nature of these time-fractional differential equations are in sense of Caputo.
Nikan et al. [24] addressed the solution of the Rayleigh-Stokes problem for an edge in
a generalized Oldroyd-B fluid using fractional derivatives and the radial basis function-
generated finite difference (RBF-FD) method. Golbabai et al. [25] considered a partial
integro-differential equation (PIDE) problem with a free boundary. Golbabai et al. [26]
provided methods for accurate modeling of anomalous diffusion and transport dynamics
in determined multifaceted systems. Golbabai et al. [27] investigated the pricing of
double barrier options when the price change of the underlying is considered as a fractal
transmission system. Golbabai et al. [28] managed to determine the numerical solution of
the time fractional Black-Scholes model (TFBSM) by using a truly mesh-free scheme. Nikan
et al. [29] proposed an efficient and modified local mesh-less method for the numerical
simulation of the TFBSE.

The results of fractional Brownian motion are more close to the actual results. It also
shows that the asymmetry, peak thick tail and bias of fractional Brownian motion are more
in line with the actual situation. Therefore, we consider the finite difference method to
study ELS option under fractional Brownian motion. In order to better observe the financial
market, issues must be considered in actual operations. At present, under the environment
of the rapid economic development, various financial markets gradually become active,
and the demand for investment continues to increase. The resource allocation has become
very important. According to the efficiency and risk characteristics of the markets, investors
can better price assets, optimize the risk control and perfect their investment portfolios
more reasonably with the model we proposed. The efficiency of the market can be used
in the pricing of assets and the allocation of resources. Its importance is self-evident in
the financial market. Notice that the financial market is not simple linear, it has a complex
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structure inside, and the fractal market hypothesis can describe the nonlinear structure
inside the market. Therefore our model can identify the market much more accurately and
can benefit investors profoundly.

The structure and content of this paper are as follows. In Section 2, we give the
definition of fractional Brownian motion and establish the mathematical model of fractional
step-down ELS. In Section 3, we establish a finite difference scheme for the mathematical
model, and carry out numerical experiments in Section 4. Finally, we give the experimental
conclusion in Section 5.

2. Fractional Step-Down ELS Model

ELS is a structured product which includes two processes of knock-in and knock-out.
Its trading principle is based on financial assets. The return of ELS depends on three forms:
early redemption, final redemption and maturity redemption. For one asset, if the price
date of the asset at the first exercise is higher than the predetermined exercise price, ELS will
give the specified exercise price for early redemption, and the contract will be terminated.
Otherwise, the contract will continue to be judged until the next expiration date. If the
contract fails to be redeemed in advance when it matures, the return on investment depends
on whether the contract meets the knock-in-barrier. When the underlying asset does not
reach the knock-in-barrier, ELS gives a fixed value return determined by the fictitious
interest rate as the maturity redemption. Otherwise, the final redemption will be made at
the asset price on the maturity date.

The trading mechanism of fractional step-down ELS is the same as ELS, only in the
holding stage, it meets the conditions of fractional Black-Scholes model. Step-down ELS
option means option price gradually decreases with time. Next, we introduce fractional
Brownian motion and establish fractional step-down ELS model under different assets, and
give the corresponding parameters.

2.1. Fractional Brownian Motion

We suppose that the random process { B(t), t > 0} is Brownian motion, then fractional
Brownian motion is to modify B(t) in Brownian motion to B (t) with parameter Hurst
exponent (H). H is the earliest statistical measure proposed by Hu and Oksendal [30]
applied to fractal analysis. In time series analysis, using H as a measure, we can see how
a time series has a long memory and moves irregularly. In fractional Brownian motion,
a larger H value indicates a stronger fluctuation trend. Now we define the following:
let (Q), F, P) be a probability space and H be a constant on (0,1). If the one dimensional
Gaussian process satisfies:

e BE =E[B}], forany t > 0.
e E(BABH) :%{t2H+52H—|t—s]2H},foranyt,s>0.

The Gaussian process B} is called fractional Brownian motion with H. E is the
mathematical expectation of probability measure p. The function of B/ is:

1 S S?
~ VaniH /foo “F <_ 212H

At the same time, there are two important properties of fractional Brownian motion.

p(BF — Bl < x) >dS,Vt > 0. )

1.  Fractional Brownian motion has self-similarity. For any H € (0,1) and a > 0, B} and
aB}! have the same finite-dimensional distribution.

2. When H = 0.5, it is the standard Brownian motion. When H > 0.5, Bfl has a long-term
dependence. When 0 < H < 0.5, B! has anti persistence.

If the underlying asset price S(t) satisfies:

dS(t) = u(t)S(t) + o (t)S(t)dBE. 2)



Fractal Fract. 2023, 7, 126

4 0f 23

Then S(t) is said to obey geometric fractional Brownian motion. y(t) and o(t) rep-
resent the forecast return and volatility of the risk asset price respectively. Under the
risk neutral measure, y replaces with risk-free rate ». Equation (2) can be changed to
Equation (3):

dS(t) = r(t)S(t) + o (t)S(t)dBE. ®3)

Ifr(t) = r and o(t) = o are constants, then Equation (3) can be changed to Equation (4):

dS(t) = rS(t) + oS(t)dBf. (4)

We call the underlying asset price S(f) is an It0 type fractional Black-Scholes market
when it satisfies the usual Black-Scholes model conditions and obeys geometric fractional
Brownian motion. Hu and Oksendal [30] proved that the market is complete and there is
no arbitrage.

