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Abstract: In particular, the fractional forms of Hermite-Hadamard inequalities for the newly defined
class of convex mappings proposed that are known as coordinated left and right A-convexity (LR-h-
convexity) over interval-valued codomain. We exploit the use of double Riemann-Liouville fractional
integral to derive the major results of the research. We also examine the key results’ numerical
validations that examples are nontrivial. By taking the product of two left and right coordinated
h-convexity, some new versions of fractional integral inequalities are also obtained. Moreover, some
new and classical exceptional cases are also discussed by taking some restrictions on endpoint
functions of interval-valued functions that can be seen as applications of these new outcomes.

Keywords: interval-valued mappings over coordinates; left and right 7i-convexity; double
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1. Introduction

There are many uses for the concepts of convex sets and convex functions in the
realms of applied and pure sciences. Furthermore, because of its many applications and
tight relationship to the theory of inequalities, convexity has advanced quickly in recent
years. When determining exact values for a mathematical problem proves to be challenging,
inequalities can be used to approximate the solution. Since many inequalities can be directly
derived from convex functions, there is a close relationship between convexity and the
theory of inequalities.

The Hermite-Hadamard inequality is one of the most well-known findings in the
category of classical convex functions, according to Dragomir and Pearce [1]. This inequality
has several applications and a straightforward intrinsic geometric explanation. The result
was mainly credited to Hermite (1822-1901), even though Hadamard (1865-1963) was the
one who first identified it [2,3]. The following is how this inequality is stated:

Theorem 1. Assume that the convex mapping J|: [o,i] — R. Then, the following double

inequality holds:
oti L JG) + ()
JJ( > ><i_0/011<x)dx<2, (1)

where R is a set of real numbers. One can check the concavity of the mappings by replacing the
symbol “<” with “>" in double inequality (1).
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The midpoint and trapezoidal-type inequalities, which are the two sides of the
Hermite-Hadamard inequality, are used to estimate error boundaries for specific quadra-
ture rules. The original derivation of these inequalities was in [4,5].

New extended versions of Simpson-type inequalities were derived by Awan et al. [6]
using differentiable, strongly (s, m)-convex maps. Simpson’s integral inequality has been
further expanded upon, refined, and generalized in [7-10].

In the course of research, various variations of the Hermite-Hadamard inequality
have been derived by expanding the definition of convex functions. Conversely, the
notion of s}-convexity [11,12] is divided into two halves, as follows, with the fundamental
requirement that 1 > s > 0. The following references [13-17] contain more generalizations
and expansions of classical convex functions.

Fractional calculus is the study of integrals and derivatives of any real order. Fractional
integrals are used to solve a wide range of problems involving mathematical science’s
special functions, as well as their generalizations and extensions to one or more variables.
Furthermore, compared to traditional derivatives, fractional-order derivatives describe the
memory and hereditary characteristics of distinct processes far better. Actually, current
applications in fluid mechanics, mathematical biology, electrochemistry, physics, differen-
tial and integral equations, signal processing, and fluid mechanics have been the driving
forces behind the recent developments in fractional calculus. Without a doubt, fractional
calculus can be used to solve a wide range of diverse problems in science, engineering, and
mathematics [18-20]. The reference [21] provides a thorough history of fractional calculus.

