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Abstract: This study introduces two innovative methods, the new transform iteration method and
the residual power series transform method, to solve fractional nonlinear system Korteweg—de Vries
(KdV) equations. These equations, fundamental in describing nonlinear wave phenomena, present
complexities due to the involvement of fractional derivatives. In demonstrating the application of
the new transform iteration method and the residual power series transform method, computational
analyses showcase their efficiency and accuracy in computing solutions for fractional nonlinear
system KdV equations. Tables and figures accompanying this research present the obtained solutions,
highlighting the superior performance of the new transform iteration method and the residual power
series transform method compared to existing methods. The results underscore the efficacy of these
novel methods in handling complex nonlinear equations involving fractional derivatives, suggesting
their potential for broader applicability in similar mathematical problems.

Keywords: analytical solutions; new transform iteration method; caputo operator; fractional Korteweg—de
Vries equations; residual power series transform method; nonlinear system of partial differential equations

1. Introduction

The vast applicability of fractional calculus has become an essential resource in today’s
world. Due to its relevance to several branches of applied science and engineering, this field
has attracted the attention of mathematicians and other experts for more than 300 years.
Classical differential equations of integer order may be extended to the fractional order
using fractional calculus. One major benefit of using fractional differential equations is
their non-local nature. This allows for the development of a wide variety of mathematical
models, as the next stage of a system depends on both its current state and all of its previous
states [1-10].

Fractional coupled systems are often used to study plasma’s multi-component be-
haviour, including ions, free electrons, and atoms. A lot of researchers have endeavoured
to evaluate this behaviour. Paul Kersten and Joseph Krasil 'shchik have recently studied
the Korteweg-de Vries (KdV) and modified KdV (mKdV) equations. They have proposed
a nonlinear system analysis method based on the absolute complexity between a couple
of KdV-mKdV systems [11-14]. Various versions of this Kersten—Krasil’shchik linked
KdV-mKdV nonlinear system have been suggested by various researchers [15-19]. A
mathematical model for the behaviour of multi-component plasma for waves moving
down the positive zeta axis is provided by the nonlinear fractional Kersten—Krasil’shchik
coupled KdV-mKdV system, and one of these variants is as follows:
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A>0a€R 0<p<1

where the spatial coordinate & and the temporal coordinate A are defined. p is the factor
that represents the order of the fractional operator. To investigate this operator, the Caputo
form is used. The following changes the fractional coupled system into a classical one

whenp = 1:
vy (e, A) 301 (a, A) vy (a, A) 330y (&, A) 0 02
a)\ + 8063 *6’01(06,)\)7 +3UZ(W,A)T +387'UZ(DC )\)a 5 (06,)\)
vy (&, A) vz (e, M)
3v5(a, A) ” + 601 (o, A)vp(a, A) o 0, 2
vy, ) d3vp(a, A) 5 vp(a, A) 0va(a, A) dv(a,A)
A T 53 302(0@)‘)7 301(04,)\)7 + 302(04,)\)7 =0,

A>0,aeR 0<p<1

If vp(a, A) is equal to zero, the Kersten—Krasil’shchik connected KdV-mKdV system is
transformed into the famous KdV system in the following way:
vy (o, A) n %v1(a, A) vy (&, A)
oA da3 ou

— 601 (a, A) =0,A>0a€R 0<p<1 ©)
At v(a,A) = 0, the Kersten—Krasil’shchik coupled KdV-mKdV system transforms
into the famous mKdV system in the following way:

vy (a,A)  d3vp(a, A) vy (&, )
oA da3 o

This means that the Kersten—Krasil’shchik coupled KdV-mKdV system is just a hybrid
of the KdV and mKdV systems, denoted by (1) to (4). Following this, we examine the
following third-order KdV system: the fractional nonlinear two-component homogeneous
time-fractional coupled system:

~303(w,A) —0,A>0x€R0<p<1 (4

3
Dﬁvl(zx,/\) - M —vl(zx,/\)M —vz(a,A)M =0,A>0aeR 0<p<1
oad on ow (5)
3
D’vy(a, ) +2%‘:’;’A) —vl(tx,)\)% —0,A>00€R 0<p<1

In this context, A represents the temporal coordinate, « stands for the spatial coordinate,
and p is the order factor of the fractional operator. The Caputo form is used to investigate
this operator. The following changes the fractional coupled system into a classical one

whenp = 1:
dv1(a,A)  30v1(a, M) vy (a, M) vy (&, )
J— —_ —— —_— <
51 % v1(a, M) o va(a, M) o 0,A>0aeR 0<p<1 ©
vy (a, M) d3vy (&, A) vy (a, A)
p— — <
0 +2 50 vy (&, A) o 0,A>0aeR 0<p<l1

Omar Abu Arqub created the RPSM in 2013 [20]. The RPSM incorporates the residual
error function and Taylor’s series and is a semi-analytical method. The convergence series



Fractal Fract. 2024, 8, 40

3 0f 33

procedures may be used to solve linear and nonlinear differential equations. Fuzzy DE
resolution was the first area to use RPSM in 2013. Arqub et al. [21] created a unique
set of RPSM algorithms to find power series solutions for complicated DEs efficiently.
Additionally, Arqub et al. [22] developed an appealing new RPSM method that addresses
fractional-order nonlinear boundary value problems. El-Ajou et al. [23] created a new
RPSM method for estimating solutions to fractional-order KdV-Burgers equations. First, the
solution to second- and fourth-order Boussinesq DEs using fractional power series was
proposed by Xu et al. [24]. An effective numerical method was created by Zhang et al. [25]
by combining RPSM with least square techniques. See references [26-28] for more details.

The researchers used several techniques to resolve fractional-order differential equa-
tions (FODEs). The first step is translating the original equation into the Aboodh transform
space [29]. Subsequently, distinct solutions to the modified equations are derived. Lastly,
the initial equation is solved by using the inverse Aboodh transform. This novel method
employs the Sumudu transform in conjunction with homotopy perturbation approaches.
The novel power series expansion method solves linear and nonlinear PDEs without lineari-
sation, perturbation, or discretisation. Coefficient computations are much easier than RPSM,
where fractional derivatives take many solution iterations. The proposed method, which
makes use of a fast convergence series, has the potential to provide a precise closed-form
approximation solution.

Aboodh’s transform iterative technique (NITM) is the greatest mathematical achieve-
ment of the 20th century for fractional partial differential equations. Due to their compu-
tational complexity and lack of convergence, partial differential equations with fractional
derivatives are challenging to solve using normal approaches. Our innovative method
surpasses these limitations by lowering the processing burden, increasing accuracy, and con-
tinually improving approximation solutions. Complex mathematical and physical problems
have found better solutions via iterations tuned to fractional derivatives [30-34]. Difficult
engineering applied mathematics and physics issues may now be studied with the help of
defined and understood complex fractional partial differential equation-governed systems.

Two of the most fundamental ways to solve fractional differential equations are the
Aboodh transform iterative technique (NITM) and the Aboodh residual power series
method (ARPSM). As an additional benefit, these methods provide numerical approx-
imations for solutions to linear and nonlinear differential equations without the need
for discretisation or linearisation, in addition to providing instantly accessible symbolic
terms of analytical solutions. The primary goal of this research is to find solutions to a
system of nonlinear partial differential equations known as the Kersten—Krasil’shchik cou-
pled KdV-mKdV systems utilising two distinct methods: ARPSM and NITM. These two
approaches have been combined to solve several nonlinear fractional differential problems.

2. Basic Definitions
Definition 1 ([35]). The function v(a, A) exhibits piecewise continuity and possesses expo-
nential order. The definition of the Aboodh transform for v(«, A) is as follows when A > 0:

Alla, )] = ¥ v) = 1 [0 A Mar, n <<,

The expression for the inverse Aboodh transform is as follows:

1 1 u+ioco v
AT (,v)] = o, A) = 5 / ¥ Aetay,

where & = (a1,a2,--- ,ap)and p € N
Lemma 1 ([36,37]). Consider the functions v1(«, A) and vy (a, A), which are piecewise continuous
on the interval [0, co[ and exhibit exponential order, respectively. Assuming that

Alvr(a,A)] = Y1(a, A), Alva(a, A)] = Ya(a, A) and @1, @, are constants. Therefore, the
subsequent statements hold true:



Fractal Fract. 2024, 8, 40

4 0f 33

1. Al@roi(a,A) + @02(a,A)] = @11 (2, v) + @2%2(a,v);
2. AN ¥i(a,A) + @ ¥ (a,A)] = @101 (&, v) + @302 (&, v);
3. Allfo(a, 1) = 25

4. ADYo(a,A)] = vP¥(a,v) — Tk UK ﬁg, —1l<p<r,reNl

Definition 2 ([38]). The definition of the fractional derivative of a function v(a, A) of order
p is as follows, adhering to the Caputo sense:

Div(a,)\) = ]Tfpv(m)(a,)t), r>0,m—1<p<m,
where a = (a1,a2,--- ,ap) € RPand m,p € R, ]XFP is the R-L integral of v(a, A).

Definition 3 ([39]). The expression for the power series is:

Zhr J(A = 20)"" = Tp(A = 20)° + (A = Ag)P + Fi2(A = A0)* + -,

where p € Nand a = (aj,a,---,a) € RP. This series is recognised as a multiple
fractional power series (MFPS) around Ao, where #,(«) represents the series coefficients
and A is a variable.

Lemma 2. Assuming that the function v(w, A) is an exponential order, the Aboodh transform is
denoted as Alv(a, A)] = ¥ («, v). Consequently,

ADVv(a, A)] = v'P¥(a,v) va =2DI"u(,0),0 < p <1, @)
j=0
where & = (a1,a2,- - ,ap) € RP and p € Nand D;p = DK.DK. e .Di(r — times).

