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Abstract: Two rheological Burgers–Faraday models and rheological dynamical systems were cre-
ated by using two new rheological models: Kelvin–Voigt–Faraday fractional-type model and
Maxwell–Faraday fractional-type model. The Burgers–Faraday models described in the paper are
new models that examine the dynamical behavior of materials with coupled fields: mechanical stress
and strain and the electric field of polarization through the Faraday element. The analysis of the con-
stitutive relation of the fractional order for Burgers–Faraday models is given. Two Burgers–Faraday
fractional-type dynamical systems were created under certain approximations. Both rheological
Burgers-Faraday dynamic systems have two internal degrees of freedom, which are introduced into
the system by each standard light Burgers-Faraday bonding element. It is shown that the sequence of
bonding elements in the structure of the standard light Burgers-Faraday bonding element changes
the dynamic properties of the rheological dynamic system, so that in one case the system behaves
as a fractional-type oscillator, while in the other case, it exhibits a creeping or pulsating behavior
under the influence of an external periodic force. These models of rheological dynamic systems can
be used to model new natural and synthetic biomaterials that possess both viscoelastic/viscoplastic
and piezoelectric properties and have dynamical properties of stress relaxation.

Keywords: rheological models of fractional type with piezo-electrical properties; viscous fluid;
Burgers–Faraday fractional-type model; rheological Burgers–Faraday dynamical system; oscillator of
fractional type with piezoelectric properties; creeper of fractional type with piezoelectric properties;
stress relaxation; inner degree of freedom; biomaterials

1. Introduction

Numerous natural and synthetic materials exhibit viscoelastic/viscoplastic properties
and those with purely piezoelectric properties. However, materials that possess both
properties exhibit the most intriguing dynamic. Modeling such complex behavior is a
real challenge.

The stress problems of piezoceramic plates were studied in [1–4]. Additionally, rheolog-
ical models exist for various materials [5], including construction materials [6,7], textiles [8],
living materials [9–11], and thermomechanical systems [12]. Among the most commonly
used models for representing the viscoelastic and viscoplastic properties of materials are
the Maxwell and Kelvin–Voigt models, often enhanced with fractional calculus, as well as
the Zener model (also known as the Standard Linear Solid (SLS) model) [13]. Materials
exhibiting both viscoelastic/viscoplastic and piezoelectric properties include elastomers,
certain types of polymers and some composites [14,15], metals at high temperatures and
biomaterials. It is known for a long time that hard tissues of living organisms can generate
electrical potentials in response to mechanical stress- or any stress deforming their struc-
ture [16]. Biological materials with such properties include bones [17,18] tendons, cartilage,
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hairs, silk, paper, natural polymers such as cellulose, fibroin, keratin, collagen, DNA, RNA,
myosin, as well as artificial polymers like acetylcellulose, polycaprolactane and polymethyl-
l-glutamate. Bones, for instance, exhibit stress-induced electrical effects in both bending
and compression modes. These piezoelectric properties of the bones were first studied
decades ago [19]. At that time, it was hypothesized that surface charges on stressed bone
may be the controlling factor in bone formation which was proven in other studies [20–23].
Fractional order derivatives have been widely used in modeling the dynamical responses
of various structures [24,25]. For example, fractional Maxwell models have been used to
describe small strains in porcine urinary bladders during initial stages [26]. For multi-step
relaxation under large strains, a fractional-type quasi-linear viscoelastic model combining
a Scott–Blair relaxation function and an exponential instantaneous stress response was
used [26]; a class of return mapping algorithms for fractional-type visco-elasto-plasticity
was developed by using canonical combinations of Scott–Blair elements to construct a series
of well-known fractional linear viscoelastic models, such as Kelvin–Voigt, Maxwell, Kelvin–
Zener, and Poynting–Thomson [27]. Other applications include modeling relaxation and
creep properties in materials such as fractal ladders and [28] for bio-thermomechanical
problems in functionally graded anisotropic nonlinear viscoelastic soft tissues [29].

For studying thermo-mechanical interactions in living tissues during hyperthermia
treatment by using fractional time derivatives and Laplace transform techniques to the gen-
eralized bio-thermo-elastic model and eigenvalue approach [30]. For 3D printed material
with creep properties fractional models have also been utilized [31]. A novel AEF–Zener
model of viscoelastic dampers incorporating temperature effects and the fractional-order
equivalence principle was proposed in [13]. Fractional-order iterative methods were used to
model the viscoelasticity and stiffening effects of dielectric elastomer considering both the
strain-stiffening and viscoelasticity effects within electromechanical coupling in dielectric
elastomer [32]. Recently, Xu et al. [33] proposed a high-accuracy unique fractional-order
model that can capture hysteresis and creep nonlinear characteristics such as piezoelec-
tric lag, non-local memory, peak transition, and creep amplitude–frequency features in
piezoelectric actuators. A comprehensive and unified theory of analytical dynamics for
discrete hereditary systems is presented in [34], along with experimental methods to de-
termine the kernel of rheology for various hereditary properties of rheological materials.
Furthermore, a generalized fractional-type dissipation function for system energy and
an extended Lagrangian differential equation in matrix form for fractional-type discrete
dynamical systems are introduced in [24,35].

Finally, an important question posed in [36] remains highly relevant: “Does a Fractal
Microstructure Require a Fractional Viscoelastic Model?” [36].

The aim of this work is to create new rheological models using fractional order deriva-
tives that can be used to model the behavior of biomaterial with piezo-electrical and
viscoelastic properties by integrating the Maxwell or Kelvin–Voigt element both with
fractional-type properties with the Faraday element. In the era of synthesizing new materi-
als for modern industry and robotics, materials with such properties will be increasingly
synthesized and used, so it is necessary to understand their mechanical and electrical
properties as well as the coupled fields and interactions of these future materials. In the
following chapters, we will first describe the simpler Kelvin–Voigt–Faraday fractional-type
model and its behavior in a special case, followed by the Maxwell–Faraday fractional-type
model and its behavior in a special case, and then the two complex Burgers–Faraday mod-
els as well as Burgers-Faraday dynamic systems composed of the corresponding types of
Burgers–Faraday models. We will also examine the dynamics of these dynamic systems
depending on the order of the element connections in the system. A current trend in science
is to create complex materials alongside their mathematical and mechanical models which
can describe their complex behavior that depends on coupled fields. In this paper, we will
present new models that can address this problem.
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2. Methodology
2.1. Complex Faraday Fractional-Type Models

In this section, two complex rheological Burgers–Faraday fractional-type models are
presented, and their differential constitutive relation of fractional order as well as the
dynamics of both models for some special cases.

By connecting a Faraday element, which represents a material with ideal elastic
and piezoelectric properties, in parallel with a Kelvin–Voigt fractional-type element, we
obtain the Kelvin–Voigt–Faraday fractional-type model (KVFYF). If the Faraday element
is connected to a series with the Maxwell fractional-type model, we obtain the Maxwell–
Faraday fractional-type model (MFYF), as shown in Figure 1.
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Figure 1. (a) Kelvin–Voigt–Faraday fractional-type model. (b) Maxwell–Faraday fractional-type 
model. H—Hook ideally elastic element. N—Newton ideally viscous fluid (fractional derivative is 
introduced in this element to describe viscoelastic nature of the material). FY—Faraday element 
with ideally elastic and piezoelectric properties. K—Kelvin–Voigt element. M—Maxwell element. 
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Figure 1. (a) Kelvin–Voigt–Faraday fractional-type model. (b) Maxwell–Faraday fractional-type
model. H—Hook ideally elastic element. N—Newton ideally viscous fluid (fractional derivative is
introduced in this element to describe viscoelastic nature of the material). FY—Faraday element with
ideally elastic and piezoelectric properties. K—Kelvin–Voigt element. M—Maxwell element.

2.1.1. The Dynamical Properties of the Kelvin–Voigt–Faraday Fractional-Type Model

Kelvin–Voigt–Faraday fractional-type model represents a rheological model of the
solids. The Kelvin–Voigt fractional-type model is connected in parallel with the Faraday
model. In the Kelvin–Voigt fractional-type model Hook element is represented by the
ideally elastic spring and the Newton element is presented as an ideally viscous fluid where
a fractional order derivative is introduced to describe the viscoelastic nature of the material.
Figure 1a represents a fictive cross-section of the model with component normal stresses of
each consecutive element in parallel in the model.

The resultant normal stress at the end of the Kelvin–Voigt–Faraday fractional-type
model is as follows:

σz = σz, + σz.α,2 + σz,12 = Eεz + EαDα
t [εz] + Eeεz, 0 < α ≤ 1 (1)

where σz,1 = Eεz is the normal stress in the Hook element; σz,α.2 = EαDα
t [εz] is the normal

stress in the Newton ideally viscous fluid with fractional type properties; σz,12 = Eeεz is
the normal stress in the Faraday element, Dα

t [•] is a differential operator of Caputo type, as
shown in Equation (2).

Dα
t [εz(t)] =

dαεz(t)
dtα

= εz
(α)(t) =

1
Γ(1 − α)

d
dt

t∫
0

εz(τ)

(t − τ)α dτ, f or 0 < α ≤ 1 (2)
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where Γ(x) is Gamma function as follows:

Γ(x) =
+∞∫
0

e−ttx−1dt, x > 0 Γ(x + 1) = xΓ(x), x > 0 (3)

where α is determined experimentally. When exponent α of the fractional order differentia-
tion is α = 0, the application of the fractional order derivative gives the time function εz(t)
which represents dilatation.

When α = 1, the application of the fractional order derivative gives the first derivative
of εz(t) time function. These properties of the differential operator Dα

t [•] of the fractional
order, when its fractional exponent α takes values as rational numbers within an interval
0 < α < 1, including its boundary values, allow us to define both integer-order deriva-
tives and fractional-order derivatives with a single expression. This provides a useful
mathematical description in various applications.

Equation (1) represents a differential constitutive fractional-type relation that connect
normal stress σz and axial dilatation εz, and axial dilatation rate Dα

t [εz] in the Kelvin–Voigt–
Faraday fractional-type model and can be rewritten as follows:

εz +
Eα

E + Ee
Dα

t [εz] =
σz(t)

E + Ee
(4)

The electric voltage in the Faraday element that is generated as a result of polarization
closed by mechanical loading in the Faraday element.

Vz(t) = −gσz(t) (5)

Dielectric displacement in Faraday element is in linear relation with normal stress and
axial dilatation: Dz(t) = bσz(t) and Dz(t) = eεz(t) .