2.2. Fractional Step-Down ELS Model of One Asset

We first give the main parameters of fractional step-down ELS option under one asset
through Table 1.

Table 1. Parasmeters of fractional step-down ELS.

Hurst Exponent Strike Price Underlying Asset Price
H K S
Maturity Knock-in-barrier Dummy
T D d
Numer of observation dates Face value Strike date
n F )
Volatility Risk-free rate Coupon rate
o 4 B

In the holding stage, the asset satisfies the fractional Black-Scholes model, therefore,
the change of asset satisfies the fractional Black-Scholes partial differential equation (PDE).
Through establishing hedge techniques and It fractional formula, we can get the fractional
Black-Schoels PDE.

v ?*V OV
OV L gApRH-1g2,29 Y %Y _wv=—o.
8t+ Saasz+rsas r 0 ®)

In Equation (5), V = V(S, t) represents the return of repayment and At represents
time step of T. ¢(S) represents V when t = T. To transform the backward-in-time in PDE
into forward-in-time, we take T = T — t and obtain the PDE with initial value problem.

_ 2
{g‘; = HAPHZ1S20298 +vSSE — 7V, 1€ (0,T), S € [0,+0), ©
V(S,0) = ¢(5)-

In the exercise stage, its judging form is the same as that of ELS. We assume that there
are n strike prices, n coupon rates and n strike dates. At the same time, we set S(t) to
represent the value of the underlying asset at time ¢, S(0) is the price at the initial time, and
the above corresponding symbols are:

Ki>Ky> . ..2 Ky, B1 < B2 <. < By, 01 < <. < by
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It is worth noting that when comparing with the execution price, we use the ratio of
the underlying asset price to the initial price. Therefore, judgment conditions of exercise
stage can be expressed as follows.

F(14p1), if S(t) = Ky,

F(1+B2), if Ko <S(ty) <Ky, D <S(t) <Ky,
V(S,t) =
F(1+Bn), if Kn < S(ty) < ... <Ky, ...D < S(tg_1) < Ku_1,
F(1+d), otherwise.

2.3. Fractional Step-Down ELS Model of Two Assets

In two assets, we let x and y denote the price of two underlying assets and H in x
direction and y direction are expressed as Hy and H,. The symbols of other parameters
remain unchanged. In the holding stage, for (x,y) € ®, t € [0, T], the return of repayment
V(x,y,t) follows fraction Black-Scholes partial differential equation (PDE):

Vi 4 rxVi + ryVy + Hy AP 10252V,
+Hy AP o3y Vyy + (Hy + Hy) Ao 000 Vi — 1V = 0.

In this equation, 0y, 0y, represent the volatility of x and y respectively and p.,, represents
the correlation value between x and y. We also take T = T — t and ¢(x, y) represents V
when t = T. We obtain the PDE with initial value problem.

Ve = rxVi + ryVy + Ho AP 10222V,
2Hy—1 2,2
+Hy ALY oy Vyy +
(Hx + Hy) At =1 oy xy Vi — 1V, (x,y,T) € @ times [0, T],
V(x,y,0) = 0(x,y).

@)

In the exercise stage, the fractional step-down ELS of two assets is different from
that of one asset. The base price of two assets’ fractional step-down ELS is expressed by
the minimum value of two underlying assets. If the minimum value is larger than or
equal to the strike price at the strike date, the contract will be terminated. If the early
redemption fails on the maturity date, the return depends on whether the minimum
value of the two underlying assets reaches the knock-in-barrier. Therefore, We take u; =
min{x(t;), y(t;),i =1,2,...,n} and judgment conditions of exercise stage can be expressed
as follows.

F(1+4p1), ifu; > Ky,

F(1+4p2), if Ko <up <Ky, D <up <Ky,
V(x,y,t) =1 ...
F(l +ﬁn)/ ifKn <u, <Ky_1<...<Ky,..,D<uy g <Ky,
F(1+d), otherwise.

2.4. Fractional Step-Down ELS Model of Three Assets

In three assets, we let x, y and z denote the price of three underlying assets and H in
direction of x, y and z are expressed as Hy, H, and H,. The symbols of other parameters
remain unchanged. In the holding stage, for (x,y,z) € ¥, t € [0, T], the return of repayment
V(x,y,z,t) follows fractional Black-Scholes PDE:

Vi +rxVy +ryVy, +rzV;

+H AP0V 4+ Hy AP oy vy,
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+HAPH"16222V,, + (Hy + Hy) At p ooy xy Vi
+(Hy + Hz) Aty "1 000 y2V,
+(Hy + Ho) Attt H:=1p 0000 x2Vi, — 1V = 0.

In this equation, oy, 0y, 0; represent the volatility of x, y and z respectively. pxy, Pyz, Pzx
represent the correlation value between two subscript assets variables. We also take
T =T —tand ¢(x,y,z) represents V when t = T. We obtain the PDE with initial value
problem.

Ve =rxVy +ryVy +rzV;

+H AP 0332 Vi + Hy AP ogy? vy,

+HAPH:16222V,, + (Hy + Hy) At B 1o, o0y xy Vi

+(Hy + HZ)AtHWHZ_lpyZUyUZszyZ 8)
+(Hy + H) At H=1p oo, x2Vy, — 1V =0,

(x,y,z,7) € ¥ times [0, T],

V(x,9,2,0) = $(x,1,2)

In the exercise stage, the fractional step-down ELS of three assets is similar to that
of two assets. The base price of two assets’ fractional step-down ELS is expressed by the
minimum value of three underlying assets. Therefore, judgment conditions of exercise
stage can be expressed as follows.