Proof. To confirm Equation (2), let us employ the method of induction. Substituting r = 1
into Equation (2) produces the following outcome:

A[Dipv(l’é,)\)] = vP¥ (a,v) — v*%0(a,0) — vP 2D v(a,0).

The equation’s validity for » = 1 is substantiated by Part (4) of Lemma 1. By substitut-
ing r = 2 into Equation (2), we obtain:

A[Dfpv(a,)\)] = v?P¥(a,v) — v 20(,0) — VP*ZDKU(uc,O). (8)
Considering the left-hand side (L.H.S.) of Equation (8), we obtain
2
L.H.S = A[DY v(a,M)]. ©9)
There exists a particular manner to express Equation (9) as
L.H.S = A[DYo(a, 7)) (10)
Let
z(a,A) = DYo(a, A). (11)

Hence, Equation (10) transforms to

L.H.S = A[D{z(a,A)]. (12)

The fractional Caputo-type derivative is defined as

L.H.S = A[J'"PZ (a, 7). (13)
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Equation (13) presents the R-L fractional integral formula for the Aboodh transform.

AL (0, 1))

L.HS = 1
yi=r

(14)

Utilising the differential property of the Aboodh transform, Equation (14) is altered to

z(a,0)
=P _
LHS =vZ(a,v) o (15)
Referring to Equation (11), we derive
v(a,0)
=P —
Z(a,v) = vP¥(a,v) 2y
where A[z(a, A)] = Z(a,v). As a result, Equation (15) is transformed into
D’v «,0
LHS = v¥(a,v) — 2%0 _ P (,0) (16)

1,2—2;7 V2—p
Equations (2) and (16) exhibit compatibility. Assuming r = Kholds true for Equation (2).
Consequently, substitute r = K into Equation (2):
K-1 ' o
A[Dfpv(zx,/\)} = vEP¥(a,v) — ) VP(K_])_ZD])\pDZ\pU(OC,O), 0<p<l. (17)
j=0

Below, we will demonstrate the validity of Equation (2) for r = K+ 1:
A[DgKH)pv(a,)t)] = yKFDPY (g, 1) — iv”((KH)*j)*zDgpv(a,O). (18)
j=0
On the left-hand side of Equation (18), we obt]ain
L.H.S = A[DYP (D). (19)

Assume X
D" = g(a,A).

Equation (19) gives us
L.H.S = A[D g(a,A)]. (20)

Equation (20) can be formulated utilising the Caputo fractional derivative and the R-L
integral formula.

L.H.S = v? A[DN o (a, )] — gv(fig). (21)
Utilising Equation (17), (21) is altered into
r—1 . .
LHS =vP¥(av) - Y vP=D=2DFo(a,0). (22)
j=0

By using Equation (22), we have the following result:
L.H.S = A[D}v(w,0)].

For r = K + 1, this implies the validity of Equation (2). Hence, the mathematical
induction technique was employed to establish the validity of Equation (2) for all posi-
tive integers.

In the following lemma, we present a revised version of the ARPSM multiple fractional
Taylor’s formula. O

Lemma 3. Let v(x, A) be an exponentially ordered function. Alv(a, A)] = ¥ («, v) is the Aboodh
transform of v(a, A) as a multiple fractional Taylor’s series:
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Ylov) =), S5v >0 (23)
0

where a = (a1,a2,--- ,&p) € RV, p e N.

Proof. Following Taylor’s series fractional order analysis, we obtain
AP

v(oc,/\):ho(oc)+h1(oc) m+ .

+ +hy(a) (24)

I'lp+1]

Equation (24) can be transformed using the Aboodh transform to yield the following equality:

2
Alo(a, W) = Alto(w)] + A |in(0) 707 | + A (@), +

Using these features of the Aboodh transform, we derive

Alo(a, )] = ho(w) 35 + i () o =i ) o s

Consequently, we derive (23), a novel Taylor’s series in the Aboodh transform. O

Lemma 4. Assume that the function Alv(«, A)] = ¥ («,v) has an MFPS representation in the
new form of Taylor’s series (23):

hp(a) = li_r>n V2¥(a,v) = v(a,0). (25)
v (o)
Proof. The previous equation is based on an updated version of Taylor’s series.
ho() = V¥ (a,v) — —2 — =L ... (26)

Through the use of limy_,« to Equation (26) and some computation, the desired
outcome, denoted by (25), is obtained. O

Theorem 1. The function v(x, A) and ¥ (, v) have the following MFPS representations:

where & = (&1, a2, -+ ,&p) € RP and p € N. Then, we have
1, («) = Dy o(a,0),

where DY = DY.DY. - -+ D (r — times).

Proof. The revised Taylor’s series form gives us

() = vPP2% (a,v) — vPhg () — —2 — =L ... (27)

Equation (27) for lim, _,« may be solved to obtain

. . ha(a) .
— p 2 _yP — 27 — —_— ...
i1 (a) th (WP ¥ (a,v) — vPhp(a)) th " th ”r

Taking the limit leads to the following equality:
fy (a) = lim (WP T2¥ (&, v) — vPhg(a)). (28)
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Lemma 2 in combination with Equation (28) yields the following outcome:

I (a) = lim (va[DKv(zx,/\)} (v)). (29)

vV—00
Furthermore, when applying Equation (29) together with Lemma 3, the outcome is
h1(a) = Dfo(a,0).
Using the modified Taylor’s series along with v — co, we obtain

fip(a) = UZPH‘I’(oc,v) - yzl’ho(a) —vPhy (&) — M ..

vP
Using Lemma 3, we obtain
ho(a) = 1,lgn V(2P (a,v) — v 2hg () — vP 21 (a)). (30)

Lemmas 2 and 4 are used again to transform Equation (30):

ha(a) = D3P o(a, 0).

Using the same procedure on the modified version of Taylor’s series, we obtain

(@) = lim v2(A[D}0(a, p)] (v).

Lemma 4 is applied to obtain the final equation:
h3(a) = D3P o(a, 0).

In generalr we Obtam hr ([x) = D;\pv(lx, O)

Thus, the proof is ended. O

In the following theorem, we demonstrate the necessary and sufficient conditions for
the modified Taylor formula to converge.

Theorem 2. Lemma 3 presents a revised multiple fractional Taylor’s formula, represented as
Alo(a,A)] = ¥(a,v). If |V”A[D5\K+l)pv(a,/\)ﬂ < T, then the updated multiple fractional
Taylor’s formula for (0 v < s) with 0 p < 1 aligns with the subsequent inequality:

T
IRk (&, v)| < J(K=D)p+2’

0<v<s.
Proof. To begin the proof, we start with the following assumptions:

A[D;pv(oc,/\)] is defined for 0 < v < s, where r = 0,1,2,--- ,K+ 1. Assume
[V2A[D,k+10(a, T)]| < T holds for 0 < v < s given the specified conditions. Examine the
resultant relationship derived from Taylor’s series in its updated format:
5y (a)

Ri(a,v) = ¥(a,v) — ) T
r=0

(31)

If Theorem 1 is employed, Equation (31) transforms to:
K D'Po(a,0)
Ry (a,v) =¥ (a,v) — Z(:)AVTW (32)

r=|

Multiply both sides of Equation (32) by v(K+1)4+2 Considering that:

K
yKFDPE2R (0, 1) = 2 (v EKFDPY (a,0) — Y V(K“_r)’”_sz\pv(oc, 0)). (33)
r=0
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Utilising Lemma 2 on Equation (33) results in:
VKFDPR2R 1 (a,v) = UZA[DELKH)F’D(“,A)]. (34)
Taking the absolute of Equation (34) results in:
K+1
KPR (4, v)] = PPAD S Po(a, A)]). (35)
Implementing the condition specified in Equation (35) leads to the subsequent conclu-
sion, thus:
- T
p(K+1)p+2 < R(a,v) < p(K+1)p+2° (36)
Equation (36) leads to the desired outcome.
T
‘RK(DC,V” S W

Consequently, the convergence condition for the new series is established. [

3. Outline Detailing the Suggested Methodologies

3.1. The ARPSM Technique for Addressing Time-Fractional Partial Differential Equations with
Varied Coefficients

We present the guiding principles of ARPSM to address our general model.
Step 1: Write the equation in general form.

DT v(a,A) +8(a)N(v) — a(a,v) =0 (37)
Step 2: Utilising the Aboodh transformation on both sides of Equation (37) yields:

ADTv(a,A) + 8(a)N(v) — a(a,v)] =0 (38)

Let us transform Equation (38) by employing Lemma 2:

11 Dlo(a,0)  B(a)Y Fla,
o= F le0 s Fes) o

where Ala(a,v)] = F(a,s), A[N(v)] = Y(s).
Step 3: In order to obtain the solution to Equation (39), consider the form:

2 hy(a
Y(a,s) = Z(:) S:p(Jrg, s> 0

r=

Step 4: Proceed with the following steps:
— 1 2 —
fig(a) = lim s Y (w,s) = v(a,0)
Utilising Theorem 2, the following result is obtained:

fiy (o) = DKU(D(,O),

ha(a) = DY 0(a,0),

hw(a) = Dy v(a,0).
Step 5: Obtain ¥(a, s) as the K*-truncated series by following these outlined steps:

K
he(a
Yelas) = 1 0,
r=0

s >0,
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DK?M (a,A) +

—302(a,

hW(“)+ i hy ()

sp+2 swp+2 1 stp+2°

r=w+

Step 6: The evaluation of the Aboodh residual function (ARF) of Equation (39) must be
conducted distinctly from the K*-truncated Aboodh residual function in order to obtain:

11 Dlo(a,0)  9(a)Y(s) Ela,s)

ARes(os) =¥(09) = L =G+ =5 g
and L
121 D)o(a,0)  8(a)Y(s) F(a,s)
_ _ 2O\, _ e
AResg(a,s) = Yk(a,s) ];) Sip2 + 7 g (40)

Step 7: Substitute the expansion form of ¥ («, s) into Equation (40).

fig(a) | T (a) frw () 5 hy(a)
AResk(a,5) = ( A +r:§+1 —2)
(41)
B 19(04)1/(5) ~ F(a,s)
; s]P+2 sip sip
Step 8: Multiply both sides of Equation (41) by skP*2.
ho(a)  hy(a) h K
Kp+2 _ Kpt+2 (o 1
s"PT2 AResk (a,8) = s"P T (572 topz Tt :f;r’+2 )y s’f’+2
r=w-+
(42)

% Dho(w0) | d(a)Y(s) Fas))

sip+2 sip sip

Step 9: Both sides of Equation (42) are then evaluated with respect to lim;_co.

