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Abstract: This article presents a new three-step implicit iterative method. The proposed method is
used to approximate the fixed points of a certain class of pseudocontractive-type operators. Addition-
ally, the strong convergence results of the new iterative procedure are derived. Some examples are
constructed to authenticate the assumptions in our main result. At the end, we use our new method
to solve a fractional delay differential equation in the sense of Caputo. Our main results improve and
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1. Introduction

Let € be a nonempty closed subset of a Banach space G with a dual G*. The normalized
duality mapping from G into 2¢ is denoted by ] and defined by

1) = {o* € G*: (t,0%) = |t2 = 0" [P}, Vi € G, M

where (.,.) stands for the generalized duality pairing. In this manuscript, we use j to stand
for the single-valued normalized duality. The set of all positive real numbers is denoted by
R, the set of all natural numbers is denoted by N and the set of all the fixed points of a
mapping H : G — Gis denoted by F(H) = {t € G : Ht = t}.

Most problems in engineering and applied sciences are formulated as functional
equations. Such equations can be formulated as fixed-point equations. Operator equations
representing phenomena occurring in diverse fields, such as chemical reactions, steady-
state temperature distribution, economic theories, epidemics and neutron transport theory,
often require adequate and appropriate solutions. Thus, the target of finding a solution to
these equations is to locate the fixed point and approximate its value. However, once we are
certain of the existence of fixed points of given operators, it is always desirable to develop
methods that can be efficiently used to approximate that fixed point. The iterative process
is one of the fundamental tools that can be used to locate a fixed point [1,2]. Computing
the value of a given fixed point of an operator analytically is quite tedious. Therefore,
obtaining an efficient iterative method is required. In the last few years, various authors
have introduced numerous iterative schemes that have been utilized widely to estimate the
fixed points of operators. The Banach contraction theorem, which is one of the most widely
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and extensively utilized results, incorporates the Picard iteration method for locating the
fixed point.

It was observed that the Picard iterative method cannot approximate the fixed points of
mappings that are higher than contraction mappings. In order to overcome this drawback,
several authors started introducing various iterative methods (see, e.g., [3-7] and the
references therein).

The fixed-point approximation of the class of TAP mappings using iterative methods
has been studied by several authors in recent years (see [8-10] and the reference therein).

Over the course of time, due to the advantages of implicit iterative schemes over
explicit schemes, many iterative schemes have been developed by several authors for the
approximation of the fixed points of different classes of mappings (see, e.g., [3,5,11]).

One of the first iterative methods was studied by Xu and Ori [11] in Hilbert spaces
for the common fixed point of nonexpansive mappings. The implicit scheme of Xu and
Ori [12] has been studied in diverse directions for the past two decades (see [5,13-18] and
the references therein).

In [19], Saluja introduced the following averaging iterative scheme in Hilbert spaces:

’ n k S N (2)

where {a;} is a sequence in [0,1], k = (n —1)N +i,i=k(i) €  ={1,2,..,N},n =n(k) €
Nand n(k) — 400 ask — +oo. The author proved some convergence results of the implicit
scheme (2) for the common fixed point of a finite family of strictly AP mappings in the
intermediate sense.

In 2021, Ofem and Igbokwe [20] introduced the following two-step implicit iterative
scheme for approximating the common fixed point of two total asymptotically pseudocon-
tractive mappings:

to € €,
k
te=(1—ap)tp_1 + Déka(E())Zk keN, ©)

k
zk = (1 — ug — o — sp)t + gty + vks?&))tk + Sktr—1,

where {ag}, {Br}, {ur}, {vr} and {s} are sequences in [0,1] such that uy + v, + s, < 1,
k=m—-1)N+i,i=k(i)eI={12,.,N},n=n(k) € Nand n(k) — +oo ask — +oo0.

Very recently, Ofem et al. [21] introduced the following three-step implicit iterative
scheme for approximating the common fixed point of two total asymptotically pseudocon-
tractive mappings:

to € &,

b= (1 —a)t1+ “kHin(g;)wk,
wy = (1—Be)tk1+ .BkR:l((kk))Zkr
zr = (1 — o)ty + Uks?(%) t,

keN, 4)

where k = (n —1)N+i,i = k(i) € I = {1,2,..,N}, n = n(k) € Nand n(k) — +oo as
k — o0

On the other hand, for some years now, fractional calculus theory has attracted the at-
tention of several authors in diverse fields. Indeed, it was noticed that fractional derivatives
are useful tools for modeling many problems in sciences and engineering (see e.g., [22,23]
and the references therein). To gain a better understanding of the models’ behavior, differ-
ent kinds of fractional operators have been constructed. Some of these operators include
the Hadamard, Riemann-Liouville, Atangana-Baleanu, Katugampola, Caputo, Caputo—
Fabrizio, Atangana—-Koca, Atangana—Gomez, Atangana beta-derivative, Atangana bi-order,
truncated M-derivative and several others; each of these has some advantages and dis-
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advantages over the others. For instance, Riemann-Liouville fractional operators require
the presence of fractional order conditions to solve mathematical models under study,
which makes them difficult to utilize. Interestingly, the Caputo fractional operator deals
with this drawback and permits one to use the initial conditions with integer-order deriva-
tives that have a clear physical meaning. For the past few decades, many methods have
been constructed to solve fractional integro-differential equations, fractional partial dif-
ferential equations and dynamic systems containing fractional derivatives, such as He’s
variational iteration method, the Adomian decomposition method, the homotopy analysis
method, the homotopy perturbation method and existence and uniqueness results via the
monotone method. Another well-known method that can also give the explicit form of
the solution is the Laplace transform method, which permits one to transform fractional
differential equations into algebraic equations, and, thus, by solving these algebraic equa-
tions, one can derive the unknown function via the inverse Laplace transform [24]. In this
article, we use an iterative method to estimate the solution to a delay Caputo fractional
differential equation.

