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Abstract

:

Jump dynamics in financial markets exhibit significant complexity, often resulting in increased probabilities of subsequent jumps, akin to earthquake aftershocks. This study aims to understand these complexities within a multifractal framework. To do this, we employed the high-frequency intraday data from six major cryptocurrencies (Bitcoin, Ethereum, Litecoin, Dashcoin, EOS, and Ripple) and six major forex markets (Euro, British pound, Canadian dollar, Australian dollar, Swiss franc, and Japanese yen) between 4 August 2019 and 4 October 2023, at 5 min intervals. We began by extracting daily jumps from realized volatility using a MinRV-based approach and then applying Multifractal Detrended Fluctuation Analysis (MFDFA) to those jumps to explore their multifractal characteristics. The results of the MFDFA—especially the fluctuation function, the varying Hurst exponent, and the Renyi exponent—confirm that all of these jump series exhibit significant multifractal properties. However, the range of the Hurst exponent values indicates that Dashcoin has the highest and Litecoin has the lowest multifractal strength. Moreover, all of the jump series show significant persistent behavior and a positive autocorrelation, indicating a higher probability of a positive/negative jump being followed by another positive/negative jump. Additionally, the findings of rolling-window MFDFA with a window length of 250 days reveal persistent behavior most of the time. These findings are useful for market participants, investors, and policymakers in developing portfolio diversification strategies and making important investment decisions, and they could enhance market efficiency and stability.
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1. Introduction


The jump volatility of financial markets, often termed bad volatility, exhibits unpredictable behavior due to its intricate characteristics and discontinuous nature [1]. Understanding the potential causes of these discontinuities and jumps is crucial for developing effective risk management strategies [2], especially during major events such as: the 2007–2008 global financial crisis (GFC) [3], uncertainty related to monetary policy [4], market sentiments [5], the COVID-19 pandemic [6], and the recent bankruptcy of FTX [7]. These events tend to occur every other decade, which in turn complicates pricing and risk management strategies, and understanding of volatility, and consequently has a detrimental psychological impact on investors [8]. For example, the recent COVID-19 pandemic and the Russian–Ukraine war caused major jumps and turbulence in many financial markets, which led to significant financial damage [9,10]. The bankruptcy of FTX in November 2022 is another major event that cost the cryptocurrency market around USD 8 billion [11,12]. Therefore, market practitioners, investors, policymakers, and regulators need to monitor the behavior of financial market jumps closely, as they have a major impact on overall trading behavior, financial systems, and important investment decisions [13].



Many studies confirm the presence of substantial long memory and clustering patterns in volatility [14,15,16,17], which are largely influenced by jumps in the pricing process [18]. For instance, Corsi et al. [19] found that the future volatility of financial markets is significantly associated with jumps, making them important for volatility forecasting. Conversely, others argue that jumps do not have any direct impact on volatility forecasts [20,21,22,23]. This discrepancy raises two pertinent points. First, graphical analyses of volatility frequently show that large, unexpected changes in market prices are accompanied by volatility bursts, indicating the potential predictive power of jumps [19]. Secondly, since volatility is associated with the diversity of information and belief dispersion [24,25], jumps that increase uncertainty about fundamental values are likely to impact future volatility.



On the other hand, Hawkes describes the phenomenon of jumps using the concept of self-excitation and cross-excitation, which are similar to seismic events such as earthquakes [26,27,28]. According to this theory, jumps in a financial market increase the likelihood of subsequent jumps in the same and other markets. Thus, jumps in financial market returns exhibit self-excitation behavior, manifesting over time and across different markets. These models rely on an intensity vector, which is defined as a simple linear function of past events. Recently, several of Hawkes’ self-exciting processes have been developed to model the daily changes in various financial markets. For example, the multi-dimensional model of Aït-Sahalia et al. [29] examines self-excitation and cross-excitation, which is mostly caused by contagion. Others, meanwhile, have examined the self-exciting behavior of negative jumps in the background of the mono-asset framework [30,31].



The overall jumping behavior is much more complex, and Brownian motion-based statistical models are often found to be incapable of identifying and capturing these patterns effectively [29]. For example, it is quite unlikely for crashes to happen simultaneously across several worldwide markets under the assumptions of Brownian motion-based statistical models; yet such events do happen. Even more surprising is that they follow a pattern similar to the aftershocks of an earthquake, occurring one after another over hours, days, weeks, or even months. Thus, these complex characteristics make multifractality a perfect fit to examine the dynamics of jumps in financial markets in a fractal background.



The concept of multifractality is based on fractals, which are robust enough to measure the complex patterns, long memory, and persistent behavior of various financial markets. Many studies also view multifractality in financial markets as one of the primary stylized facts [32,33,34]. This is because multifractal properties replicate the behavior of several stylized facts, such as fat tails, long-term dependency, volatility clustering, and multi-scaling. Interestingly, these all are particularly noticeable in the jumps of financial markets [35]. However, these characteristics are in contrast to the basic tenets of the well-known Efficient Market Hypothesis (EMH) proposed by Fama [36]. In contrast, Peters [37] proposed the Fractal Market Hypothesis (FMH), which accurately explains the fractal characteristics of financial markets.



The FMH-based methodologies are categorized into two main types; i.e., mono-fractality and multifractality. Initial studies employed mono-fractal approaches, such as the rescaled range analysis (R/S) of Hurst [38] and the detrended fluctuation analysis (DFA) of Peng et al. [39], to examine the persistent behavior and long-range properties. However, it was observed later that these methodologies are limited in practical use due to the multiscale properties of financial markets. Kantelhardt et al. [40] developed a multifractal detrended fluctuation analysis (MFDFA) to address this limitation, providing a better characterization of the multiscale properties of various financial markets. Since then, MFDFA has been popular in terms of examining market efficiency through multifractality and has been applied to various financial markets like cryptocurrencies [41,42,43], currency exchange rates [44,45,46], stock markets [47,48,49], electricity markets [32], and agriculture markets [50], among others.



Cryptocurrencies have recently gained considerable interest because of their potential threat to the existing payment system, fiat currencies, financial stability, and monetary policies. The appeal of cryptocurrency interest stems from the fundamental blockchain technology and decentralized properties that contrast with traditional financial markets [51,52,53]. As of July 2024, there were around 500 exchanges with a total market capitalization of USD 2.4 trillion and over 10,000 cryptocurrencies being traded (https://coinmarketcap.com/, (accessed on 20 August 2024)). Manavi et al. [54] point out that global geopolitical events mostly drive this heightened interest in cryptocurrencies. For example, the Russian–Ukraine conflict has further highlighted the importance of cryptocurrencies in evading sanctions due to their decentralized properties (https://www.csis.org/analysis/cryptocurrencys-role-russia-ukraine-crisis, (accessed on 20 August 2024)). This situation underscores Bitcoin’s original design to empower individuals by reducing the influence of governments and central banks.