2.1.2. The Dynamical Behavior of the Kelvin–Voigt–Faraday Fractional-Type Model in a
Special Case

We will study the behavior of the Kelvin–Voigt–Faraday fractional-type model in
the special case when the model is in the steady state or under very slow change in the
dynamical load. Then, the axial dilatation rate of the fractional-type tends to be zero
Dα

t [εz] → 0 and the material behaves as a basic ideally elastic material, and the normal
stress of the material is almost proportional to the axial dilatation σz\ → Eεz . In that case
Equation (1) becomes

σz\ → Eεz + Eeεz (6)

If the normal stress σz at the end of the Kelvin–Voigt–Faraday fractional-type model
suddenly increases from zero to some finite value σz,0 = const, and remains constant during
the subsequent time interval, than Eεz + Eeεz + EαDα

t [εz] = σz,0 = const.
In that case to solve/define axial dilatation εz(t) as a time function in the Kelvin–Voigt–

Faraday fractional-type model we applied Laplace transform on Eεz + Eeεz + EαDα
t [εz] =

σz,0 = const, and obtained the following:

(E + Ee)L{εz}+ EαL{Dα
t [εz]} = L{σz,0} (7)

As L{1} = 1
p , L

{
dαx
dtα

}
= pαL{x} − dα−1x

dtα−1

∣∣∣
t=0

= pαL{x}, and, dα−1x
dtα−1

∣∣∣
t=0

= 0,
It follows:

L{εz} =
σz,0

p
1

⟨(E + Ee) + Eα pα⟩ (8)
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The axial dilatation εz(t) of the Kelvin–Voigt–Faraday fractional-type model (KVFYF)
as a time function is then inverse Laplace transform of algebra Equation (8):

εz(t) = L−1L{εz} = L−1

 σz,0

(E + Ee)
· 1

p
· 1〈

1 + Eα
(E+Ee)

pα
〉
 (9)

To find the time domain of the inverse Laplace transform of algebra Equation (8) which
represents an approximatively analytical expression for axial dilatation of KVFYF as a time
function, it is necessary to expand expression σz,0

(E+Ee)
· 1

p ·
1〈

1+ Eα
(E+Ee)

pα
〉 into a series in powers

of p, which is a complex number, using the formula for approximate series expansion (see
Ref. [35]):

εz(t) = L−1L{εz} =
σz,0

(E + Ee)
· ·L−1

{
1
p
·
〈

1 +
∝

∑
k=1

(−1)k
(

Eα

(E + Ee)

)k
pkα−1

〉}
(10)

As

σz,0

(E + Ee)
· 1

p
· 1〈

1 +
Eα

(E + Ee)
pα

〉 =
σz,0

(E + Ee)
· 1

p
·
〈

1 +
∝

∑
k=1

(−1)k
(

Eα

(E + Ee)
pα

)k
〉

(11)

The inverse Laplace transform of expression (10) is as follows:

εz(t) = L−1L{εz} =
σz,0

(E + Ee)
·
〈

1 +
∝

∑
k=1

(−1)k
(

Eα

(E + Ee)

)k t(2−α)k+1

Γ(2k + 2 − αk)

〉
(12)

and is related to axial dilatation in time
Dielectric displacement D, Dz(t) = bσz(t) and Dz(t) = eεz(t) , for the special case of

constant normal stress σz = σz,0 = const, in Faraday-element is:

Dz(t) = eεz(t) = e
σz,0

(E + Ee)
· ·
〈

1 +
∝

∑
k=1

(−1)k
(

Eα

(E + Ee)

)k t(2−α)k+1

Γ(2k + 2 − αk)

〉
(13)

In the case of constant normal stress σz = σz,0 = const the Kelvin–Voigt–Faraday
fractional-type model exhibits the property of delayed elasticity, where axial dilatation lags
behind the stress (Figure 2a).
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Figure 2. (a) The surface of the delayed elasticity of the Kelvin–Voigt–Faraday fractional-type model,
(b) the surface of normal stress relaxation in the Maxwell–Faraday fractional-type model. Both
models exhibit a piezoelectric property.
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If we apply the Laplace transform to differential Equation (4) of the fractional order
we obtain the following:

L{εz} =
L{σz(t)}
(E + Ee)

· 1
1 + Eα

E+Ee
pε

(14)

Expression (14) is an algebra equation, and represents the product of two Laplace
transforms: one Laplace transform of the normal stress L{σz(t)} and the other in the form
of L{ f (t)} = 1

1+ Eα
E+Ee pε

, from which it is concluded that these two functions are also in

convolution with the axial dilatation function εz(t), which leads to the following:

L{εz(t)} =
L{σz(t)}
(E + Ee)

· 1
1 + Eα

E+Ee
pε

=
L{σz(t)}
(E + Ee)

· L{ f (t)} (15)

As Eα
E+Ee

pε << 1, the expression 1
1+ Eα

E+Ee pε
can be expand into a series (see Ref. [35])

and written as follows:

1

1 +
Eα

E + Ee
pε

≈
〈

1 + 1
∝

∑
k=1

(−1)k
(

Eα

(E + Ee)

)k
pkα

〉
(16)

Inverse Laplace transform of (16) is as follows:

L−1

 1

1 +
Eα

E + Ee
pε

 ≈ L−1

{
1 +

∝

∑
k=1

(−1)k
(

Eα

(E + Ee)

)k
pkα

}
=

∝

∑
k=0

(−1)k
(

Eα

E + Ee

)k t(2−α)k

Γ(2k + 1 − αk)
(17)

Based on the convolution of these three functions, and for which the following holds:

L{εz(t)} =
L{σz(t)}
(E + Ee)

· 1
1 + Eα

E+Ee
pε

=
L{σz(t)}
(E + Ee)

· L{ f (t)} (18)

Convolution integral has a following form:

εz(t) ≈
1

(E + Ee)

∫ t

0
σz(t − τ)

〈
∝

∑
k=0

(−1)k
(

Eα

E + Ee

)k τ(2−α)k

Γ(2k + 1 − αk)

〉
dτ (19)

Expression (19) is a constitutive equation related to axial dilatation and normal stress
in the Kelvin–Voigt–Faraday fractional-type model.

Electric voltage in Faraday element in the Kelvin–Voigt–Faraday fractional-type model
is in the following form:

Vz(t) = −gσz(t) ≈ − g
(E + Ee)

∫ t

0
σz(t − τ)

〈
∝

∑
k=0

(−1)k
(

Eα

E + Ee

)k τ(2−α)k

Γ(2k + 1 − αk)

〉
dτ (20)

2.1.3. The Dynamical Properties of the Maxwell–Faraday Fractional-Type Model

The Maxwell–Faraday fractional-type model with structural formula Mα − FY =
(H − Nα)− FY consist of the Newton viscous fractional-type element, the Hooke ideal
elastic element, the Faraday ideally elastic, and the piezoelectric element all connected in
series (Figure 1b). This Maxwell–Faraday fractional-type model properties are that the
axial dilatation ratio of fractional type Dα

t [εz] thought all the model is equal to sum of the
axial dilatation ratio of each element Dα

t [εz,1] (Newton viscous fractional type element),
Dα

t [εz,2] (Hooke ideal elastic element) and Dα
t [εz,e] (Faraday ideally elastic and piezoelectric

element) in series.
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Resultant axial dilatation velocity of the Maxwell–Faraday fractional-type model is
equal to the following:

Dα
t [εz] = Dα

t [εz,1] + Dα
t [εz,2] + Dα

t [εz,e] (21)

Or in the the following form:

Dα
t [εz] =

1
E

Dα
t [σz] +

σz

Eα
+

1
Ee

Dα
t [σz] (22)

Expression (22) represents an inhomogeneous ordinary differential constitutive rela-
tion of the fractional order of the Maxwell–Faraday fractional-type model. The following
relation is valid: (

1
E
+

1
Ee

)
Dα

t [σz(t)] +
σz(t)

Eα
= {Dα

t [εz]} ̸= const (23)

2.1.4. The Dynamical Behavior of the Maxwell–Faraday Fractional-Type Model in
Special Case

For the special case when Dα
t [σz] → 0 normal stress is proportional to the dilatation

ratio of fractional type:
Dα

t [σz] → 0 ⇒ σz → EαDα
t [εz] (24)

The material described by the Maxwell–Faraday fractional-type model behaves as a
viscoelastic fluid: deformation/axial dilatation increases unlimitedly. Upon unloading of
material, axial deformation exists only in the Newton viscous fractional-type element.

If this material is suddenly loaded to a certain value of normal stress, it undergoes
elastic deformation, εz,0 =

σz,0
E+Ee

which occurs instantaneously in the Hooke ideally elastic
element and the Faraday ideal elastic piezoelectric element. Due to the sudden loading, the
flow in the serially connected Newton viscous element of fractional type does not come
into effect at the initial moment of observation.

If we prevent the development of deformation/axial dilatation, assuming that the rate
of axial dilatation, of fractional type, tends to be zero Dα

t [εz] → 0 , then, the normal stress
becomes a function of time, which needs to be determined.

To express the normal stress as a time function using approximate analytical expres-
sions when the axial dilatation ratio of the fractional type is constant

{
Dα

t [εz]z,,0

}
= const

Laplace transform on expression (23 is performed and then the inverse Laplace using
the same procedure that is described previously for finding the approximate analytical
expressions for normal stress as a time function in the Kelvin–Voigt–Faraday fractional-type
model. The approximate analytical expression for normal stress as a time function in the
Maxwell–Faraday fractional-type model for the case when axial dilatation ratio of the
fractional type is constant

{
Dα

t [εz]z,,0

}
= const, is in the following form:

σz(t) = L−1L{σz} ≈ Eα

{
Dα

t [εz]z,,0

}
·
{

1 +
∝

∑
k=1

(−1)k
(

Eα

Ee
+

Eα

E
p
)k t(2−α)k+1

Γ(2k + 2 − αk)

}
(25)

The electrical voltage that is induced by stress and polarization in the Faraday element
in Maxwell–Faraday fractional-type model is as follows:

Vz(t) = −gσz(t) ≈ −gEα

{
Dα

t [εz]z,,0

}
·
{

1 +
∝

∑
k=1

(−1)k
(

Eα

Ee
+

Eα

E
p
)k t(2−α)k+1

Γ(2k + 2 − αk)

}
(26)

Dielectric displacement is as follows:

Dz(t) = bσz(t) ≈ bEα

{
Dα

t [εz]z,,0

}
·
{

1 +
∝

∑
k=1

(−1)k
(

Eα

Ee
+

Eα

E
p
)k t(2−α)k+1

Γ(2k + 2 − αk)

}
(27)
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2.1.5. The Maxwell–Faraday Fractional-Type Model Material Properties

Expression (25) indicates the material properties of normal stress relaxation. In this
model, normal stress relaxation is reflected in the decrease in normal stress over time,
when the axial strain remains constant over time. The surface of normal stress relaxation
for the Maxwell–Faraday fractional-type model is presented in Figure 2b. The studied
material, based on a Maxwell–Faraday fractional-type model is a viscoelastic fluid with
piezoelectric properties. This model can be used to describe the properties of metals at very
high temperatures, while also exhibiting piezoelectric characteristics.

