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Abstract: In this article, we study the existence of a solution to the mixed hybrid fractional differential
equations of sequential type with nonlocal integral hybrid boundary conditions. The main results are
established with the aid of Darbo’s fixed point theorem and Hausdorff’s measure of noncompactness
method. The stability of the proposed fractional differential equation is also investigated using the
Ulam–Hyer technique. In addition, an applied example that supports the theoretical results reached
through this study is included.
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1. Introduction

Fractional calculus is a well-established subject with applications in many fields, such
as electro-chemistry, economics, electromagnetics, physical sciences, and medicine. The
idea of fractional calculus is to replace the natural numbers in the derivative order with ra-
tional ones. In domains such as visco-elasticity, statistical physics, optics, signal processing,
control, defense, electrical circuits, and astronomy, fractional differential equations have
become extremely prevalent.

When studying any kind of differential equation, researchers are interested in the
existence and unity of solutions and their qualitative properties; these properties include
the stability of solutions. Stability was, and still is, the most important question in the
theory of dynamic systems, as the study of stability was first conducted in mechanics due
to the urgent need to study the balance of a system, and questions of stability increased
the motivation to introduce new mathematical concepts to engineering, especially control
engineering. The fixed-point theorem is not a single theorem, but belongs to a large family
of fixed-point theorems that relate to different mathematical fields. The researchers’ efforts
focused on several theorems from this family to study the stability criteria for functional
differential equations, including Banach’s fixed point theorem, Schauder’s fixed point
theorem, and Krasnoselskii’s fixed point theorem. We recommend monographs [1–5]
and the recently mentioned papers [6–16]. The majority of research on FDEs is based
on fractional derivatives of the R-L and Caputo types; see [9,17]. Several studies have
been conducted to investigate how stability concepts such as the Mittag–Leffler function,
exponential, and Lyapunov stability apply to various types of dynamic systems. Ulam and
Hyers, on the other hand, identified a previously unknown type of stability, known as Ulam-
stability [18]. Hyer’s type of stability study significantly contributes to our understanding of
chemical processes and fluid movement, as well as semiconductors, population dynamics,
heat conduction, and elasticity. While others have reported results using other types of
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stability, Ulam’s group designed and implemented a type of stability for ordinary, fractional
differential, and difference equations; see [19]. Differential equations are found to be of
great utility in systems and stochastic processes. They can be applied in sweeping processes,
granular systems, nonlinear dynamics of wheeled vehicles, control problems, etc. The
details of pressing issues in the stochastic process, control, differential games, optimization,
and their applications can be found in [20], in which the authors studied the existence and
uniqueness of the following subject to the following boundary conditions:

CHDP
(

u(ξ)

z1(ξ, u(ξ), v(ξ))

)
= w1(ξ, u(ξ), v(ξ)), ξ ∈ [1, e], P ∈ (1, 2],

CHDQ
(

v(ξ)

z1(ξ, u(ξ), v(ξ))

)
= w2(ξ, u(ξ), v(ξ)), ξ ∈ [1, e], Q ∈ (1, 2],

(
u(ξ)

z1(ξ, u(ξ), v(ξ))

)
ξ=1

=0,

CHD
(

u(ξ)

z1(ξ, u(ξ), v(ξ))

)
ξ=e

=λCH
1 D

(
u(ξ)

z1(ξ, u(ξ), v(ξ))

)
ξ=η1(

v(ξ)

z2(ξ, u(ξ), v(ξ))

)
ξ=1

=0,

CHD
(

v(ξ)

z2(ξ, u(ξ), v(ξ))

)
ξ=e

=λCH
2 D

(
v(ξ)

z2(ξ, u(ξ), v(ξ))

)
ξ=η2

,

where CHDγ, γ = {P, Q} is the Caputo—Hadamard fractional derivative of order 1 < γ ≤ 2,
λ1, λ2 ∈ [0, 1), and η1, η2 ∈ (1, e).

In [21], the authors studied the existence and uniqueness of the following system of
mixed hybrid fractional differential equations

(CD1−
RLDr

0+
)( u(ξ)

z1(ξ,u(ξ),v(ξ))

)
= w1(ξ, u(ξ), v(ξ)), ξ ∈ [0, 1], 1 < q ≤ 2, 0 < r ≤ 1,(

CD1−
RLDp

0+

)(
v(ξ)

z1(ξ,u(ξ),v(ξ))

)
= w1(ξ, u(ξ), v(ξ)), 0 < r ≤ 1,

u(ξ) = u′(ξ) = 0, u(1) = δu(ζ), δ ∈ E , ζ ∈ (0, 1),
v(ξ) = v′(ξ) = 0, v(1) = εv(ξ), ε ∈ E , ξ ∈ (0, 1).

