i fractal and fractional

[

Article

Distributed Consensus Tracking of Incommensurate
Heterogeneous Fractional-Order Multi-Agent Systems Based on
Vector Lyapunov Function Method

Conggui Huang ! and Fei Wang 2*

check for
updates

Citation: Huang, C.; Wang, F.
Distributed Consensus Tracking of
Incommensurate Heterogeneous
Fractional-Order Multi-Agent
Systems Based on Vector Lyapunov
Function Method. Fractal Fract. 2024,
8,575. https://doi.org/10.3390/
fractalfract8100575

Academic Editors: Gani Stamov,

Norbert Herencsar and Carlo Cattani

Received: 26 July 2024
Revised: 20 September 2024
Accepted: 27 September 2024
Published: 30 September 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Integrated Circuits, Wuxi Institute of Technology, Wuxi 214121, China; huangcg@wxit.edu.cn
2 School of Mathematical Sciences, Qufu Normal University, Qufu 273165, China
*  Correspondence: fei9206@qfnu.edu.cn

Abstract: This paper investigates the tracking problem of fractional-order multi-agent systems. Both
the order and parameters of the leader are unknown. Firstly, based on the positive system approach,
the asymptotically stable criteria for incommensurate linear fractional-order systems are derived.
Secondly, the models of incommensurate heterogeneous multi-agent systems are introduced. To
cope with incommensurate and heterogeneous situations among followers and the leader, radial
basis function neural networks (RBFNNs) and a discontinuous control method are used. Thirdly, the
consensus criteria are derived by using the Vector Lyapunov Function method. Finally, a numerical
example is presented to illustrate the effectiveness of the proposed theoretical method.

Keywords: consensus; incommensurate; vector Lyapunov function; radial basis function neural
networks (RBFNNSs)

1. Introduction

In recent decades, consensus problems have attracted many people’s attention due
to their applications in many fields such as social sciences, physics, control engineering,
etc. Consensus of integer-order multi-agent systems (MASs) have been studied in many
earlier studies [1-5]. However, there are numerous phenomena that cannot be adequately
described by integer-order dynamics, for instance, the synchronized motion of agents
in fractional circumstances, like macromolecule fluids and porous media. Consequently,
consensus of fractional-order multi-agent systems (FOMASs) were first studied in [6]. In
the past decade, FOMASs have attracted much attention, becoming a hot topic in the field
of cooperative control [7-10].

Due to the diversity of each agent, the parameters of every individuality may not be
identical, thus called heterogeneous. There are many studies about first-order, second-order
or high-order MASs, which have heterogeneous dynamics among their agents [11-14].
Among these, the complete consensus is difficult to achieve by using static linear feedback
control protocol. If the MASs have fractional-order (FO) dynamics, there are also some
studies that are similar to those of the integer-order cases [15-20]. Note that orders of
systems are also parameters in the FOMASs, and the incommensurate order is a distinctive
feature of heterogeneous FOMASs. However, there are few studies about FOMASs with
different order individualities. In [21], the problem of finite-time consensus tracking for
incommensurate nonlinear FOMASs has been investigated, where the communication
topology of the MASs is directed and switched. In [22], the problem of practical fixed-time
bipartite consensus of a nonlinear incommensurate FOMAS via sliding-mode technique
has been discussed, which has a general communication network with a signed directed
graph. The above studies promote the finite-time stability theory of incommensurate order
FO systems. But the orders of the leader in the above studies are known. In [23], consensus
control of incommensurate FOMASs with nonlinear and uncertain dynamics has been
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studied, in which, the order of the leader is unknown, and the authors have built an analysis
frame about the consensus problem of incommensurate systems. However, only bounded
consensus has been achieved in the paper.

This manuscript tries to address the tracking problem of heterogeneous FOMASs,
in which both the orders and parameters of the leader are unknown. The radial basis
function neural networks (RBFNNs) are designed to estimate the errors of the states among
different orders, which help to establish the error dynamical equations. Furthermore, the
Vector Lyapunov Function method is applied to analyze the stability of the error system.
In summary, the contributions of this paper are the following: (1) Based on a positive
system approach, the asymptotically stable criteria for incommensurate linear FO systems
are derived, and some discussion about the existing literature has been presented. (2) A
multi-agent system with incommensurate orders and parameters is used to track the leader
with unknown order and parameters, and complete consensus can be achieved under
the controllers in this manuscript. (3) An analysis frame of leader-following consensus is
established by using the Vector Lyapunov Function method.

