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Abstract

:

We propose a new concept of fractal quasi-Coulomb crystals. We have shown that self-similar quasi-Coulomb crystals can be formed in surface electrodynamic traps with the Cantor Dust electrode configuration. Quasi-Coulomb crystal fractal dimension appears to depend on the electrode parameters. We have identified the conditions for transforming trivial quasi-Coulomb crystals into self-similar crystals and described the features of forming 25 Ca+ self-similar quasi-Coulomb crystals. The local potential well depth and width have been shown to take a discrete value dependent on the distance from the electrode surface. Ions inside the crystals studied possess varied translational secular frequencies. We believe that the extraordinary properties of self-similar quasi-Coulomb crystals may contribute to the new prospects within levitated optomechanics, quantum computing and simulation.
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1. Introduction


Fractal structures are amply researched today due to the prospects of their application in material science. The most-studied examples of fractal smart materials are self-similar structures based on nanoparticles. Among them, self-similar structures based on semiconductor and metallic nanoparticles are of particular interest as they can be reproduced in the lab. The electrical and optical properties of nanoparticle ensembles are known to be highly sensitive to nanoparticle ordering within the ensemble. Thus, self-similar ordered structures offer a new way to achieve a precise tuning of the properties of nanoparticle-based ensembles. For example, the energy transfer in dendrite structures based on semiconductor quantum dots (QDs) discussed in [1,2] was shown to occur even in diffusion-limited aggregation fractals composed of nominally mono-sized QDs [3]. QD-based dendrites can find their application in light harvesting and in the spatial concentration of light emission. Structures consisting of fractal Ag particles were used for highly conductive, flexible and stretchable electrodes for electronic devices [4]. Bimetallic Ag–Au core–shell nanocomposites with fractal structures were used as a surface-enhanced Raman scattering substrate [5]. Sierpiński carpet-like fractal structures prepared with Ag nanocuboids were used to improve the absorption and the quantum efficiency of solar cells [6,7].



Optical, electrical and mechanical characteristics of in-lab reproducible physical fractals are unambiguously determined by typical interparticle distance and fractal dimensions. However, the current techniques for preparing self-similar structures do not provide precise control or manipulation of the described properties. To our knowledge, the only way to prepare an ensemble of particles with a controllable interparticle distance and an easily re-configurable geometry is electrodynamic trapping. An electrodynamic trap can be represented as a set of electrodes providing fast oscillating electric fields. The electric potential spatial distribution of traps includes potential wells for charged particles. As a result, the charged particles become trapped near the point corresponding to the potential minimum coordinate.



Depending on the electrode geometry, single-well, double-well or even multi-well potential distribution can be implemented. The best-studied linear quadrupole Paul traps provide a single potential well [8]. Otherwise, in the case of surface traps consisting of thin film electrodes deposited on a substrate, there can be either single-well or multi-well potential distribution [9,10,11]. The potential distribution appears to be defined by electrode geometry and by electrical supply parameters. Moreover, such a system is sensitive to external effects [11]. Thus, the controllable potential distribution can be easily implemented with surface traps [12,13].



Electrodynamic traps localize both individual particles and their ensembles. In the case of the simplest single-well potential distribution, the particle spatial positions inside the only potential well are determined by interparticle Coulomb interaction. Such structures are referred to as Coulomb crystals (or CCs) [14]. In CCs, the oscillations of each individual particle and the collective oscillation mode of all trapped particles become interdependent. This results in using CCs as a platform for quantum simulations and computing [15].