F(1+p1), ifh =Ky,

F(1+B2), if K<L <K, D<Il <K,
Vx,y,z,t) =< ...
F(1+Bu), ifKn<h <K, 1<...<Kyq,...,D<L <Ky,
F(1+d), otherwise,

where, [; = min{x(t;), y(t;), z(t;),i = 1,2,...,n}.

3. Numerical Method

In the holding stage of fractional step-down ELS option. The chang of its return
satisfies the fractional Black-Scholes equation. We consider using the finite difference
method to solve the initial problem. We establish Crank-Nicolson scheme under one asset
and establish implicit scheme under two assets, and in the case of three assets, we use
operator splitting method (OSM) method to establish semi-implicit scheme. We also take
the judgment condition of the exercise stage and Dirichlet zero boundary as its boundary
conditions. On the one asset and two assets, Crank-Nicolson scheme and implicit scheme
are unconditionally stable and convergent [31]. On the three asset, OSM method is also
proved to be convergent and stable by reference [3,4,32].

3.1. One Underlying Asset

We gridonarea L : {0 < S < S5,4,,0 <t <T}. Fromt = 0tot = T, we divide the
option price into several equal intervals. We take At = le, AS = W, At represents
the time step of T, AS represents the price step of S.

There are N; + 1 time periods and Ns + 1 option price: 0, Af, 2At...Tand 0, AS, ..., Syax-
In this grid, V (i, j)denotes the corresponding time iAt and option price: jAS = §;, where
i=0,...,N,j=0,...,Ns. We take V]? = V/(i,j) to express the return at point S;. For
Equation (6), we consider the Crank-Nicolson scheme.

yitl_yi Vi —2vigVi
j i1 2H-1,2¢g2 " j+1 j U1
AL = > (HAt o S]- NG
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Vz _Vz . Vf+172vf+1+vj+l
0 G i S i 1 2H—1,2¢g2 /j+1 j j—1
+7S; 543 rV]) + 5 (HAt 25 Rz
vt it
Lt =1 1+
+715j~" 755 rVi ).

After sorting out the above difference scheme and adding zero Dirichilet boundary
condition at S = 0 and nonlinear boundary condition at ¢t = T, we can observe the equation
as follows:

. A . % Vil _oyitlyitl
"‘jV]’ljf"'BjleH —l—')/«V-ZH _ A—ft—t—HAtZH*lOzS]Z j+1 j j-1

J7j+1 2AS?
]lillfvjljll ry/i+1 ; ;
+r8j s = VL1 << Ns—1,0<i < Ni - 1, ©)
Vi =9(5),0<j<Ns,
Ve =V5=V)=00<i<N,0<j<N;
and
rs;  HAPH 10283
YT aAs T T 2asr
B‘:—Ef4<HAﬂH*%#4ji+—f
VN AS2 2
rs;  HAPH102SE

V= TaAs T T 2as
In the system of Equation (9), like ELS option, fractional ELS option has different
returns whether the underlying asset occurs knock-in-barrier event. And the boundary
conditions at V]-T = ¢(S;) are also different.

When knock-in-barrier event occurs, ¢(S;) can be expressed as:

S;, if S; <D,
¢(Sj) = {F(1+d), ifD<S; <K,
F(1+p1), if K1 <6

When knock-in-barrier event doesn’t occur, ¢(S;) can be expressed as:

if S; <D,
ifD<S; <K,
F(1+d), otherwise.

S;,
¢(Sj) =1 Sj,

3.2. Two Underlying Assets

Forregion @ times [0, T] = {0 <y < Ymax, 0 < x < Xy, 0 < t < T}, we grid it. From
t =0tot = T, we divide the option price into several equal intervals. We take At = Nlt'

Ax = xl’(}i" , Ay = yl’(’f, At represents the time step of T, Ax, Ay represent the price step of x

and y. There are N; + 1 time periods, Ny + 1 option price of x and Ny + 1 option price of y.
These are expressed as:

0,At,2At...T;0,Ax, ..., Xpax and O, Ay, ..., Yiax-

In this grid, V (i, , k) denotes the corresponding time iAt and option price of x and
Yy jAx = xj,kAy = yx, wherei = 0,...,N;; j = 0,...,Ny; Kk = 0,..., Ny,. We take
V]’k = V(i,j, k) to express the return of repayment at point (j, k). For Equation (7), we
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consider the following difference scheme to establish implicit scheme. We also use zero
Dirichilet boundary conditions at x = 0, ¥ = 0 and nonlinear boundary condition at t = T.

_ yitl _yi V. — Vj+1 —V]’—l v V]‘+1—2Vj+V]’—1

Vi = = Vix = '
f At T 2Ax = Ax?
1
Viy = TAxAy (Vj+1,k+1 —Victkt1 = Vigr 1 + Vj—llk+1)’
i1 . i+1 i+1 +1 i+1
Vie. = Vi _ -~ Vistk — Vit +r M
At - 2Ax Y

2Ay
yitl _zvj+1+vf+1
2H,—1.2.2 j+tLlk jk j—1k
+HyAt Oy X; Ax2

viih vt v

2H,-1_2,2 " jk+1 Jk=1
+Hy,At Ty Yk Ay
Vf+l _ V-i+1 _ V}'+l + V-i+1
Hy+H,—1 j+Lk+1 j—1Lk+1 j+Lk-1 j—1k-1
+(Hx + Hy) Aty OxOyXj
(Hx + Hy) PxyTx0y XYk 4AxDy
i+1
—rV].,k .

