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Abstract: In this paper, we focus on the uniqueness and iterative properties of positive solution for a
coupled p-Laplacian system of singular tempered fractional equations with differential order and
characteristics. Firstly, the system is converted to an integral equation, and then, a coupled iterative
technique and some suitable growth conditions are proposed; furthermore, some elaborate results
about the uniqueness and iterative properties of positive solutions of the system are established, which
include the uniqueness, the convergence analysis, the asymptotic behavior, and error estimation, as
well as the convergence rate of the positive solution. The interesting points of this paper are that
the order of the system of equations is different and the nonlinear terms of the system possess the
opposite monotonicity and allow for stronger singularities at space variables.
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where §D¢x(t) = % (Itn_gx(t)) and

I Sx(t) = /O (= )5 Lx(s)ds, 3)

is a Riemann-Liouville fractional integral; see [1].

System (1) comes from the dynamics phenomenon for modeling a particle’s random
walk in Brownian motion, where the transition has a feature of a semi-heavy tail from a
power law to a Gaussian. Let g(x, t) be the particle jump density function. To more accu-
rately describe the long-range dependence property that the particle diffusion possesses,
Sokolov and Klafter [2] replaced Einstein’s classical diffusion equation [3] by the following
fractional variant:

djg(x, 1) = Ag(x,t), (4)

where the space fractional derivative 3% (0 < ¢ < 2) describes particle jumps P[] > x] ~ x~*

and the time fractional derivative (0 < j < 1) represents the waiting time P[W > t] ~ ¢~/
between particle jumps. Obviously, 9% and @) all obey a heavy-tailed power law. However,
in anomalous diffusion, the delivery speed of a particle’s random walk in Brownian motion
is faster than that expected in traditional diffusion, which means the decay of the particle
abides by a power law in moderate time, but follows an exponential rule on long time
scales, i.e., the particle’s Brownian motion in anomalous diffusion possesses a feature of a
semi-heavy tail. In order to temper the feature of the semi-heavy tail, Sabzikar et al. [4]
introduced an exponential factor into the particle jump density by a Fourier transform

FIZAg)(x ) = BY (x) e WX @+ 0-pBR @] g < p <1,

where
) {()Lixi)z—)\g, 0<t<1,
A x) —

* (A£xi) — AL — 202 xi, 1< (<2,

and derived a tempered anomalous diffusion equation:
g(x,t) = (~DFCr{pdf + (1 - p)ai)g(x,t), £ € (k—1,k), k= 1,2, 5)

Thus, the tempered anomalous diffusion Equation (5) offers an exponential decay advan-
tage over the fractional diffusion model (4) at long time scales, and has more applications
in the tempered Lévy flight diffusion [5], in geophysics [6,7], and in finance [8,9].

In recent years, many new concepts of fractional derivatives and integral operators
have been proposed, either to model natural phenomena where the existing fractional
integral or derivative operators are inadequate, or to derive some wonderful mathematic
properties that the traditional derivatives do not possess, for example, in the study of
dynamic systems model for bioprocesses [10], eco-economical processes [11], fractional
Kelvin—Voigt models [12], fractional Fourier transforms [13], fractional Jeffreys fluid in
a porous medium [14], fractional temperature fields [15], mathematical properties for
fractional problems [16-26], and so on. In a single equation, the author [27] established
iterative solutions for a class of fractional nonlocal equations subject to integral conditions:

BDix(t) + f(t,x(t) =0, 0<t<1,

x(0) = x'(0) = 0, RDyPx(1) = /0 'RDBx(1)dA(H), ©

where2 <a <3,0< <1, fol RDiPx(t)dA(t) denotes a Riemann-Stieltjes integral, and
the nonlinearity f (-, -) is continuous and increasing on the second variable in the local inter-
val. By two iterative sequences with known initial values, it was proven that Equation (6)
has two nontrivial solutions. However, the author neither obtained the positive solution
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of the problem nor established the uniqueness and iterative properties of the solution. In
a recent work [28], Wu et al. considered the unique positive solution for a p-Laplacian
fractional differential equation in the sense of Riemann-Liouville fractional derivatives:

8D (¢ (-5De7x) ) (1) = Ft.x(1), 0 <t <1,

1 7)
x(0) =0, §D;"x(0) = §D;"x(1) =0, x(1) :/O x(t)dx(t),

where 7,2 € (1,2], fol z(t)dx(t) is a Riemann-Stieltjes integral and yx is a function of
bounded variation. By using an iterative technique, the uniqueness and iterative properties
of the positive solution were established in the case where the nonlinearity was decreasing
in the space variable. Recently, by employing the monotone iterative technique, Zhao
et al. [29] studied the existence of iterative positive solutions for a coupled system of
fractional differential equations,