In contrast, since the collapse of Bretton Woods and the subsequent transition to a free-floating regime, extreme volatility has become a well-known feature of the forex markets [55]. This extreme volatility is primarily driven by jumps, which are associated with various complex characteristics and are linked to the forex market’s status as the largest trading market worldwide. Several studies have explored the volatility clustering and return distribution of exchange rates [56,57], as well as multifractality [44,58], persistent and long memory [59,60], and cross-correlations [61,62].



Like forex, the cryptocurrency market also exhibits severe volatility and abrupt price changes or jumps, often to a greater extent [63]. For instance, Bitcoin price fluctuations have been nearly ten times more volatile than the major forex markets [64]. The significant volatility and market capitalization of cryptocurrencies pose substantial risks to consumers and investors, as evidenced by Bitcoin’s dramatic price movements from around USD 300 at the end of 2014 to approximately USD 20,000 by the end of 2017, and a recent peak of USD 75,830 on 14 March 2024, before falling to USD 62,427 by 15 May 2024 (https://www.investopedia.com/articles/forex/121815/bitcoins-price-history.asp, (accessed on 20 August 2024)). Unlike traditional currencies, which are tied to specific countries and influenced by central banks, cryptocurrencies are decentralized and global, leading to the perception of them having little to no correlation with forex markets [54]. For instance, Urquhart et al. [65], Baumöhl [51], and Chemkha et al. [66] found significant negative dependence of cryptocurrency markets on forex markets, concluding that these can act as a hedge and safe haven.



Similarly, Shahzad et al. [67], while examining the hedging potential and price explosivity of cryptocurrencies and forex markets, found that cryptocurrency investors can be protected from downside risk through conventional currencies. Corbet et al. [68] also found the relative isolation of cryptocurrencies not only from forex but also from other financial assets as well. In contrast, Dyhrberg [69] found that Bitcoin shares characteristics similar to the US dollar; specifically, that they react similarly to federal funds rates. Raza et al. [70] also discovered a positive relationship between cryptocurrencies and forex markets, particularly for Bitcoin, for all taken quantiles. Moreover, recent studies during the COVID-19 pandemic have identified the relationship between cryptocurrencies and traditional financial markets [71,72], raising concerns about potential compromise of its decentralized nature. Therefore, it is worthwhile examining if the cryptocurrency market resembles traditional currency markets by studying the jumps that occur during extreme events.



This study addresses the intricate nature of jumps in the financial markets of cryptocurrencies and forex by using advanced econophysics techniques to investigate the internal multifractal dynamics in the jumps. It makes several contributions to the literature on market jumps. Firstly, as far as we know, it is the pioneering study to focus on the multifractal patterns of jumps in cryptocurrency and forex markets. Secondly, it utilizes high-frequency, five-minute data for six major cryptocurrencies (Bitcoin, Ethereum, Litecoin, Dashcoin, EOS, and Ripple) and six major currency exchange rates (Euro, British pound, Canadian dollar, Australian dollar, Swiss franc, and Japanese yen) against the US dollar, providing a rich dataset for analyzing the long memory of jumps. This approach helps overcome the limitations of daily data, which might not adequately capture the occurrence of jumps. Thirdly, the research employs the robust MinRV-based jump detection method developed by Andersen et al. [73], which enhances robustness against microstructure noise by utilizing closest neighbor truncation. Fourthly, the application of robust MFDFA [40]—a sophisticated extension of DFA— identifies complex multifractal patterns that reveal the markets’ informational efficiency, persistency, long memory, and predictability of the jumps. Lastly, this study applies a dynamic rolling-window approach with a window length of 250 days—i.e., approximately equal to 1 year—to understand better how the persistency or autocorrelation changes in jumps over time.




2. Literature Review


We discuss the overall relevant literature in two main streams. The first focuses on the examination of financial market jumps, and the other relates to the multifractal patterns present in various financial markets. The literature on jumps has primarily relied on developing jump identification and detection methodologies. For instance, Barndorff-Nielsen [74] proposed the pioneer model-free method to separate jumps by subtracting realized bi-power variation (BPV) from the realized volatility (RV) of Andersen et al. [75]. Later, based on this, many other jump methods were introduced, such as jump approaches based on returns [76,77], bi-power variation [20,73,78,79,80], high order variation [81,82], swap variance [83] and others (see an excellent review by Maneesoonthorn et al. [84]).



Additionally, other jump identification techniques have been reported. Concerning factor-based models, Todorov et al. [85] offer a novel method to detect jump sensitivities. In the context of nonparametric approaches, Lee et al. [86] and Xue et al. [87] provide jump tests that are robust against microstructure noise, detecting jumps in high-frequency settings. Similarly, Peng et al. [88] developed an online recursive jump detection algorithm based on Bayes theorem and Markov financial time series properties for effectively capturing large-amplitude jumps, even at lower frequencies with minimal computational power. More recently, Au Yeung et al. [89] introduced a method that combines machine learning and a long short-term memory (LSTM) neural network, which showed improved accuracy over traditional jump detection methods when tested on stock market data from both emerging and developed countries.



In addition to the literature on jump detection methods, there is a growing number of studies that deal with the confusion on long memory, clustering, and self-excitement [26,27] of jumps in financial markets. The literature on Lévy processes, jump–diffusion process, and compound Poisson jumps satisfies the assumption that jumps are serially independent; thus, there is no long memory [90,91,92,93,94,95]. Others found that jumps exhibit long memory and clustering characteristics, being influenced not only by previous jumps (self-excitation), but also by jumps in other markets (cross-excitation) [29]. Building upon this framework, Fulop et al. [30] identified significant self-excitation in jump clustering in financial markets during the 1987 market crash and the GFC 2007–2008. Eyjolfsson et al. [96] also noted jump clustering in UK electricity spot prices due to a self-excitation mechanism. Callegaro et al. [97] highlighted that self-excitation impacts both spot and forward derivatives in electricity markets, with Hawkes’ processes effectively capturing these dynamics. In terms of the cryptocurrency market, Zhang et al. [98] utilized the jump test of Boswijk et al. [99] and found significant self-exciting long memory in Bitcoin, revealing significant asymmetric self-excitation with negative jumps causing more persistent aftershocks than positive ones. Similarly, Chen et al. [100] recently discovered that the S&P 500 has more significant and frequent negative jumps, while cryptocurrencies show continuous positive jumps and complex interactions between negative and positive jumps during high volatility.



Regarding the examination of jump dynamics, the second stream of literature relevant to this study focuses on the multifractality of financial markets. Significant attention has been given to cryptocurrencies in investigating their multifractal characteristics and market efficiency using MFDFA [40], because of their pronounced volatility. Shrestha [101] employed MFDFA and discovered significant multifractal patterns in Bitcoin returns, where extreme and autocorrelated returns were identified as major contributors to this inefficiency. Takaishi [102] and Vaz et al. [103] reported similar findings and observed that fat tails and long-range correlations are key factors contributing to higher multifractality in Bitcoin. As for Bitcoin and Ethereum, Partida et al. [104] found significant persistent long-range correlations, multifractality and chaotic behavior. Moreover, Gunay et al. [105] apply a series of other methods such as R/S analysis, Peng, Higuchi, Aggregated Variances, box-counting, and monogram analysis, along with MFDFA to examine Bitcoin, Ethereum, Litecoin, and Ripple. They found evidence of chaos in the cryptocurrency market, indicating that returns follow a chaotic order rather than a random pattern. Stosic et al. [106] and Bariviera [107] analyzed multifractal patterns in returns and volume for 50 and 84 cryptocurrencies, respectively. They found that these patterns are similar to those in stock markets but differ significantly from those in forex markets. More recently, Salis et al. [108] proposed an investment strategy using MFDFA and the Markowitz framework for cryptocurrencies, and found that the inefficiency levels of cryptocurrencies change over time.