After sorting out the above difference scheme and adding zero Dirichilet boundary

condition at point (x,y) = (0,0) and nonlinear boundary condition at t = T, we can
observe the equation as follows:

g;cv]lj-ll,k +qxvl+1 +w;cvl+1

j Uik jHLk .
i+1 Yyrsi+1 Yysi+l _ Tjk i+1
+gZVj,k—1 Ta Vi twViga = ar H6ik

‘/]Tk:ﬁ(x]/yklo)/OSJSNXIOSkSNy/
i —

1 _yi — 0 _—
Xmaxk 7 jYmax VO - ‘/j,k - 0’
0<i<N,0<j<N,0<k<N,,

(10)

where,
2Hy—1,,2,2 2H,—1,2,2
o o H. At Oy X o = rye  HyAEY T ogyp
] 4AAx 2Ax2 L VNY 2Ay2 ’
v 1 2H,—1 2xJ2 roy 1 o1 2 Y LT
B BN T . G
I 4Ax 2Ax2 "k 4y 2Ay2 ’
Hy+Hy—1 i+1 i+1 i+1 i+1
1 (Hx + Hy) At 5 oy xyovoy (Vj1+1,k+1 Vi Vi lefl,kfl)
Cjk = 4AxAy

It is similar to one asset, Vf;( = 19(xj, Yk T) can also be divided into two situations.

When knock-in-barrier event occurs, V]Tk = ﬂ(xj, Yis T) can be expressed as:

min{xj, yc}, if min{x; yc} <D,
B(xj,yx, T) = { F(1+4d), if D < min{xj,yx} <Ki,
F(1+pB1), if Ky <min{xj, yx}.

When knock-in-barrier event doesn’t occur, ij = 19(xj, Yis O) can be expressed as:
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min{xj, yc}, if min{x;, yc} <D,
ﬁ(xj,yk, T) = min{xj, vk}, if D< min{xj, vk} <Ky,
F(1+44d), otherwise.

3.3. Three Underlying Assets

We grid region ¥ times [0, T| = {0 < x < Xpax, 0 <Y < Yinax, 0 < 2 < Zypiay, 0 <t < T}
uniformly. From t = 0 to t = T, we divide the option price into several equal intervals. We
take At = 13} ,Ax = XI’\'}?‘, Ay = y’ﬁ%, Az = Z}'\%, At represents the time step of T, Ax, Ay
and Az represent the price step of x, y and z. There are N; + 1 time periods, Ny + 1 option
price of x, Ny + 1 option price of y and N; + 1 option price of z. These are expressed as:

0, At,2At...T; 0, Ax, ..., Xpmax; 0, AY, ..., Ymax and 0, Az, 2Az, ..., Zyax.

In this grid, V(i,j,k,m) denotes the corresponding time iAt and option price of
x, y and z: jAx = Xj, kAy = yyand mAz = z,, wherei = 0,...,N;; j = 0,..., Ny;
k=0,...,Ny;m=0,..., N;. We take le;k,m = V(i,j,k, m) to express the return of repay-
ment at point (j, k, m). We also consider using zero Dirichilet boundary conditions at x = 0,
y=0and z = 0. As for t = T, we employ nonlinear boundary condition. We also use OSM
method [4,31,32] which is the most extensive to establish semi-implicit scheme. And the
reference [3,4,32] have proved that this method is convergent.

Vl-‘rl _ i o o,
k ,k, + 5 + £ .
T E = OV + O ) (V) 1)
In Equation (11), we define difference operators ¢*, 9¥ and «* as follows:

i+3

+
YV)ijem = Hy 20U, v ka+” UV,

1 He+H,—1
ka+§<(Hx+Hy)At T ooy Vi /k’"

+(H: + Hy)AtHﬁHy’layazykzmUsz]f,k,m
+(Hy + H. )AtHX+HZ 1gzaxzmx U,y ]km) — rV] km>

L1
3

i+2 +1
V'V = Hyt*™ ™ 1Uyy +73/kuy ]km ((Hx+Hy)AtH"+Hy toxoyxylay Vi

i1
+(H; + Hy) AtHﬁHy*lcryazykszyz V]l: 3

,m

_ i+3
+(Hx + Hz)AtHx+HZ 10—z(7xzmxjuzxvjlrk,s1) - V]/km>

. _ 1 _ '+Z
(VV)jn = HeAPET UV 2 ULV + ((Hx + Hy) A ooy iy Uy Vi

_ i+3
+(He + Hy) Aoy oz, Uy Vi

+
4 (Hy + Ho)AfHHHe— 1aZszmx U,y ]lk%) — rV]’Zr,lﬂ>

We take the following difference scheme for Equation (11),
vaj,k,m = ﬁ (Vj—|—1,k,m - Vj—l,k,m)r