Differential constitutive relation of fractional order (23) can be solved by applying
the Laplace transform and then, by expanding into a series by the powers of the complex
parameter we obtain the following:

pα〈
1 +

(
Eα

Ee
+

Eα

E

)
pα

〉 = pα 1〈
1 +

(
Eα

Ee
+

Eα

E

)
pα

〉 ≈ pα ·
〈

1 +
∝

∑
k=1

(−1)k
(

Eα

Ee
+

Eα

E

)k
pkα

〉
(28)

Using the property of three functions that are in convolution, as well as the relation-
ships of their Laplace transforms and the convolution integral, in a similar way as it was
described for the Kelvin–Voigt–Faraday fractional-type model we can obtain a constitutive
integral equation of the Maxwell–Faraday fractional-type model in the form of integral of
convolution:

σz(t) = Eα

∫ t

0
εz(t − τ)

〈
L−1

{
pα +

∝

∑
k=1

(−1)k
(

Eα

Ee
+

Eα

E

)k
p(k+1)α

}〉
t=τ

dτ (29)

3. Complex Burgers–Faraday Fractional-Type Models

In this section, we describe complex Burgers–Faraday fractional-type models and their
dynamical behavior. The schematic of the Burgers fractional-type model (Figure 3a) and
Burgers–Faraday fractional-type models are shown in Figure 3b,c. The Burgers–Faraday
fractional-type model presented in Figure 3b is obtained by introducing the Faraday
element in parallel connection with the Kelvin–Voigt fractional type element of the Burgers
fractional-type model. The Burgers–Faraday fractional-type model presented in Figure 3c
is obtained by introducing the Faraday element in parallel connection with the Maxwell
fractional-type element of the Burgers fractional-type model. The Burgers fractional-type
model (Figure 3a) represents a series of connections between a Maxwell fractional-type
element and the Kelvin–Voigt fractional-type element.

3.1. Burgers–Faraday Fractional-Type Model–Viscous Elastic Fluid with Piezoelectric Properties
(BFYF CF Model)

The constitutive relation for the Burgers–Faraday fractional-type model (BFYF CF
model) is as follows:

.
εz,Bu =

.
εz,M +

.
εz,K +

.
εz,FY =

.
σz,M

EM
+

σz,M

Eα=1,M
+

.
εz,K +

.
εz,FY (30)

.
εz,Bu =

.
εz,M +

.
εz,K +

.
εz,FY =

.
σz,M

EM
+

σz,M

Eα=1,M
+

.
εz,K +

.
εz,FY,

..
εz,Bu =

..
σz,M

EM
+

.
σz,M

Eα=1,M
+

..
εz,K1 +

..
εz,FY (31)

σz,K1 = EKεz,K + Eα=1,K
.
εz,K + Eeεz,K EK

..
εz,Bu =

..
σz,M

EM
+

.
σz,M

Eα=1,M
+

..
εz,K1 +

..
εz,FY Eα=1,M (32)

.
σz,K = (EK + Ee)

.
ε1z,K + Eα=1,K

..
εz,K
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Figure 3. (a) Burgers fractional-type model. (b) Burgers–Faraday fractional-type model—viscous 
fluid with piezoelectric properties (BFYF VF model) (c) Burgers–Faraday fractional-type model—
viscoelastic solid with piezoelectric properties (BFYF VES model). H- Hook ideally elastic element. 
N—Newton ideally viscous fluid (fractional derivative is introduced in this element to describe vis-
cous nature and fractional-type dissipation energy of the material). FY—Faraday element with ide-
ally elastic and piezoelectric properties. K—Kelvin–Voigt fractional-type element. M-Maxwell frac-
tional-type element. B—Burgers fractional-type element.  

Figure 3. (a) Burgers fractional-type model. (b) Burgers–Faraday fractional-type model—viscous
fluid with piezoelectric properties (BFYF VF model) (c) Burgers–Faraday fractional-type
model—viscoelastic solid with piezoelectric properties (BFYF VES model). H- Hook ideally elastic ele-
ment. N—Newton ideally viscous fluid (fractional derivative is introduced in this element to describe
viscous nature and fractional-type dissipation energy of the material). FY—Faraday element with
ideally elastic and piezoelectric properties. K—Kelvin–Voigt fractional-type element. M-Maxwell
fractional-type element. B—Burgers fractional-type element.

The relationship between normal stress and axial strain in BFYF VF classic model is
as follows:

..
σz,Bu +

.
σz,Bu

(
EK + Ee

Eα=1,M
+

EM
Eα=1,K

+
EM

Eα=1,M

)
+ σz,Bu

EM
Eα=1,M

EK + Ee

Eα=1,K
=

EK + EeEM
Eα=1,K

.
εz,Bu + EM

...
ε z,Bu (33)

For the analogy of the details of the mathematical description and the derivation of
the differential constitutive equation, see Reference [37].

The constitutive relations of the BFYF VF model contains time derivatives of fractional
order as well as higher-order derivatives. The total axial strain in the Bu,αFY CF model is
equal to the sum of the component axial strains εz,M and εz,K of its constituent elements:
the Maxwell fractional-type element and the Kelvin–Voigt–Faraday fractional-type ele-
ment εz,Bu = εz,M + εz,K, while the normal stress is the same across all cross-sections of
the model’s components σz,K1 = σz,M = σz,Bu. Based on this analysis and the derived
conclusions, we can write the following relations:

Dα
t [εz,Bu] = Dα

t [εz,M] + Dα
t [εz,K] (34)

σz,K1 = (EK + Ee)εz,K + Eα=1,KDα
t [εz,K] (35)

Dα
t [εz,M] =

Dα
t [σz,M]

EM
+

σz,M

Eα=1,M
(36)

After differentiating (34) according to Dα
t [εz,K] from (35) and substitution of terms

from (36) constitutive relation of the BFYF VF model is in the following form:

Dα
t [εz,Bu] = Dα

t [εz,M] + Dα
t [εz,K] =

Dα
t [σz,M]

EM
+

σz,M

Eα=1,M
+ Dα

t [εz,K] (37)
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Or
Dα

t [σz,M]

EM
+

σz,M

Eα=1,M
= Dα

t [εz,Bu]− Dα
t [εz,K] (38)

σz,K1 = (EK + Ee)εz,K + Eα=1,KDα
t [εz,K] = σz,M = σz,Bu (39)

As relation σz,K1 = σz,M = σz,bu is valid for each part of the BFYF VF model Equations
(38) and (39) can be rewritten in the following form:

Dα
t [σz,Bu]

EM
+

σz,Bu

Eα=1,M
= Dα

t [εz,Bu]− Dα
t [εz,K] (40)

σz,Bu = (EK + Ee)εz,K + Eα=1,KDα
t [εz,K] (41)

These last two Relations (40) and (41) between normal stress σz,Bu and axial strain εz,Bu,
and their corresponding fractional-order derivatives, are coupled differential constitutive
relations of fractional order for the BFYF VF model. Under certain conditions, the model
exhibits properties of delayed elasticity and/or normal stress relaxation. From this system
of fractional-order differential constitutive Relations (40) and (41), we can eliminate the
axial strain rate, fractional order, and obtain a single relation linking normal stress and axial
strain in this complex rheological structure by transitioning to the domain of the Laplace
transform in the following form:

L{Dα
t [σz,Bu]}+

EM
Eα=1,M

L{σz,Bu} = EML{Dα
t [εz,Bu]} − EML{Dα

t [εz,K]} (42)

L{σz,Bu} = (EK + Ee)L{εz,K}+ L{Dα
t [εz,K]} (43)

or

L{σz,Bu}
〈

pα +
EM

Eα=1,M

〉
= EM pα⟨L{εz,Bu} − L{εz,K}⟩ (44)

L{εz,K} =
1

((EK + Ee) + pα)
L{σz,Bu} (45)

After substituting (45) in (44) we obtain the following:

L{σz,Bu}
〈

pα +
EM

Eα=1,M

〉
= EM pα

〈
L{εz,Bu} −

1
((EK + Ee) + pα)

L{σz,Bu}
〉

(46)

At the end we obtain the Laplace transform of the normal stress as a function of the
Laplace transform of the axial strain for the complex rheological structure of the BFYF VF
model in the following form:

L{σz,Bu} = EM L{εz,Bu}
((EK + Ee) + pα)pα

EM

〈(
(EK+Ee)+pα

EM

)
pα + pα + (EK+Ee)+pα

Eα=1,M

〉 (47)

Now, by applying the inverse Laplace transform to Equation (47), it is possible to
obtain the time function of normal stress from the axial strain of the complex rheological
structure of the BFYF VF model using the convolution integral. However, the problem of
determining the inverse Laplace transform remains unsolved for now.

3.2. The Burgers–Faraday Fractional-Type Model—Elastoviscous Solid with Piezoelectric
Properties (BFYS VES Model)

The BFYF VES model presented in Figure 3c consists of a Maxwell–Faraday fractional-
type element (a Maxwell fractional-type element connected in parallel with a Faraday
element) connected in a series with a Kelvin–Voigt fractional-type element. The stress and
strain will be analyzed in elements of the BFYF VES model and the end in the whole BFYF
VES model.
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The total stress in the Maxwell–Faraday fractional-type element Dα
t [σz,M,F] which is a

substructure of the complex BFYF VES model is as follows:

Dα
t [σz,M,F] = Dα

t [σz,M] + Dα
t [σz,F] = Dα

t [σz,M] +
Ee

EH,M
Dα

t [σz,M] +
Ee

Eα\,M
σz,M

Dα
t [σz,M,F] =

(
1 +

Ee

EH,M

)
Dα

t [σz,M] +
Ee

Eα\,M
σz,M (48)

If we apply the Laplace transform to the previous fractional-order constitutive Rela-
tion (48), we obtain the following:

L{σz,M,F} =

(
1 +

Ee

EH,M
+

Ee

Eα\,M pα

)
L{σz,M} (49)

Considering the components of the BFYF VES model, the system of constitutive
relations of fractional order of the complete BFYF VES model is in the following form:

Dα
t
[
εz,Bugam,F

]
= Dα

t [εz,M,F] + Dα
t [εz,K] (50)

Dα
t
[
σz,Birgan,,F

]
= Dα

t [σz,M,F] =

(
1 +

Ee

EH,M

)
Dα

t [σz,M] +
Ee

Eα\,M
σz,M (51)

Dα
t
[
σz,Birgan,,F

]
= Dα

t [σz,K1] = EKDα
t [εz,K] + Eα,KDα

t [D
α
t [εz,K]] (52)

σz,F = Eeεz,F (53)

Vz,F(t) = −gσz,F(t) (54)

Dz(t) = bσz,F(t) и Dz(t) = eεz,F(t) (55)

These fractional-order constitutive relations provide the connections between axial
strain εz,Bugam,F and normal stress σz,Birgan,,F in the complex rheological BFYF VES model,
as well as the normal stresses and axial strains in the substructures of the fractional-type
Kelvin–Voigt model and the fractional-type Maxwell-Faraday model.