As for forex markets, few studies focused on examining their multifractal characteristics. Among the initial studies, Oh et al. [62] applied MFDFA to the exchange rates of Thailand, South Korea, Hong Kong, and Japan against the US dollar and discovered stronger multifractal patterns in Thailand and South Korea compared to Japan and Hong Kong post-Asian currency crisis. For the exchange rates of Taiwan, South Korea, Sweden, Brazil, Malaysia, Thailand, New Zealand, and Australia, Stošić et al. [109] observed significant shifts in their multifractal spectrum during independent and managed floating regimes. On the other hand, Shahzad et al. [46] studied the impact of trading volume on the returns and volatilities of the Euro, British pound, Japanese yen, and Swiss franc under the lens of multifractality. Interestingly, they found lower multifractality in the Japanese yen and Swiss franc, with their multifractality being significantly influenced by trading volume. Han et al. [45] and Han et al. [110] found lower multifractality for the Japanese yen compared to the Canadian dollar, Euro, and British pound. They also noted that the GFC 2007–2008 and the Federal Reserve’s 2014 announcement on withdrawing from quantitative easing affected market efficiency and risk levels across different periods. Czech et al. [111] analyzed the exchange rates of the Polish zloty against the Turkish lira, Mexican peso, Swiss franc, Japanese yen, and Euro against the US dollar and found that the Mexican peso, Turkish lira, and Euro exhibited mean-reverting anti-persistent behavior.



In summary, this study addresses the gaps identified in the existing literature. Firstly, most of the literature on jumps has focused primarily on developing methodologies for identifying and detecting jumps. Secondly, the evidence for long memory in jumps is puzzling and primarily limited to Hawkes’ process-based self-excitation long memory. Thirdly, despite the complexity of jumps, the multifractal perspective on long memory in jumps has been largely overlooked. Interestingly, when multifractality is present, volatility, crashes, and complexity become predictable [112,113]. Fourthly, most studies have used returns to explore the long memory and multifractality properties of financial markets, with only a few focusing on realized volatility and its continuous component [46,114,115,116]. However, no study investigated long memory or multifractal behavior of “discontinuous component” or jumps in any financial market, except for Pirino [117], who studied mono-fractality in jumps using DFA.



Additionally, there is a significant gap in the literature when examining the multifractal comparison between cryptocurrencies and forex markets, even in terms of returns, realized volatility, and the continuous component of volatility. Given that cryptocurrencies were specifically designed to have decentralized properties independent of the regulatory bodies, forex markets are more established and subject to regulatory oversight. Hence, examining a comparative multifractal analysis of these markets could offer deeper insights into their risk profiles, pricing behaviors, and efficiency levels. Therefore, this study fills this gap by examining the multifractal nature of jumps in the financial markets of cryptocurrencies and forex. This information is crucial, as market regulators and practitioners should prioritize jumps over overall returns due to their potential to quickly disrupt market trading mechanisms, disorder financial markets, and influence investor decisions.




3. Data and Descriptive Statistics


3.1. Data


The dataset comprises six major cryptocurrencies along with six major currency exchange rates aiming to explore the inner multifractal patterns of jumps. The taken cryptocurrencies include Bitcoin (BTC), Ethereum (ETH), Litecoin (LTC), Dashcoin (DSH), EOS and Ripple (XRP); while the exchange rates are Euro (EUR), British pound (GBP), Canadian dollar (CAD), Australian dollar (AUD), Swiss franc (CHF), and Japanese yen (JPY). The selection of cryptocurrencies is based on the accessibility of the maximum available data as well as the highest market capitalization. In contrast, the currency exchange rates are selected on the basis of the highest trading volumes. The data are taken at 5 min frequency intervals, covering the period of 4 August 2019 to 4 October 2023. The reason for selecting this particular frequency is that it provides the best possible balance between high- and low-frequency data [118,119,120]. In addition, all the closing prices of cryptocurrency and forex currencies closing prices are sourced from the website of Dukascopy Bank SA (Geneva, Switzerland), a Swiss forex bank, and an ECN broker headquartered in Geneva (https://www.dukascopy.com/swiss/english/home/, (accessed on 20 August 2024)).




3.2. Descriptive Statistics


This section begins by explaining the summary statistics of returns, as well as the jumps in cryptocurrency and exchange rate markets. Gaining a comprehensive overview of these statistics is crucial to understanding the magnitude, as well as the behavior of returns and jumps across the studied data. In contrast to exchange rate markets, cryptocurrencies are open even on weekends. Hence, the values of weekend data were removed to facilitate data matching. After data cleaning and matching, the intraday returns at a 5 min frequency resulted in 298,943 values for each cryptocurrency and exchange rate market. With the help of these intraday returns, the daily RV and MinRV are computed, which allowed us to determine the daily jumps for each cryptocurrency and forex market. Accordingly, each jump series comprised 1039 observations.



As for the returns of cryptocurrencies and forex markets, the summary statistics are reported in Table 1. All datasets show a negative average 5 min return, except for ETH, BTC, XRP, CHF, and GBP. Among these, ETH records the highest intraday average return at   0.0005 %  , while EOS has the lowest at   − 0.0007 %  . Furthermore, XRP boasts the highest maximum intraday return at approximately   55.2777 %  , with DSH at   39.6578 %   and ETH at   30.5021 %   trailing behind. In contrast, EOS suffers the most significant intraday loss at around   − 25.6832 %  , with DSH at   − 24.0722 %  . In comparison to forex markets, the highest fluctuation in market returns is observed for cryptocurrencies; especially DSH, with a standard deviation of   0.0168  . Interestingly, all forex markets exhibit similar behavior, fluctuating between   σ = 0.0003   to   σ = 0.0004  . Furthermore, the skewness values are positive for XRP, ETH, JPY, CHF, EUR, and DSH; while negative skewness values are noted for AUD, LTC, BTC, CAD, GBP, and EOS. All markets also demonstrate considerably higher kurtosis, highlighting stylized facts with fat tails. Figure 1 and Figure 2 show the temporal development of 5 min intraday returns in both the cryptocurrency and forex markets.



