i fractal and fractional

[

Article

A Fractional Chemotaxis Navier—-Stokes System with
Matrix-Valued Sensitivities and Attractive-Repulsive Signals

Chao Jiang, Zuhan Liu and Yuzhu Lei *

check for
updates

Citation: Jiang, C.; Liu, Z,; Lei, Y. A
Fractional Chemotaxis Navier-Stokes
System with Matrix-Valued
Sensitivities and Attractive-Repulsive
Signals. Fractal Fract. 2023, 7, 209.
https://doi.org/10.3390/
fractalfract7030209

Academic Editors: Norbert
Herencsar, Esteban Tlelo-Cuautle,
Shibendu Mahata and Dumitru

Baleanu

Received: 23 December 2022
Revised: 10 February 2023
Accepted: 15 February 2023
Published: 22 February 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Mathematical Science, Yangzhou University, Yangzhou 225002, China
* Correspondence: dx120200045@stu.yzu.edu.cn

Abstract: In this paper, we considered a fractional chemotaxis fluid system with matrix-valued sensi-
tivities and attractive-repulsive signals on a two-dimensional periodic torus T2. This model describes
the interaction between a type of cell that proliferates following a logistic law, and the diffusion of
cells is fractional Laplace diffusion. The cells and attractive-repulsive signals are transported by
a viscous incompressible fluid under the influence of a force due to the aggregation of cells. We
proved the existence and uniqueness of the global classical solution on the matrix-valued sensitivities,
and the initial data satisfied the regular conditions. Moreover, by using energy functionals, the
stabilization of global bounded solutions of the system was proven.

Keywords: chemotaxis Navier-Stokes; matrix-valued sensitivities; fractional diffusion; global classical
solution; asymptotic stability

1. Introduction

We investigated a fractional chemotaxis fluid system with matrix-valued sensitivities
and attractive-repulsive signals on a two-dimensional periodic torus T? = [—7, ]2 in
the present paper. This model describes the interaction between a type of cell that can
proliferate following a logistic law, and the diffusion of cells is fractional Laplace diffusion.
The cells and attractive-repulsive signals are transported by a viscous incompressible fluid
under the influence of a force due to the aggregation of cells, where the attractive signal and
the repulsive signal are produced by the cells themselves and also degrade at a constant
rate. This model is represented by the following system:

ct+u-Ve=—(=A)c—V-(cS1(x,c,v)Vv) + V- (cSa(x,c,w)Vw)

+pc —vc?, in T2 x (0, 00),

v +u-Vo=Av+ac— B9, in T2 x (0,00),
wr+u-Vw = Aw + ayc — Bow, in T2 x (0, c0), (1)
u+ (u-V)3u=Au—-VP+cVo+g, in T2 x (0, 00),
V-u=0, 1n'JI‘2><(0,oo),

c(x,0) = ng(x),v(x,0) = vo(x), w(x,0) = wo(x),u(x,0) = ug(x), in T2.

c(x,t) is the cell density; v(x, t), w(x, t), P, and u(x, t) represent the chemical concentrations
of the attractant and repellent, the hydrostatic pressure, and the velocity field of the fluid,
respectively. Sy(x,c,v) = (sgj(x, ¢,0))ijeq12) and Sa(x,c,w) = (sl’-}(x, n,w));je(1,2) are
matrix-valued sensitivities functions, and we imposed the conditions:

S1(x,¢,0), Sa(x,c,w) € CA(T2 x [0,00) x [0, 00); R2*2) @)

and
|51(X,C,Z))| < C51/ |52(X,C,w)| < CSZ (3)
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for some positive constants Cg, (i = 1,2). ¢(x) and g(x,t) are the gravitational potential
function and the external force, respectively, which satisfy

o € (1), \
{ g€ CL(T2 x [0,00)) N L®(T2 x (0,00)) N LA(T2 x (0, c0)), @)

as well as the initial data:

Cco € Loo(Tz), ng > 0in Tz,
vy € W1'°°(’]I‘2), vo > 0in T2, 5)
wy € WH(T?), wo > 0in T?,

w € L®(T?), V-ug =0, inT>2

Here, we write A* = (—A)? and define

A%e(g) = [S]*¢(E),

where * represents the usual Fourier transform, and the differential operator A* has the
following kernel representation:

fe(x) — c(x) —c(y) / c(x) —c(y)
A'elx) = Cu2 PV. /11‘2 |x — y[>*e W Clx'znez;q;m' T2 |x *y+2”7f\2+“dy'

2r(22)
m|r(-$)
integral is taken in the Cauchy principle value sense (see, for example, [1]). The positive
constants a1, ap, 1, and By denote the production of the chemoattractant and chemorepel-
lent, the chemoattractant’s decay, and the chemorepellent’s decay, respectively. The logistic
source pc — vc? describes the local dynamics of the mobile species, where y > 0 is the
intrinsic growth rate of cells and v > 0 is the intraspecific competition of cells.

Next, we discuss the inspirations and developments of Problem (1) and, finally, list
the main results.

where Cy 2 = > 0 is a normalization constant. The notation P.V. means that the

1.1. The Classical Chemotaxis System with Attractive—Repulsive Signals

Chemotaxis refers to the movement of cells towards the concentration gradient of
chemicals in a certain environment. The the movement of cells in the direction of the
increasing concentration of a signal is called chemotactic attraction, whereas chemotactic
repulsion means that cells move along the decreasing concentration of a cue [2-5]. These
results have led some authors to consider the following attraction-repulsion chemotaxis
model with a logistic source:

ct =Ac— V- (cS1(x,c,v)Vv)+ V- (cSa(x,c,w)Vv) + f(c), inQx(0,00),
v = Av+aic — B0, inQx (0,00), (6)
wr = Aw + axc — Prw, in Q x (0,00),

under homogeneous Neumann boundary conditions in a smooth bounded domain Q C RN,
If S1(x,c,v) = const = x and Sy(x,c,w) = const = ¢, Li et al. [6,7] proved the exis-
tence of a unique global classical solution for (6) in bounded domains of RN, N = 1,2.
If N =23, f(c) =c—uc*,¢c>0u>0and v > 1. Lietal [8] showed that (6)
possesses a unique global bounded classical solution under the conditions 1,82 > %
and p > max{ (4 xas +9¢a)7, (9xa1 + 4 &ar)7}. Moreover, whenever ¢y # 0 and for any

1 1 1
v € N, the solution of the system approaches the steady state ((%) T, (%) i %, (%) v %) in
the norm of L*(Q)) as t — oco. Furthermore, for N > 3, Zheng, Mu, and Hu [9] proved that

the system admits a unique global bounded classical solution provided that f(c) < uc — vc?
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with 4 > 0,v > 0, and f; = B, and there exists 6y > 0 such that £1H%2 ~ g, More
recently, the research results of Shi, Liu, and Jin [10] implied that, when repulsion cancels

attraction (i.e.,, xa; = {a»), the logistic source plays an important role in the solution
behavior of (6).

1.2. The Classical Chemotaxis (Navier) Stokes System with Matrix-Valued Sensitivities

More recent observations have shown that chemotactic migration does not necessarily
follow the gradient of the direction of a chemical substance, but may involve rotating flux
components. This requires the sensitivity function S; (i = 1,2) to be a matrix possibly con-
taining nontrivial off-diagonal entries [11]. Adjusting the classical model accordingly, some
scientists shall subsequently consider the chemotaxis (Navier) Stokes system involving
matrix-valued sensitivities:

ct+u-Ve=Ac—V-(cS(x,c,0)Vov) + f(c), in Q x (0, 00),
vr+u-Vo=Av+c—0, in Q x (0,00), @)
u+x(u-V)u=Au+VP+cVep, V-u=0, in Q x (0,00),
Vo-v=(D(c)Vc—cS(x,c,0)Vv)-v=0,u=0, indQx (0,00).

Next, we briefly introduce some previous results for (7) in the literature. For the
case |S(x,c,v)| < Cs: if f(c) = 0 and u = 0, Cao [12] asserted that the above problem
possesses a global classical solution, which is bounded and converges to the constant

Jaco Jaco
a7 Q)

small. If +c — v of (7), is replaced by —vc and N = 2,3, Cao and Lankeit [13] showed that
(7) has a global classical solution if the initial data satisfy certain smallness conditions and
give decay properties of these solution. By applying the results of [13], Cao [14] proved
that, under a mild assumption |S(x,c,v)| < Sp(vg) with some non-decreasing function
So € C%((0,0)), the chemotaxis (Navier) Stokes system has a global classical solution under
a smallness assumption on [|vp|;~(q), and moreover, they obtained the boundedness

steady state ( ), for which HCO”L%(O) and |[vgl| vy (N = 2) are sufficiently

and large time convergence for the solution. For the case |S(x,c,v)| < Cs(1+4¢)~7: if
f(c) = 0and u # 0, when N = 2 and ¥ = 0, Wang and Xiang [15] established the
existence of a global bounded classical solution for arbitrarily large initial data. Moreover,
Wang et al. [16] extended the result of [15] to the chemotaxis Navier—Stokes model with
0 < 7 < 4. When N = 3, Wang and Xiang [17] developed a method to establish the
existence and boundedness of a global classical solution of (7) under the assumption x = 0
and v > % Meanwhile, for x = 1 and 7 > %, Wang [18] defined a weak solution, which
requires the solution to satisfy very mild regularity hypotheses only, and they obtained
that (7) has a global weak solution. Furthermore, if ¥ # 0 and ¢ > 3 Liuand Wang [19]
proved that (7) admits at least one global weak solution. Recently, Ke and Zheng [20]
improved the above results, and they optimized the parametric conditions that x € R
and v > % If f(c) = pc —vc?, u = 0, and Ac are replaced by V - (¢"~1V¢), Yi et al. [21]
considered an attraction-repulsion chemotaxis model with matrix-valued sensitivities,
for S1(x,c,v) < Cs,(14+¢)™" and Sy(x,c,w) < Cs,(1+¢)772, and they proved that,
under the conditions m > 0 and min{m + 2y, m + 27} > I\%\r]z' the corresponding
initial boundary value problem possessed at least one global bounded weak solution.
For more results about matrix-valued sensitivities, interested readers can refer to [22-29]
for more details.