By applying the Laplace transform to the previous two fractional-order constitutive
Relations (51) and (52), we obtain the following relations:

L
{

σz,Birgan,,F
}
= L{σz,M,F} =

(
1 +

Ee

EH,M
+

Ee

Eα\,M pα

)
L{σz,M} (56)

L
{

σz,Birgan,,F
}
= L{σz,K1} = (EK + Eα,K pα)L{εz,K} (57)

L
{

εz,Birgan,,F
}
= L{εz,M,F}+ L{εz,K} (58)

These previous fractional-order constitutive Relations (56) and (57) provide the con-
nections between the Laplace transforms L

{
σz,Birgan,,F

}
of the normal stress σz,Birgan,,F and

the Laplace transforms L
{

εz,Birgan,,F
}

of the axial strain εz,Birgan,,F in the complex rheolog-
ical BFYF VES model, as well as the axial strains L{εz,M,F} and normal stresses in the
substructures of the fractional-type Kelvin–Voigt model L{σz,K1} and the fractional-type
Maxwell-Faraday model L{σz,M,F}.

4. Two Rheological Burgers–Faraday Discrete Dynamical Systems of Fractional
Type-One Oscillator BFY VES DS and the Other Creeper BFY CF DS Both with
Piezoelectric Properties

In this section of the paper, we define two new types of rheological discrete dynamic
systems of fractional type and piezoelectric properties, which we have named rheological
Burgers–Faraday discrete dynamic systems of fractional type. We introduce the concepts of
standard light complex binding elements, and the concept of standard light complex rheo-
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logical binding elements: the Burgers–Faraday–BFY VES DS and Burgers–Faraday– BFY CF
DS standard light binding models. In this part, we will define the rheological Burgers–Faraday
discrete dynamic systems consisting of a single material point (rigid body) that moves
rectilinearly translatory on a smooth horizontal surface and is connected by one of the
standard light rheological Burgers–Faraday (BFY VES DS or BFY CF DS) models to a fixed
wall. Such rheological discrete dynamic systems have one external and two internal de-
grees of freedom. We will study the dynamics of two such rheological Burgers–Faraday
discrete dynamic systems: one type is a fractional rheological oscillator with piezoelec-
tric properties (Figure 4), and the other is a creeper of fractional type with piezoelectric
properties (Figure 5), each in two variations in the sequence of element connections in the
Burgers–Faraday binding models.
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Figure 4. Burgers–Faraday discrete dynamical system of fractional-type BFY VES DS fractional-type 
oscillator with piezoelectric properties: (a) A rheological discrete dynamic system consisting of a 
single material point (rigid body) with mass m , connected by a standard light complex Burgers–
Faraday–VES rheological model of the ideal fractional type (BFY VES DS, upper part in Figure 4). 
The system has one external and two internal degrees of freedom. (b) A dynamic rheological system 
with the reversed sequence of the structure’s connections in the standard light complex ideal Burg-
ers–Faraday model of fractional type (BFY VES DSR, lower part in Figure 4). 

Figure 4. Burgers–Faraday discrete dynamical system of fractional-type BFY VES DS fractional-
type oscillator with piezoelectric properties: (a) A rheological discrete dynamic system consist-
ing of a single material point (rigid body) with mass m, connected by a standard light complex
Burgers–Faraday–VES rheological model of the ideal fractional type (BFY VES DS, upper part in
figure). The system has one external and two internal degrees of freedom. (b) A dynamic rheological
system with the reversed sequence of the structure’s connections in the standard light complex ideal
Burgers–Faraday model of fractional type (BFY VES DSR, lower part in figure).
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Figure 5. Burgers–Faraday fractional-type dynamical system fractional type creeper with piezoelec-
tric properties—BFY CF DS. (a) A rheological discrete dynamic system consisting of a single mate-
rial point (rigid body) with mass m , connected by a standard light complex Burgers–Faraday–VF 
rheological model of the ideal fractional type (BFY CF DS), presented in upper part. The system has 
one external and two internal degrees of freedom. (b) A dynamic rheological system with the re-
versed sequence of the structure’s connections in the standard light complex ideal Burgers–Fara-
day–VF model of fractional type (BFY CF DSR), presented in lower part of Figure 5b. 
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Figure 5. Burgers–Faraday fractional-type dynamical system fractional type creeper with piezo-
electric properties—BFY CF DS. (a) A rheological discrete dynamic system consisting of a single
material point (rigid body) with mass m, connected by a standard light complex Burgers–Faraday–VF
rheological model of the ideal fractional type (BFY CF DS), presented in upper part. The system has
one external and two internal degrees of freedom. (b) A dynamic rheological system with the reversed
sequence of the structure’s connections in the standard light complex ideal Burgers–Faraday–VF
model of fractional type (BFY CF DSR), presented in lower part of (b).

4.1. The Burgers–Faraday (BFY VES DS) Rheologic Discrete Dynamical System of Fractional
Type—BFY VES DS Fractional Type Oscillator with Piezoelectric Properties

In this section, we will analyze the dynamics of the complex Burgers–Faraday–VES
dynamical system of fractional type in two cases depending on the sequence of elements in
the dynamical system. BFY VES fractional-type discrete dynamical systems are presented
in Figure 4. Both rheological Burgers–Faraday–BFY VF DS dynamic systems are shown in
Figure 4. Let us denote by x(t) the independent generalized coordinate corresponding to
the external degree of freedom, and xu,1(t) and xu,2(t) the internal independent generalized
coordinates corresponding to the internal degrees of freedom of the ideal fractional-type
Burgers–Faraday–VES discrete rheological model.

At the points of serial connections of the simple elements and substructure within
the structure of the standard light complex rheological Burgers–Faraday–VES model of
fractional type, we place a fictitious material point with zero mass, denoted by mu,1 = 0 and
mu,2 = 0 to set up a system of fractional-order differential equations. Given that the basic
mass (rigid body) of the system is m, and the rheological dynamic Burgers–Faraday–BFY
VES DS system (Figure 4a, presented in upper part) has three degrees of freedom, the
system of fractional-order differential equations takes the following form:

m
..
x + ce(x(t)− xu,1(t)) + cα,2Dα

t [x(t)− xu,2(t)] = F0sin(Ωt + φ0)
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mu,1
..
xu,1 + c0,1xu,1(t) + cα,1Dα

t [xu,1(t)] + c0,2(xu,2(t)− xu,1(t))− ce(x(t)− xu,1(t)) = 0 (59)

mu,2
..
xu,2 − cα,2Dα

t [x(t)− xu,2(t)] + c0,2(xu,2(t)− xu,1(t)) = 0

For the second case of the element connection in the structure of the standard light
rheological Burgers–Faraday–(BFY VES DS) model of ideal fractional type, as shown in
lower part in Figure 4b, the system of fractional-order differential equations is of the
following form:

m
..
x + c0,2(x(t)− xu,2(t)) + cα,2Dα

t [x(t)− xu,2(t)] = F0sin(Ωt + φ0)

mu,1
..
xu,1 + cα,1Dα

t [xu,1(t)]− c0,1(xu,2(t)− xu,1(t)) = 0 (60)

mu,2
..
xu,2 + cexu,2(t) + c0,1(xu,2(t)− xu,1(t))− c0,2(x(t)− xu,2(t))− cα,2Dα

t [x(t)− xu,2(t)] = 0

Let us now introduce the following notations:

ω2
0,1 =

c0,1

m
ω2

0,2 =
c0,2

m
ω2

α,1 =
cα,1

m
ω2

α,2 =
cα,2

m
ω2

e =
ce

m
h0 =

F0

m
(61)

Now, let us rewrite the previous systems of the fractional-order differential equations
in the following forms:

For the first model of the discrete rheological Burgers–Faraday–VES discrete dynamic
system, shown in upper part in Figure 4a (BFY VES DS), the system of fractional-order
differential equations is now in the following form:

..
x + ω2

e (x(t)− xu,1(t)) + ω2
α,2Dα

t [x(t)− xu,2(t)] = h0sin(Ωt + φ0)

+ω2
α,1Dα

t [xu,1(t)] + ω2
0,2(xu,2(t)− xu,1(t))− ω2

e (x(t)− xu,1(t)) = 0

−ω2
α,2Dα

t [x(t)− xu,2(t)] + ω2
0,2(xu,2(t)− xu,1(t)) = 0

(62)

For the second model of the rheological Burgers–Faraday–VES discrete dynamic
system, shown in lower part in Figure 4b, (BFY VF DSR) the system of fractional-order
differential equations is now in the following form:

..
x + ω2

0,2(x(t)− xu,2(t)) + ω2
α,2Dα

t [x(t)− xu,2(t)] = h0sin(Ωt + φ0)

+ω2
α,1Dα

t [xu,1(t)] + ω2
0,2(xu,2(t)− xu,1(t))− ω2

e (x(t)− xu,1(t)) = 0

ω2
e xu,2(t) + ω2

0,1(xu,2(t)− xu,1(t))− ω2
0,2(x(t)− xu,2(t))− ω2

α,2Dα
t [x(t)− xu,2(t)] = 0

(63)

4.1.1. The Dynamics of the Rheological Burgers–Faraday–VES Dynamic System

Now, let us apply the Laplace transform to the previous system of fractional-order
differential Equation (62), which results in the following (see References [38–40]):

L{x(t)}
〈

p2 + ω2
e + ω2

α,2 pα
〉
− ω2

e L{xu,1(t)} − ω2
α,2 pαL{xu,2(t)} =

h0Ω
p2 + Ω2 +

(
px0 +

.
x0
)

L{xu,1(t)}
(

ω2
α,1 pα + ω2

e − ω2
0,2

)
+ ω2

α,2 pαL{xu,2(t)} = ω2
e L{x(t)} (64)(

ω2
α,2 pα + ω2

0,2

)
L{xu,2(t)} − ω2

0,2L{xu,1(t)} = ω2
α,2 pαL{x(t)}

(
ω2

α,1 pα + ω2
e − ω2

α,2

)
The previous system (64) represents a non-homogeneous system of algebraic equations

in terms of the unknown Laplace transforms of the independent generalized coordinates:
one external L{x(t)} and two internal L{xu,1(t)} and L{xu,2(t)}, and can be solved using
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Cramer’s rule by employing the determinant of the system and other determinants derived
from it by replacing the appropriate column with the column of the free terms of the system.