1
uxij,k,m = A2 (Vj—l,k,m - 2Vj,k,m + Vj-}-l,k,m)/

_ 1
UsyVikm = aaxay (Vj+1,k+1,m —Vicvkrim = Visrh—1m + ijl,kfl,m>-
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i+3 i
V],km V]km (Y i+l
At - (IY )]',k,m’
i+3 i+3
Vikm = Viem o ivd
= (’7 V)‘ ’
At Jkm
Vl+1 o VH—%
phm __jkm o2yt
At - (’)/ )j,k,m‘

We give V. ]km and rewrite the Equation (12) as follows:

i+ 1
1+ z+3

a]‘/] 1km+b] jkm ]V]-i-lkm f]’,k,m, for]zl,...

where,
2H APl odxt + rxjAxAt

2Ax2 ’
2H, APPH:=1g252
ﬁ. — J + —
4 Ax? At
—ZHXtZHx_l(T,%x}Z — rxjAx
2Ax? !

11]'2—

Cj:

fikm = (Hx +H )tHYJ’H1 pxyaxayx]ykuxyv
1 _ .
5 (HZ + H )tHerHy lpyzﬂ'zo—yzmyku!/z‘/jl/k,m

. i |
3 (Hy + Ho)t oo vz U Vi)

L%

(12)

(13)

(14)

7 NXI

i
A7 Vikm

It is similar to the direction of ¥ and z. By the reference of Kim et al. [3], we can get the

solution method for the finite difference scheme.
Similar to two assets and one asset, V] ko
two situations.

When knock-in-barrier event occurs, V]Tk "

min{x;, Ye, Zm },
F(1+d),
F(1+ 1),

lp(xj/ ]/k/ ZH’I/ T) =

otherwise.

When knock-in-barrier event doesn’t occur, V] T
min{x;, Ye, Zm },
min{x]-, Yk Zm )
F(1+d),

lp(x]'/ ]/k, ZH’I/ T) =

otherwise.

4. Numerical Experiments

= (%, Yk, zm, T) can also be divided into

= gb(x]-,yk, zm, T) can be expressed as:
if min{xj, yx, zm} < D,
if D< min{xj, Vi zm} < Ky,
=9 (x]-, Yk, Zm, T) can be expressed as:

if min{xj, yx, zm} < D,
if D < min{xj,yx, zm} < Ky,

All the computations are processed by using Matlab R2022a on an Rog Strix Intel(R)
Core(TM) i9-12950HX CPU constructed in Chongqing, China 2.30 GHz processor.

In Section 3, we establish different finite difference schemes for one, two and three
assets. We let kv be the return of repayment without knock-in-barrier, v be the return of
repayment with knock-in-barrier and error represents |kv — v|. Now we assign values to

parameters and then take numerical experiments.
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4.1. One Underlying Asset

First, we research the relationship between H and v as well as kv at a fixed point S
under different values of H. We take values of H at equal intervals from 0.1 to 0.9 for
20 groups. We take n = 4 and take S from 0 to 200 for 21 groups. For other parameters, our
values are as follows:

020'3,’,:0_03’ NS :20/T:1’ Nt :100, At = Nlt :001/
=N 6 =5 0=36=N+2,

Ky = 90, K, = 85, K3 = 80, Ky = 75,
B1 = 0.055, B = 0.11, B3 = 0.165, s = 0.22, D = 50, d = 0.16.

Kj to Ky, B1 to B4 and Jqto 64 represent the strike price in strike date and the corre-
sponding coupon rate. We can get the corresponding figures at point S = 70 as follows.

In Figure 1, we can obtain that whether the knock-in-barrier is triggered or not, the
change of H value will affect the return of repayment. Therefore, we explore the relationship
between the option price S and the return of repayment v and kv and the error between
each other under a specific H value. Next, we take the specific H values of 0.3, 0.5, 0.7 and
don’t change the values of other parameters. We get the figures of S and v, S and kv and
figures of error between S and |kv — v|. These figures are as shown below.

120 85
] S //»\\IEII
\
100 / 80 /N
v / kv / \
\
80 75 /
/
60 70—
0 0.5 1 0 05 1
H H

Figure 1. The effect of different H on v and kv when S = 70.

In Figures 24, (a), (b), (c) in turn represent the result figures obtained when H values
are 0.3, 0.5 and 0.7. In Figures 2 and 3, we obtained that the change of v and kv with H is
mainly in the range of S value from 50 to 100, which includes strike price and knock-in-
barrier. With the increase of H value, the value of v and kv corresponding to S value on 50
to 100 will also increase. It can also be confirmed from Figure 4 that with the increase of H
value, the maximum value of the error between v and kv also increases, and the range of
the changed wave is about 50 to 100. Next, we explore whether the change of H value in
different dimensions will also affect v and kv.

150 150 150
] =] ]
100 100 100
v v \
50 50 50
0 0 0
0 100 200 100 200 100 200
S S S
() (b) (c)

Figure 2. (a) denotes v for different S when H = 0.3, (b) denotes v for different S when H = 0.5 and
(c) denotes v for different S when H = 0.7.



Fractal Fract. 2023, 7, 126

12 0f 23

150 150 150
——kv —-kv ——kv
100 100 100
kv kv kv
50 50 50
0 0 0
100 200 100 200 100 200
S S S

(a) (b) (c)
Figure 3. (a) denotes kv for different S when H = 0.3, (b) denotes kv for different S when H = 0.5
and (c) denotes kv for different S when H = 0.7.