The main structure of the remaining part of this paper is organized as follows. In
Section 2, some fundamental definitions and lemmas of FO calculus are introduced, and
the asymptotic stability of the positive incommensurate FO system is presented. The
incommensurate heterogeneous FOMASs and the problem in this paper will be formally
stated in Section 3. The main results about sufficient conditions of consensus of the
considered FOMASs are presented in Section 4. In Section 5, a simulation example is given
to check the theoretical results. Finally, concluding remarks are presented in Section 6.

Notations: Let N be the set of natural integers. Let R be the set of real numbers. R" and
R™>"2 refer to the n-dimensional real vector and 1y x 1, real matrices. Let R (R" ) be n-
dimensional real vector with non-negative elements. If A = (al-]-)n1 xny, B = (bi]-)n1 iy, then
A > B denotes ajj > bi]-. The superscript “T” denotes matrix transposition. I, denotes the

n-dimensional identity matrix. For a vector x € R", || x || is defined as || x [|= vV xTx, and
n

| x |1 is defined as Y |x;|. For P € R"*", Apax(P) and Apin (P) represents the maximum
i=1

and minimum eigenvalue of P, respectively.

2. Fractional-Order Calculus with Caputo’s Operator

In this subsection, some preliminary knowledge of FO calculus is introduced first.
Then, some introductions about the Mittag—Leffler function are introduced, which will be
used in later sections. After which, the asymptotic stability of the positive incommensurate
FO system is analyzed.

Definition 1 ([24]). For a continuous function r(t): [ty, +00) — R, the FO integral of order
a € (0, +o0) is defined by

plfr(t) = F(loc) /tt(t —5)* 1r(s)ds.

0

Definition 2 ([24]). Let function r(t) be differentiable on [ty, +c0); the Caputo FO derivative of
order o € (0,1) for r(t) is defined as

P U to#(s)
% ir(t) =4, It1 r(t)_F(l—oc) /to (t—s)“ds'

Lemma 1 ([24]). Let n = [a] + 1 fora & Norn = a for « € N. If y(t) € C"[tg, +-00], then

R
<

n (¢ .
oIt DE0) = (0 = T L )
L

I
o
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In particular, if0 < a < 1and y(t) € C[ty, +0], then
wlf' 1, Diy(t) = y(t) — y(to)-

Lemma 2 ([25]). If a vector function y(t) € R" is derivable on [tg, +00), we have the following
inequality:

L DEYT (HQu(1) < 24T (H)Qy Diy(t),

where w € (0,1), t > tgand Q € R"*" is a constant positive definite matrix.

k

+o00 z
In FO calculus, the Mittag—-Leffler function E, 5(z) = _—
8 o) = LTkt p)

Ex(-) = E41(+). The following differentiation formula is an immediate consequence of the
definition of the Mittag-Leffler function E, (t).

is significant, let

Lemma 3. Let g(t) = Eu(t); then, ¢(t) = %Ea,a(t)- Consequently, let §(t) = g(vt*) =
Eq(vt®); then, §(t) = vt* 1E, o (vt®); let §(t) = g(v(s — t)%) = Eq(v(s — t)*); then, §(t) =
—v(s —t)* 1Ey 4 (v(s — t)*), where v € (—00,+00), s € [t,+0), « € (0,1) are constants and
t>0ing(t), §(t), t <sing(t).

Proof. According to the definition of E,(t) and the property of I'(+) that xT'(x) = I'(x + 1),
one has

, & kit 12 1

g(t) = k;m = &Igm = &Ea,zx(t)'
Let u(f) = vi%; then, §(f) — d‘%‘)% — UETE, (uBY). Let u(t) = v(s — £)%; then,
3(t) = di(uu) % = —v(s — t)* 1Ey 4 (v(s — t)*). This completes our proof. [J

The Vector Lyapunov Function method will be the main tool in this paper. The analysis
of the asymptotic stability of the positive incommensurate FO system is presented in the
following Lemma. Considering the autonomous linear incommensurate FO system, in this
paper, we assume the initial time as fy = 0:

{wwm:@m,

y(0) = yo € R, @

where y(t) € R", oDy = [oDi"y1(t),0 D{?ya(t), - 0 D{"yu(1)]" € R, a; € (0,1), R =
(T’ij)an E Rnxn.