1.3. The Fractional Chemotaxis System

By recent research, we know that, in nature, the behavior of many organisms can no
longer be accurately described by classical chemotactic models. The research results of
Garfinkel et al. [30] showed that mesenchymal cells move due to the attraction of certain
chemicals, which does not fit the classical chemotaxis model. Therefore, Escudero [31]
improved the classical chemotaxis model by replacing the classical Laplace diffusion with
the fractional Laplace diffusion. Since then, scientists began to use fractional operators to
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describe the diffusion of cells. In recent years, fractional chemotaxis models have been
studied extensively by scientists. Among them, it is worth noting that Burczak and Granero-
Belinchén [32-37] conducted a series of studies on the fractional chemotaxis system on the
periodic torus TN = [—7t, 1]N. The readers can refer to [38—45] and the references therein
for more details.

To the best of our knowledge, there are few studies on fractional chemotaxis Navier—
Stokes models. In 2019, Zhu et al. [46] dealt with a fractional chemotaxis fluid model in
R3. They obtained the existence, uniqueness, and asymptotic stability of a global solution
without a logistic source and with small initial data. Jiang et al. [47] investigated a fractional
double-chemotaxis model under the effect of the Navier-Stokes fluid in RN, N > 3. They
developed a framework for a unified treatment of the existence, uniqueness, and decay
estimates of the global mild solution to this problem under the assumption that the initial
data were small enough. Nie and Zheng [48] obtained the global-in-time existence and
uniqueness of a weak solution to the equations for a class of large initial data of two-
dimensional incompressible chemotaxis Navier-Stokes equations with the lower fractional
diffusion. Recently, Lei et al. [49] investigated the following fractional chemotaxis fluid
system with a logistic source:

ct+u-Ve=—(=A)*—xV-(cVo)+uc—vc?, inT? x (0,00),
v +u-Vo=Av—co, in T3 x (0, 0), (8)
u+(u-Viu=Au—-VP+cVp+g, V-u=0, inT®x (0,0),

on a three-dimensional periodic torus T®. They investigated the global existence of weak
solutions of (8) in the case of a weaker diffusion, and after some waiting time, the weak
solutions in fact become smooth and converge to the semi-trivial steady state (£, 0,0).

Inspired by [21,49], we investigated a fractional chemotaxis Navier-Stokes system
with matrix-valued sensitivities and attractive-repulsive signals on a two-dimensional
periodic torus T? in the present paper. Compared with [49], we considered an attraction—
repulsion chemotaxis phenomenon, where the attractive-repulsive signals are produced
by the cells themselves and degrade at a constant rate. Since the periodic torus is a
region without boundary, in comparison with [21,25], we did not need to consider the
nonlinear boundary problem arising from the matrix-valued sensitivities S1(x, ¢, v) and
Sa(x, ¢, w). In addition, inspired by [49], some estimates of the solution can also be ob-
tained, which plays a crucial role in proving the global existence of the solution by using
the semigroup method. It is worth noting that, in comparison with [21,50], because of
the existence of fractional diffusion term, when proving the boundedness of ||c|;(12),
the fractional diffusion term —p [, cP~!(—A)%c cannot directly control the chemotaxis
terms —p [2 P71V - (¢S1(x,¢,0) Vo) and +p [0 P71V - (¢Sa(x, ¢, w) Vw). Therefore, we
used Lemma 4 for (—A)*c to handle the fractional diffusion term. Moreover, since S1(x, ¢, v)
and Sy (x, ¢, w) are matrix-valued sensitivity functions, we needed to deal with the chemo-
taxis terms by Parseval’s identity and Kato—Ponce’s commutator estimates, so that the
chemotaxis terms can be controlled by the fractional diffusion term, thus obtaining the
inequalities (87) and (88). Then, from some estimates in Lemmas 1 and 2, we arrived at
the existence of the global solution of (1). Finally, we supposed that y = 0, then we have
el o2y = 0, |9l oo (r2) = O, ||wl[oo(p2) — 0 as t — co. Meanwhile, when p > 0 and v is
sufficiently large, we have ||c|| o (p2) — L, [0/l oo (12) — %%, ||| oo 2y — %% ast — oo.
Additionally, we found that, if [;* [|g[|2, (Tz)dt < oo, in either case, u satisfies ||| o (2) — 0
as t — oo. Here, we list our main conclusions.
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Theorem 1. Assume that % <a<1,pu>0,andv > 0. Suppose that (2)—(5) hold. Then, System
(1) possesses a global classical solution (c,v,w, u):

c € L®(T?
v € L®(T?
w € L*(T?

[0,

X
X
X
X

in T? x (0, 00).

Theorem 2. Assume that 3 < a < 1. Suppose that (2)~(5) hold. Then, the solution of
System (1) has

llell 2y = O, |0l poo(r2y = O, J|wll oo (p2) — O s t — o0,

foruy=0andv > 0.

Theorem 3. Assume that 3 < a < 1. Suppose that (2)~(5) hold. Then, the solution of
System (1) has
“ap “p
llell oo (12 —> o ol o2y = By v’ [l oo (r2) — By v as t — o,

foru>0andv > % where B is a constant that is already defined in (99).

Theorem 4. Assume that % < & < 1. Suppose that (2)—(5) hold. If g fulfills

| gl ge s < o, )

then u satisfies
||uHLoo('H‘2) —0ast — o0,

foru>0andv > % where B is a constant that is already defined in (99).

This paper is organized as follows. Several useful lemmas are introduced in Section 2.
In Section 3, by means of the Banach fixed-point theorem and regularity results, we arrive
at the local existence and uniqueness of the classical solution. In Section 4, we obtain some
estimates of ¢, v, w, and u. Meanwhile, in Section 5, the existence of a global classical
solution is studied. Finally, in Section 6, we prove the stabilization with some certain
coefficient conditions.

2. Preliminary

In this section, some lemmas that will be crucial in the following proofs are introduced.
First, we show some important inequalities, which were proven in [51].

Lemma 1 ([51]). Suppose that {T}*(x) }¢>0 is the analytic semigroup generated by —(—A)* — I
on LP(T?). Then, for every p € [1,00), q € [p, 0] and r € [1,0], and there exist constants C
and Cy depending on , p, and q only, which have the following properties:

]
HTtD((x)ZU”Lq(TZ) S Cleitt “ P ||w‘|Lp TZ fOT’ all t > 0 (10)

and
2

ITE(x)V - Wl ggey < Coe™'t % (459 ]| p(p2) forall t > 0. (11)
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Furthermore, we can obtain that
1T () wl| 2y < Cleft||w||U(Tz) forallt >0 (12)
and :
1T (x)V - wl| r(q2) < Coe 't [wllyr 2y forallt>0. (13)

Proof. Since {T*(x)};>0 is a semigroup generated by —(—A)* — I on LP(T?), we define
K{(x) as the fractional periodic heat kernel and note

K¥(x) = Y £ #K*((x+n)t2) and K*(x) = (zn)*z/

. . _ 2
o e X Ce I8 gz,
nez?

Therefore, we can obtain
T (x)w = (KF(x) « w) (v) = 2m) %™ [ Ki(x = p)y(y)dy (14

and
T (x)asw = 2m) %™ [ KEW)agw(x—y)dy

(15)
= @m) % [0y Kiw)w(x - y)dy.

By the L? — L1 estimates for the convolution product, we have

I ()l agr) < e~ IKE W) o2y loll o r) (16)

and
ITF ()9l a2y < € 19y, KE W) |2y 10l o (r2)s (17)

where % +1= % + %. We recall Inequalities (2.3), (2.4), and (2.5) of [51], and we find
1 1 i
1K@ ey = ([, L K () )
ne

1
= / | Y. t_%K”‘(x%—nt_i)Vt%dx '
( T2 nez? >
_1_1 1o ? 18
< cta 1)(/TZ| Y (14 |x+nt )2 2”‘|de) (18)

ncZz2

1
1 1 1 T
77(177)(/ — L2 2ar )r

< Ct 2 TZ\21+|x+ntz| "dx

nez?
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and
1 1 1
12K W)l = ( /11*2 [} o0y K (v +m)t=) "dy)
nez

1
:( MDY t—%t—%(ayiK“)(x+nt—%)|’t%dx)’

nez?

<ct (- / | Y (14 |x+nt %)) 3|’d)

nez?

(19)

gCt‘i“ - / | Z 1+ |x +nt™ 20¢| 3|rdx)

nez?

< oo -t0-h),

Substituting the above equations into (16) and (17), we discover (10) and (11).
For special cases, we also have

IKEW) ey = [ 1 5 K (@ m)t %) ldy

neZz2

_/11‘2| Zt aK"‘ x+nt" 2&)|t adx

nez?

<C/ Y A+ |x+nt 2 )22y (20)

nez?

gc/ Y 1+|x4nt” % |22y

nez2
<G

and

04Kt W) lagrey = [, 1 L ¢ 50K (v )t %) dy

nez?

:/Tz| Y Rt % (3, KY) (x 4 nt %) |tedx

nez?

<ct za/ | Y (14 |x + nt~2]) dx (21)

nez?

< Ct™ za/ Y 1+|x4nt” 2 | ~3dx

nez?

< Czt_%.
Hence, combining these inequalities with (16) and (17) implies (12) and (13). O

Lemma 2 ([51]). Suppose that {T;(x)};>0 is the analytic semigroup generated by A — I on LP (T?).
Then, forany p € [1,00),q € [p, 0| and r € [1,00], and there exist constants C3 and Cy depending
on a, p, and q only, which have the following properties:

_(1_1
1Ty ()0l a12) < Cae™ ¢~ ||w]| pge) forall £ >0 (22)

and
2
| T (x)V - w|| g2y < Cae™ 't —2(45-9) V|w|| o2y forall t > 0. (23)
(T?) T2)

Furthermore, we can obtain that

1T () wl| 2y < C3e*t||w||U(Tz) forallt >0 (24)
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and
[T (x)V - W[ prp2) < Cie 'tz |wl|r(r2) forallt>0. (25)

Proof. We can complete the proof for Lemma 2 by taking & = 1in the proof of Lemma 1. [

Now, we give some lemmas used to prove some estimates in Section 4.

Lemma 3 (Gagliardo-Nirenberg interpolation inequality [52]). Suppose that 1 < p,q,r < oo
and 0 < k,m < 1.0 € [0,1] and k, m, | satisfy

m_1_
2 p
Then, we have that

10" wl|p 2y < Cllakwlliq(qrz)||alw||£7(%z) +Cllo*w]l o). (26)

Proof. This lemma can be referenced to Remarks 5 and 7 in [52]. To avoid confusion, we
will denote a general positive constant as C in the present paper. [

Lemma 4 (A pointwise inequality for (—A)* [53]). Let 0 < a < 1. Then, we can obtain

¢'(g(x))(=A)*g(x) > (—=A)*(9(g))(x),

where ¢ € C'(R) is a convex function.
Proof. The proof of Lemma 4 can be referenced to [53] (Theorem 2.1). O

Lemma 5 (Kato—Ponce’s commutator estimates [54]). Suppose that « > 0and 1 < p < oo,
then we have that

IAS(F) e (r2y < Cllflim n2) 1A N2 (n2) + CUAS fllps (r2) 8l Lrar2), (27)

; 1_1, 1 1,1
wzthl<p1,p4gooandl<pz,pg<oosuchthat?:E+E:E+ﬁ.