3 20 50
. \ 20
2 s“'/ \ 15 ‘J
5 | \ 5 [\ 5 20 |

L sf || L

s‘ . | \\ 10 I\
0 | S~ ] 0 I — 0 | N

0 100 200 0 100 200 0 100 200
S S S

(a) (b) (c)

Figure 4. (a) denotes |kv — v| for different S when H = 0.3, (b) denotes |kv — v| for different S when
H = 0.5 and (c) denotes |kv — v| for different S when H = 0.7.

4.2. Two Underlying Assets

The same as one underlying asset, we first research the relationship between Hy, Hy
and v as well as kv at a fixed point (x,y) under different values of Hy and H,. We take
values of Hy and H,, at equal intervals from 0.1 to 0.9 for 20 groups. We take 1 = 4 and take
x and y from 0 to 300 for 31 groups. For other parameters, our values are as follow:

(Tx:Uy:O.3,r:0.03,Nx:Ny:30,Ax:Ay:10,T:1,Nt:100,At:Nlt:O.Ol,

6 =10t 0, =15, 65 =20, 6, = Ny +2, pry = 05, Ky = 90, Ko = 85, K3 = 80, Ky = 75,

By = 0.055, B = 0.11, B3 = 0.165, B4 = 0.22, D = 50, d = 0.16.

Kj to Ky, B1 to B4 and 6; to 4 represent the strike price in strike date and the cor-
responding coupon rate. We can get the corresponding figures at a fixed point (x,y) =
(100,100) as follows.

In Figure 5, we can observe that the change of Hy, H, will also affect v and kv in
the case of fixed point (x,y). With the increase of Hy and H,, the values of v and kv
are also increasing. Therefore, we explore the relationship of x, y and v, x, y and kv.
Next, we take the specific Hy, Hy values of 0.3, 0.5, 0.7 at the same time, and change
Ny = Ny = 150, Ax = Ay = 2. We take x and y from 0 to 300 for 151 groups. Then, we
don’t change the values of other parameters. We get the figures of x, y and v, x, y and
kv. At the same time, we obtain the error figures of x, y and |kv — v|. These figures are as
shown in the Figures 68 below.
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110 110
100

v v

90 90

80 80

1 1

Figure 5. The effect of different Hy and H, on v and kv when (x, y) = (100, 100).

100
v
50
0
300
100 200 300
X
100 g
v , II|IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
50 I |||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||||
0
300
100 200 300
X

100

50

300

300
X

Figure 6. (a) denotes v for different x, y when Hy = Hy = 0.3, (b) denotes v for different x, y when
Hy = Hy = 0.5 and (c) denotes v for different x, y when Hy = H, = 0.7.
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100 -

100
kv

50

300 .
300

0 100 200 300

@)

100 '

100
kv

50

300

300

0 100 200 300

(b)

100 '

100
kv

50

300

300

0 100 200 300
X

(c)
Figure 7. (a) denotes kv for different x, y when H, = Hy = 0.3, (b) denotes kv for different x, y when
Hy = Hy = 0.5 and (c) denotes kv for different x, y when Hy = H, = 0.7.

error

mH ‘M‘
y'\‘ w‘ I ‘\‘MMMJ\MMMM\th

(b)

Figure 8. (a) denotes |kv — v| for different x, y when Hy = H,, = 0.3, (b) denotes |kv — v| for different
x, y when Hy = Hy, = 0.5 and (c) denotes |kv — v| for different x, y when Hy = Hy = 0.7.

In Figures 6-8, (a), (b), (c) in turn represent the result figures obtained when Hy, =
Hy = 0.3,0.5,0.7. In Figures 6 and 7, similar to the case of one asset, the change of Hy
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and Hy values will also affect the results of v and kv. The variation of v and kv values is
mainly in the range of S value from 50 to 100, and this range just includes strike price and
knock-in-barrier. If the influence of Hy and H, on v and kv values is not considered in
practical application, there will be a great error in calculating the return of repayment in
the exercise stage, and even the result of wrong judgment. On the other hand, it can also be
confirmed from Figure 8 that with the increase of Hy and H, values, the maximum value
of the error between v and kv also increases.

4.3. Three Underlying Assets

In three underlying assets, we also explore the relationship between Hy, Hy, H; and
v as well as kv at a fixed point (x,y,z) and fixed value H, under different values of Hy,
Hy. We take values of Hy and Hy at equal intervals from 0.1 to 0.9 for 20 groups. We take
n = 4 and take x and y from 0 to 200 for 21 groups. For other parameters, our values are
as follow:

(Tx:Uy:Uz:0.3,1’:0.03,Nx:Ny:szzo,T:3,Nt:90,At:Nlt:%,

Pxy = Pyz = Pxz = 0.5,01 = %r 0y = %/ 03 = %/ 0y = %r 05 = %Nt/ 06 = %Nt/
Ky =95,K; =95, K3 =90, Ky =90, K5 = 85, Ky = 85,
B1 =0.05,B, =0.1, B3 =0.15, B4 = 0.2, B5 = 0.25, B = 0.30, D =50, d = 0.3.

Kj to K4, B1 to B4 and J; to d4 represent the strike price in strike date and the
corresponding coupon rate. We can get the corresponding figure at point (x,y,z) =
(100,100, 100) as follows.