Motivated by the above results, the aim of this manuscript is to propose a three-
step iterative scheme for finite families of three uniformly L-Lipschitzian TAP mappings
as follows:

tg € €,

te=(1— o)ty 1+ "‘kHin(%)wk

w = (1= B)tk-1+ ﬁkR?(%)Zkz

zk = (1 — up — vp — sp)tg + uphe_1 + vnS?(Ef)) te + Skte—1,

keN, ®)

where {a;}, {Br}, {ur}, {vr} and {sx} are sequences in [0,1] such that uy + vy + s, < 1,
k=m—-1)N+i,i=k(i)eI={12,.,N},n=n(k) € Nand n(k) — +oo ask — +oo0.

Additionally, by using a different approach, we prove the strong convergence theorem
of the new iterative method (5) for the common fixed points of the finite families of three
uniformly L-Lipschitzian TAP mappings in Banach spaces. Furthermore, we provide a
nontrivial example to validate the assumptions in our main results and also show the
efficiency of our new method over some existing methods. Finally, we apply our result to
the solution of a delay Caputo fractional differential equation.

Remark 1. Clearly, if we use By = 0 in (5), we obtain (3), and, if we set uy = s = 0 in (5),
then we obtain (4). Thus, our new method properly includes the methods considered by Ofem and
Igbokwe [20] and Ofem et al. [21]. Again, observe that the proposed method properly contains the
corresponding methods in [25-27].

The article is arranged as follows: In Section 2, we list certain definitions and lemmas
that will be helpful in deriving our main results. In Section 3, we prove our main results
and also add some corollaries. In Section 4, we numerically show the convergence of our
new iterative scheme through some examples. In Section 5, we approximate the solution
of a delay Caputo fractional differential equation via a special case of our new iterative
method. In Section 6, we discuss the summary of the results obtained in this article.

2. Preliminaries

The following definition, lemmas and proposition are used to obtain our main results.

Definition 1. Let H : € — € be a mapping. Then, H is called
(i) Uniformly L-Lipschitzian, if, for all t, m € &, there exists a constant L > 0 such that

|H*t — H*m| < L||t —m|, keN. ©6)
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(ii)

(iii)

(iv)

(v)

Pseudocontractive, if, for all t, m € &, there exists j(t —m) € J(t — m) such that
(Ht = Hm, j(t —m)) < ||t = m|]*. (7)

Asymptotically pseudocontractive if a sequence {hy} C [1,00) exists with hy — 1 ask — co
such that

(H*t — H*m, j(t — m)) < hy||t —m|?, k€N, and t,m € &. 8)

Total asymptotically pseudocontractive mappings in the intermediate sense, if a sequence
{hy} C [1,00) exists with hy — 1ask — oo and j(t —m) € J(t — m) such that

limsup sup ((Ht — H*m, j(t —m)) — ||t — m|?) < 0. )
k—oo  (t,m)eé

Put

o = max{O, sup ((Ht — H"m, j(t —m)) — hel|t m||2)}-

tmeé&
This implies that py > 0, px — 0 as k — oo. Thus, (9) gives the inequality:
(H*t — Hm, j(t —m)) < Iy ||t —m|®+pp, kEN, t,m €&, (10)

This class of mappings was introduced by Qin et al. [28].
total asymptotically pseudocontractive (TAP) [29], if {px} C [0, +00) and {} C [0, +o0)
exist with py — 0 and ¢ — 0as k — o0 such that

(H't — Hm, j(t —m)) < ||t = m||* + (||t = m]) + i, (11)

Vk € Nand t,m € &, where ¢ is a self-map that is continuously strictly increasing as defined
on [40, c0) with ¢(0) = 0.

Remark 2. Suppose ¢(t) = t2; then, (11) becomes a class of the asymptotically pseudocon-
tractive mappings in the intermediate sense, as follows:

(H't — Hbm, j(t —m)) < (14 )|t = m|* + & (12)

forallk e N, t,m € E. Set

ox = max{O, sup ((H*t — H*m, j(t —m)) — (1 + pe) ||t — m||2)}

tmeé

Remark 3. For pp = 0,k € N, it is not hard to see that the class of asymptotically pseudo-
contractive mappings in the intermediate sense reduces to a class of asymptotically pseudocon-
tractive mappings.

As demonstrated in Remarks 2 and 3, it is clear that the class of TAP mappings is a superclass
of the class mappings mentioned above.

Definition 2 ([30]). A family {H;}Y, : &€ — & with T= NN, F(T;) # @ is said to satisfy
condition (B) on & if there exists a nondecreasing function g : [0, +00) — [0, +-00) with g(0) = 0
and g(p) > 0, forall 0 < p < 1, such that forall t € €

max {1t = Hifl} = £(d(t,T). (13)
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Lemma 1 ([12]). Let the normalized duality mapping be defined by | : G — 2C". Then, for all
t,m e &, one has

£+ ml|? < (62 + 2(m, j(t +m)), Vj(t+m) € J(t+m). (14)
Lemma 2 ([31]). Let {0}, {Ax} and {Q} be nonnegative real number sequences such that:
9 < (1 +Ak)l9n +Q, ke N. (15)

Suppose Y521 Ay < +oo and ;% Oy < +o0. Then, L 1_1}1;{1Oo Oy exists. Furthermore, if {0y} has a

subsequence {0y, } with Oy, — 0, it implies klim % = 0.
—+o0

3. Main Results
In the sequel, i € I = [1, N], where N € N. Now, we prove that (5) is suitable for the
convergence of the common fixed points of three continuous TAP mappings. Let H; be a
Lj,~Lipschitz TAP mapping with sequences v; € [0,0) and A} € [0, +oc0) with vj — 0 and
A — 0ask — co. Let R; be a L,-Lipschitz TAP mapping with the sequences ¢} € [0, +c0)
and d;; € [0, +00) with ¢}, — 0 and d;{ — 0as k — +oo. Let S; be a Li-Lipschitz TAP
mapping with the sequences ;i € [0,4c0) and Ii € [0,+00) with 7. — 0 and L — 0 as
k — o0
Let Wy : € — € be the mapping defined by
k
Wi(t) = (I—a)b + “kH,‘n(;)){(l — Bi)tk—1
k
+ﬁkR:l((;()) (1 — g — v — sp)t + gty
k k
+o St seHI )}, ke, (16)
From (16), we have