SDMx(t) + fi(t x(8),y(1), §DMx(t), §D 2y (1), 0<t <1, )
EDy2y () + fo(t,x(1), y(1), 8D x(), ED Py (1), 0<t <1,
subject to multipoint mixed boundary conditions:
m ﬁ n
x(0) = x'(0) =0, x(1) = }_ail;"y (&) + }_ by (m),
i=1 j=1
©)

y(0) = y/(0) = 0, y(1) = icﬂflx@i) T 21 b (i),
1= ]:

where o € (2,3], ,Bi S (1,2], 0 < vi < & — 2,i=1,2 and a;, ¢ > O,b]' >0,0<
o <LL,i=12--,mj=12--,n Under the condition that the nonlinearities
fi(t, x1,%x2,x3,x4) (i = 1,2) are all increasing in x; € [0,!] for j = 1,2,3,4, the iterative
positive solutions and iterative sequence were established. In addition, to make our paper
more self-integrated and readers conveniently understand our work, here we also recall
some theories and methods related to this paper such as space theory [30-35], iterative
techniques [36-38], regular theory [39-41], operator theory [42-49], upper—lower solution
methods [50-52], the method of moving spheres [53], critical point theory [20,54-61], fixed
point theorem [62,63], and many numerical techniques [64-66], etc.

By reviewing the above work, we find that the nonlinear terms of the equations
of the systems in existing work are almost all required to have the same characteristic:
from an analytical point of view, there is no essential difference to studying a single
equation, [27-29]. However, in system (1), f1, f» have opposite monotonicity, i.e., f1(-,-) is
increasing, and f,(+, -) is decreasing on the second variable, respectively. No work has been
performed on this type of system of equations with different characteristics as far as we
know. The research of this paper is motivated by this source; to fill this gap, we propose a
new double iterative technique and introduce some new growth conditions to overcome the
difficulty of systems of equations with different characteristics, in particular, we not only
establish the uniqueness of the iterative positive solution for system (1), but also derive the
explicit iterative properties of the positive solution, which include the iterative sequence,
the convergence analysis, error estimation, and the asymptotic behavior of the positive
solution of system (1). The new contributions of this paper are listed as follows:

e The nonlinear terms of the system of equations possess opposite monotonicity, the
method in [29] cannot be applied to solve the system (1).

*  To overcome the obstruction of opposite monotonicity, a new double iterative tech-
nique is introduced.

¢  The nonlinear term of the system of equations can have stronger singularity in
space variables.
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*  Some new growth conditions are introduced which generalize and improve the condi-

tions and results of [28,67].

¢ Different from [29], the assumption of the upper and lower solutions is not required

in our work.

*  The explicit iterative properties of the solution for (1) are established, which makes up

for the lack of work on it [29].

This paper is structured as follows. In Section 2, some preliminaries and lemmas are
given. The main results are stated in Section 3. In Section 4, we give an example to illustrate

our main results.

2. Preliminaries and Lemmas

In this sections, we firstly gather some properties of the Riemann-Liouville fractional

derivative and integral for the subsequent studies.

Lemma 1 ([1]). The Riemann—Liouville fractional derivative and integral have the following properties:

(1) Let z(t) € L'[0,1] N C[0, 1], then

n .
I8DIx(t) = x(t) + ) bit"
i—1

where b; (i =1,2,3,---,n,n = [h] 4+ 1) are real numbers, and -] denotes the integer function.

(2) Ifz(t) € LY(0,1),7 > £ > O, then

—t +e
SD{Ez(t) = B7'2(), IIz(t) = 1'2(r), §D{L=(1) = =(0);

(3) Letj > 0,£ > 0, then

_ re)
o )

Lemma 2 (see [50]). If h(t) is a positive continuous function in [0, 1], then the linear tempered

fractional equation
§DF x(1) = h),

1
x(0) = 0,x(1) = [ M Dx(p)at,
0
has a unique positive solution
1
ﬂﬂ:/mmﬁﬁmgm&
0

where Hy(t,s) is the Green function of (10)

[BO = )P (p— 14 9)eMth ! p(p— 1)t (t )P e

(B-1r(E+1) ’
B(1—s)P~1(B—1+s)e

S
tPleMOo<t<s<1.