In terms of jumps, the descriptive statistics of cryptocurrencies and exchange rates are presented in Table 2, which further highlights the insights into volatility and abrupt movements. DSH leads with the highest average value of   2.5563  , while LTC and EOS follow with values of   1.4960   and   0.9022  , respectively. Conversely, the lowest average value of   0.0755   is noted for CAD, with JPY and EUR following at   0.0784   and   0.0785  , respectively. Across the board, all cryptocurrency markets exhibit higher jump volatility than forex markets, with DSH particularly showing the highest volatility. Additionally, the skewness values for all jump series are positive, indicating a leptokurtic behavior. This situation implies that the extreme upward movements are higher than the extreme downward movements within these jumps, indicating significant asymmetric behavior. As a result, investors may find opportunities for momentum or speculative trading strategies. However, tail-risk management and volatility premiums should also be considered; and hedging and diversification strategies might help mitigate the risks of sharp price swings.



Figure 3 and Figure 4 illustrate the movements of jumps in cryptocurrency and forex markets. A significant change was first noted on 13 March 2020, across nearly all cryptocurrencies. This incident resulted in the cryptocurrency market losing almost 50% of its total market capitalization, leading to a sharp decline in the capitalization value and prices of key cryptocurrencies [121]. Other notable studies [71,122,123,124] support the idea that this could be linked to the World Health Organization (WHO) officially declaring COVID-19 a pandemic. On 11 January 2021, a second notable peak was observed, possibly attributed to Bitcoin’s unprecedented increase of more than 400% from January 2020 to 11 January 2021, surpassing gains in traditional markets for the first time. According to Forbes, this surge was driven by institutional investments and was viewed as an inflationary hedge amid extensive monetary stimulus during the post-COVID-19 recovery phase (https://www.forbes.com/sites/michaeldelcastillo/2021/01/11/bitcoins-recent-surge-creates-new-billionaires/?sh=1fa043fd416c, (accessed on 20 August 2024)). Therefore, this exhibited remarkable growth and stimulated substantial institutional interest in the cryptocurrency market. The third significant spike on 19 May 2021 seems to have been triggered by the Chinese government’s crackdown on cryptocurrencies and Elon Musk’s tweet announcing Tesla’s suspension of Bitcoin payments, which heightened concerns over the environmental footprint of energy-intensive cryptocurrencies [125]. The next significant peak is observed on 7 September 2021, potentially influenced by El Salvador’s adoption of Bitcoin as a legal tender under the “Bitcoin Law”; allowing cryptocurrency to be used in various transactions, from buying a cup of coffee to paying off debts and taxes [126]. The jumps on 12 May 2022, and 15 June 2022, could be linked to the repercussions of Tether, the largest stablecoin, deviating from its dollar peg (https://www.cnbc.com/2022/05/12/bitcoin-btc-price-falls-below-27000-as-crypto-sell-off-intensifies.html, (accessed on 20 August 2024)). This event likely sparked concerns about market contagion and had repercussions for other cryptocurrencies. Lastly, the observed spikes in November 2022 could be traced back to the abrupt collapse of the cryptocurrency exchange FTX. This event had widespread repercussions across the cryptocurrency industry, leading to losses amounting to USD 9 billion (https://markets.businessinsider.com/news/currencies/ftx-bankruptcy-collapse-crypto-crash-3ac-celsius-terra-luna-chainalysis-2022-12, (accessed on 20 August 2024)) in crypto investments [127].



In forex markets, the initial spikes between March 2020 and November 2020 were observed across nearly all markets, which could be linked to the impact of COVID-19, as indicated by numerous studies [44,128,129]. Following that, more pronounced spikes were observed from September 2022 to November 2022, which was especially noticeable for EURO, GBP, CHF, and JPY. This surge might be linked to the GBP crash, which plummeted to a 37-year low (https://edition.cnn.com/2022/09/16/investing/british-pound-low, (accessed on 20 August 2024)) after the announcement of implementing the most extensive tax cuts in 50 years (https://edition.cnn.com/2022/09/25/business/british-pound-drops-record-low-intl-hnk/index.html, (accessed on 20 August 2024)).





4. Methodology


The methodology section comprises two main approaches: the MinRV-based jump detection method and the MFDFA. We begin by extracting the discontinuous part of volatility, referred to as jumps, from RV. Although there are several techniques for identifying jumps in financial time series, the MinRV-based jump method is noted for its resilience to microstructure noise [130]. Once the jump component is extracted, the MFDFA, which is derived from DFA, is utilized to investigate the long-term memory properties of these jumps.



4.1. MinRV-Based Jump Detection Method


We start by outlining the detailed steps involved in the following methodology for analyzing the jumps in cryptocurrency and forex markets.



Firstly, we compute the RVs following Andersen et al. [75]’s method. To do this, the intraday returns     r   i , k   t     are calculated for each cryptocurrency, as well as the currency exchange market time series   i   ( w h e r e   i = 1 , … , n )   and the trading day   t     w h e r e   t = 1 , … , T    .


    r   i , k   t   = l n        p   i , k   t       p   i , k − 1   t        , k = 1 , … , τ  



(1)




where     p   i , k   t     represents the   k t h   price of each market time series   i   on day   t  ,     p   i , k − 1   t     indicates the 5 min lag price on day   t  ,   τ   denotes the number of high-frequency return observations in a day   t  , and the number of trading days in a year is indicated by   T  . Then, the realized variance   R   D   i   t    , on any given day   t   can be calculated as:


  R   D   i   t   =   ∑  k = 1   τ        r   i , k   t     2     t = 1 , … , T .  



(2)







Following this, the   R   V   i   t     on any day   t   is estimated as:


  R   V   i   t   =  T . R   D   i   t    , t = 1 , … , T .  



(3)







Secondly, we extract the realized jumps from   R   V   i   t    . The measure of   R   V   i   t     is actually designed to quantify the total quadratic variation, including the effects of cumulative squared jumps in the observed return time series data. In contrast, the measure of integrated variance (IV) only captures the continuous component of this quadratic variation. As a result, the difference between these measures, i.e.,   R   V   i   t     and IV, quantifies the realized jumps. Conventionally, IV is estimated through the measures of bipower variation (BPV) and tripower variation (TPV) from Barndorff-Nielsen [74] or the multi-power variation (MPV). This study, however, utilizes a different approach: the     M i n R V   i   t     measure, proposed by Andersen et al. [73]. The     M i n R V   i   t     method employs a nearest neighbor reduction/truncation approach to enhance robustness to market microstructure noise, trimming absolute returns at levels set by neighboring returns. To be more specific, we utilized a one-sided truncation method, where each intraday return is compared to the subsequent absolute return.


    M i n R V   i   t   =    π   π − 2         τ   τ − 1        ∑  k = 1   τ − 1    m i n         r   i , k   t     ,     r   i , k + 1   t         2      



(4)







Finally, the realized jumps are extracted as:


    R J   i   t   = R   V   i   t   −   M i n R V   i   t    



(5)








4.2. Multifractal Detrended Fluctuation Analysis—MFDFA


Following the extraction of jumps from RV, we apply MFDFA on those jumps to explore their multifractal characteristics. Various studies have used MFDFA not only for detecting multifractality but also for ranking its strength, which in return provides significant insights into market efficiency. In accordance with Kantelhardt et al. [40], the steps of the MFDFA method are outlined below:



Step 1: Take a time series       X   t   ,   t = 1,2 , 3 …   N     with the length   N  , and compute the profile   Y   i   ,   or cumulative sum, by summing the deviations of the series from its mean. Through this, the time series is transformed into a “random walk”, making it easier to identify trends and scaling behavior.


