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Abstract: To address the performance degradation of the conventional linear frequency modulation
signal ranging method in the presence of impulse noise, this paper proposes a novel technique that
integrates a sliding-window tracking differentiator (TD) with the fractional Fourier transform (FrFT)
ranging method. First, the sliding-window TD filtering algorithm is used to suppress the noise in
the echo. Subsequently, the filtered signal is subjected to FrFT to calculate the time delay based on
the difference in the peak point positions in the fractional domain for realizing target ranging. The
simulation results show that the proposed method can effectively suppress impulse noise of different
intensities and achieve an accurate and robust ranging of the target.

Keywords: impulse noise; linear frequency modulation signal; sliding-window tracking differentiator;
fractional Fourier transform; ranging

1. Introduction

The α-stable distribution [1–7] constitutes a class of impulse signal models that can
effectively describe noise with strong impulsive characteristics and heavy-tailed probability
density functions, commonly encountered in sonar, radar, and other detection domains;
however, the α-stable distribution lacks finite second-order or higher-order statistics. Con-
sequently, the performance of conventional signal parameter estimation methods, such
as fractional low-order statistics [8,9], median filtering [10], myriad [11–13] filtering, and
meridian [14–16] filtering, is severely degraded in environments involving impulse noise.
In addition, traditional signal processing methods based on the Gaussian model cannot be
applied in scenarios involving impulse noise. Although various noise reduction methods
based on special cases of α-stable distributions have been proposed, their performance
deteriorates under strong impulse noise.

Linear frequency modulation (LFM) signals, which are typical non-stationary signals,
are widely used in radar and sonar systems [17–21] for target localization and ranging;
therefore, it is of significance to study high-precision ranging methods for LFM signals.
The authors of [22] realized the detection and parameter estimation of LFM signals through
a time–frequency analysis using short-time Fourier transform and two-dimensional plane
search in the time–frequency domain using the Hough transform. However, the perfor-
mance of this method was noted to degrade in the presence of strong impulse noise; thus,
fractional Fourier transform (FrFT) [23] has emerged as a promising tool for time–frequency
analysis. Unlike the conventional Fourier transform, FrFT uses the transform order as
the independent variable; thus, the LFM signal appears as an impulse signal under the
matched FrFT order, resulting in augmented energy aggregation. Consequently, FrFT can
be used to estimate the parameters of LFM signals to accomplish target ranging. A pre-
vious study [24] proposed an FrFT-based time delay estimation algorithm and compared
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it with the traditional impulse noise suppression method. The results showed that the
FrFT-based time delay estimation algorithm achieved a higher accuracy and efficiency in
time delay estimation and could effectively manage more complex operational scenarios.
An FrFT-based delay estimation method for LFM signals has also been developed [25].
The method first performs FrFT on the received signal and identifies the peak position as
a coarse estimate, then uses the approximate coarse estimate with the theoretical value
obtained by the least squares method to achieve a fine estimate of the delay. In another
study [26], a multipath delay estimation algorithm for LFM signals was established based
on a nonlinear amplitude transform function. The echo and transmitted signals are sepa-
rately transformed using nonlinear FrFTs, and the delay in the LFM signals is calculated
based on the peak position offset in the fractional domain. Other researchers [27,28] have
introduced a quantum weighted FrFT for application to quantum singular-value decompo-
sition problems and quantum gradient-solving problems. Moreover, a novel random FrFT
has been developed [29], inheriting excellent mathematical properties from the FrFT, which
can be directly used in optical image encryption and decryption.

To further suppress impulse noise, a tracking differentiator (TD) filtering algorithm is
introduced in this paper. However, the TD filtering algorithm uses a fixed tracking factor
to suppress the noise in the echo signal, and therefore has a weak generalization capability
and limited application scope. To address this problem, this paper proposes a sliding-
window TD filtering algorithm, which can adaptively adjust the tracking factor within
a sliding-window, thus enhancing the capability of noise suppression in the echo signal.
Following noise suppression, the useful information in the echo signal is extracted by the
FrFT, thereby accomplishing accurate target ranging. The results of experimental validation
demonstrate that the sliding-window TD-FrFT method outperforms the TD-FrFT method
and median-FrFT methods in terms of robustness in strong impulse noise environments.

2. Ranging Principle of LFM Signals Based on FrFT

In the ranging of LFM signals based on FrFT, the FrFT with the optimal order is applied
to the transmitted and echo signals separately. Subsequently, the maximum peaks of the
transmitted and echo signals are identified in the fractional domain, and the target distance
is estimated by converting the difference in the positions of the two peaks in the fractional
domain to the time delay. This ranging principle is illustrated in Figure 1.
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Figure 1. Ranging principle of LFM signals based on FrFT. Figure 1. Ranging principle of LFM signals based on FrFT.