. . fo(w) | Ta(a) Mo(a) | o Br(w)
Kp+2 _ Kp+2 (Mo 1 w r
lim s PT2AResk(a,s) = lim s b (T—i- P2 —l—---—l—m-i- ZH P12
r=w

-1 Djv(ac,O) d(w)Y(s) F(a,s)
_,Z );jp+2 T )

Step 10: In order to obtain fig («), it is necessary to solve the subsequent equation:

: Kp+2 —
shﬁn;(s PT2AResk(a,s)) =0,
whereK=w+1,w+2,---.
Step 11: The K-approximate solution for Equation (39) can be obtained by substituting the
values of fig («) into the K-truncated series of ¥(«, s).
Step 12: Applying an inverse Aboodh transform to ¥ («, s) might yield the K-approximate
solution vg (&, A).

3.2. Problem 1

Let us analyze the combined fractional Kersten—Krasil’shchik KdV-mKdV nonlinear
system as presented below:

93v1(a, A) dv1(a, A) 3vy(a, A) 0 02

3 —601(01,)\)780( +302(“')\)7aa3 +380¢ o (a, )\)a 502(a, A) )
vy (a, A) dvp(a, A)
BT + 6v1 (oc,/\)vz(oc,)\)iaaé =0,
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030y (&, A) 0vp(a, A) 0va(a, A) vy (a, A)

p 2\&, a2 2\&, o 2\&, 1%, _

Djva(a,A) + o3 302(04,)\)780( 301(04,)\)78“ + 3vy(a, A)iaa 0, (44)
where 0 <p <1.
With the following IC’s:
01(a,0) = ¢ — 2c sech? (y/ca), (45)
vy (1, 0) = 2+/csech(v/cwr), (46)
and exact solution

01(a,0) = ¢ — 2c sech? (v/c(2cA +a)), (47)
vy (&, 0) = 2+/csech(v/c(2cA + a)). (48)

Equations (45) and (46) are employed, and utilising the Aboodh Transform (AT) on
Equations (43) and (44), we obtain:

2 3 41—1
18, £) — c—2c sesczh (v/ca) n S%AA[%'W} B S%A’\ {Aglvl(rx,/\)
83A/{102(rx,/\)}
o3
aAglzn (o, A)
du

BAAlvl(uc,)\)]
o
3

3 0 02
+ S—p.AA [.A;]vz(oc,)\) + S—p.AA [aAglvz(zx, A)WAxlvz(a,)\)} (49)
BAAlvz(zx,/\)}

ow =0

3 B 6 B B

-S4 [AAlv%(zx,)\) } + A {AAlvl(oc,A)AAlvz(uc,)\)

83A;102((x,)\)
o3

} + S%.A/\ [A)Tlvz(lx,)\)

(e, t) —

2y/csech(y/ea) 1
s2 + ST’A/\ {

aAglvz(vc, A)
o«

3 _ 0A vy (s, A)
e L e T
BAglvl(a,)\) _

o } =0

(50)
3 _
— A [ AT o (o, A)

Hence, the term series that have been k' truncated are

c—2c sechz(\fzx
52

Zfr r=1,2,3,4---. (51)

0,5 = )

Z\fsech V)

vy, 8) = 2 grrpﬂ ,r=1,2,34-. (52)

Aboodh residual functions (ARFs) are

¢ — 2¢ sech? (y/ca 1 P A vy (a, A 6 B
AjRes(a,s) = vy (a, t) — 2 (vew) + ST’A)‘[%} - S—pAA [AAlvl(oc,A)
83,4;102 (a, A)
da3 }
0A; oy (a, A)
ow

oA vy (a, M) }
ow

3 o 2
A [aAAlvz(a,A)WAAlvz(a,A)] (53)

aA/{l va(a, M)
o« }

3 _
+ S—pAA [AAlvz(zx,)\)

3 B 6 B B
-S54 [AAlv%(zx,A) } + A {A)\lvl(w,/\)AAlvz(a,)\) —0
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- 2y/csech(y/ea) 1 P A v (a, M) 3 10 oA Tva(a, M)
AjRes(a,s) = vp(a, t) — —a + S—pAA [T] — S—pA/\ [AA vz(a,)t)T} -
3 4 aA/{lvz(oc, A) 3 1 anlvl (,A)1
- S—pAA [AA vl(a,A)T} + S—pAA [AA vz(a,A)T} =0
and the k'"-LRFs as:
c—2c sechz(\ﬁzx) 1 83A)Tlvl,k(oc, A) 6 1 aA/{lek(zx, A)
AjResi(a,8) = vy p(a, t) — 2 + ST,-A/\ [T} - ST,-AA {AA o1k (a, A)T}
3 B PA oy (a, M) 3 o ,_ 2
A AL g, V) AR | A | A M (0 A) 5 A () (55)
3 _ A v k(e A) 6 _ _ 0A v k(a0 A)
— A AT R, ) TR 4 2 A AT o ) AT o (0, ) A < 0
2+/csech (/ca 1 PAT vy (a, A 3 _ OAT 0y 1 (a, A
AAR@Sk(lX,S) = Uz,k(“/ t) — \[—ZM) + 7A/\ [%()] _ 7“4)\ [AAlU%,k(a/A)M}
s sP ou sP du (56)
3 4 aAilvzrk(uc,)\) 3 1 anlvl,k(oc,)\) -
- [AA U1,k(0¢r/\)—aoé ] + A [AA UZ,k(“r/\)—a“ } =0

To compute f,(«,s) and g,(«a, s), follow these steps: multiply the resulting equations
by s"P*! and substitute the rth-truncated series from Equations (51) and (52) into the rth-
Aboodh residual function represented by Equations (55) and (56). Then, iteratively solve
the relations lims_,oo (s"P*1 AAResvy, 7(a,s)) = 0 and limg_,e0(s"P L AAResv, 7(,5)) = 0
forr =1,2,3,- - -. The first few terms are as follows:

fi(a,s) = 4c>?(7 cosh(2v/ca) — 17) tanh (v/ca)sech? (v/ex),

(57)
g1(a,s) = —c*(49sinh(y/ca) + sinh(3v/ca) )sech* (v/cw),

fa(a,s) = —c*(—29013 cosh (2+/ca) + 2112 cosh (4y/ca) + 13 cosh(61/car) + 32248)sech® (v/ca),
(58)
$(a,s) = %J/ 2(11119 cosh(2v/ca) — 146 cosh (4+/ca) + cosh(6v/ca) — 14078)sech’ (v/ca),

and so on.

Putting the values of f,(«,s) and gr(a,s),r = 1,2,3,- - -, in Equations (51) and (52),
we obtain

(a,5) 4c5/2(7 cosh (2y/ca) — 17) tanh (y/ca)sech® (y/ca)
v1(a,s) =

AT
c*(—29013 cosh (2y/ca) + 2112 cosh (4y/ca) + 13 cosh (61/ca) + 32248)sech® (y/ca) (59)
N §2A+1
L6 2csech? (y/ca) N
s
(&,9) ¢”/2(11119 cosh (21/cx) — 146 cosh (41/cx) + cosh (6+/cx) — 14078)sech’ (y/cx)
v (a,s) =
4s2A 1
60
c2 (49 sinh (y/cx) + sinh(3y/cx))sech® (y/cx) N 2/csech(y/cx) N ©0)
_ e - o

Utilising the Aboodh inverse transform results in
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4¢5/2)P (7 cosh(2a\/c) — 17) tanh (ay/c)sech® (a/c)
arled) = T+ 1)
~ ¢*A?P (29013 cosh (2a/c) + 2112 cosh (4a+/c) + 13 cosh (6a/c) +32248) sech® (a+/c) (61)
r2p+1)
— 2csech? (ay/c) +c+ -+
(a, 1) = ¢7/2A2P (11119 cosh (2a/c) — 146 cosh (4a/c) + cosh (6a+/c) — 14078)sech” (a+/c)

B c2AP (49 sinh (a/c) + sinh (3a+/c) )sech® (a1/c)

T(p+1) +2/csech(ay/c) +164- - - .

Figure 1 shows the variation in fractional order p for the solution v1(x, A) for A = 0.01
in example 1 using the ARPSM method. The graph depicts the effect of various fractional
orders on the solution’s behaviour, demonstrating how changes in p affect the solution
in relation to the specified parameters. Figure 2 depicts, in both three-dimensional and
two-dimensional formats, the effect of varying fractional orders on the v («, A) solution
for A = 0.01 in example 1. This comparison elucidates the solution’s characteristics more
vividly, emphasising the importance of fractional order p in determining the solution’s
behaviour. Table 1 compares different fractional orders used in the ARPSM solution
for v1(a, A) in example 1, with a focus on A = 0.01. The table provides a concise summary
of the numerical results, allowing for a direct comparison of the solution’s performance
at different fractional orders. Moving on to Figure 3, which, like Figure 1, shows the
variation in the fractional order p of the ARPSM solution for A = 0.01, but this time
for vy(a, A) in example 1. The graph shows how p affects the behaviour of the second
solution under consideration. Figure 4, like Figure 2, shows a three-dimensional and
two-dimensional comparison of the effect of different fractional orders on the v;(a, A)
solution in example 1 for A = 0.01. This graphical representation helps to understand
how changes in fractional order affect the properties of the solution. Table 2, like Table 1,
provides a quantitative summary of the numerical results obtained from the ARPSM
solution for v, (&, A) in example 1, with a focus on A = 0.01. These tabulated data are useful
for comparing the performance of the solution with different fractional orders.

