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Abstract: The special affine Fourier transform (SAFT) is an extended version of the classical Fourier
transform and incorporates various signal processing tools which include the Fourier transforms, the
fractional Fourier transform, the linear canonical transform, and other related transforms. This paper
aims to introduce a novel octonion special affine Fourier transform (O—SAFT) and establish several
classes of uncertainty inequalities for the proposed transform. We begin by studying the norm split
and energy conservation properties of the proposed (O—SAFT). Afterwards, we generalize several
uncertainty relations for the (O—SAFT) which include Pitt’s inequality, Heisenberg—Weyl inequality,
logarithmic uncertainty inequality, Hausdorff-Young inequality, and local uncertainty inequalities.
Finally, we provide an illustrative example and some possible applications of the proposed transform.

Keywords: quaternion special affine Fourier transform (QSAFT); octonion; octonion Fourier
transform (O—OFT); octonion special affine Fourier transform (O—SAFT); uncertainty principle

1. Introduction

In the era of communication and information technology, the classical transform, better
known as the Fourier transform (FT) in the hypercomplex setting, sees significant demand.
It works on the principle of not losing the spectral relations while treating multi-channel
signals as an algebraic whole. In the present era, many hypercomplex FIs have been studied
via different approaches, such as [1,2]. An interesting development in hypercomplex FTs
is its applications in modern day aspects, such as watermarking, color image processing,
pattern recognition, image filtering, edge detection, and many more [3-7]. The leading
hypercomplex FT is the quaternion Fourier transform (QFT). Due to the applications of
QFTs in optics and signal processing, they are the most vigorous. In [8,9], the authors
discussed the properties of the QFT and the wide range of its applications. After the
generalized quaternion Fourier transform (QFT), the quaternion linear canonical transform
(QLCT) is the most effective in signal processing due to its extra parameters, see [10-13].
With the passage of time, QLCT with four parameters has been extended to a six-parameter
transform, which is commonly known as quaternion special affine Fourier transform
(QSAFT). Owing to its time-shifting and frequency-modulation parameters, the QSAFT
has gained momentum over classical QLCT for its potential to be used in image and signal
processing, see [14-18].

In hypercomplex signal processing, the eighth-ordered Cayley—Dickson algebra, which
is also called octonion algebra, has received remarkable attention. Hahn and Snopek, in
2011 [19], initiated the study of the octonion Fourier transform (O—FT). Onwards, O—FT
turns to be a powerful point in research in the field of modern signal and image processing.
Various properties and related uncertainty principles associated with O—FT have been
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studied in [20-23]. Recently, Gao and Li [24] developed octonion linear canonical transform
(O—LCT) as a generalized version of O—FT. They examined certain vital properties such as
the inversion formula, isometry, and Riemann-Lebesgue lemma. Furthermore, they proved
Heisenberg’s and Donoho-Stark’s uncertainty principles. Later on, the authors of [25]
introduced the octonion spectrum of 3D short-time LCT signals, where they formulated
several new classes of uncertainty inequalities. Thus, in the field of multidimensional hy-
percomplex signals, the door has been opened by successively obtaining the generalizations
of O—FT and O—LCTs. Recently, Dar and Bhat [26] introduced Wigner distribution in the
framework of octonion LCT as a generalization of O—LCT and studied some properties and
established Heisenberg’s inequality, Logarithmic uncertainty inequality, and it associated
Hausdorff-Young inequality. As an aligned motivation of the generalizations of O—FT and
O—LCTs, we deduce the octonion special affine Fourier transform (O—SAFT) and provide
uncertainty principles for the proposed octonion special affine Fourier transform O—SAFT.
The main purposes of this study are described in a nutshell as follows:

e  To propose a novel integral transform coined as octonion special affine Fourier trans-
form (O—SAFT).

¢  To discuss the primarily characterizations of our obtained transform including the
closed-form representation and its relation with QSAFT, inversion formula, and en-
ergy conservation.

¢ To establish Pitt’s inequality for the proposed transform.

e To derive Hausdorff-Young inequality associated with the O—SAFT.

e To formulate the logarithmic uncertainty inequality, Heisenberg—Weyl inequality,
and local uncertainty inequality associated with the octonion special affine Fourier
transform (O—SAFT).

This paper is formulated as follows: Section 2 collects some preliminaries and basic
notations. We define the O—SAFT and determine its properties in Section 3. Section 4 is
devoted to the development of a series of uncertainty inequalities including the Pitt’s in-
equality, logarithmic uncertainty inequality,Heisenberg—Weyl inequality, Hausdorff-Young
inequality and local uncertainty inequality associated with the O—SAFT. In Section 5, we
provide an illustrative example and possible applications of the proposed transform. We
conclude this study by summarizing our obtained results and extracting important remarks
in Section 6.

