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Abstract: Local convergence of order three has been established for the Newton-Simpson method
(NS), provided that derivatives up to order four exist. However, these derivatives may not exist and
the NS can converge. For this reason, we recover the convergence order based only on the first two
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is developed. Furthermore, the dynamics are explored for these methods with many illustrations.
The study contains examples verifying the theoretical conditions.
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1. Introduction

It is common practice to approximate a solution a* of the nonlinear problem (1) using
Newton’s method.
F(a) =0, )

where F : ) C B — B is a Fréchet differentiable operator between Banach spaces B and
B4, and () is an open convex set.

Several modifications of Newton’s method have been studied [1-10] to accelerate the
convergence (i.e., improve the convergence order) or to reduce the number of functional
evaluations in each step (i.e., improve the computational efficiency). In [1] (also see [11]),
Cordero and Torregrosa considered the following modifications of Newton’s method, called
the Newton-Simpson (NS) method defined forn =0,1,2... by

by = ay, — ' (ay) " 'F(ay)
Ayi1 = an — 6A'F(ay), ()

where A, = F'(a,) + 4F’(@) + F'(b,); when B = By = RJ/. It is proved in [1] that
method (2) is of order three. Recall that the iterative method has order of convergence
p > 0if for e, = ||a, —a*||

€nt1 < o€l

The parameter ¢ is called convergent rate.

The proof in [1] required the operator IF to be at least four times differentiable, which
reduces the applicability of the NS method. The analysis in [1] is based on Taylor expansion
and is restricted to Euclidean space.

The NS method is studied in this paper for general Banach space setting, and our
analysis does not depend on Taylor expansions. Hence, we do not require the assumptions
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on the derivatives of IF of order more than two. In fact, we obtained the convergence order
three for the NS method using assumptions on the derivatives of IF of order up to two.
Thus, our analysis improves the applicability of these methods.

For example: Let B = B; = R, ) = [-0.5,1.5]. Define f on Q by

[ stlogs? +s°—s° ifs#0
f(s)_{ 0 ifs=0.

Then, we get f(1) = 0, and
¥ (s) = 241logs* + 3605 — 120s + 100.

Obviously f* (s) is not bounded on Q). Thus, the convergence of method (2) is not guaran-
teed by the analyses in [1], although it may converge.

The main contributions of this paper are: (1) we obtain the convergence order of three
for method (2) with assumptions on F’ and F”, thus the applicability of method (2) is
extended to problems involving operators whose first and second derivatives exist (the
analysis in [1] requires the operator to be differentiable at least four times); (2) we extend
the method (2) to a method with convergence order five (see (3) below) and to a method
with convergence order six (see (4) below); (3) semilocal convergence of methods (2)—(4)
are provided in this paper.

In Section 2, we prove that the method (2) is of order three. Furthermore, we extend
the order of method (2) to methods with order of convergence five in Section 3, and with
order of convergence six in Section 4, using Cordero et al.’s [12,13] technique. The extended
fifth order method is defined forn = 0,1,2... as follows:

by = ay, — ' (ay) " 'F(ay)
cn = an — 6A, ' F(ay) (3)
A1 = Cp — F'(bn)le(Cn)

and the extended sixth order method is defined forn = 0,1,2... as follows:

by = ay — F'(a,) "' F(ay)
cn = an — 6A,'F(ay) (4)

Ayi1 = cn —F (cy) 'F(cy).

Semilocal convergences of methods (2)—(4) are given in Section 5; numerical examples are
given in Section 6. The dynamics of the methods are given in Section 7, and the paper ends
with a conclusion in Section 8.

2. Order of Convergence for Method (2)

In this section, the solution a* € () is assumed to be simple. The convergent assump-
tions are:
(al) F'(a*)"' € L(By,B),
(@2) ||F'(a*)~1(F'(a) — F'(b))|| < L|ja — b|| foralla,b € Q,
@3) ||F'(a*)"'F"(b)|| < Ly forallb € Q,
(ad) [|F'(a*)"1(F"(a) — F"(b))|| < Ly|la — b|| foralla,b € Q
and
@5) [|[F'(a*)"'F'(a)|| < L3 foralla € Q.
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Consider the functions ¢, ¢, 11 : [0, 1) — R defined by

L
?) = a1

p1(t) = %(14' z(lL_tLt))

and
hi(t) = e1(t)t -1,

is a nondecreasing continuous function satisfying

h1(0) =—-1<0 and lim (t) = 4o0.

-h
1 1
t—1

Therefore, there exists a smallest zero r1 € (0, 1) such that 1 () = 0.
Next, we define functions ¢, 67 : [0,71) — R, by
Ly LyLg
) = —— ot +
T 0D M (O[T

and 61(t) = (t)t> — 1. Then, é; is a nondecreasing continuous function satisfying
61(0) = -1 < 0and limtﬁr;él(t) = +oco. Therefore é; has a smallest zero 7, € (0,r1).