Table 1. The comparison of different fractional orders of ARPSM solution of example 1 of vq(«, A)
for A = 0.01.

« ARPSMp—_g¢ ARPSMp=03 ARPSMp—_1 Exact Errorp=0.6 Errorp=0.8 Errorp=10

0 —0.0523823 —0.0501432 —0.0500004 —0.05 0.00238228 0.000143191 4.18800 x 10~7
0.1 —0.052455 —0.0501279 —0.0499529 —0.0499499 0.00250508 0.00017795 3.01163 x 10~°
0.2 —0.052399 —0.0500107 —0.0498056 —0.0498001 0.00259898 0.000210666 5.57137 x 10~°
0.3 —0.0522144 —0.049792 —0.0495591 —0.049551 0.00266333 0.000241 8.07032 x 10~°
04 —0.0519019 —0.0494725 —0.0492143 —0.0492039 0.00269803 0.000268656 1.04818 x 107>
0.5 —0.0514634 —0.0490532 —0.0487726 —0.0487599 0.00270358 0.000293385 1.27803 x 107>
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Table 1. Cont.
117 ARPSMp—gp¢ ARPSMp=¢s ARPSMp—19 Exact Errorp=0. Errorp=0.s Errorp=10
0.6 —0.0509018 —0.0485358 —0.0482357 —0.0482208 0.002681 0.000314992 1.49424 x 107>
0.7 —0.0502206 —0.0479221 —0.0476057 —0.0475888 0.00263177 0.000333328 1.69466 x 107>
0.8 —0.0494241 —0.0472146 —0.0468851 —0.0468663 0.00255781 0.000348297 1.87738 x 107>
0.9 —0.0485174 —0.0464159 —0.0460764 —0.046056 0.0024614 0.000359853 2.04074 x 107°
1 —0.0475062 —0.0455291 —0.045183 —0.0451611 0.00234507 0.000367995 2.18338 x 107°
Table 2. The comparison of different fractional orders of ARPSM solution of example 1 of vp(a, A) for
A =0.01.
1% ARPSMp—gp¢ ARPSMp=¢s ARPSMp—19 Exact Errorp=0. Errorp—o.s Errorp=10
0 0.445671 0.447209 0.447213 0.447214 0.00154242 0.000049447 2.71011 x 1077
0.1 0.444773 0.447045 0.447087 0.447102 0.00232883 0.0000562121  1.45678 x 107>
0.2 0.443671 0.446659 0.446738 0.446766 0.00309533 0.000107159 2.8786 x 1072
0.3 0.44237 0.446051 0.446166 0.446209 0.00383819 0.000157518 428507 x 107°
0.4 0.440876 0.445223 0.445373 0.44543 0.004554 0.000207031 5.66885 x 107°
0.5 0.439192 0.444176 0.444362 0.444432 0.00523973 0.000255447 7.02288 x 107
0.6 0.437325 0.442915 0.443134 0.443217 0.00589272 0.000302527 8.34037 x 107
0.7 0.435278 0.441441 0.441693 0.441789 0.00651072 0.000348047 9.61496 x 107>
0.8 0.433059 0.439759 0.440042 0.440151 0.00709186 0.000391798 1.08407 x 1074
0.9 0.430671 0.437872 0.438186 0.438306 0.00763469 0.000433591 1.20121 x 10~*
1 0.428121 0.435786 0.436128 0.436259 0.00813811 0.000473254 1.31244 x 1074

| /
~
5 0.000

Figure 1. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01

of example 1 ARPSM solution for vq (&, A).
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Figure 2. Three-dimensional and two-dimensional comparison of different fractional orders p for
A = 0.01 of example 1 ARPSM solution for vy («, A).

Figure 3. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01
of example 1 ARPSM solution for for vp(a, A).

p=0.4
W r-06
m pe08
W r-10

07 p=04

Figure 4. Three-dimensional and two-dimension comparison of different fractional orders p for
A = 0.01 of example 1 ARPSM solution for v, («, A).
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3.3. Problem 2

Let us analyze a third-order homogeneous two-component KdV system with a tempo-
ral fractional component, presented as follows:

vy (a, A) vy (&, M) vy (&, )
p _gawA) GO A IR\ A 63
Dvi(a, M) 503 v1(a, A) o vp(a, A) o 0, (63)
%vs(a, A vy (o, A

Divz(oc,/\) + 2% - vl(tx,)\)% =0, 64)

where 0 <p <1

With the following IC’s:
o1, 0) = 3—6tanh2<%), (65)
(2, 0) = —Sﬂctanh(%>, (66)
and exact solution
01(,0) = 3 — 6 tanh? <)‘2+"‘> 67)
At

vy(1,0) = —3v/2c tanh( 5 ) (68)

Equations (65) and (66) are employed, and utilising the Aboodh Transform (AT) on
Equations (63) and (64), we obtain:

3—6tanh*(%) 1 Ao (a, M) 1 1 oA, Moy (o, A)
o1 A) = 52 T )‘{ on3 } B S7AA [A)‘ (2 ) ow ] 69)
11,4 aA)Tle(tX,/\)
- A [AA vz(m)T] —0,
3V2ctanh(}) 2 83/4;102(“,)\) 1 . B.A)flvz(zx,/\) _ 70
(o, A) + —a + S—pAA [T] — S—p.A,\ [AA vl(zx,)\)T} =0. (70)
Hence, the term series that have been k"' truncated are
3-6t nh2 )
01(“15) 2 2 Z frrp+1 7 = 1/2/3/4 Tt (71)
-3 t h(%
0 (a,5) = *[C anh(3) Z gr,pﬂ  r=1,234--. (72)
Aboodh residual functions (ARFs) are
3— 6tanh2(%) 1 83AX101 (a, M) 1 3 BA/{lvl(zx,/\)
ArRes(a,5) = o1(a, A) = =520 = A B | = A A o (e 0) A 73)
17,4 oA 1oy (a, A) B
— AAS—p {AA vz(vc,/\)T] =0,
3v/2c tanh (& 2 P A vy (a, A
ApRes(a,s) = va(a, A) + ———5—5> (5) + 54 {—)‘a é( )}

BA/\lvz(a,)\)} 0

1 -1
-5 [AA o1 (a, ) A2



Fractal Fract. 2024, 8, 40 16 of 33

and the k'"-LRFs as:

3 — 6tanh? (& 1 PA oy (@, A
AjResi(a,s) = vy r(a,A) — —2(2) _ 7;~A/\ [%()}
’ ’ on (75)
LA OA; o1 k(2 A) Lr, OA k(e A)]
_ S—pA/\ [AA U1,k(06,)t>T} - AAST’ [*AA Uz,k(“rA)T] =0,
3v/2c tanh (& PAT A
AjResy(a,s) = vy, A) + M + %A/\ [%@‘)}
’ ’ on (76)
1 . QA vy p(a, A))
_ S—pAA [.AA Ul,k(“f)‘)T] —0.

To compute f,(a,s) and g,(«,s), follow these steps: multiply the resulting equa-
tions by s"Pt1, substitute the r"-truncated series from Equations (71) and (72) into the
r"-Aboodh residual function represented by Equations (75) and (76). Then, iteratively solve
the relations lims_,eo (s"P*1 AAResvy, 7(a,s)) = 0 and limg_,e0(s"P L AAResv, 7(a,5)) = 0
forr =1,2,3,---. Here are the first few of terms:

o

fi(a,s) = %tanh(%)sech4 (2) ((302 + 4) cosh(a) + 3¢* — 8),

3c(5cosh(a) — 13)sech* (%) @7)
g1(a,s) = ,
2v2
_ 3 .s(X 2 2 B 2
fa(a,s) = 3—25ech (E) (210 cosh(3a) + (990 456) cosh(a) — 48 (6c + 1) cosh(2«)
+408¢2 + 8 cosh(3n) + 608), 78)
3ctanh(%)sech®(%) (—4(9c? 4 245) cosh(a) — 36¢* + 25 cosh(2a) + 2163)
82(a,8) = ,
8v2
and so on.
Putting the values of f,(«,s) and gr(«,s),r = 1,2,3,- - -, in Equations (71) and (72),
we obtain
3—6tanh?(%) 3tanh(%)sech(%)((3c% +4) cosh(a) + 3c2 — 8)
v1(a,s) = . + el il
2 ((99¢% — 456) cosh(x) — 48(6¢2 + 1) cosh(2a) + 408c% + 608 79)
T 2A+1
21c? cosh(3x) + 8 cosh(3a) )sech® (&)
T S2A+1
3v2ctanh(4)  3c(5cosh(a) — 13)sech® (&
pa(,s) = — V2ctan (2)+ c(5cosh(a) )sech® (%)
s (zﬁ) g1
(80)
3ctanh(%)sech® (%) (—4(9¢? + 245) cosh(a) — 36¢* + 25 cosh (2a) + 2163) N
(Sﬁ) §2A+1