3. LFM Signal Ranging under Impulse Noise
3.1. TD Filtering Algorithm

Echo signals typically contain large amounts of impulse noise, which can obscure the
signals, rendering the FrFT ranging algorithm ineffective in extracting relevant information
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from echo signals. To address this problem, the concept of TD was introduced [30,31]. By
adjusting the TD parameters, noise data can be effectively filtered. Therefore, in this study,
the TD method is used to suppress the noise of echo signals.

The architecture of the TD can be summarized as follows. Echo signal v(t) is input
to the TD, and x1(t) and x2(t) signals are obtained as outputs. Here, x1(t) is the tracking-
output signal of v(t), and x2(t) is the differential signal of v(t).

The discrete form of the TD is as follows:
x1(k + 1) = x1(k) + hx2(k)
x2(k + 1) = x2(k) + h · fh

fh = fhan[x1(k)− v(k), x2(k), r, h0]
h0 = nh

(1)

The fastest control synthesis function, indicated by fh = fhan[x1(k)− v(k), x2(k), r, h0]
in Equation (1), is as follows:

d = rh0
d0 = h0d

y = x1 + h0x2
a0 =

√
d2 + 8r|y|

a =

 x2 +
(a0−d)

2 sign(y),
∣∣∣y∣∣∣> d0

x2 +
y
h0

,
∣∣∣y∣∣∣≤ d0

fhan = −
{

rsign(a), |a|> d
r a

d ,
∣∣a∣∣< d

(2)

where, r is the tracking factor; h is the integration step; sign(·) represents the sign function;
h0 is the filtering factor; and n is the filtering coefficient, n ≥ 1.

The TD performs filtering by adjusting the tracking and filtering factors. The tracking
factor regulates the rate at which the output data track the input data. A higher tracking
factor means that the output data more rapidly track the input data. In scenarios involving
noise, the input data are filtered by adjusting the filtering factor; however, as the filtering
factor increases, the phase loss of the output data tracking the input data increases as well.

3.2. Sliding-Window TD Filtering Algorithm

In practical applications, the TD filtering algorithm uses a fixed tracking factor to
suppress the noise in echo signals. However, the method exhibits limitations when faced
with varying degrees of impulse noise interference, resulting in suboptimal noise sup-
pression [32]. To solve this problem, the paper proposes a sliding-window TD filtering
algorithm. This algorithm divides the echo signals into several windows according to
the sliding-window principle. Subsequently, the tracking factor is adaptively adjusted
according to the stability of the echo signal data in each window to address impulse
noise interference from various sources, thereby effectively and efficiently suppressing the
impulse noise in the echo signal. The process flow of the algorithm is shown in Figure 2.

When the echo signals are segmented according to the sliding-window principle, the
sliding-window width determines the relative stability of the data in each window. This
stability is represented by the standard deviation of the data in each window. The process
of the sliding-window TD filtering algorithm can be summarized as follows:

First, the sliding-window width is set, and the threshold of the mutation point within
the window is calculated, as shown in Equation (3):

Tw = λ · σ (3)

where, Tw is the threshold value of the mutation point within the window; σ is the standard
deviation of the data within the sliding-window; and λ is the extraction coefficient of the
threshold value of the mutation point, set as three according to the 3σ criterion.
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Second, assuming that each mutation point is distributed according to the maximum
frequency, the maximum frequency in the window can be determined as follows:

fw =
w
W

(4)

where, fw is the maximum frequency value in the sliding-window. w is the number of
data points in the sliding-window with amplitudes exceeding the threshold value of the
mutation point. These mutation points are treated as repeated equivalent data. W is the
total number of data points.

Third, the tracking factor is adaptively adjusted, yielding the following expression:

rw = (1 + σ · fw) · r (5)

where, r is the fixed tracking factor, and rw is the tracking factor within the sliding-window.
Fourth, to reduce the influence of noise on the standard deviation of the data within the

window, the technique of locally normalized standard deviation is used. This method can
effectively reduce the influence of noise on the standard deviation, enabling more accurate
calculation of the tracking factor of the data within the sliding-window. Specifically, the
average value of the data within the window is used to normalize the standard deviation
as follows:

σw =
σ

|mw|
(6)

where, mw is the mean of the data within the sliding-window, and σw is the normalized
standard deviation.