  Y   i   ≡   ∑  t = 1   i        X   t   −   X  ¯       



(6)




where


    X  ¯  =    1   N      ∑  k = 1   N      X   t      



(7)




the subtraction of     X  ¯    is to ensure that the series has a zero mean, but it can be skipped as it gets canceled out in the third step.



Step 2: Segment the profile     Y   i     i = 1 , … , N     into non-overlapping sections of     N   s   ≡ i n t   N / s    ; each section with an equal length of   s  . Because of the potential non-divisibility of   N   by   s  , a residual section could remain at the end of the series. Hence, to encompass the entire profile, repeat the segmentation process from the opposite direction, leading to   2   N   s     sections in total.



Step 3: Employ the least-squares fitting to determine the local trend within each section. Afterward, compute the variance for   v = 1 , …   N   s    .


    F   2     v , s   ≡    1   s      ∑  i = 1   s        Y     v − 1   s + i   −   y   v   ( i )     2      



(8)







For   v =   N   s   + 1 , … , 2   N   s    , compute the variance as:


    F   2     v , s   ≡    1   s      ∑  i = 1   s        Y [ N −   v − 1   s + i −   y   v   ( i )     2      



(9)




where     y   v   ( i )   represents the local trend of segment   v   obtained through an order of polynomial. The choice of order determines the degree of the polynomial and controls how local trends are captured. In practice, a linear polynomial, also known as DFA1, is used but quadratic (DFA2), cubic (DFA3) or even higher-order polynomials can also be applied to remove more complex trends.



Step 4: Calculate the   q  th order fluctuation function by averaging all section values:


    F   q     s   =        1   2   N   s        ∑  v = 1   2   N   s            F   2     v , s          q   2               1   q       



(10)






    F   0     s   ≡ e x p      1   4   N   s        ∑  v = 1   2   N   s      l n     F   2     v , s          



(11)




where order   q   can take any real value. The original DFA technique is obtained for   q = 2  . As we apply MFDFA to examine the dependence of the fluctuation function on scale   s   for various   q   values. Hence, steps 2–4 are repeated for various time scales   s  . Following a normal practice, we limit the values of   q   to be between   − 10   to   10  .



Step 5: Analyze the   l o g − l o g   plots     F   q     s     vs.   s   for every   q   value to assess the scaling value of fluctuation functions. If     X   t     exhibits long-range power-law correlations,     F   q     s     will scale with   s  , according to:


    F   q     s   ~   s   h   q      



(12)







Typically, the measure   h   q    , known as the Hurst exponent, varies with   q  . The constant values of   h ( q )   at all   q   represent mono-fractality, while variability suggests multifractality. For   q = 2  , the values of   h ( q )   denote the persistence behavior. For instance,   h   2   > 0.5   indicates the persistence behavior,   h   2   < 0.5   means anti-persistence, while   h   2   = 0.5   implies the random walk behavior.



Lastly, relate the multifractal scaling exponent   τ   q     to   h ( q )   as:


  τ   q   = q h   q   −   D   f    



(13)




where     D   f     is the fractal dimension of the geometric objects, which is set as     D   f   = 1   in this case. Thus,   τ   q     reflects the scale-dependency of both small and large fluctuations. For multifractal series,   τ   q     exponent increases nonlinearly with   q  . Next, we calculate the multifractal spectrum   f   α     through the Legendre transform of   τ   q    :


  α =    d τ ( q )   d q    = h   q   + q  h ′  ( q )  



(14)






  f   α   = α q − τ   q   = q   α − h   q     + 1  



(15)




where   f   α     measures the dimension of the time series. For mono-fractal time series,   f   α     is a delta function with only one value of   α  . For multifractal time series, there is a distribution of   α   values. The measures of   ∆ h   and   ∆ α  , defined as     m a x ⁡ ( h   q   − m i n ⁡ ( h ( q )     and     m a x ⁡ ( α ) − m i n ⁡ ( α )    , respectively, quantify the degree of multifractality.





5. Results


This section deals with the findings derived from MFDFA to identify the complex, multifractal and scaling patterns of jumps present in cryptocurrency and forex markets. Figure 5 and Figure 6 display the MFDFA results for each cryptocurrency and forex jump series. Each series consists of four major plots: the top-left quadrant depicts the fluctuation function in relation to the time scale, with data points for   q = − 10     b l a c k   ,   q = 0     b l u e     a n d   q = 10   ( g r e y )  ; the top-right quadrant shows the generalized Hurst exponent   h ( q )  ; the bottom-left quadrant presents the Renyi exponent   τ ( q )  ; and the bottom-right quadrant displays the multifractal spectrum   f ( α )  . In the top-left quadrant, the log–log plots feature fitted lines that indicate a higher fluctuation function value, which corresponds to increased volatility complexity. The non-constant nature of the generalized Hurst exponent   h ( q )   across different   q   values confirm the multifractality of the jump series. Additionally, the concave and hump-shaped patterns in the Renyi exponent   τ ( q )   and multifractal spectrum   f ( α )   plots corroborate that all jumps in cryptocurrency and forex markets are multifractal processes.



To further investigate multifractality, Table 3 provides   h ( q )   values from   q = − 10   to   q = + 10  . Negative   q   values reflect smaller fluctuations in jumps, whereas positive   q   values denote larger fluctuations. A market is generally considered to exhibit multifractal behavior if   h ( q )   varies across the entire   q   range from   − 10   t o + 10  ; otherwise, it is considered mono-fractal. As illustrated in Table 3, the   h ( q )   values for all jumps exhibit significant variability, indicating multifractality in all jump series. For example, BTC results show that   h ( q )   peaks at   1.1009   for   q = − 10  , decreases to   0.9767   for   q = 0  , and further declines to   0.4817   for   q = + 10  . This marked reduction in   h ( q )   underscores its dependence on   q  , suggesting the presence of multifractality in the time fluctuations of BTC jumps. Similar downward patterns are evident in other cryptocurrency and forex market jumps, with some variations among them.