The type of CC internal structure that is used in quantum computing is a linear chain of atomic ions trapped in an ion trap [14]. Ions in linear CCs share a common collective oscillation mode, which is used to prepare qubit states. In general, any type of CC can be used for quantum computing, but linear CCs are the simplest to prepare and control. For ion-based quantum computing, the trapped ions must be controllably entangled and precisely addressed to perform calculations. Recently, various approaches have been proposed and implemented for entangling ions in a linear CC to obtain qubit gates [16]. Many experimental groups worldwide have achieved high fidelity of a two-qubit gate using the light-shift [17] and Mølmer–Sørenson [18] approaches. The latter approach also utilizes the collective motion of CC ions as a quantum bus for multi-qubit entanglement. However, these impressive results have been reached for relatively short linear CCs. With the increasing number of ions in a CC, it becomes difficult to entangle the distant ions and resolve all translational modes [19]. In addition, the large number of ions in the chain gives rise to the an anharmonic contribution to the longitudinal mode of the linear CC collective motion. Such anharmonism reduces the fidelity of the qubit gates and limits the scaling of an ion trap quantum computer. Several approaches based on frequency modulation have recently been proposed to overcome these constraints [20,21,22]. The search for other methods to overcome the limitations described is a crucial issue for quantum computing development. New ion-based computer architectures may be a solution for this issue.



In our previous works, we developed a new concept of quasi-Coulomb crystals (qCCs) [23]. In qCC lattice nodes, the coordinates correspond to the local potential well in multi-well potential traps. Since the potential well coordinates and the potential well depths depend on both the electrode geometry and the electrical supply, the qCC internal structure can be easily controlled. In the above paper, qCCs have been implemented in 3D multipole ion traps. On the other hand, there is no restriction to the qCC formation in surface traps. Technically, preparing surface electrodynamics traps (SEDTs) with arbitrary shaped electrodes is much simpler compared to other ion traps. Therefore, an SEDT is more appropriate for the formation of qCCs with the novel characteristics designed for specific applications. We believe that the most intriguing type of qCC is the self-similar qCC (SSqCC). However, there do not seem to be any studies of fractal qCCs or of the SSqCC-supported trap platforms. Importantly, there is no fundamental restriction to the formation of SSqCCs.



Here, an important question arises: “How can SSqCCs be implemented?”. Intuitively, it seems reasonable that SSqCCs can be prepared in SEDTs with fractal electrode geometries. Once again, it appears intuitively reasonable that SEDTs consisting of multiple electrode modules with structural self-similarity are the most suitable candidates for SSqCC implementation. In the present work, we decided to confirm the assumption that SSqCCs can be formed in an SEDT with fractal electrodes. We focused on the electrode geometries that can be represented as the iterations of Cantor Dust and of generalized Cantor Dust (GnCnD) due to the simplicity of its mathematical description. One of the main purposes of the research was to shed light on SSqCC formation principles. We calculated the SSqCC geometrical properties and the fractal dimension in the SEDT with the specific Cantor Dust electrode geometry. We determined the transformation conditions between the qCC and SSqCC. The features of the structures discovered are discussed below.




2. Cantor Dust Electrode Configuration


Localization of the charged particles in SEDTs is based on their interaction with the AC electric field around the flat conducting electrodes. The spatial position of the particles in the SEDT is strictly dependent on the shape and the arrangement of the electrodes on the dielectric substrate.The specific electrode geometry results in multiple isolated regions of localization (potential wells) in a single trap [10,11]. Quasi-Coulomb crystals can be formed during the many-body localization in a multi-well trap. In this case, each charged particle is trapped in an individual potential well [23]. In qCCs, the coordinates of the individual particles are determined by the particle–SEDT field interaction rather than by the interparticle Coulomb interaction. Since the potential well coordinates depend on the electrode configuration and the electrical supply parameters, it is possible to form qCCs that exhibit structural self-similarity. Here, we presume that a self-similar configuration of the trap electrodes is the most appropriate to implement SSqCCs.



Historically, researchers selected the basic forms of SEDT electrodes due to the possibility of their electric field analytical description [24,25]. Electric field spatial distribution can be analytically written for rectangles, circles and rings [25]. For the same reasons, we design the SSqCC-supporting traps based on rectangular electrodes.