Proof. Kenig, Ponce, and Vega in Lemma 2.10 of [54] proved the above lemma with A

being replaced by | = (1 — A)% and the homogeneous H*” spaces being replaced by
non-homogeneous ones. [

Lemma 6 ([55]). Suppose that y(t) € [0, 00) is absolutely continuous and there exists a nonnega-
tive function j € Li. ([0, T)) satisfying

loc
rt+s
/ j(tydr <e
t

forany t € [0, T —s) such that
y'(t) +dy(t) < j(t)
forae.t € (0,T). Then,
e
y(t) < max {y(O) +e, e + Ze}

forall t € (0, T), where we assumed that T > 0,s € (0,T),d > 0, and e > 0.

Proof. The proof of Lemma 6 can be obtained in Lemma 3.4 of [55] withs =1. O

Finally, we introduce fractional Fisher information, which is key to studying the
asymptotic behavior.
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Lemma 7 (Fractional Fisher information [40]). Suppose that N > 1, w > 0 is a smooth, given
function and 0 < a < 1is a fixed constant. Suppose that T(z) : RT — R is an increasing
Cl—function such that T'(z) > % > 0, where C* is a constant. Then,

1% dx < €l N, Doliseny [ T((x) A% 0(x)dx. 28)

Proof. We can find the proof of Lemma 7 in Section 4.1 of [40]. O

3. Local Existence and Uniqueness

Now, the local existence and uniqueness of the classical solution is proven.

Lemma 8. Assume that % <a <1, u>0,andv > 0. Suppose that (2)—(5) hold. Then, there
exist a time Tyay € (0, 00] and a unique classical solution (c, v, w, ) such that

0 < c e L®(T? x [0, Tyax)) N C2*(T2 x (0, Tynax)),
0 <ve L®(T? x [0, Tuax)) N C>(T? x (0, Tyax)),
0 <w e L®°(T? x [0, Tuax)) N C>H(T? x (0, Tyuax)),
u € L®(T? x [0, Tyuax)) N C*H(T? x (0, Tonax)),

together with P € CY(T? x [0, Tyax)). In addition, we have Ty = o, or

hf;lTsuP (llell oo (r2y + N[0l wreo 2y + [0l wres (p2y + [0l o 2y) = o0
t max

Proof. Part1. Existence of mild solution: First, we prove the existence of the mild solution
of (1) with nonnegative initial data (co, vp, wp) € L®(T?) x WY*(T?) x WL*°(T?) and
ug € L®(T?), then there exists (c(t),v(t), w(t), u(t)) satisfying
t
c(t) = Tfco — / T .V - (uc + cS1(x,c,v)Vo — cSy(x, ¢, w)Vw)dt
0
t
+/ TA (4 +1)c — ve?)dr,
0

v(t) = Tyog — /Ot Ti—(u- Vo)dt + /Ot Tt ("‘16 — (b1 - 1)U)dT’

t t
w(t) = Tywg — /0 Ty (u- Vw)dt +/0 Ti—r (a2c — (B2 — Dw)dr,

ot ot .t
u(t) = Truo — /0 TPV - (ue® u)d’f+/0 Ty P (u)dt + /0 Ty P(cV + g)dT,

where, for every vector a,b € R?, we represent the matrix (aibj)ij=12 by a ®b. Fix
(co, v, wo, up) satisfying (5), and let R > 0, T € (0,1) N (0, Tnax) and

Y := L®((0,T); L®(T?) x WV™(T?) x Wh®(T?) x L*(T?)),
which is the Banach space. We define the closed set:
X ::{(C,U,w,u) €Y | el o2y + [0l wreo(r2)

+ [[o0]| yieo(r2y + [lull oo(r2y < R, forace.t € (0, T)},
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and a mapping ¥ = (&1, ¥, ¥3, ¥4) on X:

Y1(c,v,w,u) = Tfco — /Ot T} V- (uc + cS1(x,c,0)Vo — cSy(x, ¢, w)Vw)dt
+ /Ot TF (1 +1)c —ve)dr,

Yo(c,v,w,u) = Trog — /Ot Ti—(u- Vo)dt + /Ot Ti—c(a1c — (B1 — 1)v)dT,
Y3(c,v,w,u) = Trwy — /Ot Ti—~(u- Vw)dt + /Ot T (a2c — (B2 — 1)w)dr,

t t
Yy(c,v,w,u) = Trug — /0 TPV - (u®@u)dt + /0 Ti—<P(u+cVe¢ +g)dt

for (c,v,w,u) € Xand t € (0, T).
Now, we prove ¥ maps X into itself. Employing the spatio-temporal estimates of the

analytic semigroup {T{(x)}¢>0 in Lemma 1 and (3), we obtain that

H‘Fl (c,o,w,u) HL‘”(TZ)

t t
<ITeolliemn) + ) 1TV - (o) ooyt + [ ITE V- (¢51(5,6,0) Vo) T
t t
+/0 HTt“—TV'(Csz(xfclw)vw)||L°°(1rz)dr+/0 ITE (1 + 1)c = ve?) || o (pzydT

- . 1
<Cre™eolly(re) +C2 [ €07 (= )7 fucl o e T

t
+Co [ e (=) R (16515, ) VOl o) + 16525, ) Vvl )T
| (29)

t
+C /0 e~ (=T (p+1)c— vc2||Loo(Tz)dT
ot

_1
<Cilleollzmr + Cz [ (¢ =) F [l el e
t 1
+Ca [ (4= 0)7F (o llellimmn) IVl (r2) + Csa el | Vo) e
t
+C1 [ (e Dlellorn) +vlelfe ey )av

2 _1
<Cilleoll g2y + 1 Ca(1+Cs, + Cs, )R*T "2 + Cy ((u+ 1)R +vR?)T.

It follows from Lemma 2 that

[¥2(c, v, w, w) | L= (12
rt ot
< Trvollimn) + || 1 Ter (- V0t + [ Tie (10 = (Br = 1)0) 1y

t
<Cze™[|vo|| o (m2) +C3/0 e | o 72) | VO o (2 d T (30)

¢ '
+C3061/0 3_(t_T>HC||Lw(11‘2)dT+C3/O e~ (By +1)[0| o2y

<Csllvollpa(r2) + C3(R* + &g R+ (By + 1)R) T
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and
IV¥2(c, 0, w, )| (12
<ITeVooll peo(r2) + /Ot [ Tt—=V (u- V)| o (p2ydT + ‘/Ot [TtV (w16 = (B1 — 1)) || poo(p2ydT
<Cye™ (| Vool (p2) + Ca /Ot e (- 7)73 [l Lo () VOl Lo 2y dT (31)
+Caag [0 1) el oy + a4 1) [ €= 1) ol ey
<Cy| V0ol () +2C4 (R? + a1 R + (By + 1)R) T2,

By using the same method for [[¥3(c, v, w, u)||;~(12) and [|V¥3(c, v, w, )| o (12), we de-
duce that

[¥3(c, 0,w,u) || (72) < Callwo|l e (72) + C3(R* + 2R + (B2 + 1)R) T (32)
and
||V‘Y3(C, U, W, u)”Loo(Tz) < C4||VZUO||L00(T2) +2C4 (R2 + arR + (ﬁz + l)R) T%. (33)

Similarly, since the Helmholtz projection P is a bounded linear operator, we can find C(P)
such that

[¥a(c,v,w,u) || (2)

t t
< Trwollpore) + [ TPV @@ ) oz + [ TP+ T+ )]l reyde

t 1
<Ce™!uoll= () + CoC(P) [ eI (t = 7) "} e e e
(34)
t
+CC(P) [ e 07 full ey

t
+ CSC(P)/O e (70 (llell o2y IV @l o (m2y + I8 ]l o 72y ) dT

1
<Csllupl|p(72) +2C4C(P)R*TZ + C3C(P) (R + R[| V| oo(72) + 18l 1oo(12)) T-

Combining (29)—(33) with (34), if we choose R > 0 large enough and pick T > 0
sufficiently small, we can obtain that ¥ maps X into itself, where R depends on ||co|[ ;. (12),
90 llwreo(r2), lwollwieo (r2), and [ o oo (r2).-

Next, we show that ¥ is a contraction on X. Let us take (¢, v1, wq,u1), (c2, 02, wo, up) €
X and denote

ler = call o2y + 01 = V2l oo 2y + lw1 — W2l wieo(r2) + (w1 — w2 | oo 2

by [[(c1, 01, w1, w1), (c2, 02, w2, ) [x-

Recalling once again the spatio-temporal estimates of the analytic semigroup { T{* (x) }+>0
in Lemma 1 and arguments involving the Lipschitz continuity of S; and S; on [0, R] x [0, R],
for some positive constants Cs and Cg, we have that
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[¥1(c1, 01, w1, u1) — ¥i(c2, 02, w2, W2) [| oo (72)
t
< A 1TV - (w1 — wp)er +ua(cr — 2)) || oo (p2ydT