Lemma 4 ([26]). Assume that the A is a Metzler matrix and also a Hurwitz matrix. Then, there
exists A € R" such that AA € R".

Lemma 5. Assume that R is a Metzler matrix and also a Hurwitz matrix; then, the system (1) is
asymptotically stable for any yo € R}

Proof. The system can be represented by components as the following:

oDf () = rigyi(t) + Yoriyi(t), i = 1,2, ,n.
j#i

Then, according to the theory of solution for nonhomogeneous linear FO differential
equations (one can see Section 3.2 (pp. 54-56) of [27]), it is easy to obtain

yi(t) = yi(0)Eg, (riit"") + x(t),
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where

t
() = ) (=" B 1l =9)%) Doy e)ds
JF

Integrating by parts, we obtain

Erlﬂ/] )+ — Erlly] )Eu(riit™)
j#i it i

1 /¢ , .
o [ Bt = 9m) L (s)ds
11

J#

rll

According to Lemma 4, one can conclude that there must be an # € R’}, which is
satisfied by Ry € R". By some simple calculations and using Lemma 3, we have

Gi(t) = yi(0)rigt" ™" By, (rist™) + X (1)

1
—/ §)% Eg, a; (rii(t —5)* Zrl]y]

j#i (2)

+ T lszl «; 7’11 Z rl]]/]
When y(0) = k#, one can obtain Z?:l ri]-y]-(O) <0,i=1,2,...,n. Then,

5 < [ (=9 B (ralt = 9)) L) ®)
: j#i

According to the system, one has
o n n
Jlim oDj'y;(t) = lim ]; rijyj(t) = ]; rijy;(0) <0
ie.,

t 7.
. yi(s)
1
tgé1+ o (t—s)% ds <0,

one can conclude that

tli%}r yz( ) — —o.

Assume that there is a t7 > 0 such that y;(t}) > 0 and y;(t) < 0when t € [0, t}). Based on
(3), we have

0 <y;(t)

*

S /1<t;k S)EK, 1Eﬂ(1,a¢1 rll _ Zrl]y] S < 0’ (4)
0 j#i

which is contradictory; thus, y;(t) < 0, t € [0, 4c0). Consequently, y;(f) is monotonically
non-increasing and y;(t) > 0.
Thus, one can conclude that , liT yi(t) is existent and finite; assuming that , lirf yi(t) =
—+00 —+oo

7i, one has tlir+n oDfy(t) = Rywith § = [§1,¥2,...,7x] € R". Based on the Final Value
—r+0o0
Theorem of Laplace Transform, we have liné sC{oD{y(t)} = Ry and lir% sC{y(t)} =7,
s s—
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where L£{-} denotes the Laplace Transform of a function. Let Y;(s) = L{y;(t)} and
Y(s) = [Yi(s),Ya(s), ..., Yu(s)] € R"; then,

Ry =limsL{oDy(t)}
5—
= lir%s[s”‘lYl(S) —s17141(0),5%2Y;(s) — 827 1y5(0), ..., 8" Y, (s) — s* Ly, (0)]T
s—
=lim diag{s"1,s*2,...,s" }(sY(s) — y(0))

s—0

—T; . [ S%) Xn 7 —
i%dlag{s /S ,...,S (y 3/(0))'

which implies that Ry = 0; combined with R in nonsingular, one can obtain thT yi(t) =0
— 100

with any initial condition yo € R’}. [

Remark 1. Indeed, the above Lemma is a special case of Lemma 3 in [28]. In [28], to prove y;(t) is
monotonically non-increasing, the authors assume e(t) = y(t) — y(t + c¢) and then derive e(t) > 0
by analyzing FO system oD{e(t) = Re(t). However, according to the definition of FO derivatives,

oDfe(t) =0 Dry(t) —o Diy(t +c).

In general,
oDfy(t +c) #o Dy cy(t+c) = Ry(t +c).

Consequently, the proof of Lemma 3 in [28] may not appropriate. Based on the above Lemma, we
have proved the monotonically non-increasing nature of y;(t) via y;(t) < 0 directly.

3. Preliminaries and Problem Formulation
3.1. Algebraic Graph Theory

In this subsection, we introduce some fundamental definitions pertaining to algebraic
graph theory, which will serve as the basis for subsequent sections.