Let

L2
r= mzn{3—L,72}. )
ThenV t € [0,7), we have
0< ()i <1 ©)
0< ()t <1 @)
and
0< (D < 1. ®)

In the rest of this paper, we use the notation B(a*,A) = {x € B : ||x —a*|| < A} and
B(a*,A) ={x €B:||lx —a*|| < A} forsome A > 0 and a* € B.

Theorem 1. Under the assumptions (al)—(a5), the sequence {a, } defined by (2), with the initial
point ay € B(a*,r) — {a*} is well defined and remains in B(a*,r) forn = 0,1,2,. .. and converges
to a solution a* of (1). Moreover, we have the following

160 — a*|| < g(r)e; ©)

and
ens1 < Pr1(r)e. (10)

Proof. Mathematical induction is employed for the proof. Suppose x € B(a*,r). Then, by
(a2), we have

IF" (")~ (' (x) = F'(a"))|| < Lllx —a*|| < Lr <1,
so, by Banach lemma on invertible operator [14], we have

1

! —1 (% <
IF'(0) ' F @) € ==

(11)
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Mean Value Theorem gives

F(ag) = F(ap) —F(a*) = /01 F'(a* + t(ag — a*))dt(ag — a*), (12)
so for the method (2), we have
[bo — a*|| < [lag —a* — F'(ao) ~"F(ao) |
= " (a0) " a") [ F(a") () — (o + ap — a)))et g )|
Thus, by (11) and (a2), we have

L 2
<< —
Hbo a || — 2(1 _ Le‘o)eo
< pleg)ed < ey < 7. (13)
Therefore, (9) holds for n = 0 and by € B(a*,r). Next, we shall prove that A Lis well
defined. Note that

ag + by

1(6F" (a*)) ™ (Ao — 6 (")) | = || (6F" (a")) " (" (a0) + 4F' (=)

I (b0) — 6 (a*))|

< 2 (IF (@) (a0) — F'(a)) |

+ I (@) (k) ~ ()

4P ) () - @) )
< Zley+ b0 —a]

T 20T o1 = Ley)

< q)l(eo)eo <1.

Thus, the Banach lemma for inverses [14] A, 1 exists and

145F (@) € g (14)
From (2) and (12), it follows that
a —a* =ag—a* — 6A611F(a0)
=A,"! 01 [Ag — 6F (a* + t(ag — a*))]dt(ag — a*)
43" [T a0) P + e — %)+ F'(bo) — (e + e —a°))

+ 4<]F/(ﬂo;-bo) —F'(a* +t(ap — a*)))}dt(ao —a*).
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The Mean Value Theorem gives

a; —a*

= Ay! {/01 /01 F’(a* +t(ag —a*)) + 0(ap — a* — t(ag — a*))d0(ag — a* — t(ag — a™))dt

1 r1
+/0 ./0 F"(a* +t(ag —a*)) 4+ 60(bg — a* — t(ag — a*))d0(bg — a* — t(ag — a*))dt
4P P o= ) ) | 0 —a)
= Ay {/01 /01 Go(f),t)d@(l—Zt)(ao—a*)dwr/o1 /01 Hy (6, t)d6(by — a*)dt

ag + by
2

+ /01 /Ol(Go(e,t) — Ho(6,))d0(ag — a*)tdt

1

+/ 4<F’(a0—£b0) ~F'(a* + t{ag —a*))>dt} (g — a¥)
0

=: Ky + Ky + K3 + Ky,

where
Go(0,t) = F"(a* + t(ag — a*)) + 0(ag — a* — t(ag — a*)),
Ho(0,t) = F"(a* +t(ag — a*)) +0(bg — a* — t(ag — a*)),
Ky = A(;lfo1 /01 Go(6, )d6(1 — 2)(ag — a*)dt(ag — a*),
Ky = Ao—l/o1 /01 Ho(6, £)d6(by — a*)dt(ag — a*),
Ks = A5 /01 /Ol(GO(G,t) — Ho(6,1))d(ag — a*)tdt
and

Ky = Ag! /014[]F’(1102ﬂ) —F'(a* + t(ag — a*))dt(ag — a*).