In Figure 9, (a) represents the figure of Hy, Hy and v at fixed point (x,y,z) =
(100,100, 100) when H, = 0.5. (b) represents the figure of Hy, Hy, and kv at fixed point
(x,y,z) = (100,100,100) when H, = 0.5. In two assets, we get the conclusion that the
change of Hy and Hy will affect the results of v and kv. In three assets, this conclusion
is still true, and with the increase of Hy, Hy values, the results of v and kv also increase.
Next, we take the specific Hy, Hy, H; values of 0.3, 0.5, 0.7 at the same time, and change
Ny = Ny = N; = 100, Ax = Ay = Az = 2. Therefore, we take x, y and z from 0 to 200 for
101 groups. And then we don’t change the values of other parameters. Therefore, we can
get the figures of x, y and v, the figures of x, y and kv when z = 100. At the same time, we
also give the figures of x, y and |kv — v| when z = 100. These are as shown in Figures 10-12
below.

100 100

0 0 0 o

Hy Hx Hy Hx
(a) (b)

Figure 9. The effect of different Hy, H, on v and kv when (x,y,z) = (100,100,100) and H; = 0.5.
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In Figures 10-12, (a), (b) and (c) respectively represent the corresponding figures when
Hy = Hy = H; = 0.3,0.5and 0.7. In Figures 10 and 11, we can observe the conclusion
that the change of H value will still affect v and kv values, and the main change occurs in
a reign containing strike price and knock-in-barrier. At the same time, we also calculate
that v and kv at a fixed point (x,y,z) = (100,100,100), when H, = H, = H, = 0.3, the
corresponding values of v and kv are 71.5396 and 89.7243 respectively. When Hy = H, =
H, = 0.5, the corresponding values of v and kv at this point are 89.7243 and 84.2065. When
Hy = Hy = H; = 0.7, the corresponding values of v and kv at this point are 106.3668 and
95.9271. We can obtain that the value of v and kv increase with the increase of Hy, H, and
H;. In Figure 12, the error value increases with increase of Hy, Hy and H; values, which
indicates that with the increase of Hy, Hy and H; values, the difference between v and ko
value becomes significant. In practice, H value is not directly obtainable. Nowadays, the
value of H is estimated mainly based on historical data. Barunik and Kristoufek [33] point
out that it is most effective to estimate H by using the GHE method suitable for multifractal
measurement of time series. But if the influence of H value is ignored, there may be a big
error between the calculated result and the actual result, which will affect the final decision.

4.4. Empirical Evidence for Well-Posed of the Model and Validation of the Solution

In this section, we select an actual three-asset ELS product to price three-asset step-
down ELS with Monte Carlo simulation )(MCs). The three-asset ELS product consists
of three underlying assets such as KOSPI200, EU- ROSTOXX50, and S&P500 whose de-
tails can be accessed on 12 December 2020 and can be referred to website “http://www.
miraeassetdaewoo.com”.

According to the investment statement of the selected ELS, we observe the follow-
ing parameters as: the face value F = 10000, the expiration time T = 3, the volatilizes
o1 = 0.2414 (KOSP1200), 02 = 0.2871 (EUROSTOXX50), 03 = 0.3509 (5&P500), the correla-
tions of two underlying assets p1p = 0.5474, p13 = 0.3357, pp3 = 0.7172, the dummy rate
d = 0.135, the initial prices of three-asset are 315.89pt, 3160.95pt, 3281.06pt, which corre-
spond to KOSPI200, EUROSTOXX50, and S&P500, respectively. Here for convenience, we
set the benchmark prices of three underlying assets S(0) = 51(0) = S,(0) = S3(0) = 100,
then all the knock-in-barrier levels of three assets are D = 0.45 x 5(0). Besides, the free risk
interest rate is chosen by the current London InterBank Offered Rate r = 0.023631.

The next step is to determine the long-memory characteristics of each asset, namely,
the values of Hurst exponent. There have been many methods proposed for estimating the
Hurst exponent, we here adopt generalized Hurst exponent (GHE) approach to calculate
the Hvalue of each asset. GHE is a suitable method for measuring the multifractality
of time series. For instance, a time series S(f) with length N, where t = (1,2,---,6f),
calculate the H(g) based on the scaling of qth order moments defined by the distribution

N IX —X(1)]7 .
as Kq(r) — Lo |N<i—:':-)1 @)l ,where 1 < T < ty4x, and Tyuax always varies between 5 and

19, we choose Ty = 15 in this paper. We obtain the statistic scales by the power-law
Kq(7) o et (@), When g = 2, the Ky(1) represents the scaling of the auto-correlation
function of the increments. We estimate the K» () o ctH(2) in this study, and we can easily
estimate 2H(2) by the least squares regression on logarithms of logK,(7) and logt, then
we obtain the Hurst exponents for three-asset step-down ELS in the following table.

We observe from Table 2 that the classic ELS model calculates a price that is obviously
higher than the reference price, whereas the proposed model almost exactly corresponds
to the reference price. As a result, ELS models should take into consideration long-range
correlations of underlying assets. Buyers or sellers will suffer significant losses when selling
an ELS contract with large amounts, if not considering Hurst exponent. Besides, we average
the 20 prices and obtain the ELS prices of the classical ELS model and the ELS-MCs model
are 9109.8, and 8948.6 while the reference price is given by 8931.2.
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Table 2. Hurst exponents for three-asset step-down ELS calculated by GHE approach.