2. Preliminaries
2.1. Octonion Algebra

The octonion algebra, O, is constructed from the eighth-order Cayley-Dickson algebra.
Accordingly, a hypercomplex number o € O is written as an ordered pair of quaternions
q0,q1 € H[27]

o = (q0,q1) = ((20,21), (22,23))
= qot+q1-Aa=(20+z1-A2) +(22+23-A2) - Ay €))
equivalently
7
0 =150+ Y SiAi = S0+ $1A1 4 5242 + 5343 + S4d4 + $5A5 + SeA6 + S7A7. )

i=1

We summarize the properties in Table 1 [21].
The conjugation of an octonion looks like

0 = 80 — 51A1 — S2A2 — 533 — s4A4 — S5A5 — 566 — S7A7 3)

Therefore, the norm is defined by |o| = Voo and |0|2 _ 217:0 s Ad ditionally, |0105| =
|o1]]02], V01,02 € O.
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Table 1. Multiplication Rules in Octonion Algebra.

1 M Ay As Ay As Ae Ay
1 1 M A A3 Ay As Ae Ay
M M -1 As Ay As Ay —Ay Ae
Ay Ay A3 -1 M A Ay Ay e
As A3 Ay M\ 1 Ay —Ag As My
Ay Ay —As g —Ay —1 M A As
As As Ay s Ae M\ -1 —As Ay
A Ae Ay A4 . N A3 -1 M
Ay Ay yp As Ay —As Ay M -1

Using (1), we have
0=a-+DbAy 4)

where a = sy + s1A1 + S2Ap + s3A3 and b = s4 + s5Aq + SgAp + s7A3 are both in H. The
following lemma follows directly by a simple verification.

Lemma 1 ([21]). Forany a,b € H, we have (1) \ya = aAy; (2) Ag(ady) = —7;(3)(adg) Ay =
—a; (4) a(bAy) = (ba)Ay; (5) (aAg)b = (ab)Ay; (6)(ady)(bAy) = —Da.

It is obvious that, for an octonion a + bAy,a,b € H, we have

ﬂ+b/\4 :E—b)\4 (5)
and
|a+bAy* = |a]* + [b]*. (6)

An octonion-valued function f : R*> — O has the following explicit form

f(x) = fo+ Ai(x)A1+ fa(x)A2 + f3(x) A3 + fa(x) A4
+f5(x)As5 + fo(x)Ae + f7(x)A7
= fo+ it + (2 + f3A1)A2
+[f4 +f5/\1 + (f6 +f7/\1)/\2]/\4
= g(x) +h(x)As @)

where each f;(x) is a real valued function, g, € H are as in (1) and x = (x1,x2,x3) € R>.
For each octonion-valued function f(x) over R and 1 < p < oo, the L” —norm of f is
defined by

p_ P
71 = [, 1) P, ®
For p = oo, then the L* norm is given by
I flleo = esssupyegs|f(x)]- ©)

2.2. Special Affine Fourier Transform

The special affine Fourier transform (SAFT) [28] of any function f : R — O with
respect to the matrix parameter A = (a,b,c,d, T,7) is defined as

Salf] (@) = [ F(x)A) (v w)dx. (10)
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with

Aa(x,w)
1

\/27t|b]

XEZ% [ﬂx272x(u}77)72w(drfbr])+d(w2+rz)f%} b #0 (11)

Additionally, the special affine Fourier transform in the quaternion [29] setting is given as
as bs| Ts
Let As =
° |: Cs ds| Hs
s = 1,2. Then, the QSAFT of signal f € L2(R2, H) is defined by

} € R?>*2 be a matrix parameter satisfying det(As) = 1, for

OSiglez U](w) = Y f(x)Al/h (xl’ wl)AJIAZ (XZ’ wZ)dX, (12)

where w = (wy,w,),x = (x1,%) € R?, and the kernel signals Aih (x1,w1), A{qz (x2,w2)
are, respectively, given by

Ai“\] (xl/ wl)
1
v 27fb1i

i [ulx%—le(wl—Tl)—Zwl (dlrl—b171)+d1(w%+’r]2)] by £0 (13)

e

/\]A2 (XZ, Z{Jz)
1
\/27'[172]‘

eﬁ [ﬂzX%*ZXz(waTz)72w2(d2T27b2U2)+d2(w%+T22):| by £ 0 (14)

3. Octonionic Special Affine Fourier Transform

This section introduces the definition of the proposed transform, the octonion special
affine Fourier transform (O—SAFT). Consequently, we study some important properties
of O—SAFT, such as closed-form representation, inversion formula, split of norm, and
energy conservation. In order to establish the fundamental properties for the proposed
transform, we shall revisit the definitions of the octonion Fourier transform (O—FT) [30]
and the octonion linear canonical transform(Q—LCT) [24]. Let us begin with definition of
O—FT.

3.1. Octonion Fourier Transform

Let A;,i = 1,2...,7 denote the imaginary units in Cayley—Dickson algebra of octo-
nions, then for an octonion-valued function f € L! (R, O), the one-dimensional O—FT [30]
is given by

Fadfiw) = [ fee ey, (15)

with inversion

f) |
= FHAANE) = [ Fuif e dmeas, (16)
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For the octonion-valued function f € L!(R3,0) N L?(R3 0), the three-dimensional
O—FT [23,24] is defined as

Fraiporg L Hw)

_ / f(x)e_/\lznxlwle—)\22nx2wze—/\427TX3w3dx’ (17)
R3

with inversion

fx) = FlouFuan i)
/R3 Frror LS} (w)e~ M2

X e*)\zZﬂszze*/L;zn'Xg;w;;dw, (18)

where w = (w1, wo, w3), x = (x1,x2,x3) € R3.