The determinant of the previous system (64) of non-homogeneous algebraic equations
is in the following form:

∆(p) =

∣∣∣∣∣∣∣∣∣

〈
p2 + ω2

e + ω2
α,2 pα

〉
−ω2

e −ω2
α,2 pα

−ω2
e

(
ω2

α,1 pα + ω2
e − ω2

0,2

)
ω2

α,2 pα

−ω2
α,2 pα −ω2

0,2

(
ω2

α,2 pα + ω2
0,2

)
∣∣∣∣∣∣∣∣∣

∆(p) =
(

p2 + ω2
e + ω2

α,2 pα
)〈(

ω2
α,1 pα + ω2

e − ω2
0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉
+

+ω2
e

〈
ω4

α,2 p2α − ω2
e

(
ω2

α,2 pα + ω2
0,2

)〉
− ω2

α,2 pα
〈

ω2
e ω2

0,2 + ω2
α,2 pα

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉 (65)

While the other determinants obtained by replacing the appropriate column with the
column of the free terms from the system (64) are as follows:

∆0(p) =

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
α,1 pα + ω2

e − ω2
0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉
(66)

∆1(p) =

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉

(67)

∆2(p) =

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e ω2

0,2 + ω2
α,2

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉
(68)

The solution of the system (64) of non-homogeneous algebraic equations in terms of
the Laplace transforms of the independent generalized coordinates: one external L{x(t)}
and two internal L{xu,1(t)} and L{xu,2(t)} can now be expressed in the following form:

L{x(t)} =
∆0(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
α,1 pα + ω2

e − ω2
0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉

L{xu,1(t)} =
∆1(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉

(69)

L{xu,2(t)} =
∆2(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e ω2

0,2 + ω2
α,2

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉
Now, it is necessary to determine the inverse Laplace transforms of the external

independent generalized coordinate L−1L{x(t)} as well as the inverse Laplace transforms
of the internal independent generalized coordinates L−1L{xu,1(t)} and L−1L{xu,2(t)} to
transition to the time domain. Thus, we have the following:

x(t) = L−1L{x(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
α,1 pα + ω2

e − ω2
0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉}

xu,1(t) = L−1L{xu,1(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉}

(70)

xu,2(t) = L−1L{xu,2(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e ω2

0,2 + ω2
α,2

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉}

where the system determinant ∆(p) is defined in (65).
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It is necessary to determine the invers Laplace transform L−1L
{

x f ree(t)
}

of external

independent generalized coordinate
{

x f ree(t)
}

, for free eigen fractional type oscillations
and transition into the time domain in the following form:

x f ree(t) = L−1L
{

x f ree(t)
}
= L−1

{(
px0 +

.
x0
)

∆(p)

〈(
ω2

α,1 pα + ω2
e − ω2

0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉}
(71)

Then, it is necessary to determine invers Laplace transform L−1L
{

xpart(t)
}

of exter-
nal independent generalized coordinate

{
xpart(t)

}
, for forced fractional type rheological

oscillations and transition into the time domain in the following form:

xPart(t) = L−1L{xPart(t)} = L−1

{
h0

∆(p)
Ω

p2 + Ω2

〈(
ω2

α,1 pα + ω2
e − ω2

0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉}
(72)

We can then also determine the internal independent generalized coordinates xu,1(t)
and xu,2(t) which correspond to the displacements of the points connecting Hooke’s ideal
elastic element and Newton’s ideal viscous element of fractional type, with the parallel-
connected with piezoelectric Faraday element in the BFY VES DS dynamical system.

The axial strain (dilation) of the parallel-connected Faraday ideal elastic and piezoelec-
tric element, in the structure of the standard light rheological Burgers–Faraday–BFY VES
DS model of fractional type (BFY VES DS) (model shown in the upper part of Figure 4a), is
as follows:

εz(t) =
x(t)− xu,1(t)

↕0

εz(t) =
x(t)− xu,1(t)

↕0
=

1
↕0

L−1L{x(t)− xu,1(t)}〈
ω2

e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉

{εz(t)} = L{x(t)− xu,1(t)} =

= 1
∆(p)

〈
h0Ω

p2+Ω2 +
(

px0 +
.
x0
)〉

〈(
ω2

α,1 pα + ω2
e − ω2

α,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα − ω2

e

(
ω2

α,2 pα + ω2
0,2

)
+ ω4

α,2 p2α
〉 (73)

The normal stress in the parallel-connected Faraday piezoelectric element in the
structure of (BFY VES DS) is as follows:

σz(t) = Eeεz(t) = Ee
x(t)− xu,1(t)

↕0
(74)

The electric voltage of the electrical polarization in the parallel-connected Faraday
element in the structure of (BFY VES DS) is as follows:

Vz(t) = −gσz(t) = gEe
x(t)− xu,1(t)

↕0
=

gEe

↕0
L−1L{x(t)− xu,1(t)} (75)

and the dielectric displacements in the parallel-connected Faraday element are as follows:

Dz(t) = bσz(t) =
bEe

↕0
L−1L{x(t)− xu,1(t)} and Dz(t) = eεz(t) =

e
↕0

L−1L{x(t)− xu,1(t)} (76)

4.1.2. Dynamics of the Reverse Rheological Burgers–Faraday Discrete Dynamic System
(BFY VES DSR)

Let us now consider the dynamics of the reverse rheological Burgers–Faraday–VES
discrete dynamic system (BFY VES DSR) (model presented in lower part of Figure 4), which
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is described by the system (63) of three fractional-order differential equations. For the
reverse order of element connections in the structure of the standard light rheological
Burgers–Faraday–(BFY VES DSR) model of fractional type, we apply the same procedure
as in Section 4.1.1, which we will not repeat here. However, we will present the system of
non-homogeneous algebraic equations for the unknown Laplace transformations of the
independent generalized coordinates, one external coordinate L{x(t)} and two internal
independent generalized coordinates L{xu,1(t)} and L{xu,2(t)} describing the dynamics of
the rheological system, in the following form:

L{x}
〈

p2 + ω2
0,2 + ω2

α,2 pα
〉
−
(

ω2
0,2 + ω2

α,2 pα
)

L{xu,2(t)} = h0Ω
p2+Ω2 +

(
px0 +

.
x0
)

−ω2
e L{x(t)}+

(
ω2

e − ω2
0,2 + ω2

α,1 pα
)

L{xu,1(t)}+ ω2
0,2L{xu,2(t)} = 0

−
(

ω2
0,2 + ω2

α,2 pα
)

L{x(t)} − ω2
0,1L{xu,1(t)}+

(
ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)

L{xu,2(t)} = 0

(77)

Starting from the system of three fractional-order differential Equation (63), and
applying the Laplace transformation, we derived a non-homogeneous system of algebraic
Equation (77). By applying Cramer’s rule and using the determinants we obtain the
solutions for the Laplace transforms of all three independent generalized coordinates,
expressed in the following form:

L{x(t)} =
∆0(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
e − ω2

0,2 + ω2
α,1 pα

)(
ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)
+ ω2

0,2ω2
0,1

〉
L{xu,1(t)} =

∆1(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
02

(
ω2

0,2 + ω2
α,2 pα

)
− ω2

e

(
−ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)〉

(78)

L{xu,2(t)} ==
∆2(p)
∆(p)

=
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e ω2

0,1 +
(

ω2
e − ω2

0,2 + ω2
α,1 pα

)(
ω2

0,2

}
ω2

α,2 pα
)〉

where system determinant is in the following form:

∆(p) =
(

p2 + ω2
0,2 + ω2

α,2 pα
)〈(

ω2
e − ω2

0,2 + ω2
α,1 pα

)(
ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)
+ ω2

0,1ω2
0,2

〉
−

−
(

ω2
0,2 + ω2

α,2 pα
)〈

ω2
e ω2

0,1 +
(

ω2
0,2 + ω2

α,2 pα
)(

ω2
e − ω2

0,2 + ω2
α,1 pα

)〉 (79)

The inverse Laplace transform is performed for all three independent generalized
coordinates in order to transfer into the time domain:

x(t) = L−1L{x(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
e − ω2

0,2 + ω2
α,1 pα

)(
ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)
+ ω2

0,2ω2
0,1

〉}

xu,1(t) = L−1L{xu,1(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
02

(
ω2

0,2 + ω2
α,2 pα

)
− ω2

e

(
−ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)〉}

(80)

xu,2(t) = L−1L{xu,2(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
e ω2

0,1 +
(

ω2
e − ω2

0,2 + ω2
α,1 pα

)(
ω2

0,2

}
ω2

α,2 pα
)〉}

The inverse Laplace transform for the external independent generalized coordinate
L{x(t)} for free eigen rheological oscillations of fractional type is as follows:

x f ree(t) = L−1L
{

x f ree(t)
}
= L−1

{(
px0 +

.
x0
)

∆(p)

〈(
ω2

e − ω2
0,2 + ω2

α,1 pα
)(

ω2
0,1 + ω2

0,2 + ω2
α,2 pα

)
+ ω2

0,2ω2
0,1

〉}
(81)

Then, using convolution integral and inverse Laplace transform for the following:
L−1

{
1

∆(p)

〈(
ω2

e − ω2
0,2 + ω2

α,1 pα
)(

ω2
0,1 + ω2

0,2 + ω2
α,2 pα

)
+ ω2

0,2ω2
0,1

〉}
and L−1

{
h0Ω

p2+Ω2

}
, we

determine the external independent generalized coordinate L−1L
{

xpart(t)
}

, for forced rhe-
ological oscillation

{
xpart(t)

}
in time domain in the form:

xpart(t) = L−1L
{

xpart(t)
}
= L−1

{
1

∆(p)

〈(
ω2

e − ω2
0,2 + ω2

α,1 pα
)(

ω2
0,1 + ω2

0,2 + ω2
α,2 pα

)
+ ω2

0,2ω2
0,1

〉}
∗ L−1

{
h0Ω

p2 + Ω2

}
(82)
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We can then determine the internal independent generalized coordinates xu,1(t) and
xu,2(t) along with the displacements at the points of sequential connections between the
basic Hooke ideal elastic element, the Newton ideal viscous element of fractional type,
and the piezoelectric Faraday element in the modified Maxwell rheological fractional-type
model which incorporates in parallel piezoelectric properties. This can be expressed via the
convolution integral as follows:

xu, 1(t) = L−1L{xu,1(t)} = L−1
{

p
∆(p)

〈
ω2

02

(
ω2

0,2 + ω2
α,2 pα

)
− ω2

e

(
−ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)〉}

∗ L−1L{x(t)}

xu,2(t) = L−1L{xu,2(t)} = L−1
{

p
∆(p)

〈
ω2

e ω2
0,1 +

(
ω2

e − ω2
0,2 + ω2

α,1 pα
)(

ω2
0,2

}
ω2

α,2 pα
)〉}

∗ L−1L{x(t)} (83)

The dilation of the parallel connected Faraday ideal elastic and piezoelectric element
is as follows:

εz(t) =
xu,1(t)
↕0

=
1
↕0

L−1L{xu,1(t)}

εz(t) =
1
↕0

L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω2
02

(
ω2

0,2 + ω2
α,2 pα

)
− ω2

e

(
−ω2

0,1 + ω2
0,2 + ω2

α,2 pα
)〉}

(84)

The normal stress in the Faraday element is as follows:

σz(t) = Eeεz(t) = Ee
xu,1(t)
↕0

(85)

The electric voltage of electric polarization in parallel connected to the Faraday element
is as follows:

Vz(t) = −gσz(t) =
gEe

↕0
L−1L{xu,1(t)} (86)

And the dielectric displacements in the Faraday element are as follows:

Dz(t) = bσz(t) =
bEe

↕0
L−1L{xu,1(t)} and Dz(t) = eεz(t) =

e
↕0

L−1L{xu,1(t)} (87)

4.2. The Burgers–Faraday Discrete Dynamical System of Fractional Type- Fractional Type Creeper
with Piezoelectric Properties—BFY CF DS

In this section, we will examine the dynamics of the rheological Burgers–Faraday–
discrete dynamic system, of fractional type with piezoelectric properties, BFY CF DS,
as presented in Figure 5. This system will be analyzed in two variations based on the
sequence of binding in the underlying structure of the standard light complex rheological
Burgers–Faraday–BFY CF DS model (presented in Figure 5). This discrete dynamic system
is characterized by a standard light complex rheological Burgers–Faraday–BFY CF DS
model of ideal, fractional-type material, integrated into the system through parallel binding
with a piezoelectric Faraday ideal elastic element and a Kelvin–Voigt structure of fractional
type. This rheological discrete dynamic system exhibits both delayed elasticity and normal
stress relaxation properties, under specific conditions of constant normal stress or constant
axial dilation over time.