Creating different kinds of integral inequalities is a modern issue. Utilizing a range
of integrals, including the Sugeno integral [22,23], the pseudo integral [24], the Choquet
integral [25], and others, a significant amount of important work has been accomplished
in recent years. As a notion of generalization of functions and a significant mathematical
subject, interval-valued functions [26] have grown in importance as a tool for resolving
real-world problems, especially in mathematical economics [27]. Certain classical integral
inequalities have been expanded to the domain of interval-valued functions through recent
studies. New interval variations of Minkowski and Beckenbach’s integral inequalities
were introduced by Costa et al. [28]. This generalization established Jensen, Ostrowski,
and Hermite-Hadamard-type inequalities [29]. Fractional integrals of Riemann-Liouville
with interval values were also used to solve Hermite-Hadamard and Hermite-Hadamard-
type inequalities [30]. Zhao and colleagues [31-33] employed the gH -differentiable or
h-convex notion to study Jensen and Hermite-Hadamard-type inequalities, Opial-type
integral inequalities, and Chebyshev-type inequalities for interval-valued functions. Bu-
daka et al. [34] used the definitions of gH-derivatives to develop new fractional inequalities
of the Ostrowski type for interval-valued functions. Log-h-convex fuzzy-interval-valued
functions are a new class of convex fuzzy-interval-valued functions that were introduced
by Khan et al. [35] using a fuzzy order relation. The Jensen and Hermite-Hadamard in-
equalities were established in this class. To include the Ostrowski-type inequality in the
domain of fuzzy-valued functions, the Hukuhara derivative had to be applied, as Anas-
tassiou [36] showed. Anastassiou’s research focused heavily on fuzzy-valued functions,
commonly referred to as functions with an interval value. An interesting finding is that
Anastassiou’s fuzzy Ostrowski-type inequalities could also be used for interval-valued
functions. Bede and Gal’s [37] and Chalco-Cano et al.’s [38] publications should be studied
in order to gain a thorough grasp of the limitations placed on interval-valued functions
by the idea of the H-derivative. Significantly, Chalco-Cano et al.’s recent work [39] has
produced an Ostrowski-type inequality that is tailored to generalized Hukuhara differen-
tiable interval-valued functions. On the other hand, Lupulescu [40] introduced the concept
of left-fractional integral in interval-valued calculus. Then, right fractional integrals are
proposed by Budak et al. [41], as well as providing the fractional Hermite-Hadamard-type
inequalities for interval-valued mappings over coordinates. Zhao et al. [42] generalized the
Riemann integral inequalities for coordinated convex interval-valued mappings and pro-
duced the inequalities for the product of coordinated convexity. After that, Khan et al. [43]
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provide a new direction in interval-valued calculus by introducing new versions of coordi-
nated integral inequalities via double Riemann integrals and left and right relations. Budak
and Sarikaya [44] and Khan et al. [45] defined Pachpatte’s inequalities for the product of
coordinated and left and right coordinated convex mappings via fractional integrals, re-
spectively. By using this approach, Khan et al. [46] obtained the left- and right-coordinated
interval-valued functions and acquired some integral inequalities in interval fractional
calculus for left- and right-coordinated interval-valued functions. Zhang et al. [47] first
defined the up and down relations and then discussed some of the properties of these
relations. Moreover, he defined the new versions of Jensen-type inequalities using up and
down relations.

The structure of this research article is as follows. Some classical notions, definitions,
and results are recalled and a new definition of convexity over interval-valued mapping is
also introduced, which is known as coordinated LR-fi-convexity in Section 2. We also report
several other findings that follow from this definition of convexity. Using coordinated
LR-h-convexity defined in Section 2, some new and classical exceptional cases are also
obtained in Section 2. In Section 3, involving interval fractional integrals for L R-A-convexity,
some well-known inequalities have been generalized, as well as nontrivial examples have
also been provided to validate the main outcomes of this paper. Section 4 concludes this
study and discusses future work.

2. Preliminaries

Let R be the set of real numbers and R; containing all bounded and closed intervals
within R. ; € R; should be defined as follows:

i=[i, "] ={yeRli, <y <i'} (i, 4" €R). )

It is argued that ; is degenerate if ;, = ;*. The interval [i*, /i*] is referred to
as positive if 4, > 0, R} represents the set of all positive intervals and is defined as
R ={[4 "] : [4. "] €Ryand 4, > 0}.

Let ¢ € R, 4,7 € Ry be defined by, with j = [4,, 7*] and { = [4,, 4*], and we may
define the interval arithmetic as follows:

e  Scaler multiplication:

l0i,, 0i*] ifo >0,
0.i=14¢ {0} ife=0, 3)
[0i*,04,] if ¢ <O.

e Addition:

[ 7]+ (40 7] = [+ a0 7+ 47 @)

e  Multiplication:

(400 "] % [i0 47] = [min{G,4, 740 3,47, 347} max{G,a, 3740 4247, 4747 )
The inclusion “ 2 ” means that ; 2 7 if and only if, [4., 4] 2 [,;i*, f} , and if and only
if 4 < g d <4
Remark 1 ([47]). (i) The relation ” <,"” is defined on Ry by
4., 7°] <p [4n 47| ifandonlyif 7, < 4, 7<%, ©)

forall [7,, 7], i, 4*] € Ry, and it is a pseudo-order relation. The relation [7,, 7| <,
X

[i,, 4] coincident to [7,, 7*] < [i,, 4*] on Ry when itis” <,”.
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(ii) It can be easily seen that “ <, " looks like “left and right” on the real line R, so we
call” <p 7 “left and right” (or “LR” order, in short).
The Hausdorff-Pompeiu distance between intervals [7,, 7°], [4,, i*] € Ry is
given by
d([4. 7], ln 47]) = max{[7, = a,], 17" = "1} @)

It is a familiar fact that (R, d) is a complete metric space.