It is worth mentioning that in the previous integrals (16) and (18), the multiplications
were performed from the left to the right as a result of the non-associativity property of the
octonion. Moreover, in (17), the order of imaginary units is not accidental, see [20].

3.2. Octonion Linear Canonical Transform

Recently Gao, W.B and Li, B.Z [24] proposed a linear canonical transform in the
octonion domain, which they called octonion linear canonical transform (O—LCT):

For f € LY(R3 0), the one-dimensional O—LCT with respect to the unimodular
matrix A = (a,b,¢c,d) is given by

L) = [ fENY (), (19)

where
1 e% [axz—wa——l-dwz—%] b 75 0
\/27|b|

A
Kyt (x,w) =

and the inversion formula
/ LALFHw)ALM (x, w)dx, 20)

where A;M(x, w) = Az‘{l (w,x)and A~! = (d, —b, —c,a).
Letting f € L'(R3,0) N L?(R3, 0) be an octonion-valued function, it is found that

the three-dimensional O—LCT with respect to the matrix parameter Ay = (ay, by, ¢k, di)
satisfying det(Ax) = 1,k = 1,2,3 is defined as

rAuA2A
Af,AjAf{f }( )
= [ FGOKS, (01K (2, 02) K (x5, w3) (21)
where x = (x1,xp,x3), w = (w1, Wy, w3),

A
1 eﬁ [ﬂlx%—lewl—&-dlw%—%]

A
Ny (x,w1) = —F—=— ! "
a, (21, 1) 27t|by | v
1 QLZZ [,sz%—z,rzwz-ﬁ-dzw%—%] by 20

A
N2 (x9,wp) = ——=e? ,
Az( 2 2) 27‘E|b2|
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and

#82%43 [a3x§—2x3w3+d3w§_ %] ,
277|bs

Now, we are in a position to define the octonion special affine Fourier transform (O —SAFT).

A)XS (X3, ZU3) = b3 75 0.

Definition 1 (One-dimensional O—SAFT). Let f € L'(R,O), then the one-dimensional
O—SAFT with respect to a unimodular matrix parameter A = (a,b,c,d, T, 1) is defined as
follows:

S @) = [ NN () 2)
where
1
AN (x,0) =
Alww) = o
XE% [axz72x(w7'r)72w(d1'7br])+d(w2+'r2)7%] , b#£0. (23)

The one-dimensional O—SAFT of a signal f € L!(R, O) can be rewritten in terms of
one-dimensional O—FT (15) as

oQA _ # Ag[ 32+ Lxt]
S {fHw) = \/W]:M{f(x>e algp ¥+ }
(2 )eaisiesreon-s o

where b # 0.

Theorem 1. Let f be an octonion-valued signal such that °S?), {f} € L(R,O). Then, the
inversion formula of the one-dimensional O—SAFT is

£ = [ oS H@)AY (), 25)

where Aﬁf (x,w) = AAT)“*(x,w) and b # 0.

Proof. By applying (24) and (16) and following the procedure of Theorem 1 [24], the proof
of the theorem follows. O

By replacing the complex unit i in the ordinary special affine Fourier transform with
the imaginary units in the octonions, the three-dimensional octonion special affine Fourier
transform (O—SAFT) could be defined as follows:

Definition 2 (Three-dimensional O—SAFT). Let Ay = { a be | T ] be a matrix param-

ck A |k
eter such that ay, by, cy, dy, pr, qx € Rand aydy — bycy =1, for k = 1,2, 3. The three-dimensional

Q—SAFT of an octonion-valued signal f over R3 is given by
A1,A2,A
’S All,AjAf{f }Hw)

_ / f(x xl,wl)Aj\Lﬁ (x2, wz)Aﬁ‘;(xg,, ws)dx (26)
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where x = (x1,x2,x3), w = (w1, Wy, w3), and multiplication in the above integrals is performed
from right to left. The kernels are given by

A 1
A X1, W) = —F/——
A ) /27|b1 |
XeZATll [ulx%—ZJq(w1—’rl)—2wl(d1T1—b1171)+d1(w%+1']2)—%], by £0,
1
AAZ(Xz,wZ)—

A
e [azx% —2x (wp — ) — 2wy (do Ty — b2 ) +dp (W3 +72) — g]

x e2h2 , b #0
and
A 1
AN (x3,w3) = ———
s (x3,W03) 2D
><62%43 [ﬂsngzxs(wszs)*2w3(d3T3*b3773)+d3(w§+T§)*%] by £0.

Note that for by = 0,k = 1,2, 3, the O—SAFT boils down to chirp multiplication. For
the sake of brevity, we always set by # 0 in the paper unless stated otherwise.