Both rheological Burgers–Faraday–BFY CF DS discrete dynamic systems, possess
one external degree of freedom related to motion; specifically, the sliding material point
(rigid body) and two internal degrees of freedom associated with movement: sliding and
flowing of the fractional type. This behavior is inherent within the complex standard light
rheological Burgers–Faraday–VF model.

We will establish that, in both cases, it represents a type of fractional order crawler
with energy dissipation within the discrete dynamic system.

Let us denote x(t) as the independent generalized coordinate corresponding to the
external degree of freedom related to motion; specifically, sliding while xu,1(t) and xu,2(t)
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represent the internal independent generalized coordinates corresponding to the internal
degrees of freedom associated with sliding motion in the fractional-type rheological Burgers–
Faraday–VF model.

At the internal connections of the simple elements within the structure of the standard
light complex rheological Burgers–Faraday–BFY CF DS model of fractional type, we in-
troduce a fictitious material point with zero mass at each joint, denoted as mu,1 = 0 and
mu,2 = 0. We then formulate a system of fractional-order differential equations. Given
that the basic mass (rigid body) of the system is m and the rheological dynamic BFY CF
DS system (as shown in the upper part of Figure 5a) has three degrees of freedom for
movement, the resulting system of fractional-order differential equations can be expressed
in the following form:

m
..
x + cα,2Dα

t [x(t)− xu,2(t)] = F0sin(Ωt + φ0)

mu,1
..
xu,1 + c0,1xu,1(t) + cexu,1(t) + cα,1Dα

t [xu,1(t)]− c0,2(xu,2(t)− xu,1(t)) = 0 (88)

mu,2
..
xu,2 − cα,2Dα

t [x(t)− xu,2(t)] + c0,2(xu,2(t)− xu,1(t)) = 0

Now, let us introduce the following notations:

ω2
0,1 =

c0,1

m
ω2

0,2 =
c0,2

m
ω2

α,1 =
cα,1

m
ω2

α,2 =
cα,2

m
ω2

e =
ce

m
h0 =

F0

m
(89)

We can then rewrite the previous systems of fractional order differential equations in
the following forms:

For the (BFY CF DS) dynamical system, the system of fractional differential equations
is now represented as follows:

..
x + ω2

α,2Dα
t [x(t)− xu,2(t)] = h0sin(Ωt + φ0)

ω2
0,1xu,1(t) + ω2

e xu,1(t) + ω2
α,1Dα

t [xu,1(t)]− ω2
0,2(xu,2(t)− xu,1(t)) = 0

−ω2
α,2Dα

t [x(t)− xu,2(t)] + ω2
0,2(xu,2(t)− xu,1(t)) = 0

(90)

For the (BFY CF DSR) dynamical system, the system of fractional order differential
equations is now expressed as follows:

..
x + ω2

0,2(x(t)− xu,2(t)) + ω2
e (x(t)− xu,2(t)) + ω2

α,2Dα
t [x(t)− xu,2(t)] = h0sin(Ωt + φ0)

ω2
α,1Dα

t [xu,1(t)] + ω2
0,1(xu,2(t)− xu,1(t)) = 0

−ω2
0,1(xu,2(t)− xu,1(t))− ω2

e (x(t)− xu,2(t))− ω2
0,2(x(t)− xu,2(t))− ω2

α,2Dα
t [x(t)− xu,2(t)] = 0

(91)

4.2.1. Dynamics of the Burgers–Faraday Dynamic System–(BFY CF DS)

By applying the identical procedure as described in detail in Section 4.1.1, we use
the Laplace transform on the previous system of fractional order differential Equation (90)
to obtain a system of non-homogeneous algebraic equations for the unknown Laplace
transformations of the independent generalized coordinates. We solve these equations
using Cramer’s rule, utilizing the determinant of the system and other relevant determi-
nants; subsequently, we determine the inverse Laplace transforms for all three independent
generalized coordinates, transitioning to the time domain, yielding the following:

x(t) = L−1L{x(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈

ω4
0,2 +

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

)(
ω2

α,2 pα + ω2
0,2

)〉}

xu,1(t) = L−1L{xu,1(t)} = L−1

{
ω4

α,2 p2α

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉}

(92)
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xu,2(t) = L−1L{xu,2(t)} = L−1

{
ω2

α,2 pα

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)}

where the system determinant is in the following form:

∆(p) =
(

p2 + ω2
α,2 pα

)〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
−

−ω4
α,2 p2α

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

) (93)

First, it is necessary to determine inverse Laplace transform of the external indepen-
dent coordinate L−1L

{
x f ree(t)

}
for eigen free sliding-flow

{
x f ree(t)

}
, of fractional type

with piezoelectric and transition to the time domain in the following form:

x f ree(t) = L−1L
{

x f ree(t)
}
= L−1

{(
px0 +

.
x0
)

∆(p)

〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉}
(94)

Next, it is necessary to determine the inverse Laplace transformation of the external
independent generalized coordinate L−1L

{
xpart(t)

}
for forced sliding-flow movements

of fractional type
{

xpart(t)
}

with piezoelectric properties, or pulsing under the influence
of an external periodic one frequency force, and transition to the time domain in the
following form:

xpart(t) = L−1L
{

xpart(t)
}
= L−1

{
1

∆(p)

〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉}
∗ L−1

{
h0Ω

p2 + Ω2

}
(95)

The preceding expression (97) is derived based on the convolution integral and
the individual inverse Laplace transformations of the expressions:
L−1

{
1

∆(p)

〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉}
and L−1

{
h0Ω

p2+Ω2

}
.

For eigen creeping of the intrinsic points xu,1, f ree(t) and xu,2, f ree(t) of the internal
structure of the standard BFY CF DS we obtain the following expressions:

xu,1, f ree(t) = L−1L{xu,1(t)} = L−1

{
ω4

α,2 p2α
(

px0 +
.
x0
)

∆(p)

}
(96)

xu,2, f ree(t) = L−1L{xu,2(t)} = L−1

{
ω2

α,2 pα
(

px0 +
.
x0
)

∆(p)

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

)}
(97)

For force creeping, xu,1,Forced(t) and xu,2,Forced(t) of the internal structure of the stan-
dard BFY VF DS, we obtain the following expressions:

xu,1,Forced(t) = L−1L{xu,1(t)} = L−1

{
ω4

α,2 p2α

∆(p)

}
∗ L−1

{
h0Ω

p2 + Ω2

}
(98)

xu,2(t) = L−1L{xu,2(t)} = L−1

{
ω2

α,2 pα

∆(p)

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

)}
∗ L−1

{
h0Ω

p2 + Ω2

}
(99)

Using the convolution integral and the property of three functions f1(t), f2(t), and f3(t)
in convolution, the Laplace transform L{ f3(t)} = L{xu,1(t)} can be expressed by mul-
tiplying of the Laplace transforms of these two functions L{ f1,1(t)}, i.e.,L{ f1,2(t)} and
L{ f2(t)} == L{x(t)}.
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The axial dilatation of the Faraday element connected in parallel in the BFY VF DS
discrete dynamical system is as follows:

εz(t) =
xu,1(t)
↕0

εz(t) =
xu,1(t)
↕0

=
1
↕0

L−1L{xu,1(t)}

εz(t) =
1
↕0

L−1

{
ω4

α,2 p2α

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉}

(100)

The expression for normal stress in the Faraday element connected in parallel in the
BFY VF DS discrete dynamical system is equivalent (formally same as) to Equation (85).
The electric voltage of the electric polarization in the Faraday element in BFY DS2 is
equivalent (formally same as) to Equation (86). And, the dielectric displacements in the
Faraday element in the BFY DS2 dynamical system are equivalent (formally same as) to
Equation (87).

4.2.2. Dynamics of the Rheological Reverse Burgers–Faraday–CF Dynamic System—BFY
CF DSR Crawler

For studying the dynamical behavior for the reverse Burgers–Faraday fractional type
system—BFY CF DSR (shown in the lower part of Figure 5b) we applied an identical
procedure as described in detail in Sections 4.1.1 and 4.1.2: we use the Laplace transform
on the previous system of fractional differential Equation (91) to obtain a system of non-
homogeneous algebraic equations for the unknown Laplace transforms of the independent
generalized coordinates. We solve these equations using Cramer’s rule, utilizing the
determinant of the system and other relevant determinants; subsequently, we determine the
inverse Laplace transforms for all three independent generalized coordinates, transitioning
to the time domain, yielding the following:

x(t) = L−1L{x(t)} = L−1

{
1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉〈(

ω2
α,1 pα − ω2

0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1

〉}

xu,1(t) = L−1L{xu,1(t)} = L−1

{
−

ω2
0,1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉(

ω2
α,2 pα + ω2

e + ω2
0,2

)}
(101)

xu,2(t) = L−1L{xu,2(t)} = L−1

{
− 1

∆(p)

〈
h0Ω

p2 + Ω2 +
(

px0 +
.
x0
)〉(

ω2
α,1 pα − ω2

0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)}
where system determinant is in the following form:

∆(p) =
(

p2 + ω2
0,2 + ω2

e + ω2
α,2 pα

)〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1

〉
−

−
(

ω2
0,2 + ω2

e + ω2
α,2 pα

)(
ω2

α,1 pα − ω2
0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

) (102)

First, it is necessary to determine the inverse Laplace-transform of the external inde-
pendent coordinate L−1L

{
x f ree(t)

}
for eigen free sliding-flow

{
x f ree(t)

}
, and transition

to the time domain in the following form:

x f ree(t) = L−1L
{

x f ree(t)
}
= L−1

{(
px0 +

.
x0
)

∆(p)

〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1

〉}
(103)

Next, it is necessary to determine the external independent generalized coordinate
L−1L

{
xpart(t)

}
for forced sliding-flow movements of fractional type

{
xpart(t)

}
under

the influence of an external periodic one frequency force by using the integral of con-
volution and the inverse Laplace transformation of the expressions
L−1

{
1

∆(p)

〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1

〉}
and L−1

{
h0Ω

p2+Ω2

}
in the form:
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xpart(t) = L−1L
{

xpart(t)
}
= L−1

{
1

∆(p)

〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1

〉}
∗ L−1

{
h0Ω

p2 + Ω2

}
. (104)

Also, it is possible to determine the internal independent generalized coordinates
xu,1(t) of the BFY VF DSR dynamical system:

xu,1, f ree(t) = L−1L{xu,1(t)} = L−1

{
−

ω2
0,1
(

px0 +
.
x0
)

∆(p)