+ /Ot 1TV - ((e1 = c2)S1(x, 1, 01) Vo1 + €281(x, €2,02) V(01 — 02) ) [[ 1o (12)dT
+ /Ot | T7 eV - ((e1 — €2)Sa(x, c1,w1) Vg + c2S2(x, ¢, wp) V (wq — wz))||Loo(Tz)dT
+ 1TV - (c2(S1(x, €1,01) — S1(x, €2,02)) V01 ) || oo (2)dT
+ /Ot ITEV - (ea(Sa(x,1,01) = S2(x, €2, 2) ) Vewr) [ oz
[T (e 1) e = e2) = ver = e2) e+ e2) oo
<G ./Ot e T (¢ — 1) 3 (]| (g — wp)er | o) + [0t — )l 2T
+ CoCs, /Ot e (- 1) E (| (er — 2) V1| peo(r2) + lle2V (01 = 02)|[ 1o (72) )T
+ C2Cs, /Ot e =T (¢ — 1) 73 (]| (e — €2) Vs || o2y + 2V (w1 — w2) || oo (12) AT
. /Ot e (D (t— 1) % llea(ler — c2| + o1 = v2|) Vor [ o p2)dT
+ C2Ce /Ot eIt — 1) "% ea ey — cal + [wn — W) Vaoy || oo q2)dT
+C /Ot eI+ 1) (c1 — 2) — v(e1 — c2)(e1 + €2) | o2y dT
t 1
SCzR/O (t—7) (Hlll — W peo(p2) + [le1 — CZHL""('JI‘Z))dT
+ C2RCs, /Ot(f —7)7 (HCl = 2| peo(q2) + |V (01 — Uz)||Lw(1r2)>dT
+ GRCs, /Ot(t —7)7E (HCl = 2| poo(p2y + |V (wy — w2)||L°°('JI‘2))dT
+ CoC5R? /(]te_(t_T)(t — ) ® (ler = eallpoo(pey + N1 = v2ll o p2y ) dT
+ CoCR? /Ote_(t_r)(t - T)_% (ller = eall poo(pey + llw01 — w2l oo (12) ) dT

t
+C /O e~ (t=7) ((‘u +1)|ler — C2||L00(T2) +2vR||c; — C2||Loo(T2>)dT

20
< (204 ——Ca(1+Cs, +Cs, + CsR + CeR)RT "2 + Cy(p+1+ ZI/R)T)
| (c1, 01, w1, 1), (2,02, w2, u2) | x-
By Lemma 2, we can obtain that
HTZ(Cllvlrwl/ul) - ‘Fz(CZI U, W3, u2)||L°°(T2)
t
S/O |\Tt—r((“1 —up)- Vo +up-V(v; —02) +a1(c1 —2) = (B1 — 1)(v1 — Z’2)) [ Lo (12)dT
e t-7)
§C3/O e (Hul — W[ () | V01 Lo (12) + [[02] oo (12) [V (01 — 02) || oo (12)

+atller = ol ) + (B1 + Dlfor = 03l o r2) )T

<C3(R+ a1 + 1 +1)T|[(c1, 01, wy,u1), (2,02, w2, u2)||x
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and
[V (¥2(c1, v1, w1, u1) — ¥a(c2, 02, w2, w2)) || o (12)
< /Ot ||Tt—~rV((u1 —up) - Voy +uy- V(vg —v2) + aq(c1 — e2)
— (B = 1)(01 = ) ()T
<C4 /o[ et (t—1)72 <||u1 — Wl o) [IVO1] Lo (12) + (W2 Lo (72) |V (01 = 02) || 1o (2
+agller — ol g2y + Ballor — 772||L°°(11‘2))dT
<2C4(R+ay + B + 1)T2 | (e1, 01, w1, uy), (€2, 02, w2, wp)|x-
Similarly, we have that
[¥5(c1, o1, w1, w) — ¥3(c2, v2, w2, w2) [ o2y
<G3(R+az+ B2+ 1)T|(c1,v1, w1, ur), (€2, 02, wo, w2) [Ix
and
IV (¥5(c1,v1,w1,u1) — ¥a(c2, 02, w2, w2)) [| oo 12)
<2C4(R+ a2 + B2 + 1) T2 || (c1, 01, w1, wy), (¢, 02, w2, u3) |,
as well as
[¥a(c1,01, w1, w) — Ya(co, 02, w2, W) || oo 2

< /Ot [T—<PV - (w1 —u2) ® ug +up @ (w3 — uy)) | Lo (12)dT
+ /Ot ITe—<P ((u1 — w2) + (c1 = 2) V) || o (12)dT

<CiC(P) [0 -0 (Jhur = o
[t o2y l1or = wall ooy ) A

t
+GC(P) [ e (Jluy = wall ey + et = calligray |Vl re) ) T
<(2C4RT? + C3| V| oo 2y T)C(P) [ (€1, 01, w1, w1 ), (e2, 02, wa, w)Ix.

We selected T so small that ¥ is a contraction on X. We can then apply Banach'’s fixed-
point theorem to find a unique mild solution (¢, v, w,u) € X of the problem (1) existing on
the time interval [0, T].

Part 2. Regularity: In this part, the mild solution (c(t),v(t), w(t),u(t)) of (1) on
[0, Tyuax) obtained in Part 1 is a classical solution of (1) proven on [0, T4y ). First, accord-
ing to the Stokes semigroup [56,57] and the standard regularity theory for the parabolic
equation, we know that

v,w,u € C*(T? x (0,T)).

Then, as for the smoothness of ¢, ¢ is affected by the fractional Laplacian operator, so it
cannot be obtained directly by the standard regularity theory for the parabolic equation.
We note that

¢t + (—A)*c+ (u+ S1(x,¢c,v)Vo — Sy(x,c,w)Vw) -V ¢
B(x,t)
= (=VSi(x,¢,0)Vo+ VSy(x,c,w)Vw)c — S1(x,¢,v)cAv + Sy (x, ¢, w)cAw + pic — vc? .
flxt)
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Recalling (2), the regularity of v, w, and u, and the boundedness of ¢, we arrive at B(x, t),
f(x,t) € L®(T? x [0,T)). Then, we can use Theorem 3.2 of [44] to obtain c(x,t) €

C%3 (T2 x [0, T)). Thus, combining this with Theorem 3.3 of [44], we have ¢ € C2a+H01+ 37
(T? x [0, T)). Furthermore, it was proven in [58] that there exists a smooth function P such
that Problem (3) has a classical solution (c, v, w, u, P) in T? x (0, T).

Part 3. Nonnegative: Now, the classical solution (¢, v, w) being nonnegative is proven.
We assumed that (c, v, w) solves System (1) classically in T? x (0, T). Let

minc(x,t) =c(xq,,t), minv(x,t) = v(xy,,t), minw(x,t) = w(xs,,t).
min c(x,£) = c(x, ), mino(x,t) = v(xy, 1), minw(xt) = w(x, )

Using the proof of Theorem 1 of [33] and Theorem 4.1 of [59], evaluating the first equation
of (1) at the minimum point of ¢, and using the kernel expression for (—A)*, we deduce that

Ll t) > — (8)elm, ) — clx1, D81 (31,,¢,0) - Ao, )
+c(x1,,)S2(x1,, ¢, w) - Aw(xq,, t)
+ (=VSi(x1,,¢,0)Vo(xy,,t) + VSa(x1,, ¢, w)Vw(xy,, t))c(xq,, t)
+ pe(xq,, t) — ve(xq,, 1)
> —c(xy,,t)S1(x1,,¢,0) - Av(xq,, t) + c(x1,,1)S2(x1,, ¢, w) - Aw(xq,, )
+ (=VS1(x1,,¢,0)Vo(xy,, t) + VSy(x1,, ¢, w) Vw(xy,, t) )c(x1,, 1)
+ pe(xq,, t) — v (xq,,1).

By a comparison argument, we have

t
c(xy, t) > co(x)exp{ /0 u—S1(x¢,¢,0) - Av(xr, T) 4+ So(x7, ¢, w) - Aw(xr, T) — ve(xe, T)

—VS1(xg,¢,0)Vo(xe, T) + VSa(xr, ¢, w)Vw(xz, T)dT}.

By the positive of ¢p(x), we can obtain c(x,t) > 0. Moreover, the maximum principle of the
parabolic equation ensures v(x, ) > v(xp,,t) > 0and w(x, t) > w(x3,,t) > 0. O

4. A Priori Estimates

In this section, in order to obtain the uniform boundedness of the LP-norms of ¢, we
made a series of a priori estimates for the components of the solution. These a priori
estimates not only help to prove the global existence of the solution, but also play a key
role in the study of asymptotic stability.

First, we show the following basic, but important inequalities.

Lemma 9. There is C such that the solution (c, v, w, u) of System (1) fulfills

/11‘2 c<C forall t € (0, Tynax) (35)

and e
S
/ /2 ?<C forall t € (0, Tyax —s), (36)
tJr

where s := min{1, %Tmax}.

Proof. Integrating the first equation of System (1) over T? and employing V - u = 0 and
the Cauchy-Schwarz inequality, we have that

d 2 v 2
_ = —_ < _—
7 TZC U TZC V/TZC <u TZC |T2|(/11*2C) (37)
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for all t € (0, Tyuax). By a straightforward ordinary differential equation comparison
argument, we can obtain (35).
Furthermore, integrating (37) in time yields

v/ttJrs/Tch:y/ttJrs/Tzc—/Tzc(Hs)Jr/Tzc(t)g

forall t € (0, Tyax — s). Then, the proof of Lemma 9 is complete. []

With the help of Lemma 9, we can obtain the following boundedness estimates for u.

Lemma 10. There is C such that the solution (c,v, w,u) of System (1) fulfills

/Tz w2 <C  forallt e (0, Tyas), (38)
t+s
/ /T2 Vul2<C  forallt € (0, Tyax —s) (39)
t
and
t+s
/ /Tz wt<C  forallt € (0, Tyax — ), (40)
t

where s := min{1, %Tmax}.

Proof. We multiply the third equation of System (1) by u, integrate over T?, and integrate
by parts, yielding

/ u—f/ u’'V-u=— /|Vu|2+/ cV- u+/gu

Using V - u = 0, we deduce that

Zdt/ [u |2+/ Vul* = /20V4>~u+/T2g-u. (41)

Combining Holder’s inequality with Sobolev’s inequality, we know

lullizr) < Cllwllsrs) < ClIVall 3

< C||Vul| 22, (42)

Applying the above inequality, Holder’s inequality, and Young's inequality to (41), we have

s [Nl [ 19 < 190l ez Nl + gz iz

(43)
*||Vu||L2 T2) +C(||c||L2 T2) +||g||L2(1r2))
for all t € (0, Tinax ), which means
i fu 05 [ Vul 4c/ 0 < Cllelare + Iy 49
By droppmg 3 2 |Vu/? in (44), letting y(t) = | lu|? and j(t) := C(Jpe |c|? + S 1g1?)

and combining this with Lemma 9 and (4), there is C5 > 0 such that

t+s
| i < G5 = €+ gl 2 o) (45)
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forall t € (0, Tyax — s). Applying Lemma 6, we have

C
2 < 24GC5, 2 +2C 46
[ < max{ [ luof? +Cs, 2 +25} (46)
for all t € (0, Tyuax — $), which means (38).
Integrating (44) in time and employing (4), (35), and (38), we can obtain (39). Fi-

nally, in conjunction with (38) and (39), the Gagliardo—-Nirenberg interpolation inequality
shows that

t+s t+
[ Lt = [ Il < € [ 1900 gl + iz < €

forall t € (0, Tyuax — s). Thus, we are finished proving Lemma 10. O

Lemma 11. There is C > 0 such that the solution (c, v, w, u) of System (1) fulfills
/Tz IVu2<C  forallt € (0, Tyay). 47)