(B-1I(g+1)

For N
oD} x(t) = h(t),

x(0) =0,x(1) = /01 e M1=Dx(t)dt,

we write the Green function as

(10)

(11)

(12)
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Hy(t,s) =

61— 5) (0 =14 5)M 1 — (0= )M (=) |e

(—1r+1) e (13)

0(1=3s)1 0 —1+5)et
(C—DrE+1)

According to [50], H1(t,s) and Hj(t, s) satisfy the following properties:

(a) H;(t,s) is a non-negative and continuous function for (¢,s) € [0,1] x [0,1].
(b) Forall t,s € [0,1], H;(t,s),i = 1,2 satisfy

HleM o<t <s<1.

Aq(s)e MPP~1 < Hy(t,5) < Ap(s)e MiP1,

Az(s)e Mt < Hy(t,5) < Ag(s)e M1,

where
_ Bs(1— s)ﬁ_le)‘s _B(B—-1+5)(1— )ﬁ‘le’\s
N (e ) R e e VI ES VR
ls(1 —s)t-TeMs (Ll —=1+s)(1— s)(lehs
B o (R (RS Y (R

Lemma 3. Let g(t) € L1(0,1), then the tempered fractional equation

5D (9 (FDPx(1))) = g(1),
1 (14)
x(0) = 0,RDFx(0) = 0,x(1) = /0 e M0y (Pt

has one unique solution:

1 5 p—AS el r q-1
x(t) = /o Hy(t,s) < A m(s — 1) e g(T)dr) ds. (15)
Proof. Letp = D’g x(t),y = @p(p), we firstly consider the following initial value problem:

{%fmi“y(t) = g(t),t€[0,1],
y(0) =0.

It follows from (2) and Lemma 1 that

My(t) = oleNg(t) — byt

(16)

thatis,

eMy(t) = /Ot U;(Z);X_lg(s)e}‘sds — bt

Since y(0) = 0,« € (0,1], one obtains b; = 0, and then,

. _ o\a—1,—At
) = [ R e

On the other hand, by y = ¢, (p), one obtains

)oc—le—/\t

) = g (S00"5(0) = [P gtoreas

Consequently, Equation (14) can be converted to the following form:
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S)lele)\t

ngle(t) = (P;l (/Ot (t_r(a)g(s)e)‘sds>

: (17)
x(0) = 0, x(1) :/0 e M=y (1)dt.

Notice that g(s) > 0, s € [0,1], then we have ¢, (t) = t"~!, and due to

oy ( /Ot (t_rsgglwg(s)emdﬁ = ( /O i i _Ifz;lemg(s)ekds) q_l,

then from Lemma 2, we know that Equation (14) has a unique solution that can be ex-
pressed by

1 .S e—/\s q—1
x(t) 2/0 H1(t,5)< ; W(S—T)“‘lg(r)e“dr> ds.
The proof is completed. [

Thus, it follows from Lemmas 2 and 3 that system (1) is equivalent to the following
system of integral equations:

u(t) = /1 Hy(t,s) </S f:i(s — T)”‘le”f1(7/7’(T))dT) ‘FldS, t€0,1], s

. q—1
v(t):/ Ha(t,s) (/ Ty LM £y (1, u(t ))dr) ds, tel01].
To simplify the above system, we define an operator Q as follows,

s ,—AS

q—1
(Qu)(t) =v(t) = /01 Hz(t,s)< A ?(]) (s — T)]_le’\rfz(r,u(r))d'r) ds, t €10,1], (19)

and then, substituting (19) into the first equation of (18), we derive

q-1
u(t):/ Hi(t,s) (/ e LA f (t (Qu)(r))dr) ds,te[0,1.  (20)

Thus, if u(t) is a solution of the integral Equation (20), then (u, (Qu)) = (u,v) is a solution
of system (1). So in order to find the solution of system (1), we only need to focus on the
study of Equation (20).
Now, define a Banach space E = C[0, 1] with |[u|| = max,c[ 1) [u(t)|, and then, define
acone Pin E:
P={ueC[0,1]:u(t)>0te01]}

Obviously, P is a normal cone with normality constant 1. Next, define a nonlinear operator
T:E— Eby
S e—/\S

o T(a)

Thus, the fixed point of the operator T is a solution of Equation (20). Based on the above
discussion, we state the main results and proceed to the proof of the main results in the
next section.