In [22] 2022, the authors investigated the existence of the solution for the following hybrid
fractional differential equations

HDµ,ν;Ψ
0+

[
y(ξ)

f (ξ, y(ξ))

]
= g(ξ, y(ξ)), a.e t ∈ (0, T ],

(Φ(ξ)−Φ(0))1−ζy(ξ)|t=0 = y0 ∈ E ,

where 0 < µ < 1, 0 ≤ ν ≤ 1, ζ = µ + ν(1 − µ),HDµ,ν;Ψ
0+ (·) is the Φ-Hilfer fractional

derivative of order µ and type ν, f ∈ C(J × E , E\{0}) is bounded, J = [0, T ] and
g ∈ C (J × E , E) = {h| the map ω → h(τ, ω) is continuous for each τ and the map τ →
h(τ, ω) is measurable for each ω}.

In [23], the authors studied the existence of solutions for a class of boundary value
problems for nonlinear fractional hybrid differential equations involving a generalized
Hilfer fractional derivative

αDϑ,r
a+

(
y(ξ)

f (ξ, y(ξ))

)
= ϑ(ξ, x(ξ)), τ ∈ (a, b].

c1

(
αJ1−ζ

a+

(
y(ξ)

f (ξ, y(ξ))

))
(a+) + c2

(
αJ1−ζ

a+

(
y(ξ)

f (ξ, y(ξ))

))
(b) = c3,
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where αDϑ,r
a+ and αJ1−ζ

a+ , respectively, denote the generalized Hilfer derivative operator of
order ϑ ∈ (0, 1) and type r ∈ [0, 1], and generalized fractional integral of order 1− ζ, (ζ =
ϑ + r− ϑr), c1, c2, c3 ∈ E , c1 + c2 6= 0, f ∈ C([a, b]× E , E)\{0}) and ϑ ∈ C([a, b]× E , E).

In the present work, we use Darbo’s fixed point theorem and Hausdorff’s measure of
noncompactness method to investigate the existence results for the following FDE

cDβ
(
cDv + λ

)( ε1(ξ)

κ1(ξ, ε1(ξ))

)
= F (ξ, ε1(ξ)) a.e. ξ ∈ J = [0, 1]

ε1(0)
κ1(0, ε1(0))

+ µ
ε1(1)

κ1(1, ε1(1))
= $1

∫ 1

0
g(ι1, ε1(ι1))dι1,

cDv

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cDv

(
ε1(1)

κ1(1, ε1(1))

)
= $2

∫ 1

0
h(ι1, ε1(ι1))dι1,

cD2v

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cD2v

(
ε1(1)

κ1(1, ε1(1))

)
= $3

∫ 1

0
k(ι1, ε1(ι1))dι1,

(1)

where 0 < v < 1, 1 < β ≤ 2, λ, ϕ1, $i,∈ E∗ for i = 1, 2, 3, with ϕ1 = −1. cDv, cDβ are
the Caputo’s fractional derivatives, and κ1 : [0, 1]× E → E{0}, ω ∈ C([0, 1]× E , E) and
g, h, k : [0, 1]× E → E are a given continuous functions.

By a solution of the problem (1), we mean a function ε1 ∈ C(J , E), such that

(i) The function ξ �
(

ε1
κ1(ξ,ε1)

)
is continuous for each ε1 ∈ E , and

(ii) ε1 satisfies the equations in (1).

The originality of this study lies in the use of Darbo’s fixed point theory, which is an
important but rarely used theory in the literature. In addition, it verifies the existence of
the solution to a nonlinear sequential fractional differential equation of the hybrid type and
hybrid boundary conditions. Moreover, the stability of the solutions to this equation was
verified using the Ulam–Hyres technique, establishing the relevence of this work.

The rest of the article is as follows: Section 2 presents the basic definitions, lemmas,
and theorems that underpin our main conclusions. In Section 3, we provide solutions to
the given fractional differential Equation (1) using Darbo’s fixed point theorem. Section 4
looks at the Ulam–Hyers stability of the provided fractional differential Equation (1). In
Section 5, an example is provided to further clarify the study’s finding. In Section 6, the
conclusion and future works are introduced.

2. Preliminaries

In this section, we state the most important definitions, lemmas, and theorems that
are necessary to obtain our main results. In addition, we introduce some useful notations
that make our result less complicated. We finish this section with an auxiliary lemma that
provides a solution to our proposed fractional differential equation.

Denote the Banach space of all continuous function by: C([0, T ], E) with the norm

||ε1||∞ = sup
ξ∈J
||J (ξ)||.

Let L1([0, T ]) represent the space of Bochner integrable functions ε1 : [0, T ]→ E , with the
norm

||ε1||1 =
∫ T

0
||ε1(ξ)||dξ.

Definition 1 ([24]). Let E be a Banach space and V2 a bounded subsets of E . Then, the Hausdorff
measurable of non-compactness of V2 is defined by

χ(V2) = inf{ξ > 0 : V2 has a finite cover by balls of radius ξ}.
To discuss the problem in this paper, we need the following lemmas.