Let G = {V, &, W} be a graph with N nodes, where V = {v1,v;,..., o5}, E CV XV
denote the set of nodes and edges, respectively. W = {w;;} € RN*N s a weighted

adjacency matrix, where w; = 0, w;; > 0 if (vj, v;) € £ and wj; = 0; otherwise, for all
i=1,2,...,N. The corresponding Laplacian matrix L is defined as I;; = —wj; if j # i and
N
lii = Z ZUU
jFLj=1

3.2. System Model

In this subsection, the model of FOMASs will be introduced, and the problem formula-
tion will be given. Considering the following heterogeneous FOMAS consists of N agents
with different orders, the FO dynamical model of the ith agent is described as follows:

oDy xi(t) = Ajxi(t) + Bif (xi(t)) + ui(t),i = 1,2,--- ,N, ®)

where x;(t) € R" is the state of the ith agent, ; is the order of the ith agent, f(x;(t)) =
[f1(x: (1)), fa(xi(£), -, fu(xi(t))]T € R" is a nonlinear vector value function, u;(t) is
control input or the communication protocol of the ith agent, which would be designed
later, and A; and B; are constant matrices. f(-) is assumed to satisfy the following Lipschitz
condition throughout this paper:

. f S
Assumption 1. There are constants lij >0,i,j=1,2,--- ,nsuch that, forany x,y € R",

)~ fily) 1< f,;zz} EEUIE
L
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Remark 2. Let Ly = (lé)nxn. Then, for any diagonal matrices Ay > 0, according to the
Assumption 1, one has

(x =y LEAfLr(x —y) = (f(x) = FW)) ' As(f(x) = ().

Furthermore, the above assumption is mild, which is fitted for many systems, such as Lorenz’s
systems and Hopfield neural network systems, etc.

The leader with unknown order is described as follows:

0D;xo(t) = Agxo(t) + Bof (xo(t)), (6)

where « is the unknown order, and Ay and By are also unknown. In this paper, the u;(f) is
designed as follows:

N
ui(t) = —c Y Lyxj(t) — ed;(x;(t) — xo(t))
=

— cdjsign(x;(t) — xo(t)).

Let error signal e;(t) = x;(t) — xo(t); one has
N ~
ui(t) = —c Y _ Lijej(t) — cdie;(t) — cdjsign(e;(t)). )
=1

Let ¢;(xo(t)) =0 D;*x0(t) —o D{xo(t); then, by some simple derivation, one can obtain the
following error dynamic equation:

0Dfei(t) = Aiei(t) + Biglei(t)) + wi(xo(£)) + gi(xo(t))

N
- Z 1116](1’) —cdie;(t) — cdisign(ei(t)).
=1

where g(e;(t)) = f(xi(t)) — f(xo(t)), wi(x0(t)) = (A; — Ao)xo(t) + (B; — Bo) f(xo(t))-
Assumption 2. The x(t) is bounded.

According to the above assumption and Assumption 1, one can conclude that w;(xo(t))
is also bounded, i.e., there are constants ¢; > 0 and T > 0 such that || w;(xo(t)) || < €,
t>T,i=1,2,---,N,where || - || denotes the Euclidean norm of a vector.

Lemma 6 ([29]). If ¢(x) is a continuous function over a compact set Q), € R", then there is a
RBENN such that

p(z) =9Ts(z) +4(z), |5]|<e

where € > 0 is a prescribed accuracy, and the ideal weight vector 1 satisfies
. *T
=arg min { su z) — P is(z
¥ gw*eRm{zeng() ¥*is(z) |}

and 6(z) represents the approximation error, p* =[5, 93, -, ¥y]|T € R™ indicates the weight
vector, in which m > 1 being the number of the RBFNN nodes, and s(z) = [s1(z),s2(z),- -,
sm(z)]T € R™ is the basis function vector with

(z— Uz’)T(Z - Ui)] ;
q? '

:1/2/"' ,m,

si(z) = exp [—



Fractal Fract. 2024, 8, 575

7 of 17

where v; = [0;1,Vpp, V| ! stands for the center vector, and g; is the width of the Gaussian function.

Lemma 7 ([30]). The FO continuous-time system oD{x(t) = Ax(t) + Bu(t) is positive if and
only if A is a Metzler matrix, where x(t) € R", u(t) € R" are state and input vectors, A € R"*",
B € R"™™ (Dfx = [OD;Xlxl (t).0 szxZ(t), 0,0 D?"xn(t)]T eR”, a; € (0,1).

4. Main Results

In this section, the analysis of consensus tracking for the systems (5) and (6) under the
protocol (7) is presented.