From (13), (14) and assumptions (al)—(a5), we get

1,1
1Kell = 145" [ [ Go(,1)do(1 = 26)(ao — a* et |

1 1
< 147 F' 0" l1max | Fa") o0, 001 (1~ 26)an — a* |
:0,

1 r1
IKall = 145" [ [ Ho(®, )d0(00 — a*)dt(ao — o)

< | A;F (a / / F'(a*) = Ho(6, t)d8(bo — a*)dt|eo

< Laf|Ag F'(a%)][]|bo — a*leo

L] 3
<— = _o(e)ed,
~6(1— §01(€0)€o)¢( )

(15)

(16)

(17)
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IKll = 45" [ [ (Gote.t) — Hote,0(a0 — |
< |lA;F(a HH//IF’ 1(Go(6,t) — H0(9,t))d0(a0—a*)2tdtH
Ly
= 24(1—<P1(€0)€0)Hao_boneo

LZ / —1/1 /(% * 3
< F'(a F'(a* + t(ag — a™))dt||e
= 24(1*§91(€0)€O)H ( 0) A ( ( 0 )) ” 0
< Ly
~ 24(1— ¢1(e0)eo)
1
><||IF’(ao)‘11F’(a*)f F'(a*) "'/ (a* + t(ag — a*))dt]| €5
0
LoL3 3
< € 18
= 240— gr(eo)eo) (1~ Leg) 19
Let Hy(6,t) = " (a* + t(ag — a*) + 0(“3% — a*  t(ag — a*)). Then,
— * 1 *\ — a +b * * *
Kyl = 4|| A 'F' (a )/ F'(a%) 1[F’(%)—F’(a +t(ag — a*))]dt(ag — a”)||
<4l ® @) [ [ F ) o
x (”O;bo — 0 — H(ag — a*))d0dt(ag — a*)|
< 2||A01F’(u*)||( / F'(a*) " Hy(6,t)(1 —2t)(ag — a* )szdtH
1 r1
+ /IF’(a*)1H1(6,t)(b0—a*)(ao—a*)detH>
0 Jo
§2||A0_1JF’(a*)||< max ||/ F'(a*) " Hy (6, ) dGH/ (1 - 2¢)(ap — a* )ZdtH
te(0,1
+ /JF’ )"UHL (6, 1) (bo — a*) (a — a* d9dtH)
<2|Ay'F(a )" H(6,t)(by — a* )(aoa*)detH
2Ly
——||b —61* €
= 6(1_§01(€0)€O)H 0 ” 0
L1 3
= _o(en)ed. 19
3(1—(/’1(60)60)4)( )% (19
By (15) and the inequalities (16)—(19), we have
er < |IKfl + [[Ka + [IK5]| + [[ K|
< (e, (20)

Therefore, since 4 (r)r2 < 1, we have €1 < r, so the iterate a; € B(a*,r).
The proof for (9) and (10) is completed, if one replaces ay, by, a1 in the above estimates
Wlth an, bn, an+1. D

3. Order of Convergence for Method (3)
Let ¢, 6, : [0, @) — R be defined by

L 1

() = T (90 + O ()
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and 6y (t) = o (t)t* — 1. Then, 5,(0) = —1and 6,(t) —> +ooast —» (@) . Therefore,

7 has a smallest zero r3 € (0, @)
Let
R = min{r,r3}. (21)

Then, for all € [0, R),

< (p(t)t<1,
0 < p(Hr <1

and
0< ()t < 1.

The next theorem provides the convergence order of method (3).
Theorem 2. Under the conditions (al)—(a5), the sequence {a, } defined by (3), with the initial point

ag € B(a*,R) — {a*} is well defined and remains in B(a*,R) forn = 0,1,2,... and converges to
a solution a* of (1). Moreover, we have the following estimates

b, —a*|| < @(R)e3, (22)
en —a*|| < y1(R)es, (23)
en1 < P2(R)e;. (24)

Proof. The proof of (22) and (23) (by mimicking the proof of Theorem 1) follows as in
Theorem 1. To prove (24), observe that

Ayyq —a* =c, —a* — F'(by) 'F(cy)
= Fn) ™ [ (B (00) (e + ten — ) (en )
— F (b)) 'F (a") /0'1 F'(a*)"L(F(by) — F'(a" + H(cn — a*)))dt(cn — a*)

and hence by (a2) and (11), we have

L 1 X
€nt1 < m(”bn_“*”"'E”Cn_“*H)HCH_“ |

1
L -
=1 ch(en)e% (90(611) + 24)1 (eﬂ)ei’l)
X P1(en)e;
< $2(R)ey,-
Therefore, since i (R)R* < 1, the iterate a1 € B(a*, R). The rest of the proof is analogous
to the proof of Theorem 1. O

4. Order of Convergence for Method (4)

Consider the continuous nondecreasing function « : [0, %) — R, defined by
a(t) = Ly () — 1.