Additionally, note that the kernels with imaginary units A1, A, A4 are octonion-valued
and do not reduce to the quaternion cases, thus the present integral transform is more
interesting and complicated.

Now, we will obtain the closed-form representation of O—SAFT defined in (26), let us
begin by setting

1

Gk = T [k — 2xi (wy — Tic) — 2wy (dieTic — bergie)
i (w? +72) — g}, k=1,2,3. 27)
Thus,
AL (1, w01) A2 (32, w2) A (3, 3)
— ;e)\lélehgzeM@
27T 27T|b1b2b3|
1
= ————(¢c1 +A181)(co + A2So)(c3 + Ays 28
Py 2n|b1b2b3|( 1+ A1s1)(c2 + A2s2) (c3 + Ags3) (28)
1

= ——————— (10003 + S1C2C3A1 + 152032
o 27T|b1b2b3|(1 3 T 51€2C3/A1 1 €152C3

+518203A3 + 1028344 + 51028345 + €18253A¢ + S18253A7),

where ¢, = cos ¢ and s, = siné,, k=1,2,3.
Corresponding to the closed-form representation QLCT, we obtain a closed-form
representation of O—SAFT by using (28) in (26) in the form of the following lemma:

Lemma 2 (Closed-form representation). The O—SAFT of three-dimensional signal f : R®> — O
has the following closed-form representation:

oS £} (w) = () + @y () + P (w) + P3(w)
+ 4 (w) + Ds5(w) + Pg(w) + P7(w) (29)
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where
Oo(w) = | Freolx)———crcacsdx
0 R3 eee 7 ,727T|b1b2b3’ 1626344,
A
P (w) = X)——————510C3dX,
1) o Joee )271«/27r|b1b2b3| 12
Ay
O (w) = / X)———————157c3dx,
2(w) o feoe )2n«/27r|b1b2b3| 172
A3
Oz(w) = X)————————815703dX,
3(w) o Jooe )271«/27T|b1b2b3| e
Ay
dy(w) = / _— X)c1C283dx,
4( ) . 27‘[|b1b2b3|f6m( ) 16253
As
ds5(w) = / X)———————510753dX,
5( ) R3f060( )27T\/27T|b1b2b3| 1727
" A,6
Dg(w) = X) ———————(15753dX,
6(w) Jgo Feool )Zn,/2n|b1b2b3| 12
and

A7

27T\/27T’b1b2b3|

and the functions fvy.,x,y,z € {e,0} are eight components of f of different parities with respect to
the appropriate variables, for example, foeo(x) is odd with respect to xq, even with respect to x,, and
odd with respect to x3.

S15283dx,

@7(w) = [ fooo()

Under suitable conditions, the original octonion-valued signal f can be reconstructed
from O—SAFT by its inverse transform.

Theorem 2 (Inversion for 3D O—SAFT ). If f/OSj\qll/’/\Az 2,}\‘23 {f} € LY(R3,0), then f can be
reconstructed by the formula
Ay, Ay A —A
f@) =[S H ) AR (e, )

—A —A
><AA2 2(xp, wz)AA1 (x5, ws3)dw,

for almost x € R3.

Proof. Follows from [24] Theorem 2. [

For the clarity of the formulas, we denote x;,, , = (lx1, mxp,nx3), ,m,n € {+,—},
ie, x;_4 = (x1,—x2,x3) and denote the even and odd parts of a function f(x) by f,(x)
and f,(x), where fo = (f(x4++) + f(x+4+-))/2, which is only even in the third variable
x3. Similarly, fo = (f(x444) = f(x44-))/2.

Next, we show that the norm of O—SAFT splits into four norms of quaternion func-
tions. This Lemma is important as the equations presented in the proof will be used in the
subsequent sections.

Lemma 3 (Relation with QSAFT). If f = ¢+ hAy € L?, then

Ay,AyA 1 Ay A Ay A
ISR = g (PSR e B+ 1S o) 13

Aq,A AqA
1SR e IG + 19832 (g0 }13)
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Proof. As A;;\l (x1, wl)A;;\Z(xz, wy) € H, from [21], we obtain
Ay,Ay A
OS/\ll /\22)\43 {f} (w)
= / x1,w1)Ajl422(x2, wz)AIAqi(xalws)dx

+ RSh(x»z\;A (1, 1) Ay 2 (0, W2) A4 Ay, (33, w3)dx

\/27‘(|b3 nge
\/27T|b3 /R3 °

WAS e

A
A1 xl,wl)AAzz(xz, wy)c3dx

H(xq, wl)AAsz (x2, wp)s3dx
'(xq, wl)AZj\Z (x2, wp)c3dx

xl,w1)/\))\22(x2, wz)s3dx> Ag. (30)

\/27T|b3 /I‘{3 go

From (30), it is clear that O—SAFT can be divided into four QSAFTs. Thus, the norm of
O—SAFT splits into four norms of quaternion functions as follows:

Aq1,A2,A 2
(S a1
2

= 1 /\l /\2
= % /R3 ge(X)AAl (xl,wl)AAz (le wz)csdx .
1 N N 2
M W
+M /R3 ho(x)AA1 (X1,ZU1)AA2 (x2/w2)53dx )
1 g A A 2
+7/hx1\71x,w A2 (xp, w9 cadx
27'[|b3| RrR3 e( ) Aq ( 1 1) Ay ( 2 2) 3 )
1 A N 2
- 1 >
271|bs| /R3 g"(x>AA1(x1'w1>AA2(x2,w2)S3dx , (31)

where the equality is based on the fact that f, and f, are orthogonal in the L? inner product.