Utilising the Aboodh inverse transform results in
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v1(a,A) = 3sech8 (%) ( — 16 cosh® (g) (cosh(a) — 3)
A%P((99¢? — 456) cosh(a) — 48(6¢2 + 1) cosh(2a) + (21c? + 8) cosh(3x) + 8(51c% + 76))
+ T(2p+1) (81)
N 2sinh®(a)csch? (4) AP ((3¢? + 4) cosh(a) + 3¢% — 8) )
IF(p+1)
3csech? (%) " "
A) = — tanh ( = )sech?( = JA%PT(p +1)( — 121 cosh(2
o2(#,A) 8v2I(p+1)[(2p +1) ( a (2)Sec (z) (p )( cosh(2#) o

+4(27¢2 4 893) cosh(a) + 108c> — 7827 ) + T(2p + 1) (4sinh() (cosh(a) + 1)T(p +1)

—4(11cosh(a) ~31)A7) ) + -+

Figure 5 shows the variation in fractional order p for the solution v1(, A) for A = 0.01
in example 2 using the ARPSM method. The graph depicts the effect of various fractional
orders on the solution’s behaviour, demonstrating how changes in p affect the solution
in relation to the specified parameters. Figure 6 depicts, in both three-dimensional and
two-dimensional formats, the effect of varying fractional orders on the v; (&, A) solution
for A = 0.01 in example 2. This comparison elucidates the solution’s characteristics more
vividly, emphasising the importance of fractional order p in determining the solution’s
behaviour. Table 3, compares different fractional orders used in the ARPSM solution
for v1(a, A) in example 2, with a focus on A = 0.01. The table provides a concise summary
of the numerical results, allowing for a direct comparison of the solution’s performance
at different fractional orders. Moving on to Figure 7, which, like Figure 5, shows the
variation in the fractional order p of the ARPSM solution for A = 0.01, but this time
for v;(a, A) in example 2. The graph shows how p affects the behaviour of the second
solution under consideration. Figure 8, like Figure 6, shows a three-dimensional and
two-dimensional comparison of the effect of different fractional orders on the v, (a, A)
solution in example 2 for A = 0.01. This graphical representation helps to understand
how changes in fractional order affect the properties of the solution. Table 4, like Table 3
provides a quantitative summary of the numerical results obtained from the ARPSM
solution for v, (&, A) in example 1, with a focus on A = 0.01. These tabulated data are useful
for comparing the performance of the solution with different fractional orders.

Table 3. The comparison of different fractional orders of ARPSM solution of example 2 of vy («, t)
for A = 0.01.

113 ARPSMp—g¢ ARPSMp=¢s ARPSMp—1 Exact Errorp=o07 Errorp=0s Errorp=10
—0.5 2.64509 2.64084 2.6402 2.6401 0.00498289 0.000740352 9.74069 x 1075
—0.4 2.77074 2.76693 2.76636 2.76627 0.00446789 0.000659444 8.7449 x 107>
—0.3 2.87068 2.86755 2.86708 2.86701 0.00367436 0.000536885 7.15344 x 10~
—-0.2 2.94305 2.94078 2.94045 2.9404 0.00264689 0.000379776 5.06799 x 10~°
—0.1 2.98648 2.98523 2.98505 2.98503 0.00144809 0.000197893 2.62897 x 10~°
0.1 2.98387 2.98483 2.985 2.98502 0.00115043 0.00019213 2.61859 x 10~°
0.2 2.93801 2.94002 2.94034 2.94039 0.00238083 0.000374625 5.05872 x 10~°
0.3 2.86353 2.86646 2.86692 2.86699 0.00345764 0.000532689 7.14588 x 107>
0.4 2.76193 2.76559 2.76616 2.76625 0.00431374 0.00065646 8.73951 x 10>
0.5 2.63518 2.63934 2.63998 2.64008 0.00489907 0.000738729 9.73776 x 107°
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Table 4. The comparison of different fractional orders of ARPSM solution of example 2 of v, (&, A)

for A = 0.01.

o«  ARPSMp—os ARPSMy=os ARPSMp—19 Exact Errorp=o7 Errorp=03 Errorp=10

1 —0.199922 —0.196678 —0.196152 —0.196061 0.00386074 0.000617078 9.02631 x 105
1.1 —0.215516 —0.212859 —0.212428 —0.212354 0.0031612 0.000505073 7.36884 x 105
1.2 —0.230353 —0.228251 —0.22791 —0.227852 0.00250073 0.000398811 5.79595 x 105
1.3 —0.244428 —0.24284 —0.242584 —0.24254 0.00188798 0.000299995 43334 x 107>

1.4 —0.257742 —0.256623 —0.256443 —0.256413 0.00132905 0.000209845 2.9997 x 107>

1.5 —0.2703 —0.269601 —0.26949 —0.269472 0.000827636 0.000129125 1.80645 x 107>
1.6 —0.282113 —0.281786 —0.281736 —0.281728 0.000385347 0.0000581901  7.590282 x 10~°
1.7 —0.293199 —0.293194 —0.293196 —0.293197 5992109 x 1075  2.955875 x 1075  1.424832 x 10~°
1.8 —0.303576 —0.303846 —0.303891 —0.3039 0.000324097 5.45956 x 1075 9.023568 x 10°
1.9 —0.313269 —0.313767 —0.313849 —0.313864 0.000595754 9.72328 x 105 1.5282 x 105

2 —0.322301 —0.322986 —0.323098 —0.323118 0.00081668 0.00013153 2.03 x 107°

Figure 5. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01

of example 2 ARPSM solution for for v (a, A).

p=0.4

W P06 4k
- p=0.8
W r-10 2t

V1

p=04

Figure 6. Three-dimensional and two-dimensional comparison of different fractional orders p for

A = 0.01 of example 2 ARPSM solution for vy («, A).
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Afo(w,A)] =

Figure 7. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01
of example 2 ARPSM solution for for vp(a, A).

p=0.4
W r-06
mpos
W r-1o0

Figure 8. Three-dimensional and two-dimensional comparison of different fractional orders p for
A = 0.01 of example 2 ARPSM solution for vy («, A).

3.4. Fundamental Concept of the Aboodh Transform Iterative Approach
Here, we have the space-time fractional partial differential equation:

ng(zx,}\) = Cb(v(a,A),DZU(a,A),Dﬁ”v(a,A),Dgz’v(zx, /\)), 0<pov<l, (83)

with the initial conditions
o) (a,0) =y, k=0,1,2,--- ,m—1, (84)

where v(w,A) is the unknown function to be determined and
@(v(oc,)\), DYv(«, A), D2*v(a, A), D30 (a, A)) can be the linear or nonlinear operator of
v(a, A), DYv(a, A), D2*v(, A), and D3v(«, A). For convenience, we represent v(a, A) with
v. Therefore, by using the Aboodh transform on both sides of Equation (83), we obtain the
following equation:

slf’<r;:§ % + 4| (o(a, 2), Dio(w, A), D¥v(x, A), D¥v(e, 1) ) |). (85)
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The resulting equation derived from the inverse Aboodh transformation is:

1 ( m=1 k) («,0)

41
v(a,A) = A [S—p o

L +A [@(v(a, 1), D%o(a, A), D0 (a, A), Dg%(a,m)} )} (86)

Iteratively applying the Aboodh transform, a solution is obtained in the form of an
infinite series:

v(a,A) = ivi. (87)
i=0

Here, ® (v, D%v, Di”v, Dg”v) is a linear or nonlinear operator that can be broken down
into the following:

D (v, D%, D¥v, ngv) = (vo, D%vg, D¥vy, ngvo)

) i i-1 (88)
+3. ‘D( ), (Uk, DYvy, D¥vy, Di””k)) - q;( ). (vk, DYvy, D¥vy, Dg%k)) .

i=0 k=0 k=1

Equations (87) and (88) are inserted into Equation (86), resulting in the following equation:

> r1 =l o®) (g, 0
;)Ui(ﬂé, A)=A ! [57( kZO ﬁ + A[®(vo, Dyvy, Divvo, Dzvvo)])}
i= =

#4715 (4[ £ (@ o Dt D20 020 ) )

-4 [lp (A [(q’ | (v, Dok, D0y, Divvk))])]

o) =[5 (F )

(Al (20, Dfon, DFo0, DY wo)] ) |,

(90)

it 2) =47 [ (4] £ (@ z (o0, Doy, D201, D01 )]

—AT [sl?’ (A chlié(ka D}y, D%y, Di”vk))D], m=1,2,---.

The analytically derived approximate solution for the m-term obtained from Equation (83)
is expressed as:

m—1
o(a,A) =) v (91)
i=0
3.4.1. Problem with NITM
3.4.2. Problem 1
3301 (&, A) vy (a, A) d3vy (&, A) 0 02
p _ _Za\wA) gaA\EA) g\ 49 g
D/\vl ([Xr /\) ; /\8063 + 601(“/ )\) aa“ ) 302(0‘/ )\) dud 380( 02(0‘/ )\) 02 (%) (DC/ )L) (92)
+ 3@@,@% — 60y (zx,/\)vz(zx,)\)%’),
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DVvy(a, A) = _733055;;, N 433, A)Lwéz’ N 4 soi(a, A)ngz’ N soy(a, A)iavlgz’ N, 3)
where 0 <p <1
With the following IC’s:
v1(1,0) = ¢ — 2¢ sech? (Vea), (94)
vy (1, 0) = 2+/csech (v/cwr). (95)

The following equations arise when both sides of Equations (92) and (93) are subjected
to the Aboodh transform:

1 ,m=1 o (a,0) 0301 (a, A) ov1(a, A) 330y (a, A)
p _ 1\ _ 20 A\ A 722\
A[DRv; (a, 1)) = s”(kg, L F A= T () T B0y (a, 4) S o
2] 0? 5 ovy (&, A) vy (a, M)
— 3$vz(o¢,)»)wvz(uc,/\) + 305(a, /\)T — 601(04,)»)02(&,/\)7})
1 72100 (a,0) Pva(a, A) dva(a, M) 9va(a, )
P - — 2\ _2n\nA 2 2254 2254
A[Dfoa(a, 1)) = ( k;) o +A[ 2 3+ 303 (, ) TR+ B0 (@, 4) o
al)] (0(,/\)
—mal )= =])