The width or range of Hurst exponent   h ( q )   is estimated by   ∆ h   across   q = [ − 10,10 ]  , which implies the degree or strength of multifractality. Higher multifractality in the jumps is indicated by higher   ∆ h   values, which also signifies lower efficiency. As indicated in Table 3, among all the examined cryptocurrencies and currency exchange markets, DSH exhibits the highest multifractal patterns with the   ∆ h   value of   1.37  , followed by CAD   ( ∆ h = 1.23 )   and EURO   ( ∆ h = 1.11 )  . Conversely, LTC   ( ∆ h = 0.58 )  , BTC   ( ∆ h = 0.62 )  , and EOS   ( ∆ h = 0.82 )   display the lowest multifractal characteristics. Regarding the cryptocurrency market alone, DSH   ( ∆ h = 1.37 )   has the highest multifractal patterns, while the lowest multifractal patterns are noted for LTC   ( ∆ h = 0.58 )  , followed by BTC   ( ∆ h = 0.62 ) ,   and EOS   ( ∆ h = 0.82 )  . However, the multifractal levels of XRP and ETH are almost identical, i.e.,   ( ∆ h = 1.05 )  . Concerning currency exchange markets exclusively, the strongest multifractal characteristics are observed for the jumps of CAD   ( ∆ h = 1.23 )  , followed closely by EURO   ( ∆ h = 1.11 )  , while AUD   ( ∆ h = 0.90 )   and CHF     ∆ h = 0.97     demonstrate comparatively lower levels of multifractality. However, JPY and GBP exhibit similar degrees of multifractality   ( ∆ h = 1.08 )  . These observations are substantiated by the width of the multifractal spectrum   ( ∆ α )   and fractal dimension values, which are presumably detailed in the last rows of Table 3.



Furthermore, the classical Hurst exponent   h ( q = 2 )   serves as a critical metric to discern persistent or anti-persistent tendencies, which are essential markers of multifractality. In both cryptocurrency and forex markets, all examined jump series exhibit   h ( q = 2 )   values above   0.5  , indicating persistent behavior or positive autocorrelation. This suggests that a positive or negative jump is more likely to be followed by another positive or negative jump in subsequent periods within these markets.



We further extend our findings to the application of the rolling-window approach on the MFDFA to delve into the time-varying characteristics of the multifractality of jumps in cryptocurrencies and forex markets. It is essential to select a suitable length of the window [131,132], since an overly large window smooths out the progression of scaling exponents and facilitates the observation of major events. However, this may obscure the impact of short-term market dynamics, and fail to capture the short-term evolution of events because the economic cycles and seasonal pressures might cause the estimated parameters to lose specificity. In contrast, a shorter window length causes substantial fluctuations in short-term parameters and, as a result, complicates the identification of trends. Therefore, we follow Lee et al. [133] and Zhuang et al. [134] and select a rolling window of 250 days, which is roughly equivalent to one year. The first 250 days are used to calculate the Hurst exponent   h ( q = 2 )   of the MFDFA for a single jump series in cryptocurrency and forex markets. The window then shifts forward by removing the first observation and adding a new one at the end, and this procedure is repeated until the entire series is processed. Through these methods, we aim to reveal the persistent behavior of multifractal dynamics over time, offering insights into the evolving nature of jump dynamics and their implications for trading and risk management strategies.



The dynamic evolution of Hurst exponent   h ( q = 2 )   for the MFDFA is presented in Figure 7 and Figure 8 for all the univariate jump series of cryptocurrencies and currency exchange rates. For exclusively cryptocurrency jumps, nearly all, except for EOS, demonstrated anti-persistent behavior from May 2022 to September 2022. However, in the forex market, EURO, GBP, and JPY exhibited the Hurst exponent   h ( q = 2 )   values above   0.5   throughout the observed timeframe, indicating persistent behavior. However, CAD displayed stability from May 2021 to June 2022. On the other hand, AUD and CHF had Hurst exponent   h ( q = 2 )   values below   0.5   from February 2022 to March 2022, and from July 2021 to September 2021, respectively, suggesting anti-persistent behavior during these periods.




6. Conclusions and Discussion


The complex behavior of overall volatility is categorized into two major components, known as bad volatility and good volatility. The sudden dramatic movements, often called jumps, are responsible for the bad volatility; while the typical fluctuations represent continuous or normal volatility [23,135]. In today’s world of uncertainty, jumps deserve particular attention when navigating market dynamics and complexities [29,136]. For example, cryptocurrencies, which are modern decentralized currencies, are highly characterized by their speculative nature [137,138], explosive behavior [139], and tendency to exhibit jumps [140]. In addition to these, they are relatively immature [141], highly dependent on sentiment and hype [142,143], and attractive to irrational investors [144]. Given these unique characteristics, this study delves into examining the long memory of jumps within a multifractal background, with a specific focus on major cryptocurrencies and forex markets.



We begin the analysis by taking the 5 min high-frequency returns of six major cryptocurrencies—including Bitcoin, Ethereum, Litecoin, Dashcoin, EOS, and Ripple—as well as six highly traded forex exchange rates: Euro, British pound, Canadian dollar, Australian dollar, Swiss franc, and Japanese yen, against the US dollar. The dataset spans from 4 August 2019 to 4 October 2023, which provides an extensive view of market dynamics in both markets. These high-frequency intraday returns are then subjected to a robust MinRV-based realized jump detection method for the extraction of daily jumps. Following this, the MFDFA is applied to those extracted jump components to explore their multifractal patterns in 12 individual jump series containing six cryptocurrencies and six forex exchange rates.



The findings of this study confirm the significant presence of multifractal patterns in all of the 12 jump series of cryptocurrencies and forex markets. However, there are remarkable differences in the strength of these patterns. These variations could be attributed to the differences in legal status by the government, economic frameworks, risk levels, and shifts in monetary or macroeconomic policies that impact both cryptocurrencies and forex markets. For instance, we find Dashcoin has the highest multifractal characteristics, followed by Bitcoin and Litecoin, which display the lowest multifractality in the overall analyzed jump series. Similarly, within cryptocurrencies only, Dashcoin has the highest multifractality, whereas Litecoin has the lowest. Conversely, within the forex market only, the Canadian dollar displays the highest multifractal characteristics, while the Australian dollar exhibits the lowest.



There might be several factors influencing the highest multifractality in the jumps of Dashcoin compared to the overall jump series data. For instance, the smaller market size could lead to enhanced volatility, particularly in upward market trends and price surges. As has been found by Kakinaka et al. [145], where they argue that increased volatility in smaller cryptocurrencies could be attributed to their smaller market sizes as well as the presence of uninformed traders. These traders are usually driven by their speculative motives, which amplify the market volatility and make it difficult for informed traders to counteract these effects. In addition, the instant transaction feature (InstantSend) of Dashcoin is another reason that attracts traders looking for rapid trade executions and, in return, increases market activity and volatility [146]. Furthermore, Dashcoin is the only currency that focuses on privacy through masternodes to ensure the high anonymity of a trader. This, however, attracts illicit activities, as highlighted by Wątorek et al. [72]. Therefore, the frequent and rapid price and volume fluctuations and special privacy features might contribute to the higher multifractal patterns in the jumps of Dashcoin.



On the other hand, Litecoin jumps display the lowest multifractal characteristics, with Bitcoin following closely. Several factors may contribute to this. Historically, the relationship between Litecoin to Bitcoin has been seen as analogous to that of silver and gold, even after the launch of many new coins and tokens [147]. One possible factor could also be the relatively passive nature of the Litecoin community, as noted by Lansiaux et al. [148]. Unlike other cryptocurrencies, Litecoin users are less active on social media and less likely to engage in coordinated buying, which would have led to sudden market jumps. Additionally, Katsiampa [149] observes that traders tend to pay less attention to news affecting Litecoin compared to other cryptocurrencies, which might also result in lower market volatility and multifractality. Al-Yahyaee et al. [150] further suggest that the lower multifractal patterns in Litecoin and Bitcoin are also due to the positive relationship between liquidity and market efficiency, where higher liquidity enhances the efficiency of these markets.