The electric potential U near n arbitrary-shaped rectangular electrodes (segments) has the exact analytical form [24]


     U  ( x , y , z , t )  =  V  2 π   cos  ( ω t )   f V   ( x , y , z )      



(1)




where the spatial distribution of the electric potential U is described by the form factor function   f V  


      f V   ( x , y , z )  =  ∑  j = 1  n    tan  − 1       (  x  1 j   − x )   (  y  1 j   − y )    z     (  x  1 j   − x )  2  +   (  y  1 j   − y )  2  +  z 2              −  tan  − 1       (  x  1 j   − x )   (  y  2 j   − y )    z     (  x  1 j   − x )  2  +   (  y  2 j   − y )  2  +  z 2             −  tan  − 1       (  x  2 j   − x )   (  y  1 j   − y )    z     (  x  2 j   − x )  2  +   (  y  1 j   − y )  2  +  z 2             +  tan  − 1       (  x  2 j   − x )   (  y  2 j   − y )    z     (  x  2 j   − x )  2  +   (  y  2 j   − y )  2  +  z 2           



(2)




where V and  ω  are the amplitude and the frequency of AC voltage on the electrodes, respectively; j is the increment of the segment;   x  1 j   ,   y  1 j   ,   x  2 j   ,   y  2 j    are the diagonal vertices coordinates for the j-th rectangular segment. Note that Equation (1) is valid for any number and any spatial position of rectangular electrodes, including self-similar configurations.



The basic self-similar electrode configuration with rectangular segments can be constructed as a 2D Cantor set or as Cantor Dust [26]. Cantor Dust is formed by iteratively deleting the open middle third from a set of square segments. Depending on the iteration number i, Cantor Dust electrode configuration will consist of   4 i   segments. Hereinafter, we understand the term of “i-th iteration” as referring to the type of electrode configuration corresponding to the i-th Cantor Dust iteration. The initial segment (0-th iteration) is a single square with the sides equal to a. Figure 1 represents a 3D render of a surface trap with the electrode configuration for the second iteration of Cantor Dust. Electrode vertices are shown in pink; the initial square is shown in red. We assume that the electrodes lie in the   x y   plane, and the z-axis is perpendicular to the electrode surface. The axes’ origin is shown as a green dot in Figure 1.



The number and the position of the isolated potential minima in the trap are determined by the spatial distribution of the effective potential. Effective potential  Φ  is known to be an equivalent time-averaged stationary potential function that takes into account the trapped ion characteristics. The exact value of the effective potential spatial distribution   Φ ( x , y , z )   can be described in a general case as follows [27]:


  Φ  ( x , y , z )  =  1 4     e 2   V 2    m  a 2   ω 2     F eff   ( x , y , z )   



(3)




where e is the charge of the trapped particle, m is the mass of the trapped particle, nd a is the initial square side length. On the other hand, the spatial position of the potential minima is described by the reduced function   F eff  , which is written as


   F eff  =      ∂  f V    ∂  x ˜     2  +     ∂  f V    ∂  y ˜     2  +     ∂  f V    ∂  z ˜     2    



(4)




where    x ˜  = x / a  ,    y ˜  = y / a  ,    z ˜  = z / a   are the normalized coordinates. For simplicity, in the case of AC voltage only, we can obtain the coordinates of the potential minima by finding the minima of the reduced function   F eff   (4). Here, we propose using the initial square side length a as a normalization parameter (marked in red in Figure 1). For convenience, we further omit the tilde sign.



Here, we provide the numerical calculations of the coordinates of the spatial potential distribution minima using the gradient descent method [28]. The qCC can be only formed if the depth of the potential wells exceeds Coulomb interaction for the given ions. Varying the electrode initial square length a and the electrical supply parameters V and  ω , it is possible to find the condition where each individual qCC node corresponds to the individual isolated potential minimum. In the present paper, we assume that the necessary qCC-forming conditions are met by default.



The number of the potential minima of the surface traps is known to strongly depend on the electrode geometries [25]. Here, we propose to investigate how the iteration number will affect the electrode geometry and the corresponding potential minima distribution. As we have shown above, the electrode configuration on the 0-th iteration is a square with the side length a. Substituting the diagonal vertices’ coordinates of the initial square in (1), we realized that the potential function (4) has no potential minima. The first electrode configuration that provides stable particle trapping is the 1-st iteration with four square segments (marked in light blue in Figure 2a). The potential minima positions in the   x y   and   x z   planes are marked as green dots in Figure 2a and Figure 2b, respectively.