IWe(t) = We(m) | = el H {1 = Bt + BeRi) [(1 = g — o — sp)t

+uptp_1 + Z)kS?(k)t + SnHln(%) te1]}

(k)
—Hz-”(i’;){(l — Br)tk—1 + ,BkR?(%) [(1— ug — v — s)m

Hulgte—q + ka?(Ef))m + SkHZ%) te—al |

< “kﬁkL”R?((kk)) [(1— g — v — sp)t + gty
—l—ZJkS?(S(k))t + SkHirégcl;)tkfl] — R?((kk)) [(1 — U — U — sk)m

+ugtpq + UkS?((,f))m + skHi’}i’? te—a

aBeL?[(1 — ug — v — s¢) ||t — m||

(k) (k)
—|—vnk||S:l(k) t— S?(k) m|]

< e BrL[(1 = ug — o — i) [t — m| + v L[t — m]|]
= aBeL?[(1— wp+ o (L — 1) — sp)]||t — m]), (17)

IN

forallt,m € & where L = maX{L;ll, ey LhN, L}, ., LN, Lg, . Lg\’}

If a; B L2[(1 — ug + v (L — 1) — s¢)] < 1, for all k € N, then, from (17), it follows that
the mapping Wj is a contraction. According to the contraction principle, this implies that a
unique point t; € € exists such that

b = W(t).
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This shows that the implicit iteration method (5) is well defined. Thus, we can employ the
iterative method (5) to estimate the fixed point of the mapping in Definition 1(v).

Lemma 3. Let G denote an arbitrary Banach space and & denote a nonempty closed convex
subset of G. Let H; : € — & be a finite family of uniformly Lj-Lipschitzian TAP mappings
with the sequences {vk} C [0,00) and {AL} C [0,00), where vi — 0 and A, — 0as k —
co. Let R; : &€ — & be a finite family of uniformly Li-Lipschitzian TAP mappings with the
sequences {ck} C [0,00) and {d;} C [0,c0), where ¢, — 0and d; — 0as k — oo, and let
Si : € — & be a finite family of uniformly L’—Llpschztzzan TAP mappings with the sequences
{iyk} C [0,00) and {Ii} C [0,00), where 7. — 0 and I, — 0asn — oo, forall i € I.
Let py = max{v, cy, x}, where v = max{vi}, ¢y = max{ck} and n, = max{n}. Let
& = max{Ay, dy, Iy}, where Ay = max{AL}, dy = max{d,} and I, = max{IL}. Assume that
T = (NY, F(H)) NN, F(R))N(NN, F(S;)) # @, and there exist V,V* > 0 such that
¢(e) < V*e? foralle > V. Let {ar}, {Bi}, {ur}, {vx} and {s;} be sequences in [0,1] such that
ug +vx +sg <1, forall k € N. Let {t; } be the sequence defined by (5). Suppose the following
assumptions hold:

(1) ¥ ag=o9;
k=1

() ¥ ag < oo
k=1

(J3) X agpp < o0, ¥y < oo;
k=1 k=1

(Ja) 21 apPr < oo, ): aPruy < oo, Z wPrsk < oo;

(J5)  axBrL?[(1 — uk + vk(L 1) — sk)] <1,k € N, where L = max{L},..., LN, L}, .., LN L}
Lo LYY,

Then, klim Ity — q|| exists for all g € T.
— 00

Proof. Suppose g € I'. Using (5), we obtain

lze —aqll = (1 —ug — v —sp) (b — ) + g (ti_1 — q)
+0c(ST e — ) + si(Hjg b1 — )|

< (=g — ok — i) [te — gl + ukllte—1 — 4|l
k k
oS4 e — ll + skl Hig e — 4l
<t qll + wellter = gl

+ou S e — all + sell H 1 — 4l

<t — gl + uellite—1 —ql|
+orL ||tk — qll + skLl|te—1 — 4|
< (T4 L) Itx — gll + (ug + s¢L) Itx—1 — 4. (18)

Using (5) and (18), we obtain

lwe—all = 11— Bt + BRIy 2 — 4l
< (1= Bl — all + Bl RYE 2 — g
< te1— gl + BeLllze —ql
< ftier — gl + BLIA+ L)t — gl + (i +seL) 1 — gl

= [14 BrL(ux +scL)]lltk—1 — qll + BxL(1 + L) ||t — q||. (19)



Fractal Fract. 2023, 7,212

7 of 21

[l — t|

It —ql> <

IN

IN

IN

IN

Now, from (5) and Lemma 1, we obtain

lte—ql? < (1= a)?llties — gl + 20 (H wr — g, (e — 0)
= (1= )t — gl + 2 (Y e — HIE b+ HIGY b — 0,7t — )
= (1= )|ty — gl + 2 (Y e — HYE e (e — )
+20 (H e = 0,j(t — 7))
< (1= w2ty — gl + 20 H o — I bl 1 — )
+20i (Hi b — 0.t — 7))
< (1= a)?lte—1 — g1 + 2 L wog — eIl — 4

+20 (HY b — (ke — 9))- (20)
According to (5), we have that

Bell i) 2k — all + Bellte 1 — all + alltx—1 — ql + e[ HY S i — g

BrL[(1 + L) Itk — qll + (ug + sk L)[[te—1 — qll] + Belitc—1 — 4l

+allte—1 — qll + axL{[1 + BxL(u + sk L)]lltx—1 — gl + BeL(1 + L) [|tx — qlI}
BkL(1+ L)ty — qll + BaL(ug +scL) 1te—1 — all + Bellte—1 — 4l

+agellte—1 — gl 4+ a L[1+ BiL (st + s¢L)] || tk—1 — qll + ael (1 + L) |1t — g
[BkL(ux + sgL) + o + Br + ax LB L(ux + s L) 1te—1 — 4|