Proof. Applying the Helmholtz projector P to the third equation of System (1), we arrive at

w + Au= —Pl(u-V)u] + P(cV¢) + P(g), (48)

where A := —PA denotes the realization of the Stokes operator in the solenoidal subspace
LZ(T?) of L2(T?). Multiplying (48) by .Au and integration by parts and combining the
orthogonal projection property of P [58] (Lemma 2.5.2) with Young’s inequality yield

%E/ \_Az \2+/ |Au|277/ Au+/ (cV¢) Aqu/ - Au
<2 [ AP / (- V)ul + [Vl [, e /Tz|g|2

It follows from Holder’s inequality, the Gagliardo—-Nirenberg inequality, Lemma 10, and
Young’s inequality that we arrive at

(49)

o1 V)P <l [Vl o)

< CHAu”LZ T2) ||u||L2 T2) ||Vu||L2 T2) +C||11||L2 T2) ||Vu|\L2(T2

50)
< CHA“”LZ T2) ||V“||L2 T2) +C||V“||L2 T2)
< —/ [ Auf? +c[( / Vul?) +/ Vul?]
4 T2 T2 T2
Moreover, combining this with [58] (Lemma 2.2.1),
/ |A%u|2:/ Vul2.
T T2
Thus, (49) becomes
i/ IVul? <c[(/ |Vu|2)2+/ |Vu|2+/ c2+/ 18], (51)
dt Jr2 - T2 T2 T2 T
Let y(t) = [ |Vul?, j1(t) = C [ |Vu? and jo(t) := C([p|Vul> + [ c® +

Jr2181%) then (51) becomes
y'(t) = ji(ty(t) + jo(t) (52)
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forall t € (0, Tyax)- Lemma 9, Lemma 10, and (4) show that there are Cg, C > 0 such that

rt+s t+s p
/ i (s)ds = c/ / IVul? < Gy
t Jt JT2

t+s t+s
_ 2 2 2
/t hz(s)ds—C/t (/TZ|Vu| +/pc+/w|g|)gc

and

(53)

(54)

forall t € (0, Tyax — s) with s := min{1, %Tmax}. Furthermore, (53) entails that for given

t € (0, Tynax ), there exists tg = to(t) € (t —s,t) N[0, 00) such that

C
2 2 “6
/Tz\Vu(to)| gmax{/w\vm =1

Thus, integrating (52) over (t, t) yields

t . t ;.
y(t) < y(to)elo MO [T elen@do i (ryar <

to
which implies (47). O

Next, we study some estimates of the higher derivatives of v and w.

Lemma 12. There exists C such that the solution (c,v,w, ) of System (1) fulfills

/11‘2 v* < C forall t € (0, Tynax)

and
, w? < C forall t € (0, Tynax)
T

as well as

t+t

/ /11‘2 Vo2 < C forall t € (0, Tyax — T)

t

and

t+1
/ /TZ |Vw|2 <C forallt € (0, Tyax — T),
t

where T := min{1, %Tmux}.

(55)

(56)

(57)

(58)

(59)

(60)

Proof. Applying v to the second equation of System (1), integrating over T? and integration

by parts yield

/Tzvvt—i-/TZU(u-Vv):—/TZ\VZ)|2+M/TZCU—[51/TZUZ.

By Young’s inequality, we infer from

I L o Ly - SV
/Tzv(u VU)—z/TZu Vo© = Z/TZUV u=20

to
2

1d 2 2 2 / &1 / 2 .Bl/ 2
+ \V4 + = < + —= .
5t 20 /2‘ U| lB]/ZU o1 ZCU ) 2C 2”0

Therefore, we have that

R Y R R
dt T2 T2 1 T2 _ﬁl T2 :

(61)
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2
Lety(t) := [ v? and j(t) = ;’% Jq2 ¢2; by dropping 2 [, |Vo[? in (61),

y'(£) + Bry(t) < j(t)

forall t € (0, Tyuax ). By Lemma 6, moreover, (36) shows that there exists C; > 0 such that

t+S “2 t+S “2
h(t) = —1/ / 2< 1
/t @=%) J= =5

forall t € (0, Tyuax — $). Thus, we have

2 2 2

2 2, X 207

vt = t<max/v+—C, Cr + C
/11‘2 OB { T2 0 B1 7 ,32 7 B1 7}

for all t € (0, Tyax ), which, in turn, yields (57). Integrating (61) with respect to time and
making use of (36) and (57), we can immediately arrive at (59).
Similarly, it is easy to obtain

203
2 2 2 =2
w” <m / wh + C, C + C
ax{ T2 0 /32 7 ‘[32 7 ,32 7}

forall t € (0, Tyax) and (60). The proof of Lemma 12 is complete. [

T2

Lemma 13. There exists C such that the solution (c,v,w, w) of System (1) fulfills

/TZ |Vo|2 < C  forallt € (0, Tax) (62)
and
/TZ Vw2 < C forallt € (0, Tyax) 63)
as well as
t+T
/ /TZ A02 < C forallt € (0, Tyax — 7) (64)
t
and
t+T
/ /Trz AW < C forallt € (0, Tyax — 1), (65)
t

where T = min{1, %Tmﬂx}.

Proof. Test the second equation of System (1) by —Av. Using integration by parts, Holder’s
inequality, Young’s inequality, and the Gagliardo—Nirenberg inequality, we can obtain

it Jo 190+ [ 09
:—ﬁl/ﬂ?\Vv|2—o¢1/Tchv+/E2(u-Vv)Av

1 .
<1 /Tz |Av|* + af /'JI‘Z &+ [l par2) | Vol 2 r2) | A 272

1 2, 2 2 1 !
SZ/TZ |A|* + o /EZC +Cl|uHL4(T2)(”AUHEZ(TZ)HVUHEZ(TZ) + HVUHLZ(TZ))HAU”LZ(TZ) (66)

<2 [ o a2 [+ Cllullp e 180 B V012
51 ) 4 &7 TZC Uiz (r2) 1BV 22y 1V Ol L2 (2

+ Cllulls(me) [ Voll 2 (r2) [|A0] L2(72)

_4/ |AU‘2+”‘1/ c? +*||AUHL2 T2) +CH‘1HL4 T2) HVUHLZ T2) +C||‘1HL4 T2) ||VU||L2 T2)

1

gf/ |AU‘2+06%/ cz+/ \Vv\ /|u\4+C / |u| i
2 J12 T2 T2
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Thus, (66) can be written as

1
dt/ Vo |2+/ 02 < /|Vv| zc/ jul +2¢( / ul*)’] —|—21x1/ 2. (67)

Let y(t) i= [z [V, ja(t) = 2C fa ful* +2C(fyz [ul)} and ja(t) := 202 fra
then (67) becomes

(6)+ [, 180 < y(0i(0) +ja(t) (68)

We invoke Lemma 9 and Lemma 10 and find Cg, Cy > 0 such that

t+s
/ ]()<C8and/ 5) < 222Gy (69)
t

forall t € (0, Tynax — s). Meanwhile, Lemma 12 shows that there is C1y > 0 such that

t+s
[ ] 1veP < (70)
t T2

for all t € (0, Tyuax —s). Thus, for given t € (0, Tjuax), we can employ (70) to choose
to = to(t) € (t —s,t) N[0, ) satisfying

C
_ 2 . 2 Cio
ylto) = [, IVo(to)? < Curs=max{ [ Vo0, =10}, (71)

Dropping [r» |Av|? of (68) and integrating over (to, ), we arrive at

t .
y(6) < y(to)eh @ 4 [ e, (7), 72)

to

which, in light of (69)—(72), implies that
= /11‘2 |Vo|? < C11e%8 + Coe®s,

which implies (62). Integrating (68) in time and once more using (62), (69), and (70), we
can deduce the inequality (64). Furthermore, by employing the same method for w, we can
obtain the inequalities (63) and (65). The proof of Lemma 13 is complete. [

At the end of this section, according to the above results, by an inductive method,
we arrive at the uniform boundedness of |[c|[;»(r2). To be precise, we used Lemma 4 for

(—A)*c to handle —p [, cP~1(—A)%c. When dealing with the chemotaxis terms, due to the
influence of S; (i = 1,2), we need to use Kato-Ponce’s commutator estimates and Parseval’s
identity to handle ||A1=%(S1(x,c,v) Vo) | Lpa(2) and | A% (Sy(x, c, w) Vw) [ Lra(12)- Then,
the chemotaxis terms can be controlled by the fractional diffusion term; thus, we can
obtain (89).

Lemma 14. Suppose that p > 2. Then, there are M > 0 and C = C(p, M) > 0 such that the
solution (c,v,w,u) of System (1) fulfills

tHT
/ /2 c? <M forallt € (0, Tax — T), (73)
t T

then we have that
/ P <C forall t € (0, Tyay) (74)
T

and t+T
/ /2 s <C forallte (0, Trax — T), (75)
t T
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where T = min{1, %Tmﬂx}.

Proof. Multiplying the first equation of System (1) by pcP~! and integrating over T?,
we have

p/Echflct+vach+l — _p Tchfl(_A)lxc_i_‘up/Tch _p/lrchflu.vc
- /2 pcP IV - (¢S1(x,¢,0) Vo)
; (76)
+ /Ez pcP IV - (¢Sy(x, ¢, w) Vw)
:MP/EZCP+11 + 1+ I3+ 1y,

where
_ p—1/_ A\« _ p—1_ .
L =—p e (=A)%, I, = p/zc u-Vce

and

I =— /11‘2 pcP IV - (¢Sq(x,¢,0)V0), Iy = /11‘2 pcP IV - (¢Sy(x, ¢, w) Vw).

For the term I;, by Lemma 4, we have that

L=-—p - P (=A)%c

™ (77)

Since u is solenoidal, for the term I, we have that
— p—14. — . P — PV . u =
I p/Tzc u-Ve /Tzu Ve /TZCV u=20. (78)

To be able to deal with I3 and 1, first, let us introduce the Riesz transform. We define

. NS
Rif(©) = ~iggf(@) j=12
and write
R = (R1, Ra).
Recall [37,60]; we arrive at
RA = -V.