Applying the inverse Aboodh transform to Equations (96) and (97) yields the follow-
ing equations:

1 7= o (a,0) Por(a, A) o1 (a, A) Pva(a, A)
_ a1t 1 ’ B 1\&, 1\&, _ 2\,
v1(a,A) = A {sl’ ( k;) okt A[ o T 601 (oc,/\)ia“ 3vs(a, A) o3 o8
d 02 2 vy (a, A) dva(a, A)
- 3@02(0{, )\)w'Dz(lx, )\) + 3’02(0(, A)T - 6'01(0(, )\)Uz(dé, A)T] ):|
= (a,0) vy (o, A) vy (o, A) vy (a, A)
_ —1 - 2 7 o 2\&, 2 2\&, 2 &,
oa(w, A) = A L;P ( ng g2—ptk + A[ s 3ua(a,A) w 301w, 1) on (99)
vy (a, A)
~suale, =)

The subsequent equation is derived through an iterative application of the
Aboodh transform:

m—1 "U(k)

(v1)o(a,A) = A1 Llp ( k:zé %)}

_ A_1[vl(:;,0)}

=c—2c sechz(ﬁa),

m—1 U(k)

o) =47 [ (50w

_ A—l[UZ(:;rO)}

= 2y/csech(v/ca).
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We obtain the equivalent form by applying the R-L integral to Equations (92) and (93).

03 SA 0 SA 03 SA
v1(a, A) = ¢ — 2c sech? (v/ea) + A { - % + 601(04,)&)% - 302(04,)\)%
(100)
2] 02 5 vy (&, A) vy (a, M)
- 3502(“, )k) sz (lx, /\) + 3'02 (DC, )L) T - 6'01 (0(, )k)vz (lx, /\) T}
3
vy (o, t) = 2+/csech(v/ca) + A [ _ Pa(w ) + 30%(04,)\)M + 301(11,)\)M
8063 Jux dux (101)
vy (a, A)
— 3020, ) 1
The NITM process yields the following few terms:
v10(a, A) = ¢ — 2¢ sech? (v/ca),
vg0(a, A) = 2+/csech(v/ca),
(&, 1) 4¢5/2)\P (7 cosh (2a+/c) — 17) tanh (a+/c)sech* (a+/c) (102)
v o, = 7
1 T(p+1)
(&, 1) 2¢2AP (cosh (2a+/c) + 25) tanh (a+/c)sech® (a+/c)
(Y o, - - 7
! T(p+1)
v1p(a, A) = %C4A2psech8 (aﬁ)
2( 29013 cosh (204\/5) + 2112 cosh (4a\ﬁ> +13cosh (604\/6) + 32248)
< B r2p+1)
+3c3/2)P tanh (a\ﬁ) sech? (wﬁ) X
<8c3/ 2APT(3p + 1)2( — 69777 cosh (2«%) + 16182 cosh (4aﬁ) 4 353 cosh (@xﬁ) + 80282) tanh (oc\/f)
sech? (aﬁ) “TMAp+1)+T(p+1)T(2p+1) ( — 514776 cosh (2aﬁ) .
+ 36668 cosh (4zxﬁ> — 232cosh (6zxﬁ) + cosh <8zxﬁ> + 609539)) = T(p+1)°T(3p + 1)).
vas (@A) = %c” 2A\%Psech” (ay/c) <78c3/ ZAPT(2p + 1) (6507 cosh (2a1/c) + 6 cosh (4ay/c) + 5 cosh (6a+/c) — 11926)
tanh (av/c)sech? (av/c) = pT'(3p)T(p +1)2
N 24¢3A2PT (3p + 1) (cosh (2a+/c) + 25)2 (140 cosh (2a/c) + cosh (4a+/c) — 245) tanh? (a+/c)sech? (a+/c)
I(p+1)3T(4p+1)
N 11119 cosh (2a+/c) — 146 cosh (4a+/c) + cosh(6a+/c) — 14078
T(2p+1) '
The ultimate result of the NITM algorithm is under
v1(a, A) = v1g9(a, A) + 011 (2, A) +019(a, A) + - - . (104)

vp(a, A) = vog(a, A) + a1 (&, A) + vpp(a, A) + -+ - . (105)
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5/2p _ 4
o (@A) = 4¢>/2AP (7 cosh (2a4/c) — 17) tanh (ay/c)sech® (/) N 1C4A2”sech8(aﬁ) 3627 tanh ()
T'(p+1) 2
sech? (a\/c) <8c3/ ZAPT(3p + 1)?(—69777 cosh (21/c) + 16182 cosh (4a+/c) + 353 cosh (6a+/c) + 80282) tanh (a+/c)
sech?(a\/c) = T(4p+1) +T(p+1)I(2p +1) < — 514776 cosh (2a+/c) + 36668 cosh (4a+/c) — 232 cosh (6a1/c) (106)
+ cosh (8av/c) + 609539) ) +T(p+1)°rBp+1)
2(—2901 h(2 2112 cosh (4 1 h 224
~ 2(—29013 cosh (2a+/c) + cosh (4a\/c) + 13 cosh (6a+/c) + 32248) ~ 2esech(a/E) + -
Ir2p+1)
2c2AP (cosh(2 25) tanh h’ 1
ool ) = ¢?AP (cosh (2a+/c) Jli(p 1_211) (ay/c)sech’ (a\/c) n Zlc7/2/\2”sech7(ocﬁ)
8c3/2APT (2p + 1) (6507 cosh (2ay/c) + 6 cosh (4a\/c) + 5 cosh (6ay/c) — 11926) tanh (\/c)sech? (a+/c)
prBp)T(p+1)?
(107)

N 24c3A%PT (3p + 1) (cosh (2a+/c) + 25)2 (140 cosh (2a+/c) + cosh (4a+/c) — 245) tanh? (/) sech? (a+/c)

N 11119 cosh (2x+/c) — 146 cosh (4x+/c) + cosh(6a+/c) — 14078

T(p+1)03Tr4p+1)

T2p+1) ) + 2v/csech(av/c) + -+ - .

Figure 9 shows the variation in fractional order p for the solution v1(, A) for A = 0.01
in example 1 using the NIT method. The graph depicts the effect of various fractional
orders on the solution’s behaviour, demonstrating how changes in p affect the solution
in relation to the specified parameters. Figure 10 depicts, in both three-dimensional and
two-dimensional formats, the effect of varying fractional orders on the v; (&, A) solution
for A = 0.01 in example 1. This comparison elucidates the solution’s characteristics more
vividly, emphasising the importance of fractional order p in determining the solution’s be-
haviour. Table 5 compares different fractional orders used in the NITM solution for v («, A)
in example 1, with a focus on A = 0.01. The table provides a concise summary of the nu-
merical results, allowing for a direct comparison of the solution’s performance at different
fractional orders. Moving on to Figure 11, which, like Figure 9, shows the variation in the
fractional order p of the NITM solution for A = 0.01, but this time for v,(«, A) in example 1.
The graph shows how p affects the behaviour of the second solution under consideration.
Figure 12, like Figure 10, shows a three-dimensional and two-dimensional comparison of
the effect of different fractional orders on the v;(a, A) solution in example 1 for A = 0.01.
This graphical representation helps to understand how changes in fractional order affect
the properties of the solution. Table 6, like Table 5, provides a quantitative summary of the
numerical results obtained from the NITM solution for v (a, A) in example 1, with a focus
on A = 0.01. These tabulated data are useful for comparing the performance of the solution
with different fractional orders.

Table 5. The comparison of different fractional orders of NITM solution of example 1 of vy (&, A)
for A = 0.01.

1% NITMp—gpe6 NITM,,:()_S NITMp—1p Exact ETTOTp:()_G Errorpzo,g Errorp:m

0 —0.0591648 —0.0500335 —0.05 —0.05 0.00916479 0.0000335001 1.680000 x 108
0.1 —0.059281 —0.0500011 —0.0499505 —0.0499499 0.00933107 0.0000512042 6.157033 x 107
0.2 —0.0591906 —0.0498684 —0.0498013 —0.0498001 0.00939052 0.0000683243 1.208437 x 10~°
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Table 5. Cont.