The results also indicate that all of the jumps in cryptocurrencies and forex markets exhibit persistent behavior or positive autocorrelation, implying that a positive or negative jump in one period is likely to be followed by another positive or negative jump in the following period. These findings are supported by Bariviera [151], Al-Yahyaee et al. [152], Caporale et al. [153], Bouri et al. [154], Jiang et al. [155], Aslam et al. [156], among others. Such patterns could potentially inform traders in forming trading strategies to yield abnormal returns in these markets.



In addition to the time-varying characteristics of persistent behavior, the results of the rolling window indicate that forex markets predominantly exhibited persistent behavior throughout the sample period. In contrast, the cryptocurrency jumps showed anti-persistent behavior between May 2022 and September 2022. This trend may result from several negative reports and anticipated regulatory actions. For instance, in early 2022, speculation was made about Russia possibly banning cryptocurrency activities. Following the Ukraine invasion, there were demands for exchanges to cease Russian transactions. The market experienced a loss of USD 1 trillion over five weeks starting in May 2022, with Bitcoin falling below USD 29,000, its lowest level in 16 months (https://www.aa.com.tr/en/economy/bitcoin-digital-currencies-crash-in-2022-crypto-winter-amid-crises-turmoil-bankruptcies/2776010, (accessed on 20 August 2024)). Likewise, TerraUSD (UST), a stablecoin designed to maintain parity with the US dollar, fell below USD 0.26 on May 11, causing widespread investor concern [157]. In addition, Binance, a leading global cryptocurrency exchange, suspended bitcoin withdrawals in June 2022, attributing the action to a backlog caused by a “stuck transaction.” Meanwhile, Celsius Network, a prominent US cryptocurrency lending firm, halted withdrawals and transfers, citing “extreme” circumstances. In November 2022, cryptocurrency exchange FTX went bust [158].



The abovementioned results and discussion have various key recommendations and policy implications that might substantially impact regulatory measures and financial decision-making. Firstly, the presence of jumps in cryptocurrencies and forex exchange rates indicates that market participants and academicians should incorporate jumps when modeling asset pricing and option models to enhance their accuracy. Considering jumps as tail risk could also improve the robustness and predictive power of asset pricing models. Secondly, the presence of multifractal characteristics in jumps reveals the inefficiency of these markets, which challenges the traditional financial model’s reliance on the random walk hypothesis. This scenario calls for reevaluation of financial decisions based on these models, especially in light of observed multifractal patterns and market inefficiencies. In addition, linear models based on OLS, correlation, and vector regression techniques may not appropriately capture these jump dynamics. Hence, regulators and policymakers should implement more sophisticated non-linear models to closely monitor these markets and develop strategies that mitigate the risks and enhance the efficiency and transparency of these markets. Thirdly, the inefficiencies of these markets may also be attributed to their predictability, where investors and risk managers can better assess the likelihood of extreme events and adjust their exposure to risky markets. Fourthly, the presence of jumps in forex markets may affect the volatility risk premiums, which have a greater impact on funding costs for nations dependent on foreign financing sources. Therefore, developing jump-adjusted trading strategies can help navigate market complexities and leverage opportunities arising from jumps.



This study can be further extended by examining the multifractality of not only jumps but also co-jumps. Future studies might also focus on investigating the inner mechanism of jumps spread across different markets and how it affects regulatory actions. Exploring the sources of multifractality in jumps or how the multifractality changes over different frequencies would be interesting to examine in the future. By delving deeper into these aspects, future research can contribute significantly to advancing the knowledge of market dynamics, risk management strategies, and the expansion of more vigorous financial methodologies that capture the complexities of jumps and multifractal behavior.
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Figure 1. 5 min high-frequency returns of cryptocurrency markets. 
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Figure 2. 5 min high-frequency returns of forex markets. 
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Figure 3. Daily jump estimates of cryptocurrency markets derived from 5 min high-frequency data. 
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Figure 4. Daily jump estimates of forex markets derived from 5 min high frequency data. 
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Figure 5. This figure presents the MFDFA outcomes pertaining to the jumps observed in cryptocurrency markets. In the (top-left) section, fluctuation functions for q = 10, q = 0, and q = −10 are displayed. The (top-right) segment illustrates the GHE corresponding to each q value. Additionally, the (bottom-left) section showcases the Mass exponent, τ(q), while the (bottom-right) portion presents the Multifractal Spectrum. 
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Figure 6. This figure presents the MFDFA outcomes pertaining to the jumps observed in forex markets. In the (top-left) section, fluctuation functions for q = 10, q = 0, and q = −10 are displayed. The (top-right) segment illustrates the GHE corresponding to each q value. Additionally, the (bottom-left) section showcases the Mass exponent, τ(q), while the (bottom-right) portion presents the Multifractal Spectrum. 
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Figure 7. Dynamic Hurst exponent evolution of the jumps of cryptocurrencies (  q = 2  , and   w i n d o w = 250  ). 
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Figure 8. Dynamic Hurst exponent evolution of the jumps of forex markets (  q = 2  , and   w i n d o w = 250  ). 
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Table 1. Descriptive statistics of the returns of cryptocurrency and forex markets.
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	BTC
	ETH
	LTC
	EOS
	DSH
	XRP





	Minimum
	−0.1334667
	−0.1541507
	−0.2231436
	−0.2568316
	−0.2407215
	−0.2274537



	Maximum
	0.1216104
	0.3050206
	0.2513144
	0.2175317
	0.3965783
	0.5527772



	Mean
	0.0000021
	0.0000055
	−0.0000018
	−0.0000073
	−0.0000048
	0.0000016



	Standard Deviation
	0.0025901
	0.0037046
	0.0057694
	0.0040466
	0.0167969
	0.0042855



	Kurtosis
	229.0234226
	274.7694729
	62.1027108
	405.9822622
	116.2893777
	1242.2956452



	Skewness
	−0.5426317
	1.4953974
	−0.2512815
	−4.2124110
	0.0780610
	7.2159910



	Count
	298,943
	298,943
	298,943
	298,943
	298,943
	298,943



	
	EURO
	GBP
	CAD
	AUD
	CHF
	JPY



	Minimum
	−0.0097635
	−0.0289145
	−0.0147172
	−0.0166296
	−0.0108653
	−0.0128702



	Maximum
	0.0126936
	0.0211009
	0.0072101
	0.0177998
	0.0142757
	0.0173053



	Mean
	−0.0000001
	0.0000000
	−0.0000001
	−0.0000001
	0.0000003
	−0.0000011



	Standard Deviation
	0.0002998
	0.0003831
	0.0002846
	0.0004437
	0.0003034
	0.0003188