If 1 < p < oo, we know the boundedness of the Riesz transform R : LP(T?) — LP(T?).
Combining this with integration by parts and Holder’s inequality, we can obtain that
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Iz = — /2 pcP7IV - (¢S1(x,¢,v) Vo)
T
= /ﬂ,z p(p — 1>CP71V051(X, c,v)Vo
= I p(p— 1)Cg6%71V651 (x,¢,0)Vo
=2 (P —1)c LAV -S1(x,c,v)Vo (79)

—2/ —1)c 5 RAl_"‘A“cg) -S1(x,¢,v)Vo
= —2/2 p—1 RA‘XC%Al*“(c%Sl(x,C,U)VU)
T
P s B
< 2(p = DA% || p2(pe) [|AT* (€251 (x, ¢, 0) VO) || 12(72)-
Using Kato—Ponce's Commutator estimates (27) to deal with ||A1=# (cg S1(x,¢,0) V)|l 12(12),
11 1
we can find 5 = _- + ;72 = —3 + 5 such that
HAPwﬁsunawvwmmm
<CIAT 2 [ (12) 11.(x,€,0) VOl a2y + lle s o) | AT (S1(x,¢,0) V) [ s r2)  (80)
:C(Hle + H3H4),

where ,
I = ATk |1y (o), T2 = 1115, €, 0) Vol o o)

and ,
I3 = [|c2 || 1ps p2), Ty = [AT(S1(x, ¢, 0) VO) | 1y (2

For the terms II; and II3, by the Gagliardo-Nirenberg interpolation inequality (26),
we discover

1 P
= | AT CE |y 2y < CHA%ZHLz 12) le? |}z, 2y T Clle?llz(r2), (81)

wherea; € (0,1),1 -5 — % = 5a; and

1 4
I3 = ||C2 llzrs(12) < C”Aﬂéc2 || 2(T3) ||C Iz, ?1%2 + Clle2|z2(12), (82)
where a3 € (0,a) and 1 — ;7173 = 5a3. For the term Il, using the Gagliardo-Nirenberg

inequality twice, (26), (62) and (3), we have that

I, = ||S1(x, c,v)VvHUaz(Tz)

< Cs, VOl 12

< Cs,Cl| VOl oy [y (B2 + Cs,ClI VOl 2(2) (83)
1—
< C51CHVUHL2 T2) (CHVUHLZ T2) HAUH}; ‘Zﬂlz + CHVUHLZ(TZ)) . + CS1CHVU||L2(T2)
(1—a)(1-
< Cg, (Cllaolla ) + ©),

11 _ (1-a)(1-ap) ; ; _ ’
where a; € (0,1), 3 — % = > . For the term II4, using again Kato-Ponce’s
commutator estimates (27) and (3), we can find - oa p, + ,, such that

4
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I, = HAlf"‘(Sl(x, C,U)VU)||Lp4(T2)
< C(Ca, 1Al g2y + V01 IV 815,01

)
) (84)

< C(Cs, [NVl s (p2) + 1Vl L"Z(TZ))

I8 S1(x e 0)]

= C(Csl 1ML, + HIzIH3>.
For the term III;,

T = [|AY Vol g g2

1
< C Vol g IA70]l 5 + ClIVOll 22

1 as 17&4 (85)
< CI[V0]1% o, (CI V0N gy 18015, + €IVl 20) ™ + VO 2y
(1-a3)(1—
< Cllaol '~ + ¢,
where a; € (0,1),1 -5 — i = w For the term III, employ the Gagliardo—
Nirenberg inequality (26) and Young’s inequality:
I, = ||VU||LP4 )

< CUIVOUS o) 18011302, + 1Vl 212y (86)

< C|lav]| 5, 2+ C

where a5 = % For the term III3, by the Gagliardo-Nirenberg inequality (26) and Parseval’s

identity, then there exist C, a6 € (0,1),and p € (0,3x — 1) such that § — § — pl = 165" and
4

11 :H/\l—“51 (x, c,v)‘

1P (12)
SCHAl_HpSl(x’C’U) 262(?2) Sl(x’c’v)H;:rz)+CH81(X’C'U)HL°°(T2)

=C(2n)?

1
l-at+p__ =~ S -
2 e [ 1w e0e
<Cs, CllIE["* 175 g2y + Cs,C
<Cs,C.

6 1-a
C 6 +Cc C
212y S + sy

Combining this with (84), (85), and (86), we can find C such that

(1—a3)(1— a
114—C51(CHAUHL2 {3 & +CHAUHL2 f? +0).

Inserting (81)—(84) into (80) and employing Young’s inequality, (79) becomes
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I =— /T2 pcP IV - (nS1(x,¢,0) Vo)

1 (1-ar)(1— 1 1
<2Cs, (p—1)C (|‘A"‘C2HL2+{‘H}2 HCZHLZ T2) |Av HLz rﬂlle %) + HAaCz”L;H%z HC ”LZ [Zﬂlvz

1 ﬂ1><1 az

+ (1A% [l 27y lle? | 2re) HAUHLz T + 1A% (|2 le? [l 2re)

e e 5, 80)

)
(1- 1
[2(T?) [2(T?) 12 11‘2)> " HA%Z [y
)
)
)

LZ ﬂ? ‘| 7||L2 TZ

1 as (1 ﬂ4

+ (1A% || 2z lle? [ 2re) HAUHLz B + 1A% || 2z le? [l 2(re)

A%, ek |1, (Ao

(1
Lo 1% 1 180 s + 1A% |2y e llarey 1801 (rs))

12(T2

1 ap

1 )Qa
<IA%CE |22 ey + C (Il By + 1% 122 ey 1801175 e pte)

8122 ) 180 75

1[14

1 1
+ le® 132z 180175 o a5)(1=a)

1l 2oy A0ty ) + Nk Izl B0 4 )-
Let 6 := max{2(1 —a3),2(1 — a4),2(1 — as5)} € (0,2); we have that

—/ pc? IV - (eS1(x, ¢, v) Vo)

(87)
< ||A“CZ||L2(T2 +C(HC HLZ(’]rZ + ||C HLz T2) HAU”LZ T2) )-
By using the same method for I, we can deduce that
Iy :/ pcP IV - (eSy(x, ¢, w) Vw)
™ (88)

p P
< [|Afc2 ||i2(1r2) + C(Jle= || 2m2) T Hc2 HLz T2) |IAWI|§2(T2))-

Combining (77), (78), and (87) with (88) and (76) turns into

d n
e vp [t < CIck B + 6% s (1800 o ge) + AWl foz2)))- - (89)

By (73), we have that, for given t € (0, Ty ), we can pick ty = t1(t) € (t—s,t) N[0, 00), then

M
p < p
/11‘2C (t1) _max{/TZCO, 5 }

Thus, dropping vp [1. P! of (89) and integrating over (1, t) yield
/ P < / cP(t jtl 1+HAUHL2 T2) +HAWHL2 12 ) <c
T2 -

which implies (74). Furthermore, integrating (89) in time and employing (74), we can obtain
(75). The proof of Lemma 14 is complete. [

Lemma 15. Forany p > 1, we can find C = C(p) > 0 such that
/Zcp < C forallt € (0, Tiax)-
T

Proof. This result was obtained from Lemma 14 and Lemma 9. O

5. Global Existence

Through Lemma 8, the local existence and uniqueness of the classical solution of
Problem (1) is obtained on the interval [0, Tmax). Combining this with a priori estimates in
Section 3, we prove the global existence of the classical solution (Theorem 1).
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Proof of Theorem 1. First, we claim that, if T}, is finite, then

timsup ([lc| oo (r2) + [0l wree(r2) + [[@0llwaee 2y + 0l o(r2)) < C. (90)

t/Tnxux

To check this, we used a priori estimates in the previous lemmas and the estimates in
Lemmas 1 and 2; recalling the Gagliardo—Nirenberg inequality, we have that, for 2 < r < oo,

Jull ge) < Cllula gy IVuljz g < C.
Let p > 2; we can obtain that
||u||L°°(T2)
<ITollmgzsy + [ 1PV (@Dl + [ [T ePlat Vo + g)liomyde
<Cse Huollumrs + CACP) [ et = 1) ulf gu e
+ C3C(P) /Ot e (1) (lall 22y + 1VQll Lo(r2y lell 212y + 1811 oo 2y )T
<Csllun | (a2 + 6CsC(P)CT sl o) |Vl

1
+ G3C(P) Tiax ([l 2(12) + V@l Lo (12 el 272y + 181l oo 2))
<C

and
9] Loo(12)
t t
SHTtvoHLoo(TZ) +/O HTt_Tu-VUHLoo(Tz)dT-Fle/O ||Tt_TC||Loo(T2)
t
+(ﬁ1+1)/0 [ Tt— 0| Lo (p2) AT
_ b e _1

<Cse t||vO||L°°('£[‘2)+C4/O eI (t—71) 2{[ull oo (g2 I VOl 272y dT

t t
+Con [ D= 1) el + Co(pr +1) [ Dt =) ol de

1 1-1
<Csllvoll o2y + 2Ca Tiiax |l @]l oo 2y 19l 12 (12) + C3 T e [lc|1p(12)

p
p—1
1
+ 2T51axC3(B1 + 1) |[0]l 1212
<C.

Next, we fix g > 2 and, moreover, q1, g2 € (g, %) satisfying % = qll + q% Let0 =1— q%;
we thereby obtain
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VOl (12
t
S| TeVooll (12 +/0 [Tt—=V(u- V)| (12) + a1 [| - Ve o (12
+ (B1 + DT V|| 1o 12y dT

t _1_1
<Coe ™! [ Veolliaqen) +Co [ €0t = 1) ull o gz Vol ooy o

t 11 b _1
+C4041/0 eIt —1) ”||C||Lv<1r2)dT+C4(ﬁ1+1)/0 eI (4= 1) 72 0| o2y dT
5 11 1
<Cal| Vool + 55 CaTmad el rcre) +2Ca(B1 + 1) i ol oy
+GC [ e =) ey (0 ol + ol )T
4 0 L91(T?) L>(T2) (T2) L (T2) .
Let T € (0, Tyax) and M’ := supy (o 1) | V[ o (12). We see from (91) that
M' < C+CM”,
with some C > 0. Since § < 1, by Young’s inequality, we have
Vol o2y < C
Similarly, by using the same method for w, we can obtain that
HwHL""(TZ) S C and va||L°°(']T2) S C.

Finally, combining the above three inequalities with Lemma 1, we have that

||C||L°°(T2)

t
<|ITfeoll oo 2y +/O TV - (uc +cS1(x,¢,0) Vo — Sy (x, ¢, w) VW) [| oo 12)d T
t
[T (1 e = v6?) 1y
t _1
<Creepllmgrey + €1 ) 0 (0= 1) (G + 1) el + IRz

f —(t-7) ~ 5 (1+3)

+C2/ e It —1) 2T luc +¢Si(x, ¢,0) Vo — eSa(x, ¢, w) V| p(q2)dT
0

p+2

20 1- 5
G (Ilall o cr2)llell o (r2y + Cs, llell o er2y VOl oo (12

<Cillcoll o2y + 2ap—p—2

o -4
+ Coullellngmy IVllus(re) + ol CuTnnd” (-4 Dllelire + v1elBanern)
<C.