(
ω2

α,2 pα + ω2
e + ω2

0,2

)}
(105)

xu,2, f ree(t) = L−1L{xu,2(t)} = L−1

{
−
(

px0 +
.
x0
)

∆(p)

(
ω2

α,1 pα − ω2
0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)}
(106)

For forced creeping, xu,1,Forced(t) and xu,2,Forced(t) in the BFY CF DSR dynamical
system we obtain:

xu,1,Forced(t) = L−1L{xu,1(t)} = L−1

{
−

ω2
0,1

∆(p)

(
ω2

α,2 pα + ω2
e + ω2

0,2

)}
∗ L−1

{
h0Ω

p2 + Ω2

}
(107)

xu,2(t) = L−1L{xu,2(t)} = L−1
{
− 1

∆(p)

(
ω2

α,1 pα − ω2
0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)}
∗ L−1

{
h0Ω

p2 + Ω2

}
(108)

The axial dilatation of the Faraday element connected in parallel in BFY CF DSR
discrete dynamical system is as follows:

εz(t) =
1
↕0

L−1


1

∆(p)

〈
h0Ω

p2+Ω2 +
(

px0 +
.
x0
)〉

·〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1 +
(

ω2
α,1 pα − ω2

0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)〉
 (109)

Normal stress in the Faraday element in BFY VF DSR discrete dynamical system is as
follows:

σz(t) = L−1


Ee

↕0∆(p)

〈
h0Ω

p2+Ω2 +
(

px0 +
.
x0
)〉

·〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1 +
(

ω2
α,1 pα − ω2

0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)〉
 (110)

The electric voltage of polarization in the Faraday element in BFY CF DSR discrete
dynamical system is as follows:

Vz(t) = L−1

 − gEe
↕0∆(p)

〈
h0Ω

p2+Ω2 +
(

px0 +
.
x0
)〉

·〈(
ω2

α,1 pα − ω2
0,1

)(
ω2

e + ω2
0,2 + ω2

α,2 pα − ω2
0,1

)
+ ω4

0,1 +
(

ω2
α,1 pα − ω2

0,1

)(
ω2

α,2 pα + ω2
e + ω2

0,2

)〉
 (111)

5. Numerical Analysis

After conducting extensive numerical experiments on the obtained solutions of Laplace
transforms L{x(t)}, L{xu,1(t)}, and L{xu,2(t)} for all three independent generalized co-
ordinates x(t), xu,1(t), and xu,2(t) of the rheological Burgers–Faraday dynamical systems
of fractional type (Figures 4 and 5): BFY VES DS, BFY VES DSR, BFY CF DS, and BFY CF
DSR for free and forced movements, we selected only a few characteristic graphs from a
multitude of results to present in this work. The Burgers–Faraday–VES rheological models
of fractional type are both rheological oscillators of fractional type. The order of binding
of the structural elements in the Burgers–Faraday–VES model significantly influences the
rheological oscillatory dynamics of the rheological discrete dynamic systems.

In contrast, the Burgers–Faraday–CF discrete dynamic systems represent crawlers
with flow behavior, also of fractional type. The dynamics of these two models (BFY CF
DS and BFY CF DSR) differ significantly, as the order in which the structural elements are
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connected in the standard light complex rheological Burgers–Faraday model profoundly
influences the system.

We will present the characteristic Laplace transformations of independent gener-
alized coordinate surfaces for the dynamics of rheological discrete dynamic systems
(Burgers–Faraday–VES DS and DSR, and Burgers–Faraday–CF DS and DSR). These sur-
faces will be visualized in coordinate systems defined by the following axes: the elongation
of the Laplace transform, the exponent α of the fractional-order differentiation operator
within the interval 0 < α < 1, and the parameter p of the Laplace transform.

This allows for the formation of a series of sets of Laplace transforms of eigen and
forced modes of rheological oscillation dynamics of a rheological Burgers–Faraday–VES
DS discrete dynamics system of fractional type.

The set of Laplace transforms L
{

x f ree,likecos

}
and L

{
x f ree,likesin

}
of the eigen modes of

independent generalized coordinate {x(t)} of external degree of freedom, of dynamics of
(BFY CF DS) presented in upper part of Figure 4, is as follows:

L
{

x f ree,like sin(t)
}
=

1
∆(p)

〈(
ω2

α,1 pα + ω2
e − ω2

0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉
(112)

L
{

x f ree,like cos(t)
}
=

p
∆(p)

〈(
ω2

α,1 pα + ω2
e − ω2

0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉
(113)

where determinant of the system is in the following form:

∆(p) =
(

p2 + ω2
e + ω2

α,2 pα
)〈(

ω2
α,1 pα + ω2

e − ω2
0,2

)(
ω2

α,2 pα + ω2
0,2

)
+ ω2

0,2ω2
α,2 pα

〉
+

+ω2
e

〈
ω4

α,2 p2α − ω2
e

(
ω2

α,2 pα + ω2
0,2

)〉
− ω2

α,2 pα
〈

ω2
e ω2

0,2 + ω2
α,2 pα

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉 (114)

The set of Laplace transforms L
{

xForced,sin(t)
}

and L
{

xForced,cos(t)
}

of the forced
modes of independent generalized coordinate {x(t)} of external degree of freedom of
dynamics of the rheological Burgers–Faraday–(BFY CF DS) discrete rheological oscillator
presented in upper part of Figure 4, is as follows:

L
{

xForced,like sin(t)
}
=

1
∆(p)

〈
Ω

p2 + Ω2

〉〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(115)

L
{

xForced,like cos(t)
}
=

1
∆(p)

〈
p

p2 + Ω2

〉〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(116)

The set of Laplace transforms L
{

xu,1, f ree,likesin(t)
}

and L
{

xu,1, f ree,likecos(t)
}

of the
eigen modes of independent generalized coordinate xu(t) of the internal degree of free-
dom, of the dynamics of the rheological Burgers–Faraday–(BFY VF DS) discrete rheological
oscillatory dynamic system, fractional type with piezoelectric property, presented in upper
part of Figure 4, is as follows:

L
{

xu,1 f ree,like sin(t)
}
=

1
∆(p)

〈
ω2

e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉

(117)

L
{

xu,1 f ree,like cos(t)
}
=

p
∆(p)

〈
ω2

e

(
ω2

α,2 pα + ω2
0,2

)
− ω4

α,2 p2α
〉

(118)

The set of Laplace transforms L
{

xu,2 f ree,like sin(t)
}

and L
{

xu,2 f ree,like cos(t)
}

of the
eigen modes of independent generalized coordinate xu,2, f ree(t) of the internal degree
of freedom, of dynamics of the rheological Burgers–Faraday–(BFY CF DS) discrete rheo-
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logical oscillatory dynamic system, fractional type with piezoelectric property, presented in
upper part of Figure 5, is as follows:

L
{

xu,2 f ree,like sin(t)
}
=

1
∆(p)

〈
ω2

e ω2
0,2 + ω2

α,2

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉
(119)

L
{

xu,2 f ree,like cos(t)
}
=

p
∆(p)

〈
ω2

e ω2
0,2 + ω2

α,2

(
ω2

α,1 pα + ω2
e − ω2

0,2

)〉
(120)

This allows the formation of a series of sets of Laplace transforms of eigen modes
and forced modes of crawler-creep dynamics of a rheological Burgers–Faraday–(BFY CF
DS) rheological crawler-creep rheological discrete dynamics system, fractional type with
piezoelectric property.

The set of Laplace transforms L
{

x f ree,likecos

}
and L

{
x f ree,likesin

}
of the eigen modes of

independent generalized coordinate {x(t)} of external degree of freedom, of dynamics of
the rheological Burgers–Faraday–(BFY CF DS) discrete rheological crawler-creep discrete
dynamic system, fractional type with piezoelectric property, presented in upper part of
Figure 5, is as follows:

L
{

x f ree,like cos(t)
}
=

p
∆(p)

〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(121)

L
{

x f ree,like sin(t)
}
=

1
∆(p)

〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(122)

where determinant determined by expression in the following form:

∆(p) =
(

p2 + ω2
α,2 pα

)〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
−

−ω4
α,2 p2α

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

) (123)

The set of Laplace transforms L
{

xForced,sin(t)
}

and L
{

xForced,cos(t)
}

of the forced
modes of independent generalized coordinate {x(t)} of the external degree of freedom of
dynamics of the rheological Burgers–Faraday–(BFY CF DS) discrete rheological crawler-
creep dynamic system, fractional type with piezoelectric property, presented in upper part
of Figure 5, is as follows:

L
{

xForced,like sin(t)
}
=

1
∆(p)

〈
Ω

p2 + Ω2

〉〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(124)

L
{

xForced,like cos(t)
}
=

1
∆(p)

〈
p

p2 + Ω2

〉〈
ω4

0,2 +
(

ω2
0,1 + ω2

0,2 + ω2
e + ω2

α,1 pα
)(

ω2
α,2 pα + ω2

0,2

)〉
(125)

The set of Laplace transforms L
{

xu,1, f ree,likesin(t)
}

and L
{

xu,1, f ree,likecos(t)
}

of the
eigen modes of independent generalized coordinate xu,1(t) of the internal degree of
freedom, of dynamics of the rheological Burgers–Faraday–(BFY CF DS) discrete rheological
crawler-creep dynamic system, fractional type with piezoelectric property, presented in
upper part of Figure 5, is as follows:

L
{

xu,1 f ree,like sin(t)
}
=

ω4
α,2 p2α

∆(p)
(126)

L
{

xu,1 f ree,like cos(t)
}
=

ω4
α,2 p2α+1

∆(p)
(127)
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The set of Laplace transforms L
{

xu,1,Forced,like sin(t)
}

and L
{

xu,1,Force,like cos(t)
}

of the
forced modes of independent generalized coordinate xu,1(t) of the internal degree of
freedom, of dynamics of the rheological Burgers–Faraday–(BFY CF DS) rheological crawler-
creep discrete dynamic system, fractional type with piezoelectric property, presented in
upper part of Figure 5, is as follows:

L
{

xu,1,Forced,like sin(t)
}
=

ω4
α,2 p2α

∆(p)

〈
Ω

p2 + Ω2

〉
(128)

L
{

xu,1,Force,like cos(t)
}
=

ω4
α,2 p2α

∆(p)

〈
p

p2 + Ω2

〉
(129)

The set of Laplace transforms L
{

xu,2 f ree,like sin(t)
}

and L
{

xu,2 f ree,like cos(t)
}

of the
eigen modes of independent generalized coordinate xu,2, f ree(t) of the internal degree of
freedom, of dynamics of the rheological Burgers–Faraday–(BFY CF DS) discrete rheological
crawler-creep dynamic system, fractional type with piezoelectric property, presented in
upper part of Figure 5, is as follows:

L
{

xu,2 f ree,like sin(t)
}
=

ω2
α,2 pα

∆(p)

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

)
(130)

L
{

xu,2 f ree,like cos(t)
}
=

ω2
α,2 pα+1

∆(p)

(
ω2

0,1 + ω2
0,2 + ω2

e + ω2
α,1 pα

)
(131)

Figures 6–8 show the spatial surfaces of Laplace transforms L
{

x f ree,likesin

}
and

L
{

x f ree,likecos

}
eigenmodes of sine-like and cosine-like type, as well as the Laplace trans-

formation L
{

xForced,likesin(t)
}

of forced mode of the independent generalized coordinate of
the external degree of freedom of movement of the rheological Burgers–Faraday–CF DS
discrete dynamic system of fractional type with piezoelectric property, crawler type, in
the cases of single-frequency periodic force F(t) = F0sin(Ωt + φ0) action, presented in the
Laplace transformation space and in coordinate system with coordinate axes: elongation of
Laplace transformation, the differentiation exponent α of the fractional order in the interval
0 < α < 1, and the Laplace transforms parameter p, drawn using analytical Expressions
(121), (122) and (124), for different system parameter values.