Definition 1 ([30,40]). Let JJ: [o,i] — R} be an interval-valued mapping (IVM) and Jj €
IR 4.1 Then, interval Riemann—Liouville-type integrals of JJ are defined as

1) = o [ =0 (0 (1> o), ®)
A0) = 7y, (=00 (v <), )

where o > 0 and I is the gamma function.

Interval and fuzzy Riemann-type integrals are defined as follows for coordinated
VM Jj(x,y).

Theorem 2 ([42]). Let JJ: [¢,i] C R — R, be an IV M, given by Jj(x) = [J],(x), J*(x)] for

all x € [o,i]. Then, J]is Riemann integrable (IR -integrable) over ¢, 1] if and only if J], (x )and J*(x)
both are Riemann integrable (R-integrable) over [, i]. Moreover, if J] is IR-integrable over ¢, 1], then

(1R) [ aiix = |®) [ 3., (®) [ n*(x)dx]. (10)

The family of all I R-integrable of 1V Ms over coordinates and R-integrable functions over |o, 1] are
denoted by IRy, ;j and R, ;), respectively.

Theorem 3 ([31]). Let JJ: Q = [¢,i] X [¢, o] C R?> — R, be an IVM on coordinates, given

by Jj(x,y) = [, (xy), J*(x, y)]forall (x,y) € Q= o, ] [e, v]. Then, JJ is double integrable
(ID-integrable) over Q) if and only if JJ, (x,y) and JJ* (x,y) both are D-integrable over (). Moreover,

if J] is FD-integrable over (), then

i ro i v
(D) [ [ aGeydydx = (1R) [ (1R) [ 5, y)dyd. ay
o o
The family of all ID-integrable of 1V Ms over coordinates over coordinates is denoted by TOq.

Here is the main definition of fuzzy Riemann-Liouville fractional integral on the
coordinates of the function Jj(x, y) by:

Definition 2 ([41]). Let JJ: QO — R, and J] € TOq. The double fuzzy interval Rieman—
Liouville-type integrals giflg s 7D;f,n—' g?ii i giilﬁn, of JJorder a, B > 0 are defined by:

vl ) = (;F(ﬁ) [ [ e w-e g a)sde, (1> 0 >0, (12
b nGey) = / / s — ) (e 5)dsdt, (x> o,y <), (13)

7. e+}](x Y) / / (t—x)" Yy — s)ﬁ_lj](t,s)dsdt, (x<iy>e), (14)
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2109 = i [ ) 0 e e sasd, (x<iy <) 09

Here is the classical and newly defined concept of coordinated LR-h-convexity over
fuzzy number space in the codomain via fuzzy relation given by:

Definition 3 ([45]). The IVM Jj: [¢, v] — R is referred to be LR-h-convex IVM on g, v] if
J(xe+ (1 —x)v) <p AlK)J(e) + 11 —x)]](v), (16)
where ki : [0, 1] — R™. Ifinequality (16) is reversed, then J] is referred to be h-concave IV M on [e, v].

Theorem 4 ([45]). Let 1 : [0, 1] — R™ and JJ : [¢, v] — R} be a LR-h-convex IVM on [¢, v],
given by Ji(y) = [J1.(y), ()] forall y € [¢, vl. If ]} € L([e, v], R} ), then

ME )u(s?’) <) o8 0) + 45 1(6)) < 100+ 3N [} o A0 + B - 0o, (7

1 —
3 v—e¢)

Definition 4. The IVM JJ: Q — R} is referred to be coordinated LR-h-convex IVM on Q) if

Je + (1 —v)i,ke+ (1 —x)v)
<p M) li(x) (e, €) + R(v)A(1 = x)JJ(o, 0) + (1 — v)A(x)J](i,€) + A(1 — v)R(1 — x)J](i, )
forall (¢,1), (¢,0) € Q, and v,k € [0, 1],where JJ(x) >, 0. If inequality (18) is reversed,

then J] is referred to be coordinate hi-concave IV M on Q). If i is the identity function, we recover
the LR-convex IVM on Q) given in [46].

(18)

Lemma 1. Let J: Q) — R;r be a coordinated IVM on Q). Then, J] is coordinated LR-h-
convex IVM on Q) if and only if there exist two coordinated LR-h-convex IVMs J], : [e,0] — R,

]]x(w) = j](x,ZU) ll]’ld j]y : [0’1] — R?’ '].]y(z) = ]](Z,]/)
Theorem 5. Let JJ: Q — R} bea IVM on Q, given by

Nxy) = [1,009), T (%)), (19)

forall (x,y) € Q. Then, J] is coordinated LR-h-convex IV M on Q), if and only if both J|, (x,y) and
JJ*(x,y) are coordinated LR-h-convex.