This proves (90). Combining this claim with Lemma 8, we can obtain T}, = oo. The proof
of Theorem 1 is complete. [

6. Stabilization

In this section, the asymptotic behavior of the global bounded classical solution
of (1) is studied. In the case y = 0, we discovered that the solutions ¢, v, and w con-
verge to a zero equilibrium, which was shown in [49]. In the case y > 0, if v is large
enough, the solutions c, v, and w converge to a non-zero equilibrium. The key idea
of our method is to employ the Lyapunov functional, the form of which was inspired
by [61]. Specifically, we dealt with the fractional diffusion term [, c. (7%)% by Lemma 7
(fractional Fisher information) and uses the Riesz transform to handle the chemotaxis

terms [, Cx M and [g2 ¢« M ; we can obtain Inequalities (104), (105),
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and (106). Moreover, because of the influence of S; (i = 1,2), we needed to employ Kato-

Ponce’s commutator estimates and Parseval’s identity to handle || A1 =% M

||A1 asz(xcw )YVw

||L2(11'2) and
I 2(72)- Thus, we can obtain (111) and (112). Finally, when [~ ||g||L2 12)dT
< oo, then we arrive at ||u| jw(2) — 0 as t — oo in either case.

6.1. Stability of ¢, v, and w in the Case y = 0

In this subsection, the asymptotic stability of the solution to System (1) is studied in
the case u = 0.

Lemma 16. Suppose that y = 0 in System (1). Then, there is C > 0 such that the solution
(¢, v, w,u) of System (1) fulfills

C
< —
/TZ c(x, t) < P forallt >0, (92)
/ o(x,f) < —<—  forallt>0 (93)
']I‘Z 7 = t+]_ 7
/ w(x,b) < L forallt > 0 (94)
T2 t+1
and -
,H)2 < C. 95
| [etnn? < 95)
Proof. From (37) in the proof process of Lemma 9, we obtain that
d _ 2
I Tzc——v/qrzc (96)

for all t > 0. Accordingly, the Cauchy-Schwarz inequality ensures that

d 2 v 2
- —— < -
dt Jr2© V/qrzc - T2 (/TZC)

for all t > 0. Thus, we have that

C C
/ c< \];'frtz 0 < 12 (97)
T T 1+ Jpreco T t+1

for all + > 0, where Cy; := max{ sz o, lﬂ;j}, whereupon a time integration in (96)
yields (95).

Suppose that y(t) := [ ov(x,t) for t > 0. We integrate the second equation of
System (1) over T2 and use (97) to estimate

v(0) = ~puy(t) + o [ (o)

on1C
< —pu(t) + 12

forallt > 0. Let Cy3 := max{szj Uy 2;45(1:1}1} and z(t) := "‘tlff for all t > 0. Then, we have

that z(0) = 4513 > J2 90 = y(0). Moreover,
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/ CwiCp o aiGy | wfiCiz mCpp
TP - T T T T iz it
_ w1Cy3

— ([3_ 1 _%£>
t+2 \P1 T 42 T Cat+1

a1Cy3 1 2Cp
> _ - _ 22
T t+2 ('Bl 2 Ci3 )
>0

forall t > 0. We once more use the comparison principle to see that z(¢) > y(¢t) forall t > 0,
which means (93). The inequality (94) can be derived similarly. [

Proof of Theorem 2. Now, we prove the theorem by contradiction. Let |[c|«(r2) — 0 as
t — oo fail. Then, there exist ¢y > 0 and tj — oo, forall j > N, such that

lle(t) | oo (72) = €0-

Recall Theorem 1; we have that ||c|[;~(12) < C, so we can choose a function ce € L*>(T?)
and a subsequence {t}, }ren of {#;}jcn such that

||c(tjk)|\Loo(Tz) — Ceo @S £, — 0.
From (92), we have
el 1(r2) — 0as t — oco.

Thus, co = 0 and [|e(#;,)[[o(12) — O as tj, — oo, which contradicts the former assumption.

Therefore, the theorem is valid. Similarly, for the asymptotic stability of v and w, we have
that
||UHL00(T2) — 0and ||w||Loo(Tz) — 0ast— oo.

O

6.2. Stability of ¢, v, and w in the Case y > 0

Lemma 17. Suppose that y > 0 and v > % B is a constant that is already defined in (99),
and (c,v,w,u) is a global bounded classical solution of System (1) with the initial condition
fulfilling (5). Then, there exist By, Bp > 0, and Cy > 0 such that the function E., p, g, defined by

L C Bl 151 2 B1 1] 2
Ec*,Bl,Bz(t) ‘_/ﬂ‘z (C €y — CxIn a) + 5 /JI‘Z (U EC*> + 5 2 (w EC*)
By 2, B / 2
5 Ja Vel g [ v
forall t > 0, satisfies

d
s @ +Cof [InteP+ [ Vol + [ vul+ [ 1aof+ [ jawp

#faeme) s o)+ [ (o ge) T} <0

forallt >0, with ¢, = %

(98)

Proof. According to v > % where

c2(C2 +CZ%) + B%(a? + a3)e
B:: *( 51 SZ)ZC 2( 1 2) C*C(lx,r)HC”Lo@(Tz) (99)
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which enables us to fix some By, B, > 0 that simultaneously fulfill
4v > By > B, min{By,B,} > B,

and take 7 > 0 such that

2 2
og oy ) Bq

' Bl(4(ﬁ1—’1) YiE o) T a

where C, and ¢ are some positive constants to be determined later. With this value of B;

and B, fixed henceforth, we denote

Aq(t) ::/T2 (c—c*—c*lnc—) Ax(t) _% - (v_ﬂc*)z

*

and

By a2 2
As(t) = =k (w—Ec*>,A4 /|Vv| As(t /|v

for all t > 0, and we write

Ec, BB, (t) := A1(t) + Ax(t) + As(t) + Ag(t) + As(t)

for all t > 0. Taking the derivative of E., p, ,() in time, using integration by parts,

V -u = 0, and Young’s inequality, we discover

%Al(t) :/11‘2 (ct - %*ct)

— o . '
:/ ,UC—VCZ—Q—C*( At —l—c*v (c51(x,¢,0) Vo) _C*V (cSa(x,c,w)Vw)
T2 c ; z
u-Ve
—cx(p —ve) +cx -
— 14 .
[ e ey TR Vo (Si(x60) Vo)
T2 c ;
Vo (eSi(x, 0, w) Vo)
: c
and
4 palt) = [ (o )
at’? T 110 ﬁlc* Ut
«
:/TzBl(v—ic*)(Av—i-[xlc_ﬁlU_u VU)
_ . B ﬂ B B - ,
i\/ﬂ,z ‘X]Bl (C C*) (ZJ 151C*> ,BlBl (Z) ‘B C*) Bl‘vv|
as well as

d
At = /T2 B,Vo - Vo

:/232VU-V<AU+a1c—ﬁlv—u~VU)

[Vol?

—/ —leAU‘ + Byay Vo - VC—Bzﬁ1|VU|2+Bzu V( 2 ).
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for all t > 0. Similarly,

d _ X2 a2 2
EAg,(t) = /11‘2 ay By (c - c*) (v - EC*) — BB (w - EC*) — By |Vuw|
and
\v4 2
%A5(t) = /]1‘2 —By|Aw|? + ByayVw - Ve — BBy | Vw|? + Bou - V(%)

for all t > 0. Therefore, we arrive at

d —A)*c
—Ec, BB, () = /1r2 —v(c— c*)2 + c*( c) + Cy

dt
V- (¢Sa(x, ¢, w)Vw)
c

+ /]I‘2 u1Bq (c — c*) (v — %c*) — B1B1 (v — }2&)2 — B1|VU|2

+ /11‘2 ® By (c — c*> (w - %u) — B2B1 (w - gic*)z — By|Vw|?
v
2

| Vol?

V- (¢S1(x,¢,v)Vo)
c

— Cy

+ /1;2 —Bz|Av|2 + By Vo - Ve — 3251\V0|2 + Byu- V( (102)

+ /TZ “By|Aw]? + ByasVw - Ve — Bofa|Vwl? + Bou - V(

(=A)%c e V- (eS1(x,¢,0) Vo)
c c

)

< / _xAXT + ¢,
TZ

B C*V . (cSz(xC,C,w)Vw) + /TZ —B1|Vo|? — By |Vw|?

— By|Av|? — Ba|Aw|* + Boay Vo - Ve + BoayVaw - Ve

for all t > 0, where X is vector functions defined as

bt b
X:=(c—csv— —1c*,w — —Zc*)
B B2
and the constant matrix A is given by

x1B B

VB _ 12 1 _ 22 1

. o
A= |-mB gB 0

_“2231 0 ,32B1

Now, the important thing is to prove that A is positive definite. If we prove that, then we
can obtain
XAXT > ¢ X|?

for some ¢ > 0 and all x € T2, t > 0. Thus, focusing attention on the desired definiteness
properties, we first calculate the three principal minors of A to obtain that

v _yBy %
M = |v >0, M = 2 = 1Bl V_Bli >0
1= v 2 —47 BBy P 4ﬁ1)
and
‘XlBl 0‘231
VB T2 T2 ) af o
M3 = —“1271 ,BlBl 0 :BllglﬁZ[U_Bl(r+r):| >O,
_% 0 B2B1 8 »
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because (101). Sylvester’s criterion guarantees that, indeed, A is positive definite. Therefore,
we can obtain

d 5 (=A)%c V- (cS1(x,¢c,v)Vo)
ﬁEc*,Bsz (t) < ~/]I‘2 7€‘X| +0x C +Cx C

LY (CSQ(xC,C,w)Vw) +/Tz —By|Vo|? — By |Vw|?

— By|Av|? — Ba|Aw|* + Boay Vo - Ve + BoayVaw - Ve

for all t > 0. We recall the weak maximum principle of the parabolic equation, which
implies
min c¢(x,t) > minc(x,0) > 0. (103)
x€T2,t>0 xeT?