« NITMp—g¢ NITMp=o3 NITMp—19 Exact Errorp=0.6 Errorp=os Errorp=10

0.3 —0.0588959 —0.0496357 —0.0495528 —0.049551 0.00934484 0.0000846762 1.789121 x 10~
0.4 —0.0584016 —0.0493039 —0.0492062 —0.0492039 0.00919779 0.00010009 2.352063 x 10~°
0.5 —0.0577148 —0.0488743 —0.0487627 —0.0487599 0.00895499 0.00011441 2.891837 x 10~°
0.6 —0.0568445 —0.0483483 —0.0482242 —0.0482208 0.0086237 0.000127501 3.403370 x 10~°
0.7 —0.0558014 —0.047728 —0.0475927 —0.0475888 0.00821261 0.000139246 3.882007 x 10~°
0.8 —0.0545978 —0.0470158 —0.0468706 —0.0468663 0.00773151 0.000149549 4.323579 x 1076
0.9 —0.0532471 —0.0462144 —0.0460608 —0.046056 0.00719103 0.000158334 4.724447 % 1076
1 —0.0517634 —0.0453267 —0.0451662 —0.0451611 0.00660231 0.000165549 5.081553 x 10~°

Figure 9. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01
of example 1 NITM solution for vy («, A).

p=0.4 0.1
. p=0.6
=08 0.0

. p=1.0

-0.1

V1

p=04

-0.2
— p=06

— p=08

-03

— p=10

Figure 10. Three-dimensional and two-dimensional comparison of different fractional order p for
A = 0.01 of example 1 NITM solution for vy (&, A).
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Table 6. The comparison of different fractional orders of NITM solution of example 1 of v, (a, A)

for A = 0.01.

o« NITMp—g¢ NITMp=0s NITMp—1 Exact Errorp=0.6 Errorp=o.s Errorp=10

0 0.44128 0.447192 0.447214 0.447214 0.00593382 0.0000216897  3.354094 x 10~ 12
0.1 0.439701 0.446977 0.447102 0.447102 0.00740105 0.000124982 6.691626 x 10~8
0.2 0.437966 0.446539 0.446766 0.446766 0.00880056 0.000227508 1.328656 x 107
0.3 0.436082 0.44588 0.446208 0.446209 0.0101265 0.000328737 1.968883 x 107
0.4 0.434055 0.445002 0.44543 0.44543 0.0113743 0.000428148 2.580538 x 10~7
0.5 0.431892 0.443907 0.444432 0.444432 0.0125402 0.000525246 3.154696 x 107
0.6 0.429596 0.442598 0.443217 0.443217 0.0136218 0.000619558 3.682926 x 10~7
0.7 0.427172 0.441078 0.441789 0.441789 0.0146174 0.000710642 4.157401 x 10~7
0.8 0.424624 0.439353 0.44015 0.440151 0.0155266 0.000798088 4570989 x 10~7
0.9 0.421956 0.437424 0.438305 0.438306 0.0163496 0.000881527 4917337 x 1077
1 0.419172 0.435299 0.436259 0.436259 0.0170875 0.000960626 5.190937 x 10~7

Figure 11. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01

of example 1 NITM solution for vy (a, A).

p=0.4 07F
. p=0.6
. p=0.8
IS

Figure 12. Three-dimensional and two-dimensional comparison of different fractional order p for
A = 0.01 of example 1 NITM solution for v, (a, A).
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3.4.3. Problem 2

0307 (&, A) vy (a, A) vy (w, A)

p _ 108
DFoy(a, A) 3 +o1(0, A) = + o (&, ) — (108)
3

Dfvy(a, A) = —ZM +v1(a, A)M, where 0 <p <1, (109)

da3 on

With the IC’s:

o1 (a,0) = 3—6tanh2(%), (110)
vy (2, 0) = —3\f2ctanh(%). (111)

The following equations arise when both sides of Equations (108) and (109) are sub-
jected to the Aboodh transform:

dv1(a, A)

1 =l ol (a,0) [a%l(a,A)
o

d ,A
e = (5 e 4[5 e I

+o1(a, A)

7

1 m=l o (a,0) 30y (o, A) vy (a, A)
P - = 2\ _pZ 2\ ) o2\n )
ADyoa(a, V)] = ( k§:0 T +A[ 2= o ) = D (113)

The following equations are obtained by applying the inverse Aboodh transform to
Equations (112) and (113):

1 il v(k)(oc 0) d3v1(a, A) 0v1(a, A) s (a, A)
— -1 1 4 1 4 1 4 2 7
ui(a ) = A [SP ( B g2—p+k * A{ o3 +or(aA) o o2, 4) on D}’ (114)
1 =10 (a,0) vy (e, A) vy (a, M)
= A1 = 2\ _ 222\ WA I\5 ) 11
v(a,A) = A [sf’ ( k§:o R +A{ 2 o3 +v1(a, A) o D} (115)
The subsequent equation is derived through an iterative application of the Aboodh
transform:

m—1 ..(k)
(v1)o(a,A) = A1 {;(gw”

=3 — 6tanh? (%),
m—1 (k)
(02)o(a,A) = A7 Llp(k;: %)}

_ Aq[vz(w,O)}

52
«
— —3v2ctanh (7)),
By applying R-L integral to Equations (108) and (109), we obtain the equivalent form:
A 2 33v1 (&, A) vy (a, A) vy (a, A) 116
v1(a,A) =3 — 6tanh (2> +A {78043 + vl(oc,)\)iaoé + 02(“'/\)7&)( }, (116)
« vy (a, A) vy (e, M)
= _ b _pZ e\ AN A 117
vo(a, M) 3\f2ctanh(2) —i—A[ 2 503 +v1(a, M) o } (117)
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According to the NITM procedure, we obtain the following few terms:
—3_ 2(%
v19(a,A) = 3 — 6tanh (2>,

vo0(®,A) = —3v/2¢ tanh(%),

_ 3tanh(4)sech*(4)A?((3c2 +4) cosh(a) + 32 — 8) (118)
o1 (a,A) = 2(p+1) ,

_ 3c(5cosh(a) — 13)sech* (%) AP
o) = 2V20(p +1)

v10(a, 1) = 3A%Psechd (%) (6 (33c2 - 152) cosh(a) — 96 (6c2 + 1) cosh(2a) + 2 (21c2 + 8) cosh(3a) + 16 (51c2 + 76)

- <3Apr(2p +1)? tanh (%)sech2 (%) ( —6 (137c2 + 96) cosh(2a) + <2(:2 + 1) (9c2 + 32) cosh(3a)
+ 3( — 5dct +317¢2 4928 ) cosh(a) — 2(72c4 —923¢2 + 1184))) =T(p+17T(3p+1)) + 64T(2p + 1) w9)
9¢2 + 245) cosh(a) — 36¢2 + 25 cosh(2) + 2163
8v2r (2p +1)
3220+1)PT (p + %) (5cosh(a) — 31) tanh (%) sech? (%) <<3c2 + 4) cosh(a) + 3¢c% — 8) )
8V (p+ I (3p+ 1) ‘
The ultimate result of the NITM algorithm is under
v1(a, A) = v1g(a, A) + 019 (2, A) + v10(a, A) + -+, (120)

o) <08 3 ()

v2(a,A) = vag(a, A) +v21(a, A) +02p(a, A) + -+ - . (121)

3tanh(4)sech*(&)AP ((3c? +4) cosh(a) + 3¢? — 8)
2L(p+1)

v(a,t) =3 — 6tanh2(%> n

+ <3A2Psech8 (%) (6 (33c2 - 152) cosh(a) — 96 (6c2 + 1) cosh(2a) + 2(21c2 + 8) cosh(3a) + 16(51c2 + 76)

(122)
ad

2) (—6(137¢2 + 96) cosh(2a) + (262 + 1) (9¢ + 32) cosh(3a)

_ p 2 & 2
(3)\ T(2p+1) tanh(z)sech (
+3( — 54ct 4 31762 +928) cosh(a) — 2(72c4 — 9232 + 1184))>r(p +1)2T(3p + 1))) S6AT(2p+ 1)+ -+ .

3c(5cosh(a) — 13)sech* (%) AP
2V2T(p+1)
s (%) e (%) ( 4 <9c2 + 245) coslgli;c; . 23602 +25cosh(2a) + 2163
p+1)
3 22P+1M’F(p + %) (5cosh(a) — 31) tanh (%)sech2 (%) ((3c2 + 4) cosh(a) +3c? — 8) ) .
8V2RT(p+ 1T 3p + 1) |

w(a, t) = —3\6€tanh<%> +

(123)

Figure 13 shows the variation in fractional order p for the solution v (a, A) for A = 0.01
in example 2 using the NITM. The graph depicts the effect of various fractional orders on the
solution’s behaviour, demonstrating how changes in p affect the solution in relation to the
specified parameters. Figure 14 depicts, in both three-dimensional and two-dimensional
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formats, the effect of varying fractional orders on the v1(a, A) solution for A = 0.01 in
example 2. This comparison elucidates the solution’s characteristics more vividly, empha-
sising the importance of fractional order p in determining the solution’s behaviour. Table 7
compares different fractional orders used in the NITM solution for v1(«, A) in example 2,
with a focus on A = 0.01. The table provides a concise summary of the numerical results,
allowing for a direct comparison of the solution’s performance at different fractional orders.
Moving on to Figure 15, which, like Figure 13, shows the variation in the fractional order
p of the NITM solution for A = 0.01, but this time for v;(«, A) in example 2. The graph
shows how p affects the behaviour of the second solution under consideration. Figure 16,
like Figure 14, shows a three-dimensional and two-dimensional comparison of the effect of
different fractional orders on the v, (a, A) solution in example 2 for A = 0.01. This graphical
representation helps to understand how changes in fractional order affect the properties
of the solution. Table 8, like Table 7, provides a quantitative summary of the numeri-
cal results obtained from the NITM solution for v;(a, A) in example 2, with a focus on
A = 0.01. These tabulated data are useful for comparing the performance of the solution
with different fractional orders. Tables 9 and 10 show a comparison of absolute error for
A = 0.01 of ARPSM and NITM solution of example 1 for v1(«, A) and wy(«, A). Similarly,
Tables 11 and 12 present a comparison of absolute error for A = 0.01 of ARPSM and NITM
solution of example 2 for v (a, A) and wy(a, A).