1 q-1
() t) = [ m5) ([ g6 - A @i (o)) ds, e o)

3. Main Results

For the following studies, define two positive constants 4, b satisfying

ab € (0,1), ab(qg—1)*>€(0,1),



Fractal Fract. 2024, 8, 636 7 of 20

where % + % =1
To derive our main results, we introduce a double iterative process with the help of
the following hypothesis and growth conditions:

(P1) f1 € C((0,1) x [0, +00), [0, +0)) is increasing on the second variable, f, € ((0,1) x
(0,4+00), [0, +00)) is decreasing on the second variable.
(P2) There exists a constant o > 0 such that

1 1
0 </ e fy (t,eMP)dt < 4o,
0
1 (21)
0< / e f7 (te M) dt < oo
0

(P3) For the above a,b and any 0 < ¢ < 1, there exist two real functions ¢, ¢ : (0,1) —
[0, +-00) with ¢(8) > 6* and ¢(8) < 6~ such that

fi(t,00) = ¢(8) f1(t,0), falt,0u) < 9(6)falt u). (22)
Remark 1. If (P3) holds, for 6 > 1, by a simple proof, we have
fi(,60) < 97 E N fi(40), folt,ou) = 9= (07N falt ). 23)

Remark 2. In [28], the following condition was employed to study the convergence analysis and
error estimation for the unique solution of a single p-Laplacian fractional differential equation with
singular decreasing nonlinearity,

(F1) f € C((0,1) x (0, +00),[0,4+00)), and f(t,u) is decreasing in u and, for any 6 € (0,1),
there exists a constant 0 < a < ﬁ such that, for any (t,u) € (0,1) x (0, 4+0o0),

f(t,6u) <57f(tu). (24)

In recent work [67], Zhang et al. used the following condition to establish the convergence
analysis of the unique solution for a Dirichlet problem of the general k-Hessian equation in a
ball:

(F2) f:[0,400) — (0,+400) is continuous and nondecreasing and, for any § € (0,1), there exists
a constant 0 < b < 1 such that, for any v € [0, +00),

f(60) > &"f (v).

Clearly (P3) generalizes and improves the conditions (Fy) and (Fp) and includes (Fq) and
(F2) as special cases.

To facilitate further study, we define a subset of P,
K= {u € P : there exists a number 0 < L < 1 such that
LeMtP~1 < u(t) < L7 le M1, te[0,1] }
and state our main results as follows.

Theorem 1. Assume that (P1), (P2), and (P3) hold, then the following conclusions hold:
(C1) Uniqueness: The tempered fractional system (1) has one unique positive solution

(u*(t), (Qu*)(t)) in K x K.

(Cy) Iterative sequence: For any initial value vy € K, construct an iterative sequence as

1 s p—As q—1
vi(t) = /0 Hl(t,s)< /0 r(a)(s—r)“_le)‘ffl(r,(Qvi1)(7))dr> ds,t € [0,1],
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Then,
im v;(t) = u*(t), lLm (Qu;—q)(t) = (Qu™)(t)

i—+400 1—>+00

uniformly hold for t € [0,1].
(Cs) Error estimation and convergence rate: There is an error estimation between u*(t) and
the ith iterative value v;(t),

v — || < 2(1 - ela- V) e,
where € € (0,1), and the following convergence rate holds:

I — || = o1 — ela-12P),

(Ca) Asymptotic behavior: The unique solution (u*(t), (Qu*)(t)) of the tempered fractional
system (1) has the following asymptotic behavior:
There exist two positive constants @, w € (0,1) such that for any t € [0,1],

wef)\ttﬁfl < u*(t) < cOileth'Bil,
we*/\ttéfl < (Qu*)(t) < wflef/\ttffl'

Proof. Let us firstly prove that T : K — K is a completely continuous operator. In fact, for
any u € K, according to the definition of K, there exists a constant L; € (0, 1) such that

Lie MtP~L < u(t) < Lyle ML (25)
It follows from (P1)-(P3), (25), and the Holder inequality that

-1

(s— T)"‘le’\sz(T,u(T))d"L')q ds

S —As

o T'(w)

_ -1
< e Myl /1 Aq(s) (/S Q(s — 1) LMy (T, Lle’MTﬁ’l)qu ds
- 0 o T()

1 —As\ 171/ s . (1-o)(g-1)
< e’“iff’l/0 Ay(s) (;(T) </0 (s— T)ﬁd’f)

S ar o(q—1)
(/ evf2 (T, Lie~ A" tP~ 1)d’[’) ds
0

1_ g\ 1-0@-1) e 15(1—S)€_1(€—1+5)6/\5 e\ 1
(=) o et (o)

1o, 1 o(q-1)
x s@=0)@-1) gg (/ e%fz” (T, Lle_“Tﬁ‘l)dT>
0

1— U)<1 o)(q-1) /\tté—l 62 A < 1 >q—1
X—0c (L-=1T(+1)\T()