By substituting the locally normalized standard deviation in Equation (6) into Equation (5),
the following expression can be obtained to determine the tracking factor:

rw = (1 + |mw| · σw · fw) · r (7)
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Fifth, to enhance the suppression of noise in the echo signal, it is necessary to filter out
the potential mutation points after processing the echo signals with the TD. A mutation
point represents a high-amplitude impulse noise point that persists even after the echo
signals have been processed by the TD. The presence of these points can increase the errors
in the filtering results, and thus, they must be eliminated. The mutation point is identified
by setting a threshold value, and it is used as the starting point of the sliding-window.

Finally, through iterative sliding-window filtering, the mean value for the filtered data
position is output. This strategy prevents discontinuities in the filtering results, ensuring
data continuity.

3.3. FrFT Ranging Algorithm

The p-order FrFT is a linear integration operation defined in the t-domain function
x(t). Specifically, the p-order FrFT of signal x(t) can be formulated as follows:

Xp(u) = Fp[x(t)] =
∫ ∞

−∞
x(t)Kp(t, u)dt (8)

Let Aα =
√

1− jcotα, n = 1, 2, · · · . Then, the kernel function Kp(t,u) can be defined
as in Equation (9):

Kp(t, u) =


Aα exp

(
jπ
(
t2 + u2) cot α− j2πut csc α

)
α 6= nπ

δ(t− u) α = 2nπ
δ(t + u) α = (2n + 1)π

(9)

where, ϕ = π
2 p is the rotation angle of the time–frequency plane, p is the order of the

FrFT, Fp is the FrFT operator, and δ(t) is the unit impulse function. The LFM signals exhibit
different degrees of energy aggregation depending on the order in the fractional domain.
By leveraging this property, the FrFT method can estimate the parameters of the LFM
signals for ranging. According to the expression of the FrFT, the algorithm is decomposed
into the convolutional signal form, and the fast Fourier transform is then used to implement
the FrFT ranging algorithm. The process flow of the FrFT ranging algorithm is shown
in Figure 3.

The optimal order of the FrFT of the echo signal y(n) is calculated using the chirp rate
k0 of the transmitted signal x(n). When the optimal order is not an integer, the following
steps are implemented:

Multiply the LFM signal exp(−jπn2 tan ϕ
2 ) with y(n), i.e., the LFM signal to be ranged:

g(n) = exp(−jπn2 tan
ϕ

2
)y(n) (10)

Convolve g(n) obtained using exp(jπn2 csc ϕ) to obtain the following LFM signal:

h(u) = Aϕ̂

∫ ∞

−∞
exp[jπ csc ϕ(u− n)2g(n)]dn (11)

Multiply exp(−jπu2 tan ϕ
2 ) by h(u):

Yp(u) = exp(−jπu2 tan
ϕ

2
)h(u) (12)

Select the maximum value of Yp(u) in terms of its squared modulus:

{ p̂, û} = arg max
(p,u)

∣∣Yp(u)
∣∣2 (13)

The FrFT process of the echo signal y(n) is presented in the green frame. First, FrFT
with the optimal order is performed on the echo signal y(n), and the maximum value
in the fractional domain, corresponding to the coordinate position u1, is determined.
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Subsequently, a p-order FrFT is performed on the transmit signal x(n), and the maximum
peak point in the u-domain, corresponding to the coordinate position u2, is identified.
Finally, the time delay τ is calculated as the difference in the two peak positions to measure
the target distance R.

R = τ · c
2

=
(u1 − u2) sec α

k0
· c

2
(14)
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4. Simulation-Based Experiments and Analysis

The LFM signal can be mathematically modeled as shown in Equation (15):

x(n) = A exp(j2π f0t + jπk0t2), n ∈ [0, T] (15)

where, A, f0, k0, and T represent the amplitude, initial frequency, chirp rate, and time width
of the signal, respectively. Given the lack of a uniform probability density expression for
the α-stable distribution, it is typically described using the characteristic function, as shown
in Equation (16):

ϕ(t) = exp{jat− γ|t|α[1 + jβsgn(t)ω(t, α)]} (16)

ω(t, α) =

{ 2
π lg
∣∣t∣∣, α = 1

tan απ
2 , α 6= 1

(17)

sgn(t) =


1, t > 0
0, t = 0
−1, t < 0

(18)
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In Equation (16), sgn(t) is the sign function; and α is the characteristic parameter, which
takes values ranging from 0 to 2. This parameter determines the impulse intensity of the
α-stable distribution as follows: a smaller α corresponds to a higher impulse intensity. β is the
symmetry parameter, which determines the slope of the α-stable distribution. When β = 0,
the α-stable distribution is symmetric (SαS). γ is the dispersion coefficient, which reflects the
degree of dispersion. a is the location parameter. For a standard α-stable distribution, a = 0
and γ = 1. In this study, SαS is used to model the noise. Because the α-stable distribution
lacks second-order statistics, no variance exists. Thus, the generalized signal-to-noise ratio
(GSNR) is used, instead of the conventional signal-to-noise ratio, as defined in Equation (19):

GSNR = 10lg(σ2
s /γ) (19)

where, σ2
s denotes the variance of the signal, and γ is the dispersion coefficient of the noise.