Figure 2a,b shows that the first iteration of Cantor Dust electrode configuration has five potential minima or five stable equilibrium points for the charged particles, which are marked in green dots. Thus, we can form a pyramid-like five node qCC with the first iteration. We refer to the pyramid formed with the first iteration as the first order pyramid. Obviously, a qCC consisting only of a first order pyramid is not self-similar and does not exhibit any fractal properties.



The second iteration of Cantor Dust electrode configuration has 25 potential minima (Figure 2c,d). The qCC in the second iteration can be represented as a first order pyramid (marked in green dots) and four additional second order pyramids (marked in blue dots). The coordinates of the first order pyramid of the second iteration are slightly deviated compared to the first order pyramid coordinates of the first iteration. All second order pyramids are below the first order pyramid as shown in Figure 2d. The ratio of the base sides of the second and the first order pyramids correspond to the ratio of the electrode square segment sides of the second and first iterations and is equal to   1 / 3   for the example given in Figure 2c,d. With the second iteration, the qCC obtained starts possessing self-similarity and becomes an SSqCC.



The third iteration of Cantor Dust electrode configuration features 105 potential minima (Figure 2e,f). Within the third iteration, we can observe the third order pyramid formation with the scaling factor   1 / 3   (compared to the second order pyramids).The third order pyramids are marked in red dots. Thus, we have shown that the total number and the spatial position of the local minima coordinates in the surface trap with Cantor Dust electrodes depends on the number of iterations. We can describe the potential minima number N by the iteration i in the following general form:


  N  ( i )  =  ∑  k = 1  i   5 ×  4  ( k − 1 )    =  5 3    4 i  − 1  .  



(5)




where k is a free iterator. We can see that with a higher iteration number i, the SSqCC forms a 3D upside-down dendrite, or an “old-fashioned chandelier” self-similar structure. To analyze the fractal properties of the structure obtained, we have to calculate the appropriate metric. One of the most useful metrics for characterizing self-similar structures is Minkowski fractal dimension [29].



From a mathematical point of view, Cantor Dust is an object with global self-similarity that manifests itself at any level of scale. The exact value of Minkowski fractal dimension D for Cantor Dust at the iteration number   i → ∞   equals the constant value


  D =   2 log [ 2 ]   log [ 3 ]   .  



(6)







In physical reality, we are limited by the minimal size of electrode square segments. Therefore, the electrode configuration is always described by a finite iteration of Cantor Dust and features only local self-similarity. For the same reasons, a qCC has only local fractal dimensions. To compute the local Minkowski dimensions of both the electrode configuration and the qCC, we used the box-counting algorithm [29].



To perform the box-counting algorithm, the coordinate space is uniformly filled with cubic elements of the edge length  ϵ . The number of cubic elements including at least one potential minimum for a given  ϵ  will be   M ( ϵ )  . By sequentially reducing the length of the cubic element (  ϵ → 0  ), we can express the global fractal dimension as follows [30]


  D =  lim  ϵ → 0    −   ln  M  ϵ     ln ϵ     



(7)







To calculate the local fractal dimension, we reduce the cubic element  ϵ  to the finite filling element    ϵ 0  > d  , where d is the typical distance of the system studied. For the Cantor Dust on the i-th iteration, the distance d is equal to the length of the square element side, or    ( 1 / 3 )  i  . For the SSqCC, the distance d is equal to the length of a side of the i-th order pyramid base. We suggest taking notice of the fact that in our work all distances are normalized on initial square side length a. For the filling element   ϵ 0   below the typical distance d, the measured object (both Cantor Dust and SSqCC) will become a set of the individual points with zero fractal dimensions. The dependencies of the typical distance d normalized value on the iteration number are shown in Figure 3a.