1 . 1 o(q—1)
(/ e 5 (T, Lie TP l)dT)
0
— o)l ! 02e!
— o)1= ‘7)1" ((—1Tr+1)

1, 1 ‘7(9*1) ,
(/0 e £ (1, e b~ 1)dr> o1

(Qu)(t) = [ Halo,)(

X

-1

IN

(26)

X

IN

X
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By a similar method, the following inequality is still valid:

s ,—As q—1
(Qu)(H) :/1 Hz(t,s)(/ ?A (s—r)"‘_le/\sz(T,u(T))dT) ds

q—1
> oMt 1/ (/ 1" ] 1 /\sz(r u( ))dT) ds -
q—1
> e ,Mtg 1/ ( F ] 1 /\Tf2(,l. L 1 7/\11./3 l)d"L') ds
(g-1) _ s -1
26“#1(1}8)) " /0 As(s) (e’“y 1(/0 (S—T)]13Mf2(T/€ATTﬁ1)dT)q ds.
Take

LT - min{ %’ (r%)) o /01 As(s) (6_’\5)%1 </Os(s — T)]_le/\sz(T,e—)\TTﬁ—l)dT> qilds,

-1
(1—(7)(1717)L*ﬂ q-1 [20A 1 % e o(g—-1)
(<<«a><w>rb>> ((=Dr(C+1) (/ oS me ”‘“) ’

then we have

Lie M1 < (Qu)(t) < Li e M1, te0,1].

Now, by (P2), (P3), and the monotonicity of f;, we have

s ,—As -1

q
1) = [ i) ( [ f -0 A Qo) ds

q—1

1 s p—As
< oM /3—1/ / e _ ya—1,AT T A |
e Mt A Az(s)< A I*((X)(s ) e fi(T, L] e Mt ds

<0t [ an() (;S)ql ( [s-0 “—nd7> o

S At
[

o(q-1)
*fl (t,L7~ LAt t= 1)d7.') ds

()™ )
A

1 o(q-1)
/ oA };( Ll ATt 1)d7> o Mpp—1
0

—_

—

IN

(1 _ U)(lfU)Likfh q-1 IBZe)L
( (B-—Dr(p+1)

1, 1 o(q—1)
/evff(r,e‘”r“”dr) e Mp1

|
7N T
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Therefore, the operator T is uniformly bounded.
On the other hand, notice that H (¢, s) is uniformly continuous on [0, 1] x [0, 1], thus
for any € > 0, there exists { > O such that forany 0 < t; < t; < land |t — f2| < , we have

|H(t1,5) - H(i’z, S)'
-1

u_gﬂkﬂq—bqqr per Ui i o(q-1)
) [( o) T U A e ) ‘.
Consequently, for any u € Kand |t; — tp| < g, it follows from (P;), (P3), (26), and (28) that
|(Tu) (t1) — (Tu) (t2)]
s p—As g—1
< [ 10,9~ HG )| [ s (s = 0T A (@) (0)ie)ds

o T(a)
< /O [H(t,s) — Hlt,)|ds 29)
(1—0)(1*‘7)L**b -1 ,826)‘ 1 . e o(g-1)
X((a—v)(lﬂrl(w) G (A e )
<e

which implies that T(K) is equicontinuous.
Next, we show that T(K) C K. From (P;), (P3), (26), and (27), we have

() = [ En(t,s) (/ T~ A (Qu)(r))dr)qlds

g—1
Ze—/\ttﬁ—l/ (/ r 0( 1 /\Tfl( ,LTé’_/\TTZ_1> ds
g-1 (30)
> e*/\ttﬁflLTh(q 1) / </ r :x 1 )rrf( /\TT51> ds
-1
Li‘b q 1 a\AL[ s 1 e g-1 At
= (i) L4 (/0 oo e

Take

1 o A\ 1 At -1 -1
Lt = min 5 (IW) /OAl(s)(e S) (/o (s — 1) (1, eMT )d1'> ds,

-1
(1—0’)(1_‘7)L*_b q-1 ‘Bze/\ 1 5, e o(g—1)
(((w—a)(l—wrl(a)) Frgn (b A e ) ,

it follows from (28) and (30) that

Lre MtP=1 < (Tu)(t) < Lfle*)‘ttﬁfl,

which implies that T(K) C K. Obviously, T is a continuous operator; thus, according to the
Arzela—Ascoli theorem, T : K — K is a completely continuous operator.