Experiment 1. Performance verification of the median filtering, TD filtering, and sliding-window
TD filtering algorithm.

The performance of three filtering algorithms is evaluated under the same noise
conditions in this experiment. The parameters used in the experiment are listed in Table 1.

Table 1. Parameters used in Experiment 1.

Category Name Value Remarks

Signal parameters

A (Amplitude) 1 mV

These parameters are arbitrarily set and
can be changed according to the
practical application.

f0 (Initial frequency) 10 Hz

T (Time width of the signal) 20 µs

B (Bandwidth) 40 MHz

N (Number of sampling points) 4096

Noise parameters

GSNR 1 dB
In this noise condition, the performance
of the three algorithms
considerably differ.

a (Location parameter) 0

α (Characteristic parameter) 1.5

β (Symmetry parameter) 0

Algorithm parameters

r (Tracking factor) 10,000
This condition corresponds to the
optimal TD performance.h (Step size) 0.01

Sliding-window width 50

The simulation results of the three algorithms are shown in Figure 4.
Although the median filtering algorithm can effectively suppress impulse noise, it

distorts the characteristic information of the echo signal, as shown in Figure 4a. Conversely,
the TD filtering algorithm and sliding-window TD filtering algorithm can retain the char-
acteristic information of the echo signal while effectively suppressing the impulse noise.
Compared with the TD filtering algorithm, the sliding-window TD filtering algorithm better
suppresses the impulse noise and achieves a higher accuracy, as shown in Figure 4b,c.

Experiment 2. Performance analysis of the median filtering, TD filtering, and sliding-window TD
filtering algorithms in terms of the root mean square error (RMSE).

Monte Carlo experiments with 1000 runs are conducted to evaluate the performance
of the three algorithms under different α in this experiment. The parameters used in the
experiment are listed in Table 2.



Fractal Fract. 2023, 7, 679 8 of 16

Table 2. Parameters used in Experiment 2.

Category Name Value Remarks

Signal parameters

A (Amplitude) 1 mV

These parameters are the same as
those in Experiment 1.

f0 (Initial frequency) 10 Hz

T (Time width of the signal) 20 µs

B (Bandwidth) 40 MHz

N (Number of sampling points) 4096

Noise parameters

GSNR 1 dB

In this noise condition, the
performance of three algorithms is
analyzed with the α changed.

a (Location parameter) 0

α (Characteristic parameter) 1.0, 1.1, 1.2, 1.3, 1.4, 1.5,
1.6, 1.7, 1.8

β (Symmetry parameter) 0

Algorithm parameters

r (Tracking factor) 10,000
These parameters are the same as
those in Experiment 1.h (Step size) 0.01

Sliding-window width 50

The RMSE values for the three algorithms at different values of α are shown in Figure 5.
The RMSEs of all three algorithms decrease as the impulse intensity decreases, with

larger feature factor values in the range of 1.0 ≤ α ≤ 1.8 and GSNR = 1 dB. Compared
with the median filtering and TD filtering algorithms, the sliding-window TD filtering al-
gorithm achieves a smaller RMSE, which indicates its superior performance in suppressing
impulse noise and its higher robustness.
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Experiment 3. Filtering performance analysis of the median filtering, TD filtering, and sliding-
window TD filtering algorithms under different GSNRs.

Monte Carlo experiments with 1000 runs are conducted to evaluate the performance
of the three algorithms under different GSNRs in this experiment. The parameters used in
the experiment are listed in Table 3.

Table 3. Parameters used in Experiment 3.

Category Name Value Remarks

Signal parameters

A (Amplitude) 1 mV

These parameters are the same as those
in Experiment 1.

f0 (Initial frequency) 10 Hz

T (Time width of the signal) 20 µs

B (Bandwidth) 40 MHz

N (Number of sampling points) 4096

Noise parameters

GSNR −3, −2, −1, 0, 1, 2,
3, 4 (dB) In this noise condition, the performance

of three algorithms is analyzed with the
GSNR changed.

a (Location parameter) 0

α (Characteristic parameter) 1.5

β (Symmetry parameter) 0

Algorithm parameters

r (Tracking factor) 10,000
These parameters are the same as those
in Experiment 1.h (Step size) 0.01

Sliding-window width 50

Figure 6 shows the RMSE values of the three algorithms under different GSNRs.
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When α = 1.5, the GSNRs range from −3 dB to 4 dB. The RMSEs of all three
algorithms decrease as the GSNR increases, and the intensity of the impulse noise decreases.
The sliding-window TD filtering algorithm achieves a smaller RMSE than the TD filtering
and median filtering algorithms, which indicates its superior noise suppression ability and
performance.