Lemma 1 ([24]). Let V1,V2 ⊂ E be bounded. Then, HMNC has the following properties:
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(1) V1 ⊂ V2 ⇒ χ(V1) ≤ χ(V2);
(2) χ(V1) = 0⇔ V1 is a relatively compact;
(3) χ(V1 ∪ V2) = max{χ(V1), χ(V2)};
(4) χ(V1) = χ(V̄1) = χ(conv(V1)), where V̄1 and V1 represent the closure and the convex hull

of V1, respectively;
(5) χ(A+ B) ≤ χ(V1) + χ(V2), where (V1) + (V2) = {u + v : u ∈ V1, v ∈ V2};
(6) χ(vV1) ≤ |v|χ(V1) ∀ v ∈ R,

Lemma 2 ([24]). If F ⊆ C([0, T ], E) is bounded and equi-continuous, then χ(F (ξ)) is continu-
ous on [0, T ] and

χ(F ) = sup
ξ∈[0,T ]

χ(F (ξ)). (2)

The set V2 ⊂ L([0, T ], E) is (uniformly) bounded if ∃ σ ∈ L1([0, T ],R+), such that

‖u(ι1)‖ ≤ σ(ι1), ∀ ε1 ∈ V2. (3)

Lemma 3 ([25]). If {ε1n}∞
n=1 ⊂ L1([0, T ], E) is integrable (uniformly), then χ({ε1n}∞

n=1) is
measurable, and

χ

({∫ t

0
ε1n(ι1)dι1

}∞

n=1

)
≤
∫ t

0
χ
(
{ε1n(ι1)}

∞
n=1
)
dι1. (4)

Lemma 4 ([26]). If a set F is bounded, then ∀ δ, ∃ {ε1n}∞
n=1 ⊂ F , such that

χF ≤ 2χ
(
{ε1n(ι1)}

∞
n=1
)
+ δ. (5)

Definition 2 ([27]). A function J : [c, d]× E → E satisfies the carathéodory conditions, if the
following can be satisfied

• J (ξ, ε1) is continuous w.r.t. ξ for ε1 ∈ E ∀ ξ ∈ [c, d].
• J (ξ, ε1) is measurable w.r.t. ξ for ε1 ∈ E ;

Definition 3 ([28]). The function J : Ω ⊂ E → E is a χ-contraction, if ∃k, 0 < k < 1 such that

χ(J (V1)) ≤ kχV1, (6)

for all bounded V1 ⊂ Ω .

Next, we state the most important theory on which the results of this work are based.
This is called the fixed point theory of “Darbo and Sadovskii” [24,29].

Theorem 1. Let Ω be a nonempty, bounded, closed and convex subset of a Banach space E , and let
J : Ω→ Ω be a continuous operator. If J is a χ-contraction, then J has at least one fixed point.

Definition 4 ([1]). The RL fractional integral of order $ > 0 for a function J1 : [0,+∞)→ R is
defined as

I$
0+J1(ξ) =

1
Γ($)

∫ ξ

0
(ξ − ι1)

$−1J1(ι1)dι1.

Definition 5 ([1]). The Caputo derivative of order $ > 0 for a function J1 : [0,+∞) → R is
written as

D$
0+J1(ξ) =

1
Γ(n− $)

∫ ξ

0
(ξ − ι1)

n−$−1J (n)
1 (ι1)dι1,
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where n = [$] + 1, [$] is an integral part of $.

Lemma 5. Let $ > 0. Then, the differential equation D$
0+J1(ξ) = 0 has the solution

J1(ξ) = c0 + c1ξ + c1ξ2 + · · ·+ cn−1ξn−1,

and

I$
0+D

$
0+J1(ξ) = J1(ξ) + c0 + c1ξ + c1ξ2 + · · ·+ cn−1ξn−1,

where ci ∈ R and i = 1, 2 · · · , n = [$] + 1.

Lemma 6. Assume that hypothesis (H0) holds. Then, for any y ∈ L1(J ; E). The function
ε1 ∈ C(J ; E) is a solution to the problem

cDβ
(
cDv + λ

)( ε1(ξ)

κ1(ξ, ε1(ξ))

)
= y(ξ) a.e. ξ ∈ J = [0, 1]

ε1(0)
κ1(0, ε1(0))

+ ϕ1
ε1(1)

κ1(1, ε1(1))
= $1

∫ 1

0
g(ι1, ε1(ι1))dι1,

cDv

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cDv

(
ε1(1)

κ1(1, ε1(1))

)
= $2

∫ 1

0
h(ι1, ε1(ι1))dι1,

cD2v

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cD2v

(
ε1(1)

κ1(1, ε1(1))

)
= $3

∫ 1

0
k(ι1, ε1(ι1))dι1,

(7)

if, and only if, ε1 and satisfies the hybrid equation:

ε1(ξ) =κ1(ξ, ε1(ξ))

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1 +A1(ξ)
∫ 1

0
h(ι1, ε1(ι1))dι1

+A2(ξ)
∫ 1

0
g(ι1, ε1(ι1))dι1 +A3(ξ)