Next, let u(t) = e MtP~1. Obviously u € K, and then, Tu(t) € K, thus there is a
constant L3 € (0,1) such that

pu(t) < Tu(t) < Ly 'u(t). (31)
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Fixing 0 < v < 1, since ab(qg — 1)? € (0,1), one has

lim A0l-bl-D+1] — o
9—+o0

which implies that there is a sufficiently large real number ¢ > 1 such that
,Yﬂ[fab(qfl)erl] < L? (32)

In the following, we select ug(t) = v%u(t) as an initial value; clearly,

(Quo)(t>:/ Hy(t,s (/ @) ) LA (1,9 %u (T ))dT)q_lds

s -1 33
<yota [ Hz<t,s>(/0 5(7)@— PN (i) ds )

=D (Qu)(t).
Let u1(t) = (Tup)(t), and construct an iterative sequence as follows:

S e*)\s

ui(t) = (Tui—q)(t) = /01 Hl(t’s)( o T(a)

Since the operator T is decreasing in u, by (32)-(34), we have

q—1
(s — 1) LM fi (1, (Quil)(r))d7> ds, i=1,2,3,---. (34)

uo(t) < ult),
and
ur(£) = Tug(t) > Tu(t) > Lip(t) > o220y (1) = o=@ 1208y, (1) > 440 (p).

Consequently,
up(t) = (Tup)(t) < (Tuo)(t) = uy(t).
As a result, by (28), (32), and (33), one obtains

s -1
) = M) = [ 09 [ &6 -0 e i Qu) @) s
1 s p—As q-1
</ H1<t,s>(/0 g (6 DA () ds
-1 35
< Ml) = [ H (/F ©) e fi(x, Qu(r))d )q o
< o teblamy Tﬂ(t) < LT () < o0 el )
<9 %u(t).
It follows from (35) that
ua(t) = Tur (1) = T(7~ (1))
1 s p—As g-1
= [ ) ([ - 0 e A QG o) ds o

-1

s ,—AS q
. /OlHl(t,S)< f:(A) (s—T)“‘le“ﬁ(T,'r"“(q‘”Qu(T))dT) ds
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which implies that
uy < up < uy.
Thus, according to induction, we have
U S Us S, S Uy S S Ui+l S S Uus S up. (37)
On the other hand, for any fixed ¢ € (0,1), from (P3), one has
T(gu) < &0V (Tn),  T2(Eu) > gla- el T2y, (38)

Notice that the operator T? is nondecreasing in u; from (35), (37), and (38), one obtains

i (t) = Tugi_1(t) = T2up(t) = T* (7’ u(t)) = T (v** 7 u(t))

. . [ab(qfl)z}z
> T21(72‘9u1(t)) > TZz—Z((,yZﬂ) T2u1(t))
) b(a—1)214 bla—1)212 . (39)
> T214((’)/219> [ab(g—1)"] T4ul (t)) > > (,)/2@)[11 (9-1)7] T21u1 "
[ab(q—1)2% . [ab(q—1)2]*
= (’Yw> T2y (1) = (72’9) ui1(t),
that is,
2i
i () > 20T (1),
Consequently, for any 7,j € N, we have
0 < up(iyjy () — ui(t) < ugip(t) — ui(t)
< (1= P (1) < (1 920 g 1) (40)
< (1= A0l )ty 1)
and
0 < ugip1 (£) — up(ipjy1(t) < unipa (t) — ugi(t) )

2i
< (1= P01 =0y ),

Thus, for any j € N, by the normality of P and (40) and (41), we obtain
Y
[4i5(8) = wi(D]] < (1= DTN =2 0, oo,

which indicates that {u;};.; is a Cauchy sequence in K, and then, there exists u* € K
such that
u; = u*, i— oo,

and (37) implies that
Ui < u” < gy

Thus, it follows from the fact that T is a decreasing operator that
upiy2(t) = Tugip1(t) < Tu™ < Tugi(t) = ugiy1(t).
Taking the limit on both sides of the above inequality, we have
u* = Tu*,

which implies that u*(t) is a positive solution of (19) and (u*(t), (Qu*)(t)) is a positive
solution of the tempered fractional system (1).
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s p—As q-1
:/OlHl(t,s)(/O i(i (s— 1) M fAi(x, (Qvi_l)(r))dr> ds, te[01], i=123-,

(Qui—1)(t)
q—1
_/ Ha(t,s) </ TG0 WM by (1, v (T ))dT) ds, tel01], i=12,3-.

In the following, we assert that (u*(t), (Qu*)(t)) is also a unique solution of the
tempered fractional system (1) in K x K. In fact, if (v(t), (Qu(t))) is another solution of the
tempered fractional system (1), let

0. = sup{6 > 0|v > 0,u"}.