To investigate how the iteration number affects the SSqCC parameters, we compare the local fractal dimensions of Cantor Dust electrodes and the SSqCC. We calculate the local fractal dimensions of Cantor Dust electrodes as Minkowski dimensions of the set of points corresponding to the electrode segment vertices for the given i. The total number of vertices of all square segments with a finite iteration number i appears to correspond to   2  4 i   . The global fractal dimension for the set of points is 0. However, using the algorithm described above, we can calculate the local fractal dimension (D-value). In the further calculations, the minimum filling element length in the box-counting algorithm is given as the double typical distance,    ϵ 0  = 2 d  . The results of the D-value calculation for both Cantor Dust and SSqCC are shown in Figure 3b. The iteration number is in the range   i ∈ [ 1 . . 4 ]  .



The value of the local fractal dimension is different from zero for all   i > 1  . Moreover, the value of the local fractal dimension D-value tends to the global value (6) when   i → ∞  . The local fractal dimensions of SSqCCs correlate with the corresponding fractal dimensions of Cantor Dust vertices set. The D-value at   i = 1   is zero, which corresponds to the mentioned absence of self-similarity with the first iteration. With the following iterations, the value is in the range   [ 1.80 . . 1.90 ]   depending on the iteration number. The non-integer value of the Minkowski dimension indicates qCC self-similarity.




3. Generalized Cantor Dust Electrode Configuration


Additional control of SSqCC properties in the SEDT can be achieved with the generalized Cantor Dust (GnCnD) electrode configuration. Unlike the canonical Cantor Dust, for the GnCnD deleting iteratively the p part in the middle piece of each segment is suggested. GnCnD is reduced to the canonical form with   p = 1 / 3  . The global fractal dimension for the GnCnD takes the form [31]


  D  ( p )  =   − 2 log 2   log   1 − p  / 2     



(8)




where p is the iteratively deleted interval. For the   p = 1 / 3   (canonical Cantor Dust), the global fractal dimension is   D ( 1 / 3 ) = 1.26186  , which corresponds to the tabulated value (6).



The electrode configurations with the third iteration for   p = 1 / 5 , 1 / 10   and   1 / 50   are marked in light blue in Figure 4a, c and e, respectively. The positions of the potential minima are marked in colored dots in Figure 4. Our numerical calculation reveals that for   p ∈ [ 1 / 5 . . 1 / 3 ]   the qCC can be decomposed into pyramid substructures similarly to the “old-fashioned chandelier” in Figure 2. Further p-value reduction results in the appearance of additional local minima destroying the pyramid-based ordering. The calculation results demonstrate a decrease in the absolute height of the structure, h. The dependencies of the potential well number N and the qCC height h on the p-value in the range of   [ 1 / 100 . . 1 / 3 ]   are shown in Figure 5a.



At a lower p-value, both the electrode geometry and the qCC structure degenerate to a “regular” form. To describe this process more accurately, we calculated the Minkowski dimension for both Cantor Dust electrodes and the corresponding qCC for the p-value in the range of [1/100–1/3]. The result of the calculation is presented in Figure 5b.



As the p-value decreases, the fractal dimension of the trap electrodes tends to   D → 2   (8). GnCnD fractal dimension is represented by the red line in Figure 5b. Indeed, when p is small (  p < < 1  ), the electrode structure transforms from a self-similar configuration to a regular array of square elements. On the other hand, the fractal dimension of the qCC also tends to an integer value (represented by the blue line in Figure 5b). The potential minima densely fill the space above the electrode surface (as shown in Figure 4c for   p = 1 / 50  ). Therefore, by changing the value of p it is possible to control both the element number in the qCC and the fractal properties (D-value).



Summarizing, we can observe three main types of qCC in the GnCnD SEDT for the p-value in the range   [ 1 / 100 . . 1 / 3 ]  :




	
“Old-fashioned chandelier” SSqCC: the fractal dimension takes the non-integer value, the potential well number N does not depend on the p-value with the given iteration number i and satisfies the condition (5). With the third iteration, an “old-fashioned chandelier” SSqCC is formed for the p-values in the range   [ 1 / 5 . . 1 / 3 ]  .



	
“Transitional” SSqCC: the fractal dimension takes the non-integer value, the potential well number N depends on the p-value. With the third iteration, the “Transitional” SSqCC is formed for the p-values in the range   [ 1 / 50 . . 1 / 5 ]  .