∫ 1

0
k(ι1, ε1(ι1))dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1y(ι1)dι1 +
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1y(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1, (8)

where

A1 = ξv$2(1−λΓ(2−v))
Γ(v+1)(1+ϕ1)

+ ξv+1λ$2Γ(2−v)
Γ(2+v)ϕ1

+
(

ϕ1
(1+ϕ1)2Γ(v+1) −

1
(1+ϕ1)Γ(v+2)

)
Γ(2−v)λ$2 − ϕ1$2

(1+ϕ1)2Γ(v+1)

A2 = ξvλ$1
Γ(v+1)(1+ϕ1)

− $1
1+ϕ1

+ ϕ1λ$1
(1+ϕ1)2Γ(v+1) ,

A3 = − ξv Γ(2−v)$3
Γ(v+1)(1+ϕ1)

+ ξv+1Γ(2−v)$3
Γ(v+2)ϕ1

+ ϕ1Γ(2−v)$3
(1+ϕ1)2Γ(v+1) −

Γ(2−v)$3
(1+ϕ1)Γ(v+2) ,

A4 = ξv Γ(2−v)ϕ1
Γ(v+1)(1+ϕ1)

− ξv+1Γ(2−v)
Γ(v+2)

+Γ(2−v)

(
ϕ1

(1+ϕ1)Γ(v+2) −
ϕ2

1
(1+ϕ1)2Γ(v+1)

)
,

A5 = − ξ2 ϕ1
Γ(v+1)(1+ϕ1)

− ϕ2
1

(1+ϕ1)2Γ(v+1) .

Proof. Using Lemma , we obtain

(cDv + λ)

(
ε1(ξ)

κ1(ξ, ε1(ξ))

)
=Iβy(ξ) + a0 + a1ξ,
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(cDv)

(
ε1(ξ)

κ1(ξ, ε1(ξ))

)
=Iβy(ξ) + a0 + a1ξ − λ

(
ε1(ξ)

κ1(ξ, ε1(ξ))

)
,

ε1(ξ)

κ1(ξ, ε1(ξ))
=Iv+βy(ξ) + Iva0 + Iva1ξ − Ivλ

(
ε1(ξ)

κ1(ξ, ε1(ξ))

)
+ a2,

where a1, a2, a0 ∈ R.
According to the condition:
cD2v

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕc

1D2v

(
ε1(1)

κ1(1, ε1(1))

)
= $3

∫ 1

0
k(ι1, ε1(ι1))dι1 we find that:

a1 =Γ(2−v)

(
$3

ϕ1

∫ 1

0
k(ι1, ε1(ι1))dι1 +

λ$2

ϕ1

∫ 1

0
h(ι1, ε1(ι1))dι1

− 1
Γ(β−v)

∫ 1

0
(1− ι1)

β−vy(ι1)dι1

)
.

Using the fact that cDv

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕc

1Dv

(
ε1(1)

κ1(1, ε1(1))

)
= $2

∫ 1

0
h(ι1, ε1(ι1))dι1, and

ε1(0)
κ1(0, ε1(0))

+ ϕ1
ε1(1)

κ1(1, ε1(1))
= $1

∫ 1

0
g(ι1, ε1(ι1))dι1

a0 =
−Γ(2−v)$3

1 + ϕ1

∫ 1

0
k(ι1, ε1(ι1))dι1 +

(1− λΓ(2−v))$2

1 + ϕ1

∫ 1

0
h(ι1, ε1(ι1))dι1

+
λ$1

1 + ϕ1

∫ 1

0
g(ι1, ε1(ι1))dι1

+
Γ(2−v)ϕ1

(1 + ϕ1)Γ(β−v)

∫ 1

0
(1− ι1)

β−v−1y(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(β)

∫ 1

0
(1− ι1)

β−1y(ι1)dι1,

a2 = ϕ1λ
(1+ϕ1)Γ(v)

∫ ξ
0 (1− ι1)

v−1ε1(ι1)dι1 +
(

$1
1+ϕ1

− ϕ1λ$1
Γ(v+1)(1+ϕ1)2

) ∫ 1
0 g(ι1, ε1(ι1))dι1

− ϕ1
(1+ϕ1)Γ(v+β)

∫ 1
0 (1− ι1)

v+β−1y(ι1)dι1

+
ϕ2

1
(1+ϕ1)2Γ(β)Γ(v+1)

∫ 1
0 (1− ι1)

β−1y(ι1)dι1

+ Γ(2−v)
Γ(β−v)

(
ϕ1

(1+ϕ1)Γ(v+2) −
ϕ2

1
(1+ϕ1)2Γ(v+1)

) ∫ 1
0 (1− ι1)

β−v−1y(ι1)dι1

+

[(
ϕ2

1
(1+ϕ1)2Γ(v+1) −

ϕ1
(1+ϕ1)Γ(v+2)

)
Γ(2−v)λ$2

ϕ1

− ϕ1$2
(1+ϕ1)2Γ(v+1)

] ∫ 1
0 h(ι1, ε1(ι1))dι1.