	Kurtosis
	46.0856627
	180.2839098
	52.3844694
	60.8869285
	50.1620370
	128.0273178



	Skewness
	0.1686466
	−0.9621895
	−0.6799445
	−0.2011033
	0.3431656
	1.3942462



	Count
	298,943
	298,943
	298,943
	298,943
	298,943
	298,943










 





Table 2. Descriptive statistics of the jumps of cryptocurrency and forex markets.
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	BTC
	ETH
	LTC
	EOS
	DSH
	XRP





	Minimum
	0.0979
	0.1493
	0.3557
	0.0000
	0.0000
	0.2623



	Maximum
	5.2125
	5.8436
	6.4878
	7.9134
	25.5424
	7.5467



	Mean
	0.5813
	0.8514
	1.4960
	0.9022
	2.5563
	0.8865



	Standard Deviation
	0.3781
	0.4981
	0.5579
	0.5610
	4.0132
	0.6731



	Kurtosis
	36.0972
	21.2925
	15.1661
	33.6345
	12.1073
	19.3090



	Skewness
	4.3281
	3.1258
	2.5592
	4.1620
	3.3372
	3.6039



	Count
	1039
	1039
	1039
	1039
	1039
	1039



	
	EURO
	GBP
	CAD
	AUD
	CHF
	JPY



	Minimum
	0.0217
	0.0357
	0.0257
	0.0293
	0.0266
	0.0180



	Maximum
	0.2649
	0.7284
	0.2757
	0.7620
	0.3434
	0.4160



	Mean
	0.0785
	0.0984
	0.0755
	0.1149
	0.0811
	0.0784



	Standard Deviation
	0.0339
	0.0473
	0.0280
	0.0526
	0.0299
	0.0447



	Kurtosis
	4.6571
	37.8015
	8.1816
	29.3221
	12.5004
	12.0677



	Skewness
	1.6924
	4.3350
	2.0683
	3.6970
	2.5341
	2.7267



	Count
	1039
	1039
	1039
	1039
	1039
	1039










 





Table 3. Generalized Hurst exponents ranging from q = −10 to q = 10 for the jumps of cryptocurrency and forex markets.
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	Order Q
	BTC
	ETH
	LTC
	EOS
	DSH
	XRP
	EURO
	GBP
	CAD
	AUD
	CHF
	JPY





	−10
	1.1009
	1.4712
	1.0494
	1.1431
	1.3342
	1.2119
	1.0687
	1.3426
	1.1156
	0.9921
	1.0595
	1.0843



	−9
	1.0905
	1.4588
	1.0386
	1.1324
	1.3212
	1.2049
	1.0578
	1.3322
	1.1024
	0.9807
	1.0505
	1.0787



	−8
	1.0781
	1.4438
	1.0256
	1.1196
	1.305
	1.1967
	1.0450
	1.3197
	1.0865
	0.9674
	1.0401
	1.0723



	−7
	1.0633
	1.4255
	1.0099
	1.1041
	1.2843
	1.1872
	1.0299
	1.3044
	1.0675
	0.9519
	1.028
	1.065



	−6
	1.0457
	1.4028
	0.991
	1.0852
	1.257
	1.1762
	1.0122
	1.2853
	1.0447
	0.9344
	1.0141
	1.0568



	−5
	1.025
	1.3748
	0.9682
	1.062
	1.2205
	1.1633
	0.9916
	1.2614
	1.0177
	0.9158
	0.9988
	1.0474



	−4
	1.002
	1.3402
	0.9417
	1.0344
	1.1704
	1.1481
	0.9690
	1.2321
	0.9875
	0.8994
	0.9833
	1.037



	−3
	0.9795
	1.2979
	0.9129
	1.0028
	1.1019
	1.1296
	0.9473
	1.1988
	0.9571
	0.8922
	0.9704
	1.0253



	−2
	0.9643
	1.2472
	0.8857
	0.9698
	1.0188
	1.105
	0.9332
	1.1678
	0.9339
	0.9056
	0.965
	1.011



	−1
	0.9651
	1.1858
	0.8669
	0.9401
	0.9569
	1.0665
	0.9386
	1.1496
	0.9298
	0.9508
	0.9727
	0.9887



	0
	0.9767
	1.107
	0.8597
	0.9172
	0.9674
	1.0055
	0.9847
	1.1452
	0.9732
	1.0354
	0.9991
	0.9651



	1
	0.9568
	1.004
	0.8481
	0.8963
	1.0392
	0.9417
	1.0832
	1.1143
	1.1017
	1.143
	1.0426
	0.9839



	2
	0.8709
	0.8914
	0.8083
	0.8657
	1.0858
	0.9089
	1.1621
	1.0222
	1.2191
	1.1606
	1.064
	1.0376



	3
	0.7614
	0.7971
	0.7481
	0.8254
	1.0969
	0.896
	1.1694
	0.9285
	1.2366
	1.1011
	1.0447
	1.064



	4
	0.6736
	0.7289
	0.6901
	0.7865
	1.0919
	0.887
	1.1456
	0.8628
	1.2128
	1.0438
	1.0144
	1.062



	5
	0.612
	0.6812
	0.6435
	0.7547
	1.0813
	0.8781
	1.1186
	0.8185
	1.1854
	1.0019
	0.9873
	1.0494



	6
	0.5689
	0.6472
	0.6082
	0.7301
	1.0697
	0.8693
	1.0954
	0.7876
	1.1626
	0.9718
	0.9656
	1.035



	7
	0.5377
	0.6223
	0.5813
	0.7109
	1.0588
	0.8611
	1.0767
	0.765
	1.1445
	0.9495
	0.9483
	1.0217



	8
	0.5143
	0.6035
	0.5605
	0.6958
	1.0489
	0.8536
	1.0617
	0.7479
	1.1303
	0.9324
	0.9344
	1.01



	9
	0.4962
	0.5889
	0.544
	0.6837
	1.0402
	0.8469
	1.0496
	0.7344
	1.1189
	0.9189
	0.9231
	1.0001



	10
	0.4817
	0.5773
	0.5308
	0.6738
	1.0327
	0.8409
	1.0397
	0.7236
	1.1096
	0.9081
	0.9138
	0.9916



	Hurst Average
	0.8459
	1.0427
	0.8149
	0.9111
	1.1230
	1.0180
	1.0467
	1.0592
	1.0875
	0.9789
	0.9962
	1.0327



	Delta H
	0.6192
	1.0485
	0.5802
	0.8169
	1.3669
	1.0528
	1.1084
	1.0662
	1.2252
	0.9002
	0.9733
	1.0759



	Delta Alpha
	0.8440
	1.1109
	0.7346
	0.6547
	0.4943
	0.488
	0.3132
	0.8098
	0.4067
	0.3673
	0.3104
	0.2196



	Fractal Dimension
	1.1541
	0.9573
	1.1851
	1.0889
	0.8770
	0.9820
	0.9533
	0.9408
	0.9125
	1.0211
	1.0038
	0.9673
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