A1,A,A 1 Ap,A Ay, A
I'Siimns UHE = e (1S3 e B+ 1S3 (o 1B

Aq,A Aq,A
IS e IZ + H”SM{AZZ{go}H%)

which completes the proof. [
Again, denoting the quaternion form of f by f = ¢ + hA4, we have
I3 = llg+hAqll3

= llglz + IInliz
= lI8ell3 + [18olI3 + [17eell3 + I170 13 (32)

Now, by the Plancherel theorem for the QSAFT, we have

2
zzmﬁ (33)

ge( YN, Al (Xlrwl)/\ﬁé(xszz)csdx

Similar results hold for the remaining three norms.
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On applying (32) and (33) in Lemma 3, we have proved the following energy conser-
vation relation for O—SAFT.

Theorem 3 (Energy conservation). Let f : R® — O be a continuous and square integrable
octonion-valued signal function. Then we have

ogALAyA 2 1 2
1°Sy i3, A )17 = 27[bs] I £1I3- (34)

4. Uncertainty Inequalities for O—SAFT

In this section, we establish various types of inequalities for O —SAFT.

4.1. Hausdorff-Young Inequality for O—SAFT

In this subsection we will establish Hausdorff-Young inequality, which is very im-
portant in signal processing. This inequality will be helpful for researchers in establishing
Shannon’s entropy uncertainty relation.

Lemma 4 (Hausdorff-Young inequality QSAFT [31]). For1 < p < 2and % + % = 1, we have
ogife < (27)17 7 |byby| 17 35
1°Siia, L Hw)llg < (2) 7 7 lbaba| 72| f(2)]]p- (35)

Theorem 4 (Hausdorff-Young inequality O—SAFT). For1 < p < 2and % + % =1, we have

oS24 0 £y ()[4 < (270) 2 [byba|d 2 |bs| % | £(x)] (36)
A A2 Ay q = 12 3 p-
Proof. From (30), we obtain
Aq,Ar,A
Josgirdzds £ ),

1
anbd (s {ge @) g + 11212 {80} @) g
TT|b3| )~

+1SE2 e} (@) g + 1852 {ho} @) )

Now applying Lemma 4 to the right-hand side of the above equation, we obtain

IPS3rzis (£} (w) g
1 1_1 1
< ———2m)7 7bybo|7
(27T|b3|)2‘4
Fhe (@) llp + 1o (x)[Ip)-

11 111
= (27m)% P [baba |7 2 |bs| 2 £ ()]l

2 (lge()p + o ()1l

where the last equality follows from (32).
This completes the proof. [

4.2. Pitt’s Inequality and the Logarithmic Uncertainty Principle

We demonstrate the sharp Pitt’s inequality for the O—SAFT and establish the as-
sociated logarithmic uncertainty inequality in the current section. To prove the Pitt’s
inequality, we mainly depend on the QSAFT. Thus, we begin by presenting the following
Pitt’s inequality for the QSAFT.

Lemma 5 ( Pitt’s inequality for QSAFT [18]). For f € S(R?,H),and 0 < a < 2,

e

b

w’*“

osg‘;,ﬁz{f(x)}(w)fdw < 4% /R e[ f () da. 37)
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with Cy
Schwurtz space

[ (ZT)/F(%)] and T(.) is the Gamma function and S(R?, H) denotes the

Theorem 5 (Pitt’s inequality for the O—SAFT). For f € S(R%,0) and 0 < a < 3 and under
the assumptions of Lemma 5, we have

B 2
/Rs ﬁ’ ogﬁll/ng??’{f(x)}(w) dw
Cy . )
< §070] Jro IV 68)

Proof. We have split O—SAFT into four QSAFTs in Lemma 3, therefore
A1,A,A 2
L5 st (o) dw
1 w |« Aq,A 2
= (] 150 s
Aq,A
[ ] st g ) Paw
o7
“Jols
By the Pitt’s inequality for QSAFT (37), we have
' Ap,A 2
Lol 3] st se) yw)| dw

< 2 [ AP dx

Similar inequalities hold for the remaining three terms. By collecting all and inserting
in (39), we obtain

2
L |5 st )| dw
Ca o 2 / o 2
< _x
< ot (ol -+ [ o0

[ I hCoP dx [xho) P )
R3 R3

_ C"‘ 14 2 2 2 2
= gl Juo 111 (186G P [206) P ) P o) .