The space surfaces of the Laplace transforms L
{

x f ree,likesin

}
and L

{
x f ree,likecos

}
of

the free creep (flow) modes and L
{

xForced,likesin(t)
}

, 0 < α < 1 of the forced creep (flow)
mode of the external generalized coordinate of the rheological Burgers–Faraday–BFY CF
DS discrete dynamic system of fractional type with piezoelectric property, in the cases
of single-frequency periodic force action F(t) = F0sin(Ωt + φ0), for different system pa-
rameter values, presented in the Laplace transformation space drawn using analytical
Expression (124), for different system parameter value is shown in the Figure 9.
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Figure 6. The space surfaces of the Laplace transform L
{

x f ree,likesin

}
, 0 < α < 1 of the free creep

(flow) mode, sine-like type, of the external generalized coordinate of the rheological Burgers–
Faraday–VF DS discrete dynamic system of fractional type with piezoelectric property, presented
in the Laplace transformation space and in coordinate system with coordinate axes: elongation of
Laplace transformation, the differentiation exponent α of the fractional order in the interval 0 < α < 1,
and the Laplace transforms parameter p, drawn using analytical Expression (121), for different system
parameter value.
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in the Laplace transformation space and in coordinate system with coordinate axes: elongation of 
Laplace transformation, the differentiation exponent α   of the fractional order in the interval 

10 << α , and the Laplace transforms parameter p , drawn using analytical Expression (122), for 
different system parameter value. 

Figure 7. The space surfaces of the Laplace transform L
{

x f ree,likecos

}
, 0 < α < 1 of the free creep

(flow) mode, cosine-like type, of the external generalized coordinate of the rheological Burgers–
Faraday–VF DS discrete dynamic system of fractional type with piezoelectric property, presented
in the Laplace transformation space and in coordinate system with coordinate axes: elongation of
Laplace transformation, the differentiation exponent α of the fractional order in the interval 0 < α < 1,
and the Laplace transforms parameter p, drawn using analytical Expression (122), for different system
parameter value.
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Figure 8. The space surfaces of the Laplace transform L
{

xForced,likesin(t)
}

, 0 < α < 1 of the forced
creep (flow) mode of the external generalized coordinate of the rheological Burgers–Faraday–VF DS
discrete dynamic system of fractional type with piezoelectric property, in the cases of single-frequency
periodic force action F(t) = F0sin(Ωt + φ0), presented in the Laplace transformation space and in
coordinate system with coordinate axes: elongation of Laplace transformation, the differentiation
exponent α of the fractional order in the interval 0 < α < 1, and the Laplace transforms parameter p,
drawn using analytical expression (124), for different system parameter value.
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Figure 9. The space surfaces of the Laplace transforms L
{

x f ree,likesin

}
and L

{
x f ree,likecos

}
of the free

creep (flow) modes and L
{

xForced,likesin(t)
}

, 0 < α < 1 of the forced creep (flow) mode of the external
generalized coordinate of the rheological Burgers–Faraday–BFY CF DS discrete dynamic system
of fractional type with piezoelectric property, in the cases of single-frequency periodic force action
F(t) = F0sin(Ωt + φ0), for different system parameter values, presented in the Laplace transforma-
tion space and in coordinate system with coordinate axes: elongation of Laplace transformation,
the differentiation exponent α of the fractional order in the interval 0 < α < 1, and the Laplace
transforms parameter p, drawn using analytical Expression (124), for different system parameter

value. (a) The space surfaces of the Laplace transform L
{

x f ree,likesin

}
, 0 < α < 1 of the free creep

(flow) mode, sine-like type, of the external generalized coordinate of the rheological Burgers–Faraday–
BFY CF DS discrete dynamic system of fractional type with piezoelectric property, for different

system parameter values. (b) The space surfaces of the Laplace transform L
{

x f ree,likecos

}
, 0 < α < 1

of the free creep (flow) mode, cosine-like type, of the external generalized coordinate of the rheo-
logical Burgers–Faraday–BFY CF DS discrete dynamic system of fractional type with piezoelectric
property, for different system parameter values. (c) The space surfaces of the Laplace transform
L
{

xForced,likesin(t)
}

, 0 < α < 1 of the forced creep (flow) mode of the external generalized coordinate
of the rheological Burgers–Faraday–BFY CF DS discrete dynamic system of fractional type with
piezoelectric property, in the cases of single-frequency periodic force action F(t) = F0sin(Ωt + φ0),
for different system parameter values.
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6. Discussion

The development of highly efficient engineering and biomaterials with exceptional
viscoelastic, fractional, and piezoelectric properties is a challenge in modern materials
science. In this study, we introduce novel Burgers–Faraday models designed to characterize
the dynamic behavior of fractional-type materials with coupled fields; specifically, the
interplay between mechanical stress and strain and the electric polarization field, facilitated
by the Faraday element.

These fractional models, integrating piezoelectric properties, offer analysis of complex
systems, such as rheological oscillators and creeping materials.

Based on analytical results and their analysis, we define a number of conclusions here
in the form of Theorems:

Theorem 1. From the structural scheme of the standard light rheological complex model, a
distinction can be observed between rheological oscillators and rheological sliders (creeper, crawler)
of fractional type, which represent the connections within the rheological discrete dynamic system.

Theorem 2. If at least one of the Newton viscous fluid elements of fractional type is connected in
series within the structure and is not in parallel connection or within parallel connection with any
of the Hook ideal elastic elements or Faraday ideal elastic and piezoelectric element, then it is the
case of dynamics of the sliding (crawling) elements of the rheological dynamic system.

Theorem 3. If each of the Newton viscous fluid elements of fractional type is connected in parallel
or within a parallel connection with some of the Hook ideal elastic elements or Faraday ideal elastic
and piezoelectric elements, then it presents a rheological dynamic system with elastoviscous damped
oscillations of fractional type.

Theorem 4. Every series connection of any of the Newton fluid elements of fractional type introduces
one internal degree of freedom of motion for the rheological complex element, in addition to the
external degrees of freedom of motion of the complex rheological discrete dynamic system.

Theorem 5. By comparing the obtained analytical expressions of Laplace transforms for both the
free and forced motions of the material point (rigid body in translation), we observed that the order
of binding in the standard light structure of the rheological complex Burgers-Faraday-VES discrete
dynamic model, DS and DSR, significantly affects the differences in dynamics, but does not change
the type of rheological oscillatory dynamics, which remains of fractional and piezoelectric type.

Theorem 6. By comparing the obtained analytical expressions of Laplace transforms for both the
free and forced motions of the material point (rigid body in translation), we observe that the order of
binding in the standard light structure of the complex Burgers–Faraday–VF dynamic model DS and
DSR significantly affects the differences in creeping-flow dynamics, but does not change the type of
creeping-flow dynamics, which remains of fractional and piezoelectric type.

7. Concluding Remarks

In this paper, two rheological models of fractional type with piezo-electrical properties
are presented. The models can be applied in modeling viscoelastic and elasto-viscous
biomaterials with properties of normal stress relaxation and materials where axial dilation
lags behind normal stress and serves as the foundation for the construction of more complex
structures of ideal biomaterials, with programmed normal stress relaxation properties and
subsequent elasticity. These models are suitable for studying the behavior of complex
systems such as rheological oscillators or creepers. Complex models have properties related
to the occurrence of internal degrees of freedom that must be taken into account when
studying rheological oscillators with piezo-electrical properties of a fractional type. We
established fundamental principles and opened a broad field for further research into the
properties of rheological discrete and continuously dynamic systems, with many degrees
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of freedom of movement, both in discrete and continuous systems of fractional type with
coupled mechanical and piezoelectric fields.

The proposed models are suitable for advanced material design and the verification of
modeling hypotheses, enabling the development of next-generation materials whose per-
formance characteristics hinge on their viscoelastic, elastoviscous, or piezoelectric behavior.

In conclusion, we determined the differential constitutive relations of the fractional
order, then gave solutions for the cases of basic complex and hybrid complex models of
materials; we defined a class of rheological discrete dynamic systems of fractional type and
piezoelectric properties and derived the corresponding systems of differential equations
of fractional order, which describe the dynamics of these dynamic systems. Then, we
determined the Laplace transforms of the corresponding external and internal independent
generalized coordinates.

Complex behavior of materials like bones and cartilage that have both mechanical and
piezoelectric properties can be described by the models that are presented in the paper.

Our research addresses a highly relevant area of study and demonstrates significant
scientific innovation, offering new insights into the field of material dynamics.

We hope that our new Burgers–Faraday models will inspire other researchers to study
the complex dynamics of more complex dynamical systems that can be created on the basis
of systems that are studied in this paper.
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Abbreviations

εz(t) axial dilatation
σz normal stress
(SLS) Standard Linear Solid model

Vz(t) = −gσz(t)
Electric voltage in the Faraday element that is generated as a result of polarization closed by mechanical
loading in the Faraday element

(KVFYF) Kelvin–Voigt–Faraday fractional-type model
(MFYF) Maxwell–Faraday fractional-type model
Dα

t [•] the differential operator of fractional order of Caputo type
α exponent of fractional order differentiation
x(t) the independent generalized coordinate corresponding to the external degree of freedom,
xu,1(t) and xu,2(t) the internal independent generalized coordinate

BFY VF DS
Burgers–Faraday rheologic discrete dynamical system of fractional type with piezelectric property,
viscous fluid

BFY VF DSR
Reverse Burgers–Faraday rheologic discrete dynamical system of fractional type with piezoelectric
property, viscous fluid

BFY CF DS Burgers–Faraday discrete dynamical system of fractional type creeper with piezoelectric properties
BFY CF DSR Reverse Burgers–Faraday rheologic crawler (creeper) of fractional type with piezoelectric properties
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4. Perić, L. Spregnuti tenzori stanja piezoeletričnih materijala (Coupled tensors of the piesoelectric material states). Ph.D. Thesis,
Faculty of Mechanical Engineering in Niš, Niš, Serbia, 2005. (In Serbian)

5. Dabiri, D.; Saadat, M.; Mangal, D.; Jamali, S. Fractional rheology-informed neural networks for data-driven identification of
viscoelastic constitutive models. Rheol. Acta 2023, 62, 557–568. [CrossRef]
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