Obviously, 6, € (0, +00). Now, we show 6, > 1. If not, one has 0 < 6, < 1, which leads to
2 2
V() = Tu(t) = T2 > T2(0uu* (1)) > 0100 DT 2y () = a0 ey,

212
From the definition of 8, one obtains 6, > 9,[:1[7(%1) )

and 6, € (0,1), we have 6. < G[Qb(q Y’ , which is a contradiction. Thus, 8, > 1, which
yields v > u*. Follows the same strategy, we also have v < u*, thus u* = v. So u*(t) is the
unique solution of Equation (19), and thus, the solution of system (1) in K x K is unique.

Finally, we focus on the iterative properties of the unique solution of system (1). Take
any vp € K as the initial value and construct an iterative sequence:

. However, since ab(q — 1)? € (0,1)

(42)

~—

(43)

Since T(K) C Kand vy = Ty € K, there exist two constants L§, L] € (0,1) such that
Lou(t) < volt) < L™ u(t),  Liu(t) <vi(t) < Li~'p(t).

lim ,),19[ ab(q—1)>+1] _ 0,

9—+oc0
take a large enough constant ¢ > 1 such that
O—ab(q—1)2+1] : x Tk TH
¥ < min{Ly, L], LT}

For this 9, still let ug(t) = 7?u(t); then, the iterative process of (33)—(41) is valid. Thus,
we have

ug(t) = 7Pu(t) < 470128 u(e) < Lau(t) < vo(t),
up(t) = 7 () < 70D () < Liu(t) < n(t),
which yield

ug(t) < vi(t) < w(t), (44)

and the continuous iteration

Up;i(t) < vpip1(t) < unipq(t),

45
Uiyo(t) < viga(t) < upiypq(t). @)
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Taking the limit on both sides of (45), one obtains v; — u* and (Qv;) — (Qu*) as i — co.
Meanwhile, according to (40), (41), and (45), one obtains
[[vaiga (8) = w* ()] < [[vaipa (#) — uai($)]| + [[ui(t) — u™(t)]|
< i (8) — uni (B)[| + [[u2i(t) — ()]
< luziia (6) = ()] + i (6) = s 1) | o
< 2(1 _ ,Yzﬂ[ab(qfl)z]m),yfﬁ
=2(1— el e,
and . *
[vaita (t) —u™ ()] < [Jvaira(t) — uaip2 (B[] + [[u2ipa(t) — u”(t)]|
< [lugiva (t) — univa ()[| + [[u2ir2(t) — u™(2)]]
< ugit1 (t) = waia ()] + [[u2ir1(£) — u2ita (t)]] (47)
< 2(1 o ,YZﬂ[ah(qfl)z}m),)/fﬂ
= 2(1 — e[”b(qfl)z}%)e*%.
It follows from (46) and (47) that
[lvi(t) — u* (8)]] < 2(1 — @) e,

where € = 42% € (0,1) is a constant determined by y(t) and vy. Moreover, there is a
accurate convergence rate:

[lvi —u™|| = 0(1 — e[”b(q*1)2]2i>.

Finally, it follows from u* € K, (26)—(28), and (30) that there exist two constants
@,w € (0,1) such that for any ¢ € [0,1],

CDe_Mt‘B_l < M*(t) < (D—le—/\ttﬁ—1’
we—AttZ—l < (Qu*)(t) < w—le—/\ttf—I.
O]

Consequently, by the above proofs, we can conclude that the above conclusions
are valid.

4. Numerical Results
Example 1. In system (1), take

1 3
“—Erﬁ—*)\—Z/P—EJ—

and
1

Albo) = 1+ 6531 +02), fotu) = 51— 12)2u75,

then we have

Hl(f,S) — %F(%) ’




Fractal Fract. 2024, 8, 636 15 of 20

and

Ha(t,s) = 3T(3)

Consider the following coupled p-Laplacian system of singular tempered fractional equations with
different characteristics:

u(0) =v(0) =0, (48)

For system (48), the following conclusions hold:

(i) The singular tempered fractional system (48) has one unique positive solution (u*, (Qu*))
in K x K.