_ G w 2
= gt o PO

7l

s (e} (w) Pdw

e e ) ) (39)

7l

il

where the last equality occurs because of (32).
This completes the proof. [

Here, C; cannot be smaller any more. It is equal to the ordinary complex and the
quaternion cases. Thus, the inequality is sharp. If « = 0, it changes to equality; at « = 0,
differentiating the sharp Pitt’s inequalities lead to the following logarithmic uncertainty
inequality for the O—SAFT.
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Theorem 6 (Logarithmic uncertainty principle for the OQ—SAFT). Let f € S(R?,O), then
the following inequality is satisfied:

W |oaA,ArA 2
27lbs| [ In| Z||PST0 () )| do

+ [l @R = D [ 1) Pax (40)

with D =In(2) +T'(3)/T(3).
Proof. Following the procedure of Theorem 4.11 in [18], we will obtain the desired result.

Alternatively, we can prove the logarithmic uncertainty principle for the O—SAFT
from the Logarithmic uncertainty principle for the QSAFT [18].

Lemma 6 (Logarithmic uncertainty principle for the QSAFT [18]). Let f € S(RZ, H), then
' W ||paAr,A 2
./Rz ln‘ " OS/\ll,Azz{f}(w)‘ dw

+/RZ In x| f(x)]2dx > D/RZ 1F(x)2dx 1)

with D =In(2) +T(%)/T(3).

Proof of Theorem 6. By Lemma 3, O—SAFT can be written in split quaternion form as
sz (£} w))?
= 27;173‘ (s {geh )12 + [°Sp{ho} () |2

FISE L e bw) 2 + 17825 (g0} () I2).

Therefore,
Joo I SIS ) P
R2 b )‘1/)\2/)\4
= o [ ] (IS (ge} (o) P + 1874 o} () P
27|bs| Jr2 1D Mz 8¢ Ay 170
Al,A Aq,A
ST (e (@) P + 1S g0} () 2) deo.
This implies that

w
27t [ In| Z| 1P} o) P
w Ay A
- /R ‘“\z oSy 13, {ge (@) [P dw
' W oA A w
R USICOl R AR

w
<L ey ()| Pdw+ [ In|

oS30 { g0 } (w) || *dw 42)
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Additionally, by virtue of (32), we can write
Jomlirtar = [ infxge(0Pdr+ [ infxlgo ()P
+/ 1n|x||he(x)|2dx+/ In x| | (%) [2dx. 43)
R2 R2

By logarithmic uncertainty principle for the QSAFT given in Lemma 6, we get

/Rzln‘%

IS {ge @) P+ [ Inxllge(x) P

>D [ g (44)
Similarly,
[ |1t g @) + [ n xllge(x) P
>D [ lgo(x)dx, 5)
[ SIS (e ) |2+ [ ] (x) P
=D |, |he (x)|?dx. (46)
ot ISt g @) 2+ [, In fxl e (x) P
> D/R2 |ho (x)|*dx. (47)

Collecting all Equations (44)—(47) and making use of (42) and (43), we obtain the desired result
W ||pqA1, A A 2
27lbs| [ In| 7||"ST2 ()| do

+ [l [f(0Pdx = D [ 170 P

This completes the proof. [

4.3. Heisenberg—Weyl Inequality

To establish Heisenberg—-Weyl inequality for O—SAFT, we first need the Heisenberg—
Weyl inequality for QSAFT.

Theorem 7 (Heisenberg-Weyl inequality for QSAFT [18]). Let f € L?(R?,H) N L?(R?, H)
be the quaternion-valued signal, then

(/RZ X*|f(x) |2dx> : (/RZ { 27;1172 }2

We are now ready to establish the Heisenberg—Weyl inequality for the proposed
O—SAFT.

Vg
“Sff,ﬁz[f](w)\dw> > o [ FPax @)

Theorem 8 (Heisenberg-Weyl inequality for O—SAFT). Let f € L2(R3,0) N L?(R3, Q) be
the octonion-valued signal, then the following inequality holds:

w 2
/Rz x2|f<x>2dx/ﬂ{2{mlb2}

Proof. From this, we have

2

1 2
”Sffﬁfﬁs[f](w)\ dw > 327T3|b3|( o f(x)zdx> . (49)
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Ay, Ay A 2
SO ] (w)| dw

[ {zi)
R2 27‘[b1b2
S ’
_271'|b3| R2 27Tb1b2

2 2
w ogA1,4A2 2 w
+ /]RZ { 27tb1by } S/\l’)‘z [hg} (ZU) ‘ dw + R2 { 27tb1by }

2
°slg,] (w)' dw (50)

2
Ap,A 2 w
oSAll,Azz (ge] (w)‘ dw + e { 27tbiby }

2
°s | (w)’ dw>.