	
“Regular” qCC: the fractal dimension tends to the integer value, the potential well number N does not depend on the p-value. With the third iteration, the “Regular” qCC is formed for the p-values in the range   [ 1 / 100 . . 1 / 50 ]  .









4. Ca+ “Old-Fashioned Chandelier” SSqCC: Features, Limitations and Insight to Possible Applications


Practical implementation and prospective application are the cornerstones of each new theoretical concept. Therefore, we focus on the electrode characteristics and design that make SSqCC reproducible in laboratory. We suggest that adequate experimental verification of the approach proposed can be performed using SEDTs and SSqCCs that meet the following qualitative requirements (hereinafter we will refer to them as the Adequacy Requirements List )




	
qCC have to demonstrate clear local self-similarity.



	
Cantor Dust trap parameters (iteration number, p-value, initial segment length a) have to provide an adequate number of potential wells for a certain task.



	
For specific ion species and the minimum typical distance d, the potential Coulomb interaction between ions has to be much smaller then the local potential well depth.



	
For specific ion species, the potential well depth has to exceed the energy of thermal oscillation [32].



	
The maximal potential well depth has to be calculated taking into account the resistance of SEDT materials to electrical breakdown.



	
The minimal square segment of electrodes has to support the possibility of its physical implementation including power supply. Today, it is technologically possible to provide typical electrodes of the size down to micron scale. Electric supply can be provided using the ball grid array method.








We analyzed the results of the numerical calculations provided in the previous section and related them to the Adequacy Requirements List. For canonical Cantor Dust, the optimal “old-fashioned chandelier” SSqCC corresponds to the electrode configuration with the second or the third iteration. Meanwhile, for GnCnD, besides the iteration number restriction, the p-value has to be in the range of   p ∈ [ 1 / 5 . . 1 / 3 ]  . For further discussion, we will focus on the second iteration of canonical Cantor Dust (Figure 2c).



So far, we have discussed only the spatial position of the local potential minima. However, the well depth is crucial for qCC formation and for their further application. It is important that effective potential formalism (3) provides equivalent time-averaged stationary potential function according to [27]. Equation (3) shows that the shape of the potential well and the local minima coordinates depend only on the electrode geometry. On the other hand, the potential well depth depends on all the parameters, including the charge and the mass of the trapped ion species, the AC voltage and the frequency, as well as on the electrode geometry. However, the time-averaging procedure neglects time-periodical terms. Thus, for a comprehensive description of a dynamical system, we propose using numerical calculation techniques for solving the original time-dependent equations of motion


  m  Q ¨  = −   e V   2 π   cos  ( ω t )    ∂  f V    ∂ Q   ,  



(9)




where Q is a generalized coordinate.



Here, we analyze the characteristics of the dynamical system with the third iteration of a canonical Cantor Dust surface trap. We investigate an SSqCC consisting of 25 Ca+ ions in accordance with (5). We chose Ca+ ions since they are a well-known system widely used as a qubit platform for quantum computing [33,34,35,36]. We perform a numerical simulation of 25 Ca+ ions dynamics using the 4-th order Runge–Kutta method taking into account Coulomb particle interaction. We simulate ion dynamics within the time interval of   [ 0 , 2 ]   seconds. The following parameters have been used: the square side at the zero iteration   a = 10   mm, the AC voltage amplitude    V  p p   = 500   V, the AC voltage frequency   ω = 30   MHz, the ion mass   m = 6.65 ×  10  − 26     kg and the ion charge   e = 1.6 ×  10  − 19    C.



The dynamical system studied is described by three coordinate degrees of freedom according to (1). Due to the nonlinear potential distribution (1), the dynamics along the   x , y   and z axes are interdependent. For simplicity, we show the results of the numerical simulation for the dynamics along the z-axis only.



We focus on the potential well parameters for the ions located at different heights. For clarity, we label the potential wells according to the following rule: the upper vertex of the first order pyramid represents Level I, the base of the first order pyramid is Level II, the upper vertices of the second order pyramids are Level III and the bases of the second order pyramids are Level IV. The potential well evolution with the height above the SEDT is schematically shown in Figure 6a. Colored dots in Figure 6a represent the potential minimum coordinates in the   x z   plane for the second iteration of canonical Cantor Dust SEDT. Solid lines schematically represent potential wells.