(ii) For any initial value vy € K, construct the iterative sequences

vi(t) =
F131—s) (L 4s)er = 3(t—s)z]e 2 , . X X -3
J : RE) | ([e-nteaeePa+ (ua)ior) a
-G aste s % 4
+/t ) r(g)zr(% (/0 (s =) 72" (1+75)°(1+ ((Qui1)) (T))df> ds,
(Qui—1)(t) =
t[g(l S)%(%—Fs)t%—%(t—s)%}e_ﬂ L L 1
/0 r(Hr?) ( 0 (s—1) 35t 3(1—T2)2vl_1(r)dr> ds
401 o\ 5(L L g\the2t / ps L 1
+/t1 a 12(%()31:(’_; ) (/0 (s —1)7 3%t 3(1—T2)21/1(i(r)d7> ds

Then, we have that
im v;(t) = u*(t), lim (Qui—1)(t) = (Qu*)(¢t)

i—+oc0 i—400

uniformly holds for t € [0,1].
(iii) The error between u*(t) and the iterative value v;(t) can be expressed by

[lvi —u*|| < 2(1 — e(%)i)e_%,
where € € (0,1), and the convergence rate is
[lvi —u*|| = 0(1 —e(%)i).
(iv) There exist two constants @,w € (0,1) such that

@e 22 < (1) <@ le 2, € (0,1,
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we 23 < (Qu*)(t) < wle Mt e [0,1].

Proof. Takea = 1,b =1, ¢(6) = 1 + 51, P(6) = 5%, then $(8) > b, p(8) < 67% and

1b
0<ab(g—12=%<1.
Now, we verify (P;). Taking ¢ = 2, we have

1

1 1 1
0</ etff(t,e*”t%)dt:/ eH(1+13)3(1+ e t5)2dt < de < +oo,
0 0

1 1 1
0</ effzz(t,e*”t%)dt:/ 6t 3 (1 t2)
0 0

Thus, (P;) and (P3) are satisfied.

24
it < Ee% < +o00.

Thus, the condition (P2) holds; according to Theorem 1, the above conclusions hold. [

Example 2. In system (1), take

and

then we have

1
Hl(t,s) = ‘i
1

and

{g(l —s)%(% +8)t5 — £ (t— s)ﬂe_ye35
Il
Halts) =4 . 5T ;)3
2(1—=5)5(z +s)t5e e
s )1(5 11) 0<t<s<1
s0(5)

Consider the following coupled p-Laplacian system of singular tempered fractional equations with

different characteristics:

For system (49), the following conclusions hold:

(49)

(i) The singular tempered fractional system (49) has one unique positive solution (u*, (Qu*))
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in K x K.

(ii) For any initial value vy € K, construct the iterative sequences

1

x (/Os<s )it B (1— Ti)é(Quil)%(T)dr) ds

Then, we have that

Jim vi(t) = (t), dim (Qui-g)(8) = (Qu7)(1)

uniformly holds for t € [0,1].

(iii) The error between u*(t) and the iterative value v;(t) can be expressed by

4 i
|Jvi — u|| 32(1—6(272))6

where € € (0,1), and the convergence rate is

4 i
[lvi — u*|| :0<1—(—:(272)>.

(iv) There exist two constants @, w € (0,1) such that

Nl—=

7

@e 3t <u'(t) < a)*le*&t%,t € [0,1],
we 35 < (Qu)(t) < w e 35, t € [0,1].
Proof. Takea =2,b = 1, ¢(5) = (1 +5)%, Po) =1+ 5)’%, then

$(0) = (146)F > 65, p(6) = (1+46)5 <572,

and 0 < ab(g — 1)> = % < 1. Thus, (P1) and (P3) are satisfied.
Now, take o = %, we have

1 1 2\ 6
0</ elstff(t,e_?’tt%)dt:/ e18f<t—112(1—t31)§(e—3ft%)3> dt < %eé < 4oo,
0 0

6

1 a1 L7 1 101/ 1\ "8 5 108
0</0 e f8(te 3tt4)dt:/0 (t 10(1—t3)2<e 3%4) ) dtsﬁ(es —1) < +o0.
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Thus, the condition (P2) holds; according to Theorem 1, the above conclusions hold. [

5. Conclusions

Tempered fractional system can describe some dynamics phenomena arising from a
particle’s random walk in Brownian motion, where the transition has a feature of a semi-
heavy tail from a power law to a Gaussian. In this paper, by proposing a coupled iterative
technique and offering some suitable growth conditions, we establish the uniqueness of
the positive solution for a coupled p-Laplacian system of singular tempered fractional
equations with differential order and characteristics. Moreover, some elaborate iterative
properties of positive solutions of the system are given, such as the convergence analysis,
the asymptotic behavior, error estimation as well as the convergence rate of the positive
solution. The interesting points of this paper are that the order of the system of equations
is different and the nonlinear terms of the system possess the opposite monotonicity and
permit stronger singularities at space variables. Finally, we shall also address that in
this paper we only consider the coupled case of a system by coupling techniques; if the
nonlinearities of the system rely on both time variables and space variables, then further
study will become more challenging and interesting.
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