Figure 13. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01
of example 2 NITM solution for vy («, A).

p-04
| B
e
W0

Figure 14. Three-dimensional and two-dimensional comparison of different fractional order p for
A = 0.01 of example 2 NITM solution for v1 (a, A).
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Table 7. The comparison of different fractional orders of NITM solution of example 2 of vy (&, A)

for A = 0.01.
o NITMp—g¢ NITMp=03s NITMp—19 Exact Errorp=0.6 Errorp=o.s Errorp=10

—0.5 2.64134 2.64021 2.6401 2.6401 0.00123342  0.000105605  2.692781 x 10~°
—0.4 2.76737 2.76636 2.76627 2.76627 0.00109926  0.0000947386  1.500451 x 10~°
-0.3 2.8679 2.86709 2.86701 2.86701 0.000896034  0.0000774602  7.113980 x 10~7
—0.2 2.94104 2.94046 2.9404 2.9404 0.000635413  0.0000548648  2.646464 x 1077
—-0.1 2.98536 2.98506 2.98503 2.98503 0.000333511  0.0000284636  6.657231 x 108
0.1 2.98471 2.98499 2.98502 2.98502 0.000314729  0.0000283185  6.790399 x 108
0.2 2.93977 2.94034 2.94039 2.94039 0.000618625  0.0000547351  2.658594 x 1077
0.3 2.86611 2.86691 2.86699 2.86699 0.00088236  0.0000773546  7.124251 x 10~
0.4 2.76516 2.76615 2.76625 2.76625 0.00108954  0.0000946634  1.501242 x 10~°
0.5 2.63885 2.63997 2.64008 2.64008 0.00122813  0.000105564  2.693303 x 10~°

Table 8. The comparison of different fractional orders of NITM solution of example 2 of v, («, A)

for A = 0.01.
117 NITMp—g¢ NITMp=o3 NITMp—19 Exact Errorp=0.6 Errorp=os Errorp=10
1 —0.197541 —0.196293 —0.196063 —0.196061 0.00147921  0.000231952  1.798267 x 10~°
1.1 —0.213538 —0.21254 —0.212356 —0.212354 0.00118324  0.000185393  1.184791 x 10~°
1.2 —0.228756 —0.227994 —0.227853 —0.227852 0.000904042  0.00014133  6.100023 x 10~7
1.3 —0.243186 —0.242641 —0.242541 —0.24254 0.000645635  0.000100483  8.379734 x 1078
14 —0.256824 —0.256476 —0.256412 —0.256413 0.000410844  0.000063362  3.869535 x 10~/
15 —0.269674 —0.269502 —0.269471 —0.269472 0.000201381  0.000030285  7.982325 x 10~
1.6 —0.281746 —0.28173 —0.281727 —0.281728 0.000017965  0.000013933  1.148569 x 10~°
1.7 —0.293058 —0.293174 —0.293196 —0.293197 0.000139526  0.000023324  1.438657 x 10~°
1.8 —0.303629 —0.303856 —0.303899 —0.3039 0.000271908  0.000043998  1.670929 x 10~°
1.9 —0.313484 —0.313803 —0.313862 —0.313864 0.000380528  0.000060854  1.849134 x 10~°
2 —0.322651 —0.323044 —0.323116 —0.323118 0.000467126  0.000074184  1.977937 x 10~°

Table 9. The comparison of absolute error for A = 0.01 of ARPSM and NITM solution of example 1

for v1(a, A).

o Exact ARPSMp =1 NITMp =1 ARPSM Error NITM Error

0 —0.05 —0.0500004 —0.05 4.187999 x 10~7  1.680000 x 108
0.1  —0.0499499 —0.0499529 —0.0499505 3.01163 x 107 6.157033 x 1077
0.2 —0.0498001 —0.0498056 —0.0498013 557137 x 107°  1.208437 x 10°
03  —0.049551 —0.0495591 —0.0495528 8.07032 x 1076  1.789121 x 10~°
0.4  -0.0492039 -0.0492143 —0.0492062 1.04818 x 107> 2.352063 x 10~°
0.5 —0.0487599 -0.0487726 —0.0487627 1.27803 x 107> 2.891837 x 10~°
0.6 —0.0482208 -0.0482357 —0.0482242 1.49424 x 10~>  3.403370 x 10~°
0.7 —0.0475888 -0.0476057 —0.0475927 1.69466 x 107> 3.882007 x 10~
0.8 —0.0468663 —0.0468851 —0.0468706 1.87738 x 107°  4.323579 x 10~
0.9  —0.046056 —0.0460764 —0.0460608 204074 x 1075 4.724447x 106
1  —0.0451611 —0.045183 —0.0451662 2.18338 x 10>  5.081553 x 10~
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Figure 15. Variation of fractional order (a) p = 0.4, (b) p = 0.6, (c) p = 0.8 and (d) p = 1.0 for A = 0.01

of example 2 NITM solution for v, («, A).

p=0.4
. p=0.6
. p=0.8
W P10

Figure 16. Three-dimensional and two-dimensional comparison of different fractional order p for
A = 0.01 of example 2 NITM solution for v, (a, A).

Table 10. The comparison of absolute error for A = 0.01 of ARPSM and NITM solution of example 1
for wy(a, A).

o Exact ARPSMp =1 NITMp =1 ARPSM Error NITM Error

0 0447214 0.447213 0.447214 271011 x 10~7  3.35410x10~12
0.1 0.447102 0.447087 0.447102 1.45678 x 107°  6.69162 x 1078
02 0.446766 0.446738 0.446766 2.8786 x 107> 1.32865 x 1077
0.3 0.446209 0.446166 0.446208 4.28507 x 1075 196888 x 107
04  0.44543 0.445373 0.44543 5.66885 x 1075  2.58053 x 107
0.5 0.444432 0.444362 0.444432 7.02288 x 1075 3.15469 x 107
0.6 0.443217 0.443134 0.443217 8.34037 x 1075  3.68292 x 1077
0.7 0.441789 0.441693 0.441789 9.61496 x 1075  4.15740 x 1077
0.8 0.440151 0.440042 0.44015 1.08407 x 10%  4.57098 x 107
0.9 0.438306 0.438186 0.438305 1.20121 x 107% 491733 x 107
1 0436259 0.436128 0.436259 1.31244 x 10~%  5.19093 x 10~
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Table 11. The comparison of absolute error for A = 0.01 of ARPSM and NITM solution of example 2

for vy (&, A).

117 Exact ARPSMp =1 NITMp =1 ARPSM Error NITM Error
—05 2.6401 2.6402 2.6401 9.74069 x 1075  2.692781 x 10~
—04 276627 2.76636 2.76627 8.7449 x 107> 1.500451 x 10~°
—03 2.86701 2.86708 2.86701 7.15344 x 1075 7.113980 x 107
—02 29404 2.94045 2.9404 5.06799 x 1075  2.646464 x 107
—0.1 2.98503 2.98505 2.98503 262897 x 107°  6.657231 x 1078
01  2.98502 2.985 2.98502 2.61859 x 1075  6.790399 x 108
02  2.94039 2.94034 2.94039 5.05872 x 107>  2.658594 x 107
03  2.86699 2.86692 2.86699 7.14588 x 1075  7.124251 x 1077
04 276625 2.76616 2.76625 8.73951 x 1075 1.501242 x 10~°
05  2.64008 2.63998 2.64008 9.73776 x 1075 2.693303 x 10~

Table 12. The comparison of absolute error for A = 0.01 of ARPSM and NITM solution of example 2

for vy (a, A).

o Exact ARPSMp =1 NITMp =1 ARPSM Error NITM Error

1 —0.196061 —0.196152 —0.196063 9.02631 x 1075 1.79826 x 10~°
1.1 —0.212354 —0.212428 —0.212356 7.36884x 107>  1.18479 x 10~°
12 —0.227852 —0.22791 —0.227853 5.79595x 107>  6.10002 x 107
1.3 —0.24254 —0.242584 —0.242541 43334 x 107°  8.37973 x 108
14 —0.256413 —0.256443 —0.256412 2.9997 x 107> 3.86953 x 107
1.5 —0.269472 —0.26949 —0.269471 1.80645 x 1075  7.98232 x 10~7
1.6 —0.281728 —0.281736 —0.281727 7.59028 x 1076  1.14856 x 107°
1.7 —0.293197 —0.293196 —0.293196 1.42483 x 107®  1.43865 x 107°
1.8  —0.3039 —0.303891 —0.303899 9.02356 x 107  1.67092 x 10°
1.9 —0.313864 —0.313849 —0.313862 15282 x 1075 1.84913 x 10~¢
2 —0.323118 —0.323098 —0.323116 2.03 x 107° 1.97793 x 10~°

4. Conclusions

In conclusion, the application of the new transform iteration method (NTIM) and the
residual power series transform method (RPSTM) in solving fractional nonlinear Korteweg—
de Vries (FNKdV) equations has been demonstrated effectively in this study. The computa-
tional analyses and results presented through tables and figures showcase the efficiency,
accuracy, and computational feasibility of these innovative methods in obtaining solutions
for ENKdV equations involving fractional derivatives. The comparative analysis against
existing methods highlights the superiority of NTIM and RPSTM, emphasising their poten-
tial for addressing complex nonlinear equations with fractional derivatives. The success of
these methods not only contributes to advancing the understanding of FNKdV equations,
but also suggests a broader applicability in solving similar challenging mathematical mod-
els efficiently and accurately. This research underscores the promising prospects of NTIM
and RPSTM as powerful tools in the field of nonlinear mathematical modelling involving
fractional derivatives. The successful application of the NTIM and the RPSTM in solving
FNKdV equations provides a robust foundation for future research endeavors. Further
investigations can explore the extension of these innovative methods to tackle a broader
spectrum of complex nonlinear equations involving fractional derivatives, elucidating their
efficacy and reliability across diverse mathematical models.
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Nomenclature

o Spatial coordinate

A Temporal coordinate

p Order factor of the fractional operator
DK Caputo fractional derivative operator

v1(a,A)  Function representing a component of the fractional coupled system
vp(a,A)  Function representing another component of the fractional coupled system
Kdv Korteweg—de Vries equation

mKdV ~ Modified Korteweg—de Vries equation

ARPSM  Aboodh residual power series method

NTIM New transform iterative technique
RPSM Residual power series method
DE Differential equations

FODEs  Fractional-order differential equations
NITM Aboodh transform iterative technique
PDEs Partial differential equations
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