+[BkL(1 4 L) + ay B L*(1 + L)] ||t — g

[BrL(uye + sL) (1 + L) + ax(1+ L) + B te—1 — gl

+[BkL(1+ L) (1 + axL)][|tx — q||

[BkL(ug +s¢L) (1 + L) + ag (14 L) + Bellltx—1 — 9l

+[BkL(1+ L) (1 + L)]|tx — 1|l

{[BrL(ux +skL) + i) (1 + L) + it tx—1 — 4l

+BkL(1+ L) (|t — 4 (21)

Putting (21) into (20), we have

(1= ) ti-1 — I + 205 L[{[BeL (i + 5¢L) + ] (1 + L) + i} 11 — g
+BEL (1 + L)1t — qll] 1t — qll + 20 H b — g, — )

(1—ap)? | te1 — pII* + 20, L{[BeL (g + s¢ L) + o] (1 + L) + BeHIte—1 — qll [t — 4|l
+20 B L* (1 + L) ||ty — g2

+20 (Hj) b — (e — q)- (22)

From a classical analysis, it is well known that

1
-1 = qllllt — gll < 5 (lt-1 =gl + [l — 4l1?). (23)
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Using (22) and (23), we have

b —al? < (- m)ltr — I + 2w LBl (g + L) + o) (1 L) + B
x 2 (ller — g2+ 1 —ql1?)
+20 B L? (1+ L)? (|t — g
20 (Yt — g, (1 — )

< [0 - ) L {[BuL g + L) + ) (14 L) + Bt — g1

+ 20 Bk L* (1 + L)? + s L{[Br L (g + s L) + ax) (1 + L) + B It — g1
+20i (Hjy e — q, (ke — ).

Since each H is a total asymptotically pseudocontractive mapping, from (24), we have

e —qll* < [(1—ax)® + aeL{[BeL(uge + skL) + a] (1 + L) + B} I te—1 — plI?
+[20 B L (1 + L) + a L{ [BeL (e + sL) + o] (1 + L) + Bie} |1t — g
+20 ([t — qlI* + mxp (1t — ql1) + &)
= [(1— a)® + a L{[BuL(ux + skL) + ax] (1 + L) + Bi}] 1te1 — gl
2B L2 (1 + L)? + an L{[BuL (un + 5uL) + o] (1 + L) + B} + 2] 1tn — q]?
+ + 205 p ([t — pll) + 2048

Since we know that ¢ is a strictly increasing function, it follows that ¢(e) < ¢(V),ife < V;
¢(e) < V*e?, ife > V. In either case, we can obtain

Ple) < (V) + Vel (24)
Using (24) and (24), we obtain

Ite—all> < [(1—a)® + aL{[BrL (g + skL) + o] (1 + L) + Bi} [l k-1 — pI?
+[20 B L? (14 L) + e L{ [BiL (ue + s L) + a] (14 L) + By}
+20] |t — g117 + 2ax (V) + 20V pel| e — g11% + 28
= (1= a)® + a L{[BrL (g + s¢L) + o] (1 + L) + B} tx—1 — plI?
2B L? (1 + L) + o L{[BrL (g + s L) + o] (1+ L) + B}
+20p + 200V il 1t — q11* + 20t (V) + 205G

= Hylltk—1 — ql1* + Qlltx — qlI* + 2o pp (M) + 20, (25)
where
He = (1—a)® 4 aeL{[BeL(ug + s¢L) + ] (14 L) + Br},
Qr = 20BrL?(1+ L) + a L{[BxL(ug + s¢L) + ag] (1 + L) + Br} + 20y + 20 V* .

By transposing and simplifying (25), we obtain

Hy 20 pkp(V) | 205Gk
t—ql> < b1 —ql>+ -
lte=al™ < =5 Mt —4l -0, T1iw
He+Qr—1 20 M
(14 ALYy - pi2 4 25000
204k
. 26
-0 (26)

+



Fractal Fract. 2023, 7,212

9o0f21

Observe that
Hi+ Q=1 = a + aeL{[BxL(u + s¢L) + ] (1 + L) + By} + 20 B L (1 + L)?
+aL{[BrL(ug + skL) + ax] (1 + L) + B} + 204V . (27)
Now, set
Ky = He+Qr— 1. (28)

Since nh_r}rolo ax = 0, then, from conditions (J3)—(J4), we obtain

Qc = 20BrL?(1+ L) + ae L{[BxL(utx + s¢L) + ] (1 + L) + B}
+2ap + 204V pp — 0 as k — oo.

Therefore, a positive integer kg exists such that

%<1*Qk§1,Vkao.

Thus, using (26) we obtain

It —ql* < (1+2Kg) Itk-1 — ql1* + dagpedp (V) + 4oy

A+ Y01 = ql* + gu, ¥k > ko, (29)
where
Yk = 2Kk/
P = Aagpp(V) + 4ol
According to assumptions (J2)—(Js), it follows that ) Yy < coand Y. ¢, < co. Obviously,
k=1 k=1

from (29), it clear that all the assumptions in Lemma 2 are performed. Hence, klim It — 9]
—00

exists forallg € . O

Theorem 1. Let G denote an arbitrary Banach space and & denote a nonempty closed convex
subset of G. Let H; : & — & be a finite family of uniformly L}—Lipschitzian TAP mappings
with the sequences {vi} C [0,+00) and {Ai} C [0,4c0), where vi — 0 and AL — 0 as
k — +oo. Let R; : € — & be a finite family of uniformly L}Lipschitzian TAP mappings with
the sequences {c}.} C [0, +co0) and {d}} C [0, +o0), where ¢, — 0and d}, — 0as k — oo, and
let S; : & — & be a finite family of uniformly Li-Lipschitzian TAP mappings with the sequences
{ni} C [0,+0c0) and {Ii} C [0,+o0), where i — 0and I. — 0as k — oo, forall i € I.
Let p = max{v, cx, 7}, where vy = max{vi}, ¢, = max{ci : i € I} and , = max{yi}.
Let & = max{Ay, dy, Iy}, where Ay, = max{A}, d; = max{d.} and Iy = max{l.}. Assume
that T = (NN, F(H)) N(NY, F(R)) N(NY, F(S;)) # @ and there exist V,V* > 0 such that
ple) < V*e? foralle > V. Let {a}, {Br}, {ux}, {vx} and {s} be sequences in [0,1] such that
uy + v + s, < 1, for all k € N. Suppose the following assumptions hold:

(J1) Qp = 09;
k=1

(]») OZOZ Dci < oo;
k=1

(J3) ¥ agppp < 00, Y. Gy < 00;
k=1 k=1

o0 [ee) o0
(Ja) kzl aBr < o, k):l axPrug < oo, k21 wPrsk < oo;
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(J5)  aBrL?[(1 — ug +op(L —1) —s5)] < 1, k € N, where L = max{L}, ..., L}ZZV, Ll,..,LN,
L., LNY.
Then, the sequence {t; }, defined by (5), converges strongly to an element in I if and only if

liminfd(t, F) = 0. (30)
k—o0

Proof. Observe that the necessity of condition (30) is trivial.
Now, we prove the sufficiency of Theorem 1. For all g € T, then, from (29) in Lemma 2,
we have that

[d(t, T)]? < (14 Yi)[d(tr_1,T))* + @, forall k > k. (31)

Obviously, from assumptions (J2)—(J1), we know that }_ Yy < coand Y. ¢ < oo. Accord-
k=1 k=1
ing to (31) and Lemma 2, klim [d(ty,, F)]? exists. Furthermore, nlgn d(ty, T) exists. According
—0 0

to (30), we obtain

lim d(tk, F) =0. (32)
k—o0

Now, we show that the sequence {t;} is Cauchy in . Clearly, since Y ¢y < oo, then
k=1
1+ x < e* for each x > 0, and, from (29), we therefore have

It — ql1* < e¥|[te—1 — ql|* + @, forall k > ko. (33)

For any given positive integers k,[ > kg, using (33), we obtain

e —al® < eyt — al* + Prp
< e[ty — g P 4 Prar1] + ok
< ety o — g2+ @] + Prn
<
k1 ket k1
< R Vil — gl b Y g
=k
2 [o0]
< olltk—ql*+e Y ¢ (34)

i=k+1
where ¢ = eLiz1 Yk < co.
Since klim @r < oo, then using (32) and for any given € > 0, there exists a positive
—00

integer k1 > k¢ such that

2

40T < gty

) 2
Y gi< Z*' for all k > ki. (35)
i=k+1 ¢

Therefore, there exists q; € I such that

It —q1l* < , forall k > ky. (36)

8(o+1)
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Consequently, for any k > kj and for all I > 1, we obtain

IN

2(lltesr = q1l® + tn = aall?)

20+ o)tk —ql*+20 Y, @i
i=k+1
2 €2
(1+0)+20- 10

s — ell*

IN

AN
N

ie.,
tesr — tll <e.

It follows that the sequence {t;} is Cauchy in €. Since & is a complete space, we can say
thatty — g* € €.

Next, we show that ¢* € I'. To prove by contradiction, we assume that g* is not in
r = (NY, F(H))NINN, F(R)) NN, F(S;)) # @. Since T is a closed subset of G, it
follows that d(g*,T) > 0. Thus, for all g* € T, we have

g™ —qll < llg" = till + lltx — 4ll, (37)
which implies that
d(q",T) < ||t = q7[| +d(tx, T). (38)

Therefore, we have d(q*,T) = 0 as k — oo, which is in contradiction to d(g*,T) > 0. Hence,
q* € F. This completes the proof. O

The following results are obtained directly from Theorem 1:

Corollary 1. Let G denote an arbitrary Banach space and £ denote a nonempty closed convex
subset of G. Let H; : € — & be a finite family of uniformly L;—Lipschitzian TAP mappings
with the sequences {vi} C [0,+00) and {AL} C [0,400), where vi — 0 and AL — 0 as
k — +oo. Let R; : & — & be a finite family of uniformly Li~Lipschitzian TAP mappings with the
sequences {c} C [0,+o0) and {d;} C [0, +o0), where c, — 0and d;, — 0as k — +oo, and
let S; : & — & be a finite family of uniformly Lé—Lipschitzian TAP mappings with the sequences
{n} € [0,400) and {I,} C [0,+o0), where 5 — 0and I}, — 0ask — oo, forall i € I.
Let yp = max{vy, ck, 1}, where vy = max{vi}, ¢, = max{c. : i € I} and n = max{yi}.
Let & = max{Ay, dy, Iy}, where \j = max{At}, dy = max{d.} and I, = max{IL}. Suppose
that T = (NN, F(H)) N(NY, F(R)) (NN, F(S;)) # @ and there exist V,V* > 0 such that
¢(e) < V*e*foralle > V. Let {a}, {Bx} and {v;} be sequences in [0,1], for all k € N. Suppose
the following assumptions hold:

(J1) > wp = 09;
k=1
() ¥ a2 < oo
k=1
(]3) kg A < 0, ; zkak < o0,

(Jo) ¥ apPr < oo, k21 axPruy < oo,

(Js) axPel?log(L —1)] <1,k € N, where L = max{L}, ..., LN,L},..,LN,L{, ., LN}.
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Let be {t}} the sequence defined by:
to € &,
k
b= (1—ap)b1 + t’tkH?(;())wk, e )
k e N.
wy = (1—Be)tk1+ ﬁkR?((k))Zk/
zr=(1—vp) b + Z)nS:l(gck))tk,
Then, {t} converges to an element in I if and only if
liminfd(t,T) = 0. (40)
k—o0