Then, in order to obtain (98), we have to estimate

/ c (=A)*c / : V - (¢S1(x,¢,v)Vo) _/ c V- (eSa(x, ¢, w)Vw)
’JI‘Z * c 7 TZ * c 7 'ﬂ‘z * c

and
/BzoclVU-Vc, / BrarVw - Ve.
T2 T2

For the term sz Cx (_%)%, using Lemma 7 with T'(¢) = — %, we have that
—A)% 1
/ C*( ) c_ _/ C*AZNC(—*) < — G |A“c|2. (104)
T2 c T2 c C(a,T)[cll o2y J72

For the term fTZ C*M, by the boundedness of the Riesz transform R :

LP(T?) — LP(T?) for 1 < p < oo, integration by parts, Holder’s inequality, and (3), we
can discover

V- (cSi(x,c,0)Vv) Ve-$1(x,c,0)Vo
/Tz Cx * /ﬂ‘z

c c
. / RAI*A% - S;(x,¢,0)Vo
* T2 c
(105)
— e / RA“CAl_“(M)
% ']1‘2 Cc
_2S1(x,c,0)Vo
a 1-a 21\ A 6
<A C”LZ(TZ) A e L2(T2)’
Using Lemma 5, we see
HAH(M) <CCs, [ AY*V0| 2y *H
c 12(T2) 1 TN el (2
S1(x,¢,0) (106
I 215 0)
+C||VU||L‘11(T2) AT c )Hmz(qrz)
with % — qll + q% We invoke the Gagliardo-Nirenberg inequality (26) to deal with the term
|A™4T0]|2(rz), then
1YV 0l 2(r2) < ClIVOl (e 180112y + CIVO 2072y, (107)

For the term || 1| L(12), Tecalling (103), we know that

LIPS S B
¢~ mingee o gc(x,t) T mingcp2 c(x,0)
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Thus,

- 109

By the Gagliardo-Nirenberg inequality (26), to handle the term || V0| .4, (12), we arrive at

2

Vol (r2) < CIIVvlle T2) IIAvlle ) T ClIVolliz ). (109)

For the term ||A1~* 31 (x <) I 192 (12), by the Gagliardo-Nirenberg 1nequahty (26) and

Parseval’s identity, then there existay € (0,1) and By € (0,3x — 1) such that  —§ — L =

q2
2!302  and
HAH(M)‘ -
SCQMCHAPH%(M) 12(m) 1H;Zz> CSlCHlHL&(TZ)
_Cl ”ZC(Zn) - a+/30 = /TZ Sl y,c v) )e 6V dy LZ('JTZ) iH;:rz) (110)
S H -
<Co,CIET 0 g0 |5 gy + CC51 [l o

<Cs,C.

Combining (107)—(110) with (106), using Young’s inequality, and choosing C14 > 0,(105)
turns into

/ c V- (¢S1(x,¢,v) Vo)
™ " c

<Cs,0:Crall A%l 2(72) (||Vv||L2 o) 189] 178,
2

420232y + V00 g 1801
¢ C3, CHC(w T) el iz
2

Cx
_SC(“ D)lell o2y

A" C||L2(qrz
(kup w2y 180] 3 + 21 Voll o)

1-2 2
VO 1800, )

Due to Young’s inequality, we can conclude the existence of Cy5 > 0 such that

/ . V- (¢S1(x,¢,v)Vo) < Cx
T2

w12
c _SC(DC,F)HCHLoo(TZ) ||A CHLZ(’]I‘Z) (111)

C*C15C§ C%4C(Dé, F) ||C||L00(T2
+ — (1901222, + 18012 p2))

Similarly, it is possible to find C1¢4 > 0 and Cyy > 0 such that

V - (¢Sa(x,¢c,w) Vo) C 2
e, < A"
L . =80 D) el gy ™ )
N C*C17C§ZC%6 (“/F)HC”L‘”('EZ) (112)

% (IV0]22 52 + 18] 52, ).
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By using the same method for the term [, Boa; Vv - V¢, Young’s inequality provides
Cig > 0and 1 > & > 0 such that

/2 Boa1Vou - Ve =Byay /2 RAY™*A%c- Vo
T T

—B,y / RAY ALV
’I[‘Z

<Boa ||A“C||L2(’JI‘2) ||A17‘XVU||L2 T2)

11
<Bats Cl| A% 2(g2) (| Voo o 18013ty + V0 p2pz) (1)
Cx ||AaC|| ClSB% %C(“IF)HCHL‘”(TZ)
=BC(@, ) ellmze) V) 2.
x (1V0]2 +s||Av||Lz =)
Similarly, we can find Cy9 > 0 and 1 > & > 0 such that
Cy9B302C(a, T)||c|| ;e
/ Boay Vo -V < e ||A“C||%2(Tz) wBaaC(e Dl )
8C(, T)[el] (72, 2¢, (114)

x (Il o) + el 2 )
Inserting (104) and (111)—(114) into (102), we can find that
C. := max{C3, Ci5,C%, C17,C1s,C19} >0
yields

d 2 Cx 2
—E < —e|X|e — A*
aiFeo ) < o~ 300 T 1 e

2C§1 2 2

1

- (B = =2 @Dl ) 190l
C%C% +B%‘X1€

— (B~ 5 @ D el ) 1Al a2y
ciC§, + B33

(B - ZZTC*C(“IF)”CHL”(TZ)) Vel ey

c3C% + B3a}
(B~ TC*C(%F)HCHL“(TZ S

where ¢ guarantees that B, exists. Therefore, since (100), we can find Cy > 0 such that

d

Ee (1) + Cof /Tz IA%C|? + /1rz Vol + /T2 Vwl? + /TZ Ao + /TZ |Aw|?

2 A Ay \2
- - 22 <
+/11‘2 (c c*) + - (v ﬁlc*) + - (w ﬁzc*) } <0

forallt > 0. O
Lemma 18. Suppose that y > 0 and v > % B is a constant that is already defined in (99),

and (c,v,w,u) is a global bounded classical solution of System (1) with the initial condition
satisfying (5). Then, there is a constant C > 0 such that

//Tz C — Cy +/ /11‘2 ——c* //T2 2 SC. (115)



Fractal Fract. 2023, 7, 209

33 of 37

Proof. It is well known that A;(s) := s — cx — ¢+ In 7 is convex and Aq(s) > Aj(cs) =0
forall s > 0. Thus, we have E¢_p, ,(c,v,w) > E¢_p, B, (Cx, %c*, /%C*) = 0. Integrating (98)

in time and recalling (64) and (65) and the nonnegativity of E., g, p,(t), we can immediately
obtain (115). O

Proof of Theorem 3. We define

o= [ (=) o [ (o= gre) + [ (w-52e) )

From Lemma 18, we know

d

EEC*/BLBZ (i’) < —C()F* (i’)

The nonnegativity of E., p, p,(t) shows that

EC*rBllBZ (t) (1)
0

< 0.

/1 " F ()t <

According to F*(t) being uniformly continuous for t € (1,c0) (Theorem 1), we obtain
F*(t) — 0 ast — oo. Combining this with the Gagliardo-Nirenberg inequality yields
Theorem 3. [

6.3. Stability of u

In the last subsection, combining the convergence of ¢, v, and w with (9) with the
external force g, we can obtain the convergence of u.

Lemma19. Let 3 < a < 1and u > 0. Suppose that (2)- (5) hold. If v satisfies v > £, Bisa
constant that is already defined in (99), and g satisfies (9). Then, we arrive at

HuHLZ(TZ) — 0ast — oo.

Proof. Going back to (41), then

1d 2 _Fyge.
2t J 0P < [ e= B4 ut ful g acro e

<le— VTJFHLZ(']TZ)Hv¢||L°°(11‘2)||u||L2(T2) + HuHLZ(TZ)HgHLZ(TZ)/

for t > 0. Multiplying (116) by ¢!, integrating over (to, t), and employing Holder’s inequal-
ity, we discover

t 2 £ 2
e /Tz u(x, 1) dx—eO/TZ|u(x,t0)| dx

t Iy t (117)
< /to e*lle — THLZ(TZ) IVl oo (r2y 1l 22y + /to e’ llull p2¢p2) I8l 2 (12)-
Further, (117) implies
t
/ lu(x, £)[2dx < e (1) / lu(x, to)|2dx + / e~ (=D p()dr, (118)
T? T2 to
where

h(r) = sup (lle = -l iz 1Vl o re) lllare) + allare) gl 2gem) ).

TE(to,t)
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By Lemma 16 and Lemma 18, we know that

/t+1 Hc<x’7) s
t

v

2

dt — 0ast — oco.
L2(T2)

Combining this with (9), for all t > ¢y and any 0 > 0, we deduce that

t+1 5 R
/ h(dr < S(1—e F).
t

Thus, Lemma 3.4 of [61] shows that

1
.t _ .,
/ e~ =Dp(1)dr < % = g (119)
“o 21—¢ %)

Furthermore, it follows from (38) that we can find ¢#; > t( large enough, such that

1)
(sup [[ull 2(p2)) % 710 < 5
£>0
for all t > t;, and thus,
e [l to) 2 < g (120)

Inserting (119) and (120) into (118), for all t > ¢1, we can obtain that

/2 lu(x, t)2dx < 6.
T

O

Proof of Theorem 4. Suppose that [[u(t) || ~(2) - 0 as t — co. Then, there exist &g > 0
and t; — oo such that

ul[(#) || (12) = €0
forall j > N. Recall Theorem 1; we know |[[ul| «2) < C, so we can choose a function
U € L®(T?) and a subsequence {tj, tken of {t;}jen such that

”“(tjk)HLW(TZ) — Ueo @S t]-k — o0,
From (19), we know that
”u(t>HL2(T2) —0ast — oo.

Thus,uc = 0 and [[u(t;,)|[~(2) — O as tj, — oo, which contradicts the former supposition.
Thus, we can obtain
||u(t)||Loo("H‘2) — 0ast — oo.

O

7. Conclusions

We considered the global boundedness and large time behavior of a fractional chemo-
taxis Navier—Stokes system with matrix-valued sensitivities and attractive-repulsive signals
on a two-dimensional periodic torus T2. When the cell density may proliferate following a
logistic law and the diffusion of cells is fractional Laplace diffusion, the attractive-repulsive
signals are produced by the cells themselves and degrade at a constant rate, and the cells
and chemical substances are transported by an incompressible viscous fluid under the
influence of a force due to the aggregation of cells. Our results showed that the global
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bounded solution of the system converges to the constant steady state. In addition, we are
inspiring further researchers working in the fractional chemotaxis system and drawing the
attention of the interested readers towards recent articles (see [47,49,51,62]). In conclusion,
we suggest the recently published article by Lei et al. [62], who pointed out the fact that,
from the results for the global existence of classical solutions to a coupled chemotaxis
Navier—Stokes system with a logistic source and a fractional diffusion, the classical solu-
tions in fact converge to the constant steady state. In addition, we trust that this paper will
stimulate a number of researchers to extend this idea for some chemotaxis Navier-Stokes
system with matrix-valued sensitivities and fractional diffusion without a logistic source.
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