The exact values of the potential well width and depth at different levels for the given SEDT and ion species are presented in Table 1. It shows that the higher the level number, the narrower and the deeper the potential well. The potential well depth obtained at Level I is 10 meV, which is higher than the typical thermal energy. We can claim that the given SEDT parameters do not contradict the Adequacy Requirements List. Due to the large difference between the well depths, the stability condition for the ions has to be carefully controlled during the SSqCC formation.



A direct consequence of the difference between the potential well depths is the variation in the corresponding ion dynamics. As a result, we observe different translational oscillation spectra for the ions at the Levels I–IV. Translational oscillation spectra along the z-axis numerically calculated according to non-autonomous Equation (9) for the ions at different levels are shown in Figure 6b. Our results have revealed that all ions located at the same level have the same translational   o z  -oscillation spectra.



The most intensive band in each spectrum obtained is the one corresponding to the secular oscillation. The secular oscillation can be represented as a harmonic oscillation for the ions with time-independent effective potential energy (3) trapped near the local potential minima with a small perturbation (much lower than the width of the potential well studied, as given in Table 1). Increasing the depth of the potential well has resulted in the secular frequency growing. The dependence of the z-axis secular frequency (marked as SI..SIV in Figure 6b) at the levels I–IV is shown in Table 1.



Besides secular frequency, translational oscillation spectra may contain additional bands. Firstly, the ions with real time-periodic potential energy possess the oscillation band at AC frequency. These oscillations are referred to as micromotions. Secondly, the non-linearity of the system studied enrich the z-axis oscillation spectra with the bands corresponding to the x and y oscillation frequencies. Furthermore, since Coulomb interactions take place in SSqCCs, there is energy redistribution between the oscillation modes. As a result, secular frequencies corresponding to the ions at a certain level can be found in the oscillation spectra for the ions at other levels as side bands. Such frequencies indicate the possibility of entangling ions at different levels.



The results obtained (Figure 6 and Table 1) show that the ions trapped in a SEDT with a self-similar electrode configuration have a rich spectrum of translational oscillations well resolved in frequency. Ions belonging to different levels have different secular frequencies, in the range from 80 kHz to ∼3 MHz (for the parameters given above). In addition, the trapped ions are spatially separated by hundreds of microns both in the trap plane and in the direction of the z-axis perpendicular to this plane. Thus, the resulting quasi-Coulomb structure makes possible a controlled entanglement or disentanglement of ions by precisely addressing them with laser pulses. However, difficulties may arise in the practical implementation of qCCs in a trap with self-similar electrode geometry. As mentioned above, to form a qCC in a trap, the ion kinetic energy cannot exceed the depth of the corresponding local potential wells. This compulsory condition requires implementing an optical cooling scheme. However, due to the strong spatial separation of the local potential minima corresponding to the typical distance d, simultaneous effective cooling of all qCC elements (nodes) is a challenging task. A significant difference in the depths of local potential wells at different levels (Figure 6) can result in several ions being trapped near the same equilibrium position with the“local” trivial Coulomb crystals formed. This effect should also be taken into account in the practical implementation of qCC.



Quantum computer calculations are known to require qubits entanglement as well as their disentanglement after the gate operation. This can be achieved by finding a well-resolved “bounding” frequency (or a discrete set of frequencies), which is used to provide the interaction between the ion-based qubits [20]. In large linear CCs, spectral crowding of the normal modes prevents resolving the collective mode for certain ions in CCs. Such spectral crowding results in a lower gate speed. In the multi-well architecture proposed, the single motion mode can be readily implemented because there is no spectral mode crowding. Since the motion spectrum contains both longitudinal and transverse oscillation modes, there can be various approaches to qubit entanglement [37,38]. Furthermore, motion spectral eigenfrequencies belong to the group of ions that can be entangled in a multi-qubit gate [39].