Theorem 1. If Assumptions 1 and 2 hold, then the consensus tracking of the heterogeneous FOMAS
(5) and (6) could be achieved if there are diagonal matrix P > 0, constants a; > 0 such that

i €iAmax(P) +&
L= C)\min(P) ’

:i PBZ —ﬂip 0 .
{PBI- Af}<{ 0 0}’ (10)

©)

where J; = PA; + AiTP + L}Afo + (1 +¢; —¢)P —2cd;Iy, Ay and Ly have been mentioned in

Remark1,i=1,2,---,N.
Proof. Consider the Vector Lyapunov Function
V(e(t)) = Vi(er(t), Valea(t)), -, Vi (en()]" € RY,
where V;(e;(t)) = %eiT(t)Pei(t), i=1,2,---,N. Denoting the fractional derivative on the
time ¢ of V;(e;(t)) with order a; along with (8) as oD} V;(e;(t)), one has
oDy Vi(ei(t))
< el (t)PD%e;(t)
= e (1)P{ Aves(t) + Big(ei(t)) + wi(xo (1)) + pi(xo(1))

N ~
—c 21 Ljej (1) — cdie;(t) — cdisign(ei (1)) }
=

= 2T ()(PA; + ATP)ei(t) + ] (1)PBig(es(r)
(t)Pwi(xo(t)) — cdie] (1) Pei(1)
(t)Ppi(xo(t)) — ccfieiT(t)Psign(ei(t))

— ceiT(t)P ll]e](t)

=

+ez-T
+el~T

—

2
ay

it
i1

=1 i i

n
Due to P > 0, based on the Cauchy inequality (i.e., (X akbk)2 < b%) and the
; .

definition of the function sign(-), it is easy to obtain

n
— cdie] (t)Psign(e;(t)) = —cd; ) pj | e(t) |
=1

< —cdirmin(P) || €i(t) 1< —cdidmin(P) || ei(t) ||,
el (£)Pw;(xo(t)) < eidmax(P) || €i(t) || -

(11)
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‘ Accqrding to Lemma 6, one can conclude that there must be 1/7 € R, Ai( x0) =
(01 (x0), 5 (x0), - -, 6, (x0)] such that

Pi(xo(t)) = P's(xg) + Al(xg), i=1,2,---,N,
where | 5;(x0) |<&;j,j=1,2,--- ,n. Then, we have
ef (1)Pg;(xo(t))
= el (NP{§s(x0) + (o) | W
= %eiT(f)Pei(t) + Egl-eiT(t)P.ei(t) e | et) |l

where {; =|| ' ||2, & = max { | &; | }, in which, || ¢ || denotes the Frobenius norm of
]

matrix §'. Moreover, sT (xg)s(xp) < 1 has been used. According to the Remark 2 and (9),
one can obtain

. 1
OD:.‘XIVI'(eit) < Eg ( ( ))Afg(el - Ce P Zlue]
1 13
21(){PA +AlP+ (14 ¢)P —2cd;1, (13)
+ LfAfo}e,»(t)
Noting that /;; > 0 and I;; < 0 when j # i, and [;; = — }_ ;;, then
J#i
—cel (t)P Z lije;(t)
= —cliie Pel chl]e Pe]
j#i (14)
< —clyel (t)Pe; (t Zzl]{ £)Pe;(t) + ] (t )Pej(t)}
J#z
c
= —21 t)Pe; (¢ le] f Pe]
]#l
It is easy to obtain
0DFVi(t) < —(a; + cly) Vi — ¢ YL Vi (1) (15)
J#i
Let A € RN*N be the matrix with A;; = —c(a; + cl;;), Ajj = —cljjfori,j=1,2,--- ,N.

Let
oDFV (e(t)) = [oDi Va(er(t)),0 D Va(ex(t)), - - - o DfN Viv(en(t))]" € RN,
Then, we have
oDV (e(t)) < AV (e(t)).
There must be C(t) > 0 such that ¢D¥V(e(t)) = AV(e(t)) — C(t). Consider the
following FO auxiliary system

{ODf‘W(t) = AW(t) 16

W(0) = V(e(0)).
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Let é(t) = W(t) — V(e(t)). One has
{OD;"é(t) = Ae(t) + C(t) a7
é(0) =0.