Then, «(0) = —land a(t) —> oc0ast — 1 .So, 3 p > 0 such that a(p) = 0.
Let ¢3,05 : [0,p) — R be defined by

P3(t) = W%(t)z
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and 63(t) = 3(t)t> — 1. Then, 53(0) = —1 and 83(t) — +oo ast — p~. Therefore, |3
has a smallest zero r4 € (0,p). Let

R1 = min{r,r4}. (25)
Then, for all ¢ € [0, R1), we have

0 < 3(H)t° < 1.
Theorem 3. Under the assumptions (al)—(a5), the sequence {a,} defined by (4), starting from

ag € B(a*,Ry) — {a*} is well defined and remains in B(a*,Rq) forn = 0,1,2, ... and converges
to a solution a* of (1). Moreover, we have the following

1bn —a* < @(Ri)e, (26)
len —a*|| < ¢1(Ry)ed, (27)

and
€pt1 < 1,[]3(R1)€2. (28)

Proof. The proof of (26) and (27) (by mimicking the proof of Theorem 1) follows as in
Theorem 1. To prove (28), observe that

Ay —a* =cy—a* — F(cy) 'F(cn)
1
_ F’(cn)*l/o (F'(cu) — F'(a* + t(cn — a*)))dt(cn — a*)

=T (c,) " 'F'(a*) /1 F'(a*) Y (F' (c) — F'(a* 4 t(cy — a*)))dt(c, —a*)  (29)

0
By (a4) and (11), we have
L * (12
€ < Cp—a
S T L "]
L
W2 (en)es. (30)

<
= 2(1 - Lyn(en)en)

Since 3(R1)R] < 1, the iterate a,1 € B(a*, Ry). The rest of the proof is analogous to the
proof of Theorem 1. [

Next, a result on the uniqueness of the solution a* is presented.

Proposition 1. Assume:
(1) The element a* € B(a*, p) is a simple solution of (1), and (a2) holds.
(2) There exists & > p so that
Lé <2. (31)

Set () =QN B(a*,&). Then, a* is the unique solution of Equation (1) in the domain ).

Proof. Let g € O with F(g) = 0. Define T = fol F'(a* + 0(q — a*))d6. Using (a2) and (31),
one obtains

IF"(a*) (T — F'(a))|

IN

1
L [ ellg—a|do
0
L
< = 1
< 25< ,

so q = a*, follows from the invertibility of T and the identity T(q —a*) = F(q) — F(a*) =
0-0=0. 0O
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5. Semilocal Convergence

We develop a common analysis based on scalar majorizing sequences and the concept
of w— continuity [14,15].

Let us first deal with the method (2). Define the scalar sequences {«a, } and {B,} using
two continuous and nondecreasing functions wy : [0, +0) — R, w : [0, +c0) — R for
xg = 0, B9 = 0 by

4w (B )+ w(By — an)

@y = OR
7e () + oo (“HE) + wo(Ba),
g = é(wo(an)+4wo(“”;ﬂ”)+wo(ﬁn>),
My = 5n+W' (2
Swr = [ 0O — )0 —ag) + (1 nlan)) (@i ),
Bni1 = @1+ Ons1

1—wp (’Xn+1) '

These sequences are shown to be majorizing for the method (2) in Theorem 4. However,
a general convergence result is presented for these methods.

Lemma 1. Suppose that foreachn =0,1,2, ... there exists y > 0 such that
wo(an) < 1,9, <1and a, < . (33)

Then, the sequences {ay},{Bn} generated by the Formula (32) are convergent to some A € (B, y]
and 0 < oy < Bn < a1 <A

Proof. It follows from the Formula (32), the properties of the functions wy, w, and the
condition (33), that sequences {a, }, { .} are nondecreasing and bounded from above by y.
Hence, they are convergentto A. O

Remark 1. (i) The parameter A is the unique and common least upper bound of the sequences {ay, }
and {Bn}.

(i1) If the function wy is strictly increasing, then a possible choice for y = w, 11).

(iii) Suppose that the function wy(t) — 1 has a minimal zero p € (0, +00). Then, the function w
can be restricted on the interval (0, p) and u > p.

Next, we connect the functions wy, w, the sequence (32) and the limit point A to the
operators on the method (2).
Suppose:
(c1) There exists a starting point ay € () and a parameter 3y > 0 such that F'(ag) ! €
L(By,B) and [[F'(ag) " 'F(ao) || < Po-
(€2) || (ag) " (F'(v) — F'(a9))|| < wo(|lv— ag||) forallv € Q.
Set g =QN B(ﬂo,p).
(c3) [[F"(ag) ™" (F'(v2) — F'(v1)) | < w([[o2 — 1)) for all vy, v, € Q.
(c4) The condition (33) holds for u = p.
and
(c5) B(ap,A) C Q.

We now have the tools to develop the semilocal convergence for the method (2).
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Theorem 4. Suppose that the conditions (c1)—(c5) hold. Then, the sequences {ay}, {b, } developed
by the method (2) are convergent to some a* € B(ap, A) solving the equation F(a) = 0.