Substituting the value of a0, a1, a2, b0, b1, and b2 we obtain

ε1(ξ) =κ1(ξ, ε1(ξ))

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1 +A1(ξ)
∫ 1

0
h(ι1, ε1(ι1))dι1

+A2(ξ)
∫ 1

0
g(ι1, ε1(ι1))dι1 +A3(ξ)

∫ 1

0
k(ι1, ε1(ι1))dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(1− ι1)

β−v−1y(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(1− ι1)

β−1y(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(1− ι1)

v−1ε1(ι1)dι1

− ϕ1

(1 + ϕ1)(v + β)

∫ 1

0
(1− ι1)

v+β−1y(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1.
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3. Existence Results via DFPT

To set our main results, we introduce the following assumptions

(A1) The function J1 : [0, T ]× E → E satisfies carthéodory conditions.
(A2) There exists a function Ψ ∈ L∞([0, T ],R+), which shows that

||J1(ξ, ε1(ξ))|| ≤ Ψ(ξ)(1 + ||ε1||), ∀ ε1 ∈ C([0, T ], E)

(A3) AssumeW ⊂ E is any bounded set ∀ ξ ∈ [0, T ]; then,

χ(J1(ξ,W)) ≤ Ψ(ξ)χ(W).

For easy computation, we let

R :=κ1

{
J1

Γ(v + β + 1)
+A1||h||+A2||g||+A3||k||+

A4||J1||
Γ(β−v + 1)

+
A5||J1||
Γ(β + 1)

+

|ϕ1|||λ||
(|1 + ϕ1|)Γ(v + β + 1)

+
|ϕ1λ|

(|1 + ϕ1|)Γ(v + 1)
||y||

}
+

|λ|
Γ|(v + 1)| ||ε1||,

Theorem 2. Assume that the assumptions (A1)–(A3) hold true, and letRΨ = ||Ψ||R. If

4RΨ < 1, (9)

then the BVP (1) has at least one solution, defined on [0,T ].

Proof. Consider the operatorH : C([0, T ], E)→ C([0, T ], E)

(Hε1)(ξ) =κ1(ξ, ε1(ξ))

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+A1(ξ)
∫ 1

0
h(ι1, ε1(ι1))dι1

+A2(ξ)
∫ 1

0
g(ι1, ε1(ι1))dι1

+A3(ξ)
∫ 1

0
k(ι1, ε1(ι1))dι1 +

A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1y(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1y(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1,

The operatorH is well-defined as a result of A1 and A2. Therefore, (1) is equivalent to the
following operator equation.

ε1 = Hε1. (10)

Subsequently, showing the existence of fixed point for (10) is equivalent to the existence of
a solution for (8).

Let

Bε = {ε1 ∈ C([0, T ], E) : ||ε1||∞ ≤ ε}
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be a closed convex set with ε > 0, such that

ε ≥ RΨ

1−RΨ
.

The applicability of the DFPT will be shown in four steps
Step 1. We show that HBHBε ⊂ Bε; using (A2), we have

|Hε1(ξ)| ≤κ1Ψ(ι1)(1 + ||ε1(ι1)||)
[

1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+A1(ξ)
∫ 1

0
Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+A2(ξ)
∫ 1

0
Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+A3(ξ)
∫ 1

0
Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1Ψ(ι1)(1 + ||ε1(ι1)||)dι1,

≤ ||Ψ||(1 + ||ε1||)
{

J1
Γ(v+β+1) +A1||h||+A2||g||+A3||k||+ A4||J1||

Γ(β−v+1) +
A5||J1||
Γ(β+1) +

|ϕ1|||λ||
(|1+ϕ1|)Γ(v+β+1) +

|ϕ1λ|
(|1+ϕ1|)Γ(v+1) ||y||

}
+ |λ|

Γ|(v+1)| ||ε1||.

||Hε1|| ≤||Ψ||(1 + ||ε1||)R
≤(1 + ε)RΨ

≤ε.

Thus, ||Hε1|| ≤ ε. That isHBε ⊂ Bε.
Step 2: The operatorH is continuous. Let {ε1n} be a sequence in Bε, such that ε1n → ε1

as n→ ∞. Then, J1(ι1, ε1n(ι1))→ J1(ι1, ε1(ι1)) as n→ ∞, as a sequel of the Carathéodory
continuity of J1. (A2) implies

||Hε1n(ξ)−Hε1(ξ)|| ≤κ1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||

×
[

1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

+||A1(ξ)||
∫ 1

0
||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

+||A2(ξ)||
∫ 1

0
||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

+||A3(ξ)||
∫ 1

0
||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

+
||A4(ξ)||
Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1
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+
||A5(ξ)||

Γ(β)

∫ 1

0
(ξ − ι1)

β−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1||J1(ι1, ε1n(ι1))−J1(ι1, ε1(ι1))||dι1,

≤R||J1(·, ε1n(·))−J1(·, ε1(·))||.