Proof. Put up = s = 0in Theorem (1). O

Corollary 2. Let G denote an arbitrary Banach space and € a nonempty closed convex subset
of G. Let H; : £ — & be a finite family of uniformly LL—Lipschitzian TAP mappings with
sequences {vi} C [0,400) and {AL} C [0, +00), where vi — 0 and A, — 0as k — +oo. Let
ur = max{vi} and & = max{AL}. Assume that T # @ and there exist V,V* > 0 such that
¢(e) < V*e?foralle > V. Let {ar}, {Bi}, {ur}, {vc} and {s;} be sequences in [0,1] such that
ug + vx + s, < 1, forall k € N. Suppose the following assumptions hold:

U ¥ g = oo

k=1
= 2
(]2) Z lxk < OO,
k=1
o0 o0
(J3) ¥ agppp < 00, Y aly < 00;
k=1 k=1
o0 o0 o0
(Ja) Zl aBr < o, kZl apPrux < o, k21 wPrsy < oo;

(J5) axBrl[(1— g+ op(L —1) —5)] < 1, k € N, where L = max{L}, .., LN'}.
Let be {t}} the sequence defined by:

tg € €,
K
b= (1—ap)t1+ f’ékH,»"(E())wk,

k k € N. 41
wi = (1= B)tk1+ ,BkHZE())Zkr (1)
k
2 = (1 — up — v — Sg) b + Ugtp_1 + Z)nHl.n(E())fk + Sitr—1,
Then, {t;} converges to a unique element in I if and only if
liminfd(t,T) = 0. (42)
k—o0

Proof. If we set S; = R; = H; in Theorem 1, then the required result follows. O

Corollary 3. Let G denote an arbitrary Banach space and & a nonempty closed convex subset of
G. Let H; : € — & be a finite family of uniformly LL—Lipschitzian TAP mappings with sequences
{vi} C [0, +o0) and {AL} C [0, +00), where vi — 0and A} — 0as k — oo. Let py = max{v}}
and & = max{A}}. Assume that T= NN, F(H;) # @ and there exist V,V* > 0 such that
¢(e) < V*e*foralle > V. Let {ay}, {Bx} and {vy} be sequences in [0,1], for all k € N. Suppose
the following assumptions hold:

(v § A = 00;
k=1

() ¥ a2 <o
k=1
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(J3) X appg < o0, ¥l < o0;
k=1 k=1

() ¥ afy <
(J5)  axBrL?[(1 — v (L —1)] < 1,k € N, where L = max{L}, ..., LN}.
Let {t;} be the sequence defined by:

t) € &,
k
b= (1—ap)t1+ “kH?(g{)>wk, e )
k e N

wy = (1= B)tk1+ ﬁkHi”(Ec))zk,

zr = (1—op)b + UHHZ%) tr,
Then, {t.} converges to a unique element in I if and only if

hﬂg}fd(tk, I)=0. (44)

Proof. Put u; = s = 0in Corollary 2; then, the desired result follows immediately. [

Corollary 4. Let G denote an arbitrary Banach space and € denote a nonempty closed convex
subset of G. Let H; : € — & be a finite family of uniformly LL—Lipschitzian TAP mapping with
the sequences {vi} C [0,+o0) and {Al} C [0,+0c0), where vi — 0and AL — 0as k — +oo.
Let iy = max{vi} and & = max{AL}. Assume that T # @ and there exist V, V* > 0 such that
P(e) < V*e® foralle > V. Let the sequences {ay} and {By} be in [0,1], for all k € N. Suppose the
following assumptions hold:

(1) L ag=o9;
k=1
(o) ¥ af <oo;
k=1
(J3) XL agpp < oo, ¥ aply < oo;
k=1 k=1
(Ja) L axBr < oo
k=1

(J5) oc;,BkLz <1,k €N, where L = max{L}, . L{‘]}
Let {t;} be the sequence defined by:

to € &,
te=(1—ap)ti_q + DékH?(%)wk, k € N. (45)
wy = (1-B)tr1+ ﬁka((kk))tk,

Then, {t} converges to an element in I if and only if

liminfd(t,T) = 0. (46)
k—o0

Proof. Set vy = 0in Corollary 3. [

Corollary 5. Let G denote an arbitrary Banach space and & denote a nonempty closed convex
subset of G. Let H; : € — & be a finite family of uniformly L} —Lipschitzian TAP mappings with
the sequences {vi} C [0, +oc0) and {Ai} C [0,400) , where vi — 0and Al — 0as k — +oo.
Let py = max{v}} and & = max{Al}. Suppose I= NN, F(H;) # @. Assume that there exist
V,V* > 0 such that ¢(e) < V2 foralle > V. Let {ay} be a sequence in [0,1], for all k € N.
Suppose that the following assumptions hold:
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(1) § w = 00
k=1

() ¥ af < oo
k=1

(J3) X agpix < 00, ¥ aply < oo.
k=1 k=1

Let be {t}} the sequence defined by:

fo €&, keN 47)
K € N.
te=(1— o)t 1+ “kHin(gc))tk—lz

Then, {t} converges to a unique element in I if and only if

liminfd(f, ) =0. (48)
k—o0

Proof. If we set B; = 0 in Corollary 4, then the required result follows immediately. [

Corollary 6. Let G and € be as defined in Lemma (3). Let H : € — & be a Ly—Lipschitzian
pseudocontractive mapping. Suppose T = F(H) # Q. Let {ay} be a sequence in [0,1], for all
k € N. Suppose the following assumptions hold:

() oo = 09;
k=1

() ¥ a? <o
k=1

Let {t;} be the sequence defined by:

t) € &,
keN, 49
{ te= (1 —ag)ti—1 + o Htg_q. 49

Then, {t} converges a unique element in I if and only if

liminfd(t, T) = 0. (50)
k—o0

Proof. Fork =1,set N =1 and §; = yx = 0in Corollary 5. O

Corollaries 1-6 are some of the several results one can derive from Theorem 1.

4. Numerical Example

In this section, we give some numerical examples to support the claims in our main
results.