Equation (50) yields
' W\ |og s e s 2
27t|bs| r2 | 27tb1 by SAl,AZ,/\4 [f](w)‘ dw
2 2
— _w ogA1,42 2 / w 0gqA1,A
- Rz{zﬂblbz} Shia [85](70)‘ dw + ]RZ{ZTEblbz} SiA, [go](w)‘ dw (51)

2 2
w 0gA1,A2 2 / w
+/Rz{2nb1b2} S [hE](w)‘ dw+ RZ{anlbz}

Additionally, by virtue of (32), we can write

Jo U @Pa = [ gl Pdx+ [ 320
+ / 2| (%) 2dx + / 22|y (x) 2. (52)
R2 R2

O

By the Heisenberg—Weyl inequality for QSAFT given by (48), we have

2 2 w ?
/sz 1e(x)] dx/RZ{Znth}
2

2 2 w
[, Plso() iz /Rz{mlbz}

Additionally,

2
2 2 w
/sz e(x)] dx/le{Zﬂblbz}

2
2 2 w
Azx |h0(x)| dx/RZ{anle}

Collecting (53)-(56), we obtain

2
w
27ibsl RZ{Z”blbz }

On further simplifying, (57) gives the desired result.

2 1 2
"1 ge] ()| dew > (471 - Ige(x)lzdx) . (53)

2 1 2
sl do> (5 [ lo@pPar) . o9

1
47t JR

2
Ihe)Pdr),6)

2
OSflll’fzz [e] (w)‘ dw > <

2 1 2
L2 o] ()| dw > (M . |h0(x)|2dx) , (56)

2 2
Sl dw [ Aok = (£ [0k . 67

4.4. Local Uncertainty Principle for O—SAFT
We establish the local uncertainty principle for O—SAFT in this subsection.
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Lemma 7. [Local uncertainty principle QSAFT [31]] (1) For 0 < a < 1and for all f € L?(R?,H),

there is a constant M, and all measurable sets E C R® that hold
Ap,A:
[ 1S (FHw) P < MaE 31 F1B 68)
(2) If & > land for all f € L?>(R? H), there is a constant M, and all measurable set E C R3
that holds
A A
| ISk Hw) P

< Malbabo|*~% [E[*|| £I372||x|f1I5 (59)

0% (2 — 2a)2-2 O<a<l
M, = g
T ()T -He-10r(1-1)  a>1

Theorem 9 (Local UP for O—SAFT). (1) For 0 < a < 1and forall f € L?(R3,0), there is a
constant M, and all measurable sets E C R3 that hold
A1,A2 2 a
SR A )P < o MU 311 (60)
(2)Ifa > 1, and for all f € L2(R3,0), there is a constant M, and all measurable sets E C R3
that hold

/h |OS?“11’,AAZZ {f} (w) |2dw

< 1 Mbbl!(fE 22« IX%
< 3l a| b1 [T [ I3

(61)

(150%) (5 _ pg)a-2 O<a<l

2

() (=)= (1-2) " e

Proof. By the splitting of O—SAFT in (30), we have

oSprzA L £ (w)

/\1,/\2,?\4
A
= \/ZHT - 8e(X)Ny. (x1,w1) Ng (x2, w2)czdx
3]

\/W /R3 ¢ xl’wl)AZ?z(lewz)%dx
3

(\/27’[“73 /R3 ¢
\/27’[|b3 R3g0

By setting fi (%) = ge(x44+4) + ho(x4—4)Az2 and fu(x)x = he(x144)
O—SAFT can be written as the combination of two QSAFTs as

Y(xy, wn )A;‘;‘z (x, wy)c3dx
xl,wl)Aﬁzz(xz, w2)53dx> Ag.

— Qo(x4-1)Ap, then
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Aq,A7,A
Jesgiads 6y (o) |2

1
272]bs| SR @) P + 19852 fu} () 62)

Now, by Lemma 7 we have

A, A .
| PSR @) < Mo BRI, j = mn
Therefore from (62) and (63), we have

Aq,A7,A
IS ) P

_ 1
- 2m|bs| Jue
Aq,A Ay A
(IS @) P+ 725 U ) )
1
< w o 2 « 2
S L (A A
= ; o w2
= Sty Ve EFIIA L2 ©3)

which completes the proof.
Similarly we can easily prove (61). O

5. Possible Applications and Illustrative Example

In this section we first present the possible applications of the O—SAFT and then we
give the numerical illustration of the proposed transform.

Recently, the theory of Quaternion SAFT has proliferated into the domain of mul-
tidimensional signals. It is a applied in colour image processing, watermarking, image
filtering, edge detection, and pattern recognition [16,17,32]. On the other-side O—SAFT is
one of the hot research topics in the modern signal processing community, due to its extra
free parameters compared to the O—LCT. The O—SAFT can be applied in mathematical
physics, especially electromagnetics, filter design, color image analysis and processing,
electrodynamics, gravity theory, and quantum physics [33]. Apart from this, the O—SAFT
can be applied to analyze various water-marking techniques. Additionally, it can be used
in the recovery of band-limited octonionic-valued signals in the O—SAFT domain [34] .

Furthermore, our uncertainty principles could play an important role in the time-
frequency analysis in the O—SAFT space and have some applications in signal recovery.
The Heisenberg—Weyl inequality for O—SAFT defines a lower bound for the product of a
signal spread and its bandwidth. From [35,36], we see that the uncertainty principles can
be used for the estimation of bandwidth.