Using the Lebesgue dominated convergence theorem, it is obvious that ||HJ1n(ξ) −
Hε1(ξ)|| → 0 as n→ ∞, ∀ ξ ∈ [0, T ]; consequently, we have

||Hε1n −Hε1|| → 0 as n→ ∞.

Step 3. The operatorH is equicontinuous. For any 0 < ξ1 < ξ2 < T and ε1 ∈ Bε, we
can obtain

||H(ε1)(ξ2)−H(ε1)(ξ1)|| ≤
∣∣∣∣[ 1

Γ(v + β)

∫ ξ2

0
(ξ2 − ι1)

v+β−1y(ι1)dι1

− 1
Γ(v + β)

∫ ξ1

0
(ξ1 − ι1)

v+β−1y(ι1)dι1

+|A1(ξ2)−A1(ξ1)|
∫ 1

0
h(ι1, ε1(ι1))dι1

+|A2(ξ2)−A2(ξ1)|
∫ 1

0
g(ι1, ε1(ι1))dι1

+|A3(ξ2)−A3(ξ1)|
∫ 1

0
k(ι1, ε1(ι1))dι1

+
|A4(ξ2)−A4(ξ1)|

Γ(β−v)

∫ 1

0
(1− ι1)

β−v−1y(ι1)dι1

+
|A5(ξ2)−A5(ξ1)|

Γ(β)

∫ 1

0
(1− ι1)

β−1y(ι1)dι1

]∣∣∣∣,
||H(ε1)(ξ2)−H(ε1)(ξ1)|| ≤

∣∣∣∣[ 1
Γ(v + β)

∫ ξ2

ξ1

y(ι1)dι1

+|A1(ξ2)−A1(ξ1)|
∫ 1

0
h(ι1, ε1(ι1))dι1

+|A2(ξ2)−A2(ξ1)|
∫ 1

0
g(ι1, ε1(ι1))dι1

+|A3(ξ2)−A3(ξ1)|
∫ 1

0
k(ι1, ε1(ι1))dι1

+
|A4(ξ2)−A4(ξ1)|

Γ(β−v)

∫ 1

0
(1− ι1)

β−v−1y(ι1)dι1

+
|A5(ξ2)−A5(ξ1)|

Γ(β)

∫ 1

0
(1− ι1)

β−1y(ι1)dι1

]∣∣∣∣,
as ξ1 → ξ2 is the RHS of the above approaches to zero and is free of ε1 ∈ Bε. Hence,
operatorH is bounded and equicontinuous.
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Step.4. We show thatH is a χ-contraction on Bε. For all bounded subsetsW ⊂ Bε and
δ > 0. With the aid of Lemma 4 and the properties of χ, ∃ {ε1k}∞

k=1 ⊂ W such that

χ(HW(ξ)) ≤2χ

{[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1

+A1(ξ)
∫ 1

0
J1(ι1, {ε1k(ι1)}∞

k=1)dι1

+A2(ξ)
∫ 1

0
J1(ι1, {ε1k(ι1)}∞

k=1)dι1

+A3(ξ)
∫ 1

0
J1(ι1, {ε1k(ι1)}∞

k=1)dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1J1(ι1, {ε1k(ι1)}∞
k=1)dι1,

}
+ δ.

The properties of χ, (A3), and Lemma 3 can be used to obtain

χ(HW(ξ)) ≤4
{[

1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+A1(ξ)
∫ 1

0
χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1

+A2(ξ)
∫ 1

0
χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1

+A3(ξ)
∫ 1

0
χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1,

}
+ δ,

≤4
{[

1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+A1(ξ)
∫ 1

0
Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1

+A2(ξ)
∫ 1

0
Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1
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+A3(ξ)
∫ 1

0
Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞

k=1))dι1

+
A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

+
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1Ψ(ι1)χ(J1(ι1, {ε1k(ι1)}∞
k=1))dι1,

}
+ δ.

≤ 4RΨχ(Rε) + δ, ∀ δ > 0. (11)

Then

χ(H(W)) = sup
ξ∈[0,T ]

χ(HW(ξ)) ≤ 4RΨχ(Rε)

Using Theorem 2, we conclude the existence of a fixed point for the operator equation given
by (10). This completes the proof.