Experiment 4. Performance comparison of FrFT algorithm, median-FrFT algorithm, TD-FrFT
algorithm, and sliding-window TD-FrFT algorithm in the presence of α-stable distribution noise.

The performance of four algorithms in the presence of α-stable distribution noise is
evaluated in this experiment. The parameters used in the experiment are listed in Table 4.

Table 4. Parameters used in Experiment 4.

Category Name Value Remarks

Signal parameters

A (Amplitude) 1 mV

All the parameters are the same as
those in Experiment 1.

f0 (Initial frequency) 10 Hz

T (Time width of the signal) 20 µs

B (Bandwidth) 40 MHz

N (Number of sampling points) 4096

Noise parameters

GSNR 1 dB

a (Location parameter) 0

α (Characteristic parameter) 1.5

β (Symmetry parameter) 0

Algorithm parameters

r (Tracking factor) 10,000

h (Step size) 0.01

Sliding-window width 50

The simulation results of the four algorithms are shown in Figure 7.
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The FrFT algorithm is noted to be effective under the considered noise condition, and
the useful information from the echo signals can be successfully extracted for ranging.
Furthermore, the TD-FrFT algorithm and sliding-window TD-FrFT algorithm exhibit
superior filtering performance compared with the median-FrFT algorithm.
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Experiment 5. Ranging performance analysis of FrFT algorithm, median-FrFT algorithm, TD-
FrFT algorithm, and sliding-window TD-FrFT algorithm in the presence of SαS distribution noise.

The ranging accuracies of the four algorithms in the presence of noise with different
α are compared in this experiment. The parameters used in the experiment are listed
in Table 5.

Table 5. Parameters used in Experiment 5.

Category Name Value Remarks

Signal parameters

A (Amplitude) 1 mV

These parameters are the same as
those in Experiment 1.

f0 (Initial frequency) 10 Hz

T (Time width of the signal) 20 µs

B (Bandwidth) 40 MHz

N (Number of sampling points) 4096

Noise parameters

GSNR 1 dB

In this noise condition, the ranging
accuracy of three algorithms is
analyzed with the α changed.

a (Location parameter) 0

α (Characteristic parameter) 1.8, 1.7, 1.6, 1.5, 1.4, 1.3,
1.2, 1.1, 1.0, 0.9

β (Symmetry parameter) 0

Algorithm parameters

r (Tracking factor) 10,000
These parameters are the same as
those in Experiment 1.h (Step size) 0.01

Sliding-window width 50

The RMSE values of the four algorithms are shown in Figure 8.
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After 1000 Monte Carlo runs, the FrFT algorithm maintains its effectiveness until
α = 1.7. At lower values of α, the impulse intensity is low, enabling accurate target ranging.
When α < 1.7, the performance of the algorithm degrades. Although the median-FrFT algo-
rithm can effectively suppress the impulse noise, it changes the characteristic information of
the echo signal and leads to a shift in the peak position of the echo signal. Even at α = 1.8, the
error is too large to achieve effective ranging. The performance of the TD-FrFT algorithm is
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superior to that of the FrFT algorithm. In the range of 1.1 < α < 1.8, the TD-FrFT algorithm
can effectively suppress the impulse noise and determine the target distance. However,
the algorithm appears to fail at α < 1.0. When 1.0 < α < 1.8 and GSNR = 1 dB, the error
of the sliding-window TD-FrFT algorithm is approximately 0.4748 m, while the average
estimated distance is 267.5252 m, which proves that the algorithm can effectively suppress
the impulse noise while maintaining a certain estimation accuracy with high robustness.

5. Conclusions

The objective of this study is to address the performance degradation of the traditional
LFM signal ranging method in the presence of impulse noise. Specifically, a novel method
is introduced to effectively estimate the target distance in the presence of impulse noise.
First, the TD algorithm is used to filter the echo signals with noise. Subsequently, the
useful information from the noisy echo signals is extracted using FrFT and used for ranging.
Simulation results show that the sliding-window TD filtering algorithm can suppress
impulse noise with different intensities while maintaining a reasonable ranging accuracy,
thereby outperforming the TD filtering algorithm. The results demonstrate the excellent
robustness of the proposed method to impulse noise.
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