Proof. The verification of the following assertions is needed:
16w — an < Bn — an (34)

and
||an+1 - bn“ < ay41— B (35)

The method of mathematical induction is employed. From the condition (c1) and the
Formula (32), it follows that

Ibo — aol| = ||F'(ag) " 'F(ap)|| < Bo = Po — &g < A.

Thus, the assertion (34) holds if n = 0 and the iterate by € B(ag, A). Pick a pointv € B(ag, A).
Then, the application of the condition (c2) and the definition of A give

IF" (a0) ™ (' (v) — F'(0)) | < wo([lo — aol|) < wo(A) <1.
Hence, we get F/(v) ! € L(B;,B) and

1

/ i
IE (@) F (@)l < = o= aol)”

(36)

We also need the estimate

le+bk)

1(6F"(a0)) " (Ax — 6F(a0)) | = [|(6F" (a0)) ~* (' () + 4F' (=

F(by) — 6 (a0)) |
< (¥ (a0) ™ (' (@) — " (a0)) |
+ 1 (a) ™ (' (b) — ' (a0)) |

4 (a) (BT )

1 ag —ag|| + ||bx —a
Séh@ﬂ%—ﬂdh+mw<|k ol + 1t ug
+ wo((16x — aol)]
<qr <1,
SO :
AT (ag)]| € ———. 37
I4¢F (@)l < grr—rr )

Suppose that the assertions (34) and (35) hold V n = 0,1,2,...,k. The induction
hypothesis gives
a1 — aoll < llakr — bill + 1be — aoll < agesq — Bie + P — 0 = @pe1 < A
Furthermore, we can write in turn following the second substep of the method (2)
aen—be = (F(a) " —6A)F(a)
—(6A" —F'(a)~")F (ar)
= — A (6F () — ApF (ap) ' F(ay)
= AN(6F (1) — Ap) (b — ag). (38)
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We also get
/ —1 / / —1 s (A + b
1" (a0) ™" (6F (@) — Ap) | < [ (a0) ™" (F"(ax) — ' =—— )
+[|F'(a0) " (F'(ay) — F'(By)) |
< (. (39)
In view of (32), (36) (for v = by), (37)—(39), we obtain
w, —Q
a1 — bl < g((lﬁk_qk)k) = k1 — Pre (40)

These estimates show that the iterate a; 1 € B(ag, A) and the assertion (35) hold. Then, we
can write following the first substep of the method (2)

Fagy1) = Flaggr) —Flag) —F'(ap) (b — a) — F(ax) (ag1 — a)
+F' (ar) (a1 — ax)
= F(ap1) — Fag) — F'(ag) (ax1 — a) + F (ag) (agq — by). (41)

It follows from (32), (c2), (c3) and (41) that

I8 (a0) Bla)| < [ w@Clagia — axl))d6llans il
+[|F' (o) (F' (a — F'(ao) + F'(ap)) (ax 11 — by |
< '/0-1 w (01 — o) )0 (g1 — o)
+(1 + wolar)) (@41 — Br) = Gy1- (42)
Hence, the first substep of the method (2), (36) (for v = a;,1) and (42) give
I (ai1) ' F (a0) 1| ' (a0) ™' (a41) |

Ort1 < Ort1
1 —wo(llaks1 —aoll) — 1 — wolags1

IN

||bk+1 - ﬂk+1||

A

) = Brs1 — Xk41s
and

bker —aoll < lbxr1 — axpall + llagr — aoll
< Bry1 — k1 g1 — a0 = Py < A

Therefore the induction for the assertions (34), (35) is completed and ay, by € B(ag, A) for
allk =0,1,2,... By the condition (c4) and Lemma 1, the sequences {a}, {7} are Cauchy.
Consequently, by (34) and (35), the sequences {ay}, {b;} are also Cauchy, and as such
convergent to some a* € B(ag, A). Finally, the continuity of the operator F and (42) if
k — 400 imply F(a*) =0. O

A uniqueness region for the solution is satisfied.
Proposition 2. Suppose :
(a) There exists a simple solution d € B(ag, o) of the equation F(a) = 0 for some ry > 0.

(b) The condition (c2) holds on the ball B(ag, o).
(c) There exists r > rq such that

/(;1 wo((1—0)rg+06r)do < 1 (43)

Set Ql =Q0nN B(&lo, 7’).
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Then the equation F(a) = 0 is uniquely solvable by d in the region ().