4. Stability Results

Let ϑ > 0 and Θ : [0, T ]→ [0, ∞] be a continuous function. We consider the following
inequalities:

|cDβ
(
cDv + λ

)( ε1(ξ)

κ1(ξ, ε1(ξ))

)
−J1(ξ, ε1(ξ))| ≤ϑ, ξ ∈ [0, T ], (12)

|cDβ
(
cDv + λ

)( ε1(ξ)

κ1(ξ, ε1(ξ))

)
−J1(ξ, ε1(ξ))| ≤ϑΘ(ξ), ξ ∈ [0, T ], (13)

Definition 6 ([30]). Problem (1) is U-H stable if ∃ M > 0, such that ∀ ϑ > 0, ∀ ε1 ∈ C of the
inequality (12), ∃ solution ε1

∗ ∈ C of problem (1) with

|ε1(ξ)− ε1
∗(ξ)| ≤ Mϑ, ξ ∈ [0, T ]. (14)

Definition 7 ([30]). Problem (1) is generalized U-H stable if ∃ΘJ1 ∈ C(R
+,R+) and ΘJ1(0) = 0,

such that, ∀ ε1 ∈ C of the inequality (13), ∃ a solution ε1
∗ ∈ C of problem (1) with

|ε1(ξ)− ε1
∗(ξ)| ≤ ΘJ1(ϑ), ξ ∈ [0, T ]. (15)

Remark 1 ([30]). A function ε1 ∈ C is a solution of the equality (14)⇐⇒ ∃ a function Z ∈ C,
such that

(1) |Z(ξ)| ≤ ϑ, ξ ∈ [0, T ],
(2) cDβ(cDv + λ)

(
ε1(ξ)

κ1(ξ,ε1(ξ))

)
= J1(ξ, ε1(ξ)) +Z(ξ), ξ ∈ [0, T ].

Lemma 7. Let 1 ≤ $ ≤ 2. If a function ε1 ∈ C is a solution to the inequality, then ε1 is a solution
of the following integral inequality:

|ε1(ξ)− Eε1 | ≤ Rϑ, (16)



Fractal Fract. 2023, 7, 229 12 of 16

where

Eε1 =κ1(ξ, ε1(ξ))

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+A1(ξ)
∫ 1

0
h(ι1, ε1(ι1))dι1

+A2(ξ)
∫ 1

0
g(ι1, ε1(ι1))dι1

+A3(ξ)
∫ 1

0
k(ι1, ε1(ι1))dι1 +

A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1y(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1y(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1,

Proof. Using Remark 1,

ε1(ξ) =

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+A1(ξ)
∫ 1

0
h(ι1, ε1(ι1))dι1

+A2(ξ)
∫ 1

0
g(ι1, ε1(ι1))dι1

+A3(ξ)
∫ 1

0
k(ι1, ε1(ι1))dι1 +

A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1y(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1y(ι1)dι1

]
(17)

− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1,

+

[
1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+A1(ξ)
∫ 1

0
Z(ι1)dι1

+A2(ξ)
∫ 1

0
Z(ι1)dι1

+A3(ξ)
∫ 1

0
Z(ι1)dι1 +

A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1Z(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1Z(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1Z(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1Z(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1Z(ι1)dι1,

implies
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|ε1(ξ)− Eε1 | =
∣∣∣∣[ 1

Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+A1(ξ)
∫ 1

0
Z(ι1)dι1

+A2(ξ)
∫ 1

0
Z(ι1)dι1

+A3(ξ)
∫ 1

0
Z(ι1)dι1 +

A4(ξ)

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1Z(ι1)dι1

+
A5(ξ)

Γ(β)

∫ 1

0
(ξ − ι1)

β−1Z(ι1)dι1 +
ϕ1λ

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1Z(ι1)dι1

− ϕ1

(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1Z(ι1)dι1

]
− λ

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1Z(ι1)dι1,
∣∣∣∣

≤ ϑ

[{
J1

Γ(v + β + 1)
+A1||h||+A2||g||+A3||k||+

A4||J1||
Γ(β−v + 1)

+
A5||J1||
Γ(β + 1)

+
|ϕ1|||λ||

(|1 + ϕ1|)Γ(v + β + 1)
+

|ϕ1λ|
(|1 + ϕ1|)Γ(v + 1)

||y||
}
+

|λ|
Γ|(v + 1)| ||ε1||

]
≤ Rϑ. (18)

We now state the main theorem as follows:

Theorem 3. Assume that (A1) and (A2) are satisfied with RΨ < 1. Then, problem (1) is U-H
and is generalized as U-H stable.

Proof. Suppose that ε1 ∈ C is a solution of inequality (14) and ε1
∗ ∈ C is a unique solution

of problem (1). Then, it follows from Lemma 7 that

|ε1(ξ)− ε1
∗(ξ)| =

∣∣∣∣[ 1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1y(ι1)dι1

+|A1(ξ)|
∫ 1

0
h(ι1, ε1(ι1))dι1

+|A2(ξ)|
∫ 1

0
g(ι1, ε1(ι1))dι1

+|A3(ξ)|
∫ 1

0
k(ι1, ε1(ι1))dι1 +

|A4(ξ)|
Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1y(ι1)dι1

+
|A5(ξ)|

Γ(β)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1 +
|ϕ1λ|

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1y(ι1)dι1

− |ϕ1|
(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1y(ι1)dι1

]
− |λ|

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1ε1(ι1)dι1

∣∣∣∣
≤|ε1(ξ)− Eε1 |+

∣∣∣∣[ 1
Γ(v + β)