N _
From (10) and )} I;; = 0, A is a Metzler matrix. According to Lemma 7, one has
j=1
vVt > 0,é(t) > 0,ie., V(e(t)) < W(t). Based on Lemma 5, it is easy to conclude that the
solution of (16) is asymptotically stable, which implies that tliT W(t) = 0. Consequently,
—r+00

one has tligl V(e(t)) = 0. Because V;(¢;(t)) = %eiT(t)Pei(t) and P is a positive definite
—+oo

matrix, tlig\ e;(t)=0,i=1,2,--- ,N,ie, thrf e(t) = 0; then, the tracking consensus of
—+00 —

the FOMAS (5) and (6) can be achieved, which completes our proof. [

5. Numerical Simulations

Consider a heterogeneous incommensurate FOMAS with four followers: D% x;(t) =
Aixi(t) + fi(x;(t)), where x; € R*,i =0,1,2,3,4, and

36 3 0 0 45 45 0 0
16 28 0 -1 16 28 0 -1
Ao = o o -3 o |'M™ 0 o0 -3 0 |
1 0 0 0 1 0 0 0
-36 3 0 0 —20 20 0 O
~16 28 0 -1 ~16 25 0 —1
Az = 0o o0 -25 o0 |’ 0 0 -3 0 |
1 0 0 -1 1 0 0 0
35 3 0 0 0
~15 29 0 -1 — XX
As=| o 9 _o5 o |fitit)= xill;if
1 0 0 0 gi

in which, go = g2 = @4 = 0.5, g1 = 1.5, g3 = 0.1; furthermore, ap = 0.99, a; = 0.98,
ay = 0.94, a3 = 0.95, ay = 0.96.

Under the above parameters, hyperchaos behaviors will occur of x¢(t). The phase
portraits of the leader are shown in Figure 1 with the initial values [10,10, —10, —10]7.
Let x;(0)(i = 1,2,3,4) be random between [—50,50]. Then, without control, the states of
xi(+)(i = 1,2,3,4) are shown in Figure 2. It is obvious that they are chaotic, stable, unstable,

2 -1 0 -1

etc. Letc = 30, d; = 25, dfi =15,and L = _01 _21 _11 8 . It is easy to see
-1 0 0 1

that, without control, the synchronization error is toward infinity (due to x3(t) unstable).
However, under control, the consensus can be achieved, and the states and errors are
shown in Figure 3 and Figure 4, respectively.
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(d) x02(t) — x03(t) — x04(t) phase space.

Figure 1. (a-d) Hyperchaos behaviors of leader x(t).
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(d) States of x4(t)

Figure 2. (a—d) States of x;(t)(i = 1,2, 3,4) without control.
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Remark 3. Noting that the order is a significant parameter in the analysis of the dynamics of the
fractional-order systems, if the orders are too low, namely, close to zero, the systems usually diverge
to infinity. For example, if we set oy = 0.3, then, the states of the leader can be seen in the Figure 5,
where the steps of the simulation are selected as 0.0001. Furthermore, the numerical algorithms of
the fractional-order differential equations are in the stage of development; when the order is low,
it is difficult to achieve high accuracy. When we set oy = 0.6, a1 = 0.65, ap = 0.55, a3 = 0.65,
ng = 0.7, as one can see in Figure 6. It is easy to see that, without control, the consensus cannot be
achieved. However, under control, the consensus can be achieved, as one can see in Figures 7 and 8.
Furthermore, the dynamical behaviors are different from the manuscript.
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Figure 5. States of leader x((t) when oy = 0.3.
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Figure 6. (a-d) States of x;(t)(i = 1,2,3,4) without control, &y = 0.6, a1 = 0.65, ay = 0.55, a3 = 0.65,
g = 0.7.
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6. Conclusions

In this paper, an incommensurate heterogeneous fractional-order multi-agent system
has been studied. As a main theory tool, the Vector Lyapunov Function method for in-
commensurate fractional-order systems has been discussed. Then, a leader (target) with
unknown parameters and orders has been tracked under a discontinuous distributed con-
trol protocol. Different from some existing studies, the complete consensus can be achieved
with the proposed control strategy instead of a bounded consensus. In general, this
manuscript has constructed the theoretical analytical framework for the leader-following
consensus of incommensurate fractional-order multi-agent systems. As we all know, there
exist many constraints in the communications among agents, such as time delay, stochastic
disturbances, bandwidth limitation, etc. In the future, we will extend the framework of this
manuscript to fit a more practical networked environment.
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