Proof. Letd; € Oy with F(dy) = 0. Define the linear operator M = fol F'(d+6(dy — d))de.
By applying (c2) and (43), we get in turn that

IF" (a0) "' (M = F'(a0))|| < /01 wo((1—=0)[ld — aol| + 6[|d1 — al|)d6
< /01 wo((1 = 0)rg + 6r)d6 < 1,
sody =d. O
Remark 2. (a) The condition (c5) can be replaced by (c5)’ B(ag,p) C Q.
(b) Under all the conditions (c1)—(c5) we can choose d = a* and cy = A.

Similarly, we develop the semilocal convergence analysis of the method (3) and the method (4).

A majorizing sequence {ay }, {Bn}, {yn} for the method (3) is given by

@D (Bn — &)
- + 7 44
Yn an 6(1 _ qn) ( )
1 1
po = (1 [ wo(Ba+ 007 — Br))d) (v — Bu) + | w(0(Bs = w))d0(By — ),
Pn
« = Yt —",
n+1 Tn 1_— wo(an)
5n+1
=+ —l
ﬁ?’l+1 n+1 1— wo (lxn+])
Moreover, a majorizing sequence for the method (4) is
@n(Bn — an)
= +
')’n ,BVI 6(1 _ qn)
Pn
« = +—— 45
i T wo(vn) )
_ 5n+1
Pro1 = itz w(@yg1)
Clearly, the corresponding convergence conditions to (33) are, respectively,

wo(ay) <1,wo(Bn) <1,qn <1,ay, < p (46)
wo(an) < 1wo(yn) <1l,gn <1,ay, < p (47)

These conditions replace (c4) respectively.

The limit point is not necessarily the same for all three methods, but in order to
simplify the notation, we use the same symbol A . Under these modifications, we present
the semilocal convergence of the method (3) and the method (4).

Theorem 5. Suppose that the conditions (c1)—(c5) hold. Then, there exists a* € B(ag, A) satisfying
F(a*) = 0 under the method (3).

Proof. We proceed as in the proof of Theorem 4, but there are some differences. We get

o —be = A N6F (ar) — A) (b — ax)
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SO

ex —bell < M =7k — B

Notice that

F(cx) = F(ex) —F(br) +TF(by)
1
F' (b + 0(ck — bi))d0(cx — by) + F(by) — F(ax) — F (ay) (b — ax)

1

I
N S—

0

1

+ ) [F'(ay + 6(by — ax))d0 — F' (a)] (b — ax)

F/ (b + 0(ci — b))d0 — F(ag) + F <ao>) (i — by)

leading to
1
I o) B0l < (14 (Bt 00~ fu)) ) deC — o)
+/ 0(Br — k) )d6 (B — &) = prs
So,
s —cll < (1 (Bk) "' F (a0) ||| (a0) ~'F (i) |
Pk
< —_— = —
>~ 1_— CU()(,Bk) k+1 Tk
lex —aoll < llex — bl + [1bx — aoll < vk — B+ Bx — o = 7k < A
and

k1 —aoll < llagsr — cell + llek — aoll < ap1 — 7 + 7 — %0 = a1 < A

The rest is identical to Theorem 4. [

Theorem 6. Suppose that the conditions (c1)—(c5) hold. Then, there exists a* € B(ao, A) satisfying
F(a*) = 0 under the method (4).

Proof. The third substep of the method (4) gives instead

Pk
a1 — |l € —FE0— =1 — " (48)
llak1 — cxll T w(y) ~ S~

The rest follows as in Theorem 5. [

Notice that the uniqueness of the solution region has been given in Proposition 2.

6. Examples

Here, we present two examples to verify the parameters used to prove the theorems
and one example to compare the convergence with that of the Noor-Waseem-type method
studied in [16]. The notation K[0, 1] stands for the continuous functions on the interval
[0, 1] under maximum norm.

Example 1. Let B = By = K[0, 1]. Let Q = B(0, 1). Consider the operator IF on Q) as

Fp)(x) = () =5 [ x00 (@)%, )
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The derivative T is

1
F(p(&))(x) = &(x) — 15 / X6y (6)2¢(8)d6, for each & € Q.
0
Note that a* = 0. The conditions (al)—(a5) hold, provided that L = 15, L3 = Ly = 8.5 and

L1 = 31. Then the parameters are:

2
r1 = 0.050929, r, = 0.039970 =r = Ry, 3= 0.0444, R = r3 = 0.039032, r4 = 0.040450.

Example 2. Let B = B; = R?,Q = B(0,1),a* = (0,0,1)™. The mapping F on Q for w =
(/\1/ )\2/ /\3)T1’ by

)\2
F('LU) = (sin/\l, ?2 + Ay, )Lg)Tr.

Then,
cos Aq 0 0
Flw=| 0 22+1 0
0 0 1
and
—sinA; 0 0]0 0 0|0 0 O
F’ (w) = 0 0 0/0 2 0/000
0 0 0[0 0 0[O0 0O

2
r1 = 0.763932, rp = 0.696295, 3L 0.6667 = r = Ry, R = r3 = 0.650184, r4 = 0.694554.