Now, we will present a numerical illustration to show the correctness of the proposed
transform. Consider the the function

f(x1,x2, x3)
_ o~ (X +ax3 +a313) if |x1] < % x| < % |x3| < %
0 elsewhere

where a1, a2, a3 € R are positive real constants.
Then, O—SAFT of f and is given by
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Ay, Ay A
S
1
x —
o S e
Xez)‘bl [ﬂ1x1 —2xq (w1 —71)— 2101(d1T1*h1ﬂ1)+d1(w%+ﬁz)*%]
% 1 62)\1’2 [ﬂzxz —2x3 (wa—T2) — 2w2(dzTZ*bzﬂz)erz(w%JrTzz)*%}
/27| by |
% 1 8/\1743 [a3x3 ZX3(W3 T3) 2103(513'{3—1737]3)-‘1-613(w§+T§)—%:I dx
/27| bs|
1 /u1+7 /u2+% /u3+%
B 2m/2n|b1b2b3 -1 Jup—1 Jus—

1
2
><62”1 [ﬂ1x1 —2x1 (w1 —11)— 2w1(dl'rl—blrjl)+d1(w%+'r12)—§]—txlx%

% ezl’z [ﬂzxz 2x2(w2 Tz) ZZUZ(ﬂlz’rz—bzﬂz)—}—dz(w%-’r’rzz)—%]—Dézx%

><621;: [u3x3 —2x3(w3—13)— 2w3(ﬂl3'r3—b3r]3)+d3(w§+1732)—%]—oczx§
deldedX3

B /ltl+2 L x (a]—z/\]b]‘xl)_le(
27 27r|b1bzb3 -z

[ 2w1(d1T] 17]771)+d1(w]+1'1> %]

ZUl_Tl] dxl

><621’1
Uy+ 3
X / 2+5 ezb [xz(az —2Aobyay)— 2x2(w2*Tz)] i,
1
Jup—5
A
xeﬁ [72’”2(d2T22*b2W2)+dz(w§+Tzz>*%]
us+l AT
X / 372 eﬁ[xg(a372)\4h3a3)72x3(w3,f3)] ixs
u -3
Ay
><€2h3[ 2w3(d31’3 b3n3) +d3(w3+1—3 ,%]
Let us choose a1 = Cty = 212 and s — ZMT e have
1= 2b1 2 = 3 o

A1,A2,A
°S /\11,/\22,)\43]( (w)

up+3 7‘1*1(;01*71)

1 dx
27'[\/27T|b1b2b3 /ulf— !

XeZbl[ 2w1(d1'r1 —bin1) +d1(wl+1—1 ,%]

1

up+s5  Aoxp(wy—1) A [ 2 2,0\ 1

y / lz 22 dxzesz[ 2wy (dy G —bap) +ebp (W3 +73) — § |
w1

2
1
U3ty Aaxa(w3—t3) M3 [ ouwa(dat®—b da(w2472)— I
X/ = ety [~20a(daT—bara) +a(w+73) -5
Uus—73

1 by ( A1"1(:’1 T1))”1"'2
= e 1
27'[\/27'[|b1b2 | M (w1 —7) -1

erb [ 2wy (dy T —byipy )+dy (wd+7F) *%]
1
by Mom(wy—5) \ ¥2F2
X————(e B
Ao (wy — 1) uy—%
2=
Ay
erbZ[ 2w (dy T3 —baigp) +dp (w3 +73) — %]
1
by Aaxy(wy=my) \ ¥3+2
X———— (e B3
/\4(Z(J3 - T3) uz—1
3732

X62b3[ 2w3(d3'r3 b37]3)+d3(w3+'r3) %]
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6. Conclusions

In this paper, we propose the novel O—SAFT, based on the association between the
O—SAFT and the QSAFT via split norm. We have established some basic properties of
the proposed transform, including the inversion formula and energy conservation. Finally,
the uncertainty inequalities for the O—SAFT, such as logarithmic uncertainty inequality,
Hausdorff-Young inequality, and local uncertainty, are obtained. We intend, in the near
future, to investigate the physical influence and engineering applications resulting from
the current study. Additionally, we propose to study convolution and correlation theorems
for the O—SAFT.

Author Contributions: Conceptualization, M.Y.B. and A.H.D.; methodology, M.Y.B. and S.A.; val-
idation, M.Z.; formal analysis, M.Y.B. and M.Z.; investigation, A.H.D. and S.A.; resources, M.Z.;
writing—original draft preparation, M.Y.B. and A.H.D.; writing—review and editing, M.Y.B., A H.D.,
M.Z. and S.A; supervision, M.Y.B.; project administration, M.Y.B., A H.D., M.Z. and S.A.; funding
acquisition, M.Z. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Acknowledgments: M. Zayed extends her appreciation to the Deanship of Scientific Research at
King Khalid University for funding this work through a large group Research Project under grant
number RGP2/237/44.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

SAFT Special affine Fourier transform
O—-SAFT  Octonion special affine Fourier transform
OFT Octonion Fourier transform
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