Example 1. Let G = (—o0, +00) with the usual norm and & = [0,+o0). Let ¢ : [0, +0c0) —
[0, +o0) bea strictly increasing function with ¢(0) = 0. For N = 2, let {H;}2_,, {R;}2_,and {S;}?_, :
& — & be defined by:

Hlp = 2(1+t),t€[0,+00),
4t
Hyp = EnL t € [0, +00),
2p
R = ——, t
o= T teb+),
t
Ryp = 67, t € [0,400) and w is closing to zero, Vv € N,

14 at
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3

t
= =t
Slp 1+t2/ S [0/ +00)/
3t

Now, if we define two sequences {x}, {px} € RY by & = px = 1, k € N, then we know that
& — Oand py — 0as k — +oo. Clearly, {H;}?_,,{R;}2_, and {S;}?_, are asymptotically
pseucontractive mappings with the constant sequence {hy} = {1} for all k > 1 and also uniformly
Lipschitzian mappings on [0, +00), and, hence, they are total asymptotically pseudocontractive
mappings. Oboiously, T = (M2, F(M;)) NNy F(Hy)) N(MZ F(Gy)) = {0} # ©.

Let the control parameters be defined as:

1

&k = P = U = vg = 5¢
For arbitrary ty € &, the sequence {t;},'% € &, defined by (5), converges strongly to the
common fixed point of H;, R; and S; (i = 1,2) which is 0.
From the above example, it is easy to see that all of the assumptions in Theorem 1 are fulfilled.
Hence, it implies that our results are applicable.

Example 2. Let G = R2and € = {t = (t,t2) : (t1,t2) € [0,1] x [0,1]} be subset of G with the
norm ||t]| = ||(t1, t2)|| = |t1| + |t2|. For N =1,let H,R,S : & — & be defined by

(%,%), if (t1,b) € [01%) x [0’%)

H(t, ) =
(0,0), if (t1,t2) € [5,1] x [1,1].
(4%) i () el0.3) x[0,3)
R(tl, tz) =
(0,0), if (ti,t2) € [3,1] x [3,1]
(4%) i () e0.d) x[0,])
S(ti,t2) =

(0,0), if (t,t2) € [5,1] x [3,1].

Let ¢ be a strictly increasing self-function defined on [0, c0) such that ¢(0) = 0. Now, if we define
two sequences {Cx}, {px} € RT by & = wx = 1, k € N, then we know that & — 0 and p — 0
as k — +oo. Clearly, the mappings H, R and S are asymptotically pseudocontractive mappings with
hy = 1. This implies that H, R and S are total asymptotically pseudocontractive mappings. Observe
that the common fixed point of H, R and S is (0,0), i.e., T=F(H) N F(R) N F(S) = {(0,0)}.

For the initial values (0.2,0.4), (0.1,0.3), (0.5,0.7) and parameters oy = By = uy = vy =
Sp = ki—l k € N, in five iterations, we show that our new iterative method (5) converges to (0,0)
as follows:

For k = 1 and from (5), we have

1 1 1 1 3
z1 = *§t1+§to+§t1+§t0: *gtl‘FtO
1 1 3 1 2
w = Ef() + 5 |:8t1 + f0:| = fﬁtl + gto.
th = 1t0+1|:—1t1+2t0:| - ] = gto.
2 4 16 3 195

For k = 2 and from (5), we have
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2 = Sht bt ot = o 4 =t
2 7 3ttty T3t
T A L
2 7 393t T 127 T 277t T 108
b 21 20t+1 ., _ 408
2 N PRI 27 5488l
For k = 3 and from (5), we have
3 = bt by ih= Sty ot
5 7 43T 12" 16° 162" 2%
w —3t—|—1 t+1 S
5 7 g 3 T 24212 ¥
hoo S Ao, 5], 250368,
3 = ghtg|mhtignh 37 2939522
For k = 4 and from (5), we have
Zy = 21.‘-|-llf-|-1t-|-1 9t+gt
4 T 5T E3 Tt T T 0t TR
SRR PN - P NI
4 = ghtig|apht sl = 7k T
PR PR |- PO A [
7 5% 10(75°% " 100 ¢ + 7 3738750
Now, in Table 1, we illustrate the convergence of (5) for various initial values.
Table 1. Convergence of (5) for various initial values.
Step Initial Value 1 Initial Value 2 Initial Value 3
1 (0.20000, 0.40000) (0.10000, 0.30000) (0.50000, 0.70000)
1 (0.13128, 0.26256) (0.06564, 0.19692) (0.32821, 0.45949)
2 (0.10357, 0.20713) (0.05178, 0.15535) (0.25893, 0.36249)
3 (0.08821, 0.17642) (0.04410, 0.13232) (0.22054, 0.30874)
4 (0.07809, 0.15619) (0.03904, 0.11715) (0.19525, 0.27333)

Figure 1 shows the convergence of new method for different initial values.

0.7 T T T T T T T
==&~ |nitial value 0.2
0.6 =—8— |nitial value 0.4 | |
Initial value 0.1
0.5 =—@— Initial value 0.3 | ]
¥ =¥ Initial value 0.5
G 04 Initial value 0.7
)
=
< 0.3
>
0.2
0.1

o

1 15 2 25

3

i

35 4.5 5

Number of Iteration

Figure 1. Graph corresponding to Table 1.
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5. Application to Delay Caputo Fractional Differential Equations

In [32], Mandelbort noticed that there are several fractional dimension phenomena
existing in technology and nature; namely, several physical systems have fractional-order
dynamical behaviors because of their chemical properties and special materials. For
this, fractional calculus, which is a generalization of the ordinary differentiation and
integration to an arbitrary non-integer order, has been applied in various fields of science
and engineering, specifically, control systems, electrical engineering, signal processing,
viscoelastic mechanics, physics, biology and many others [33,34]. In [35], Richard observed
that phenomena of delay exist in many physical processes.