Next, the Noor-Waseem-type method studied in [16] is compared to the methods
(2)-(4).

Example 3. The system [17]

3, +12 = 1
H+ud = 1
is solved . The solutions a* are: (—1,0.2), (—0.4, —1.3) and (0.9,0.3). We consider the solution

(0.9,0.3) for approximating using the methods (2)—(4), with the initial point (2, —1). The following
Tables 1-3 provide the obtained results, where ay, is the nth iterate.

Table 1. Method—Order 3.

n  Noor-Waseem Method [16] Ratio = Newton-Simpson Method (2)  Ratio

an = (8,13) 2 an = (8,12) e
0 (2.000000, —1.000000) (2.000000, —1.000000)
1 (1.264067, —0.166747) 0.052791 (1.263927, —0.166887) 0.052792
2 (1.019624, 0.265386) 0.259247 (1.019452,0.265424) 0.259156
3 (0.992854, 0.306346) 1.578713 (0.992853, 0.306348) 1.580144
4 (0.992780, 0.306440) 1.977941 (0.992780, 0.306440) 1.977957
5 (0.992780, 0.306440) 1.979028 (0.992780, 0.306440) 1.979028
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Table 2. Method—Order 5.

n  Noor-Waseem Method [16] Ratio = Newton-Simpson Method (3)  Ratio

an = (1) fupa an = (8,1) et
0 (2.000000, —1.000000) (2.000000, —1.000000)
1 (1.127204, 0.054887) 0.004363 (1.127146, 0.054883) 0.004363
2 (0.993331,0.305731) 0.501551 (0.993328,0.305734) 0.501670
3 (0.992780, 0.306440) 3.889725 (0.992780, 0.306440) 3.889832
4 (0.992780, 0.306440) 3.916553 (0.992780, 0.306440) 3.916553

Table 3. Method—Order 6.

n Noor-Waseem Method [16] Ratio = Newton-Simpson Method (4)  Ratio

an = (1) ot an = (t,1) L
0 (2.000000, —1.000000) (2.000000, —1.000000)
1 (1.067979,0.174843) 0.001211 (1.067906, 0.174885) 0.001211
2 (0.992784,0.306436) 1.383068 (0.992784,0.306436) 1.384152
3 (0.992780, 0.306440) 5.509412 (0.992780, 0.306440) 5.509414

Remark 3. Note that the Ratio columns in the tables show that the methods (2)—(4) are of orders
3,5 and 6, respectively (by ignoring the first few iterates). From the tables, one can observe that the
higher the order, the faster is the convergence.

7. Basins of Attraction

In order to obtain a visual region of convergence, we study the Fatou sets and Julia set of
the methods (2)—(4). Recall that for a sequence {¢;} produced by the above methods starting
with ¢y converging to &*, the set S = {¢y € C : ; converges to the zero ¢* asi tends to co}
is called the Basin of Attraction (BA) or Fatou set [18] and S, the complement of S, is
known as a Julia set. The BAs associated with the roots of the three systems of equations
are studied for the methods (2)—(4).

s$—t=0
Example 4. { B_s—0
with solutions { (—1,-1),(0,0),(1,1)}.
352t —ts3 =0
§3—3st2 —1=0
with solutions { (—3, —@), (-1, @), (1,0)1

Example 5. {

12 —-4=0
32 +7t2—16 =0
with solutions { (v/3,1), (—v/3,1), (v/3,-1), (=3, 1)}

Example 6. {

We consider the rectangular region R = {(s, ) € R?: -2<s5<2,-2<t<2}and
find the basins of attraction associated with a given root in R. Consider an equidistant grid
of 401 x 401 points and consider each point as an initial point, then check whether the point
gives convergence to any of these roots. A maximum of 50 iterations are performed for each
of the points, and the point which does not give convergence with error tolerance of 10~8
is considered a point at which the iterative function does not converge. Corresponding to
each root, a color is assigned, and the initial points which give convergence to that root are
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marked with their respective colors. Dark regions represent the points which do not give
convergence.

Figures 1-9 show the BA corresponding to each root of the above examples (Examples 4-6)
for the methods (2)—(4). It is clear to see that the Julia set (black region) comprises all the
initial guesses from which the iterative approach does not converge to any of the roots.

All the calculations in this paper were performed on a 16-core 64-bit Windows machine
with Intel Core i7-10700 CPU @ 2.90GHz, using MATLAB.

In Figure 1 (corresponding to Example 4), the red region is the set of all initial points
from which the iterate (2) converges to (—1,1), the blue region is the set of all initial points
from which the iterate (2) converges to (0,0) and the green region is the set of all initial
points from which the iterate (2) converges to (1, 1). The black region represents the Julia set.