KOSPI200 EUROSTOXX50 S&P500
H, H, Hs
0.4946 0.4941 0.4870
4.5. Greeks

In one asset, we explore Greeks and obtain the conclusion that the change of H will
affect the numerical solution of Greeks. Therefore, we also explore whether the change of
H will also affect the numerical solution of three dimensional Greeks. We remain the value
of parameters unchanged and use semi-implicit to obtain solution of Greeks in x direction.
But in Rho, the value of r is selected in [0.02985, 0.03015]. In Vega, the value of ¢ is selected
in [0.3, 0.4]. In x direction, we give the finite difference scheme of calculating Greeks.

Finite difference scheme of Greeks:

Vix+hyzT)—V(x—hy,zT)

Delta = Vy(x,T) =~

2h ’
Gamma = Vi (x,T) ~ Vix—hyzT)— ZV(xlhyz, z,T)+V(x+hyzT) ,
Theta = Vi(x, T) ~ Y502 T) = Xt(xr% 2T A
Rho = V,(x, T) r—003 ~ V(x,yz, T)|r:0.030105.0;)0‘;(x’y’ 2, T)lr=002085
Vega = Vy (X, T)| =035 ~ Vix,y.z, T)|‘Tx:0'40flv(xr Y,z T)|(rx:0.3.

We also change the value of Hy, H,, H, and we observe the numerical figures under
different values of Hy, Hy, H..

Delta is the rate of change of the option price with respect to the price of the underlying
asset. With the increase of Hy, Hy, Hz, the peak value of the figure increases gradually and
the figure becomes steeper. Gamma is the change in the Delta of an option relative to the
change in the underlying assets. With the increase of Hy, Hy, H;, the peak value of the
figure also increases gradually and the figure also becomes steeper. Theta represents the
speed of option yield decay with time. With the increase of Hy, Hy, H, the value range of
the curve in the figure fluctuates obviously. When H, = Hy = H, = 0.7, there are obvious
fluctuations in this figure. Rho is the partial differential of option yield to risk-free interest
rate. With the increase of Hy, Hy, H, the peak value of the figure decline gradually. Vega is
the ratio between the change of option price and the change of underlying asset volatility.
With the increase of Hy, Hy, Hz, the figure becomes smoother and wider. But the peak value
of the figure hardly changed.

In Figures 1315, the black curve represents option price without knock-in-barrier and
the blue curve stands for option price with knock-in-barrier. From the results of figures, we
can obtain that the change of H will also affect the final result in the Greeks of three assets.
In the fractional Black-Scholes model, there is a big error between the result and the actual
result if we don’t consider the effect of H.

Our proposed model incorporates the concept of fractals on the basis of efficient
market theory. Since the concept of fractal is added, there will be some changes in the price
of options, which will lead to changes in Greeks. Considering that fractals add the historical
volatility of stock prices into the calculation, this is consistent with the long-term memory,
auto-correlation and persistence of stocks. More importantly, in the process of financial
investment, considering the fractal exponents or not will have a considerable impact on
investment Greeks risk hedging. When we consider the long-term correlation of stock
prices, the fractal exponents helps us reduce the volatility of stock expectations which can
effectively guide investment institutions or investors to reduce losses and increase revenue.
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Figure 13. Hy = Hy = H; = 0.3, figures represent in turn are Delta, Gamma, Theta, Rho and Vega.
The blue curve stands for option price with knock-in-barrier while the black curve represents option
price without knock-in-barrier. For interpretation of the references to color in the figure, the reader is

referred to the web version of the article.
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Figure 14. H, = Hy = H; = 0.5, figures represent in turn are Delta, Gamma, Theta, Rho and Vega.
The blue curve stands for option price with knock-in-barrier while the black curve represents option
price without knock-in-barrier. For interpretation of the references to color in the figure, the reader is
referred to the web version of the article.
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Figure 15. H, = Hy = H; = 0.7, figures represent in turn are Delta, Gamma, Theta, Rho and Vega.
The blue curve stands for option price with knock-in-barrier while the black curve represents option
price without knock-in-barrier. For interpretation of the references to color in the figure, the reader is
referred to the web version of the article.

5. Conclusions

We established finite difference scheme for the step-down ELS option of one, two
and three assets under the fractional Black-Scholes model. In the case of one asset, we
established the Crank-Nicolson scheme, in the case of two assets, we established implicit
scheme and in the case of three assets, we also used OSM method to establish semi-implicit
scheme. Numerical experiments were performed after meshing at equal intervals, and the
results were obtained. Regardless of whether the knock-in-barrier is triggered, the return of
repayment will be affected by H. As the value of H increases, the return of repayment will
also increase. The gap between the result v obtained when the knock-in-barrier is occurred
and the result kv obtained when the knock-in-barrier is not occurred is also increasing.
Under different assets forms, we also had explored the relationship between H and v and
kv when option price is fixed. It can be confirmed that the conclusion that the values of v
and kv increase with the increases of the value of H. We also conducted Greeks analysis
and discovered that the values of Delta, Gamma, Theta, Rho and Vega are all different
under the fractal exponents of 0.3, 0.5 and 0.7, which implies the stock price series of the
investment market all have obvious long-term correlation and memory characteristics. In
our model, during the process of hedging, different fractal exponents can provide investors
or investment companies with constructive advice in the calculation process of Greeks
hedging, and can help reduce losses in time before losses damage. Moreover, the option
price can be more accurately described.
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