∫ ξ

0
(ξ − ι1)

v+β−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

+|A1(ξ)|
∫ 1

0
J1(ι1, ε1(ι1))−J1(ι1, ε1

∗(ι1))dι1
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+|A2(ξ)|
∫ 1

0
J1(ι1, ε1(ι1))−J1(ι1, ε1

∗(ι1))dι1

+|A3(ξ)|
∫ 1

0
J1(ι1, ε1(ι1))−J1(ι1, ε1

∗(ι1))dι1

+
|A4(ξ)|

Γ(β−v)

∫ 1

0
(ξ − ι1)

β−v−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

+
|A5(ξ)|

Γ(β)

∫ 1

0
(ξ − ι1)

β−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

+
|ϕ1λ|

(1 + ϕ1)Γ(v)

∫ 1

0
(ξ − ι1)

β−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

− |ϕ1|
(1 + ϕ1)Γ(v + β)

∫ 1

0
(ξ − ι1)

v+β−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

]
− |λ|

Γ(v)

∫ ξ

0
(ξ − ι1)

v−1J1(ι1, ε1(ι1))−J1(ι1, ε1
∗(ι1))dι1

∣∣∣∣
≤ Rϑ + ΨR|ε1(ξ)− ε1

∗(ξ)|,

which implies

||ε1(ξ)− ε1
∗|| ≤ Mϑ,

where

M =
R

1−ΨR > 0.

Hence, we conclude that problem (1) is U-H stable. In addition, by denoting ΘJ1(ϑ) =Mϑ,
such that ΘJ1(0) = 0, problem (1) is generalized U-H stable.

5. Example

Example 1. Denote the Banach space of real sequences by C0 = {ε1 = (ε11, ε12, · · · ) : ε1n →
0(n→ ∞)}, with the norm

||ε1||∞ = sup
n≥1
|ε1n|

Consider the following BVP

cDβ
(
cDv + λ

)( ε1(ξ)

κ1(ξ, ε1(ξ))

)
= J1(ξ, ε1(ξ)) a.e. ξ ∈ J = [0, 1]

ε1(0)
κ1(0, ε1(0))

+ ϕ1
ε1(1)

κ1(1, ε1(1))
= $1

∫ 1

0
g(ι1, ε1(ι1))dι1,

cDv

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cDv

(
ε1(1)

κ1(1, ε1(1))

)
= $2

∫ 1

0
h(ι1, ε1(ι1))dι1,

cD2v

(
ε1(0)

κ1(0, ε1(0))

)
+ ϕ1

cD2v

(
ε1(1)

κ1(1, ε1(1))

)
= $3

∫ 1

0
k(ι1, ε1(ι1))dι1,

(19)

where Here v = 1/3, β = 4/3, λ = 1/300, ϕ1 = 1, $1 = $2 = $3 = 1/200 and

R < 1.354.

Here J1 : [0, 1]× C0 → C0 given by

J1(ξ, ε1) =

{
1√

ξ2 + 49

(
ξ sin ε1

49
+ eξ cos ξ

)}
n≥1

, f or ξ ∈ [0, 1], ε1 = {ε1n}n≥1 ∈ C0.
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It is clear that condition (A1) holds, and as

||J1(ξ, ε1)|| =
∥∥∥∥∥ 1√

ξ2 + 49

(
ξ sin ε1

49
+ eξ cos ξ

)∥∥∥∥∥
≤ 1√

ξ2 + 49
(1 + ||ε1||)

= Ψ(ξ)(1 + ||ε1||).

Therefore, (A2) satisfied, with

Ψ(ξ) =
1√

ξ2 + 49
, ξ ∈ [0, 1].

And the bounded set J1 ⊂ C0, we have

χ(J1(ξ,J1)) ≤
1√

ξ2 + 49
χ(J1), ∀ ξ ∈ [0, 1].

So, (A3) holds true. Indeed, 4RΨ = 0.76593 and (1 + ε)RΨ = ε. Thus,

ε ≥ RΨ

1−RΨ
=

0.15471
1− 0.19148

=
0.19148
0.80852

≈ 0.236827784.

Then ε can be chosen as ε = 0.2 > 0.183. Consequently, all conditions of Theorem 2 hold true. This
yields the existence of a solution ε1 ∈ C([0, 1], C0) for the problem (1).

6. Conclusions

We discussed the existence results for a mixed hybrid fractional differential equation
of sequential type with nonlocal integral hybrid boundary conditions. The main results
are established with the aid of Darbo’s fixed point theorem and Hausdorff’s measure of
noncompactness method. Using standard functional analysis, we showed Ulam–Hyers
stability. Our results in this configuration are novel, and add to the body of knowledge
on the theory of fractional differential equations. For future work, we suggest using other
types of fractional derivative operator, such as the generalized Hilfer fractional derivative.
Anyone interested in the subject can also investigate the existence and uniqueness of
solutions to the coupled or tripled systems using several fixed points theorems, such as
Banach contraction, mapping principle, Leray–Schuader’s alternative, and Mönch’s fixed
point theorem.
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