7 -2 -15 -1 05 0 0.5 1 15 2
5—

Figure 1. Dynamics of the method (2) with BA for Example 4.

In Figure 2 (corresponding to Example 4), the red region is the set of all initial points
from which the iterate (3) converges to (—1,1), the blue region is the set of all initial points
from which the iterate (3) converges to (0,0) and the green region is the set of all initial
points from which the iterate (3) converges to (1,1). The black region represents the Julia set.

In Figure 3 (corresponding to Example 4), the red region is the set of all initial points
from which the iterate (4) converges to (—1,1), the blue region is the set of all initial points
from which the iterate (4) converges to (0,0) and the green region is the set of all initial
points from which the iterate (4) converges to (1,1). The black region represents the Julia set.
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S —

ro

Figure 2. Dynamics of the method (3) associated with BA of Example 4.

)

1.5 -1 05 0 0.5 1 15
5=

ro

Figure 3. Dynamics of the method (4) associated with BA of Example 4.

In Figure 4 (corresponding to Example 5), the red region is the set of all initial points
from which the iterate (2) converges to (—1/2, —+/(3)/2), the blue region is the set of all
initial points from which the iterate (2) converges to (—1/2,/(3)/2) and the green region
is the set of all initial points from which the iterate (2) converges to (1,0). The black region

represents the Julia set.
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%)

2 -1.5 -1 0.5 0 0.5 1 1.5
S —

Figure 4. Dynamics of the method (2) associated with BA of Example 5.

In Figure 5 (corresponding to Example 5), the red region is the set of all initial points
from which the iterate (3) converges to (—1/2, —+/(3)/2), the blue region is the set of all
initial points from which the iterate (3) converges to (—1/2,/(3)/2) and the green region
is the set of all initial points from which the iterate (3) converges to (1,0). The black region
represents the Julia set.

2

1.5

2 -15 -1 05 0 0.5 1 1.5 2
S —

Figure 5. Dynamics of the method (3) associated with BA of Example 5.

In Figure 6 (corresponding to Example 5), the red region is the set of all initial points
from which the iterate (4) converges to (—1/2, —+/(3)/2), the blue region is the set of all
initial points from which the iterate (4) converges to (—1/2,/(3)/2) and the green region
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is the set of all initial points from which the iterate (4) converges to (1,0). The black region
represents the Julia set.

2

15

S

-15 -1 -0.5 0 0.5 1 15 2
s —

Figure 6. Dynamics of the method (4) associated with BA of Example 5.

In Figure 7 (corresponding to Example 6), the red region is the set of all initial points
from which the iterate (2) converges to (1/(3),1), the blue region is the set of all initial
points from which the iterate (2) converges to (—+/(3), 1), the green region is the set of all
initial points from which the iterate (2) converges to (1/(3), —1) and the yellow region is
the set of all initial points from which the iterate (2) converges to (—+/(3), —1). The black
region represents the Julia set.

2 -1.5 -1 05 0 0.5 1 15
S—

r

Figure 7. Dynamics of the method (2) associated with BA of Example 6.
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In Figure 8 (corresponding to Example 6), the red region is the set of all initial points
from which the iterate (3) converges to (1/(3),1), the blue region is the set of all initial
points from which the iterate (3) converges to (—+/(3), 1), the green region is the set of all
initial points from which the iterate (3) converges to (1/(3), —1) and the yellow region is
the set of all initial points from which the iterate (3) converges to (—+/(3), —1). The black
region represents the Julia set.

2

1.5

15

ro
'
AN
o
AN

0.5 0 0.5 1 1.5 2
S —

Figure 8. Dynamics of the method (3) associated with BA of Example 6.

2

15 -1 05 0 05 1 15
S —

ro

Figure 9. Dynamics of the method (4) associated with BA of Example 6.
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In Figure 9 (corresponding to Example 6), the red region is the set of all initial points
from which the iterate (4) converges to (1/(3),1), the blue region is the set of all initial
points from which the iterate (4) converges to (—+/(3), 1), the green region is the set of all
initial points from which the iterate (4) converges to (1/(3), —1) and the yellow region is
the set of all initial points from which the iterate (4) converges to (—+/(3), —1). The black
region represents the Julia set.

8. Conclusions

Without employing Taylor expansion or making assumptions on derivatives of or-
der no higher than two, the orders of convergence of Newton-Simpson-type methods
are determined. Our idea can be used to obtain the convergence order of other similar
methods. The theoretical results obtained in this paper are further justified using numerical
experiments. In future, it is envisaged to be possible to provide a unified convergence
analysis for methods of the form (2)—(4).
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