Laser beams can only be focused into a spot with a diameter of hundreds of microns. Meanwhile, the micron spatial separation of ions in the proposed architecture is appropriate to optically address qubits for gate control. Moreover, the upside-down dendrite hierarchy of the fractal ion structure appears to promote parallel entanglement of quibits in different zones of the SEDT. This is important for fault-tolerant error correction of qubits [40].



Here, we present a numerical simulation for 25 Ca+ ion dynamics in a Cantor Dust SEDT. The results obtained correspond to the second iteration of the canonical Cantor Dust. Beyond debate, generalizing the numerical simulation to higher iteration numbers and varied p-values and trapped ions, a small step of a computational routine, is, in fact, a giant leap for the future practical implementation of SSqCC-based quantum computing. This generalization is beyond the scope of the present article, which only presents the concept, and has to be dealt with in future work.




5. Conclusions


We present the pioneer research of quasi-Coulomb crystals with self-similar properties. This is the first time that self-similar quasi-Coulomb crystal ion trap architecture is proposed. The self-similar quasi-Coulomb crystals can be formed using surface traps with a generalized Cantor Dust electrode configuration.



We have shown that the properties of Cantor Dust electrodes define the Minkowski dimension of levitated self-similar quasi-Coulomb crystals (SSqCCs). The varied values of the generalized Cantor Dust parameters (the iteration number and the deleted part of each electrode segment) may result in a wide range of ion structures from “regular” quasi-Coulomb crystals to SSqCCs. We have figured out that the optimal SSqCC takes the form of an “old-fashioned chandelier” crystal consisting of similar pyramids with the scale factor   1 / 3  .



The most intriguing feature of the “old-fashioned chandelier” SSqCC is the significant difference in the potential well depths and widths for the ions trapped at the different levels of the SSqCC described. The potential well depth growing leads to a unique set of z-axis oscillation frequencies for each level.



The fractal properties of SSqCCs pave the way for implementing frequency modulation approaches in ion-based quantum computing. The described modulation provides controlled entanglement and precise addressing for a large number of Coulomb bound ions in an single SEDT. The advantages of fractal architecture include a well-resolved frequency spectrum of individual groups of ions, as well as the possibility of selective optical addressing for individual ion groups.



We believe that the results obtained here open new horizons for optomechanics and levitomechanics, quantum computing and simulation, as well as for a wide range of sensors. We would like to invite the international science community for an open discussion and cooperation for further research in this area.
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Figure 1. Surface ion trap with self-similar electrode configuration for the second iteration of Cantor Dust. The initial segment length is marked as a, electrode vertices are shown in pink. 
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Figure 2. Potential minima coordinates in the surface trap with Cantor Dust electrodes with the first iteration (a,b), the second iteration (c,d) and the third iteration (e,f). Parts (a,c,e) correspond to the   x y   plane, while parts (b,d,f) correspond to the   x z   plane. 
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Figure 3. Local fractal dimension calculation: (a)—for Cantor set segment vertices with the iteration number   i ∈ [ 1 . . 8 ]  ; (b)—for the SSqCC with the iteration number   i ∈ [ 1 . . 4 ]  . 
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Figure 4. Potential minima coordinates with the third generalized Cantor Set iteration for   p = 1 / 5   (a,b),   p = 1 / 10   (c,d),   p = 1 / 50   (e,f). Parts (a,c,e) correspond to the   x y   plane, while parts (b,d,f) correspond to the   x z   plane. 
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Figure 5. Geometrical (a) and fractal (b) properties of the quasi-Coulomb crystal structures in the GnCnD SEDT. 
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Figure 6. (a)—Schematic “energy structure” of SSqCC nodes with the second iteration of canonical Cantor Dust SEDT; (b)—z-axis oscillation spectra of 25 Ca+ SSqCC ions at different levels. 
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Table 1. The potential well depths and widths along the z-axis.
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	Level
	Local Potential Well Depth
	Local Potential Well Width
	Secular Frequency





	I
	10 meV
	1500  μ m
	80 kHz



	II
	12 meV
	1100  μ m
	150 kHz



	III
	47 meV
	650  μ m
	1.32 MHz



	IV
	32 meV
	240  μ m
	2.78 MHz
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