In this section, we consider the following delay Caputo fractional differential equation:

“Dt(w) = f(w, t(w), t(w —p), w € [e, V], (51)

with the initial conditions

Hw) = o(w), we [e—1,e|, (52)
where v € (0,1),p >0,V > 0,7 > 0,0 € C(le—p,e¢] : %k), t € R* is a continuous
mapping, and f : [e, V] x ®F x ¥ — R is a continuous mapping. We opine that the
following assumptions are performed:

(Z1) There exists a Lipschitz constant Ly > 0 such that
1f(w, t1,h1) = fw, bz, ha) | < Ly ([l = Il + [[£2 = hz )

for each w € R+ and g1, 1y, g0, ho € RE;
(Z») There exists a constant 6;, > 0 such that % <1

Ifg € C(le—p,V]: RF)NCl([e, V] : R¥) is a function that satisfies (51) and (52), then g is
called the solution to problems (51) and (52). It is shown in [36] that the solution to the
following integral equation is equivalent to the solution to problems (51) and (52):

Hw) = o(e) + F(l,y) /ew(w — )TV f(n,t(n), ¢y — p))dy, ¥ w € [e, V], (53)

where t(w) = o(w), V € [e — 1, ¢]. Let the norm || - ||5, on C([e — p, V] : R¥) be defined by

su w
lolls, = m forall g € C(le—p,¢€] : §Rk), (54)

where E,, : ® — R is called the Mittag—Leffler function, which is defined as follows:
E\(w) = iL forall w € R.
i = T(vk+1)

Obviously, C([e — p,¢] : R, || - ||5,) is a Banach space [4].

Under assumption (Z;), Wang et al. [34] gave the existence and uniqueness results of
problems (51) and (52). In this article, we apply the iterative scheme (49) in Corollary 6 to
approximate the solution to the delay Caputo fractional differential Equations (51) and (52).

Now, our main result is given here in the following theorem:

Theorem 2. Let the functions t and o be the same as defined above. Suppose assumptions (Z1)-(Z)
are fulfilled. Then, the sequence defined by (49) converges to a unique solution of problems (51) and
(52), denoted as q, in G = C([e — p, V] : RE) N Cl([e, V] : RK).
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Proof. We define an operator H : G — G as:

Ht(w) = { 0(e) + iy Jo (@ =)V f (i, t(n), 0 — p))dy, w € [e, V],
Q(T/U), w E [6’ _ 17,6].

Now, we show that fy — gask — co. If w € [e — 17, ¢], then it is not hard to see that t; — g
as k — oo. Next, if w € [e, V], then using (49) and assumptions (Z1)-(Z,), we have

gk —qll = [[(1—ap)tio1 +aHteq —q||
< (1 —ag)lte—1 —qll + axl[Htx—1 —ql|. (55)

Using the supremum over [e — p, V] on both sides of (55), we obtain

sup gk —qll < (1—ax) sup |[tx—1 —qll+ax sup |[Htq —Hql|
wele—p,V] wele—p,V] wele—p,V]
< (I-wa) sup |1 —1|
wele—p,V]
sa sup e [ )OO e (), (- o))
wele—p,V] r(,)/) €
1 w
_ — -1 —o))d
w ’ ’
w7 L @ =0 atn),an )|
1 w
< (1-wap) sup |tog—ql+ax sup —— [ (w—m)7Y
wele—p,V] ! wele—p,V] F(’)/) /e
XL ([ te—1 (1) —q(n) | + lIte—1(n — p) — q(n — )|y
1 &
< (1-«a su te 1 —q|| + ap=—— w—n) 7" Vdy x
(=) sup s =all + ey [ o=y
Le( sup |[tx—1(7) —q(n)]|
wele—p,V]
+ sup |[[tea(r—p) —q(n—p)l) (56)
wele—p,V]

If we divide both sides of (56) by E,, (6w~ ), then we have

?up . lgx — all (1—ay) ?up . [te—1 =4l L
wele—p, wele—p, f /w _ (=1
< +a w dn x 57
E7(5Lw7) E’y(5Lw7) kr('Y) Je ( 17) 7 57)
sup |[[te—1(17) —q(m)||
wele—p,V]
E,(0Lwy)

sup |[te—1(7 —p) —q@7 —p)|
+w€[efp,V]

E, (6ra) (58)

According to (54), (58) becomes
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o=l < (1=aplltio = glls, + o [ =)Dy x
k o = k) k-1 or () Je
L(txe—1(1) = q(m)lls, + ltx—1(n — ) — 901 = p)ls,)
1 w _
= (= alto =l + (L) s~ glla s [ =)y
ax(2L5) 1w _
= (I—ap)ltio1 —qlls, + m”tk*l _qH&LW/e (W_W)(W 1)E7(5Lw7)d77
_ ak(ZLf) crOf ¢ E’Y(‘SLw?)
= = w0l =gl + g s =gl <O (cp (1) )
ar(2Lf) Eq(8Lw,)
= (1 —oay)||tp—1 — + . tr 1 —
( k)” k—1 qH5L E'y((SLw'y) 5L || k—1 q||5L
ax(2Lys)
= (= a)lltier —lla, + =51 =l (59)
Since % < 1, we have
It —qlls, < lte—1 —aqlls,.- (60)

If we put ||ty_1 — ql|s, = ¢x, then we obtain
Yrp1 < ¢, VkEN.

Hence, {¢;} is a monotone decreasing sequence of real numbers. Furthermore, it is a
bounded sequence, so we have

lim #)k = lnf{lpk} =0.
k—o0

Therefore,
lim ([t — gll5, = 0.
k—o00

O

6. Conclusions

In this article, we have introduced an implicit iterative method (5), which properly
includes several other existing iterative methods. The class of TAP mappings considered in
our main results properly contains the classes of pseudocontractive-type and nonexpansive
mappings considered by so many authors in the literature. We provided a nontrivial
example to authenticate the conditions in our main result, and, with this example, we study
the common fixed point convergence behavior of our new iterative method (5). Finally,
we apply our result to the solution of a delay Caputo fractional differential equation. Our
results complement, generalize, improve and extend the corresponding results of Osilike
and Akuchu [17], Qin et al. [28], Thakur [37], Saluja [19], Chen [13], Xu and Ori [12] and
several others in the existing literature.
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