Proof. Assume that JJ, (x) and JJ*(x) are coordinated LR-A-convex and i-concave on (),
respectively. Then, from Equation (19), for all (¢, 1), (¢,v) € ), vand « € [0, 1], we have

I, (vo+ (1 —v)i,ke + (1 —x)v)

< () ()], (0 8) + (V) (1 — 1)1, (0, 0) + A() (1 — 0) ], (i) + A1 — V)1 — k)], (i, o) (20)
and

J (v + (1 —v)i, ke + (1 —x)v) 1)

< ()R (0 €) + B(0) (1 — k)" (6, 0) + (k)AL — v) (i, €) + (1 — 0)h(1 — 1) (i, v).

Then, by Equations (19), (3) and (4), we obtain

Jwe +(1—v)i,ke+ (1—x)0)

[, (ve+ (1 —v)i,ke + (1 —x)v), J*(vo + (1 — v)i, ke + (1 — K)v)]
p W(W)A(K) []], (0€), T (08)] + A(0) (1 = ) []], (o), (0 0)]
h()h(1 =) [, (), J7(ie)] + A1 — v)h(1 —x) [, (i, 0), J*(i,0)]

From (20) and (21), we have

<
+
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Jwe +(1—v)i,ke+ (1—1x)v)
<p h(0)A(x) (o) + BOYR(L — 1) (o 0) + AL — 0)A(L — )3, €) + AL — V)AL~ K) (5, v),
hence, J] is coordinated LR-%i-convex IVM on Q).

Conversely, let J] be coordinated LR-h-convex IVM on Q. Then, for all (¢,1i),
(e,v) € O, vand k € [0, 1], we have

J(ve + (1 —v)i,ke+ (1 —«)v)
<y (0)(K) (0 ) + (o) (L — 1)1 (0, 0) + (L — 0)() G €) + BT — 0)a(1 = K), )

Therefore, again from Equation (20), we have

J((ve+ (1 —v)i,ke+ (1 —x)v))

= [ (vo + (1 - 0)ixe + (1= 1)), J(vo+ (1 —v)ixe+ (1-r)p)].

Again, Equations (3) and (4), we obtain

h(v)h(x)J) (o, €) + 7(v) (1 = x)JJ (0, 0) 4+ A(1 — v)Ra(x) JJ (i, €) + A(1 — v) A(1 — x) ] (i, 0)
= h()h(x) [, (0, €), J' (o, €)] + ( (1 —1) [].(e0), ] (o, 0)] (23)
+h()h(1 =) [1,(e€), T (e,8)] + 11— v)A(1 =) [],(e0), J*(e,0)],
forall 4,w € Q and v € [0, 1]. Then, from (22) and (23), we have for all 4, w € Q) and
v € [0, 1], such that

JJ,(vo + (1 —v)i, ke + (1 —x)v)
< 1(v)(x)J], (o, €) + I(v)A(1 = x)J], (0, 0) + A(1 — v)R(x) ], (i, €) + (1 — v)A(1—
)J]. (i, 0),
and
I (ve + (1 —v)i, ke + (1 —x)v)

< 1(v)A(x) " (o, €) + B(0) (1 = x)JJ" (0, 0) + A(1 — v)R(x) J* (i, €) +
R(1—0v)R(1—x)J*(i,0),

hence, the result follows. [
Example 1. We consider the IVM JJ: [0, 1] x [0, 1] — R} defined by,

J(x) = [xy, (6 +¢*)(6+¢")].

Endpoint functions JJ, (x,y), JI* (x,y) are coordinate h-concave functions. Hence, J(x,y) is
coordinated LR-h-convex IV M.

From Lemma 1 and Example 1, we can easily note that each LR-A-convex IVM is
coordinated LR-h-convex IV M. But the inverse is not true.

Remark 2. If one assumes that JJ, (x,y) = JJ*(x,y), then J] is referred to as a classical coordi-
nated LR-h-convex function if J] meets the stated inequality here:

J(ve + (1 —v)i,ke + (1 —x)v)
< 1()A(x) (o) + (V) A(1 = k) JJ(o, 0) + A(x) (1 = v)]J(0€) + A(1 = v)A(1 = &) ]J (o, 0)-

If one assumes that h(v) = v, h(x) = x and J], (x,y) = J*(x,y), then J] is referred to as a
classical coordinated convex function if ]| meets the stated inequality here:

(24)

Je + (1 —v)i, ke + (1 —x)v)

< oxl)(0,€) + v(1 — ) J(0,0) + (1 = )xj(i ) + (1 = 0)(1 =) JG o). &)
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Let one assume that h(v) = v, h(x) = xand J|,(x,y) # J*(x,y), and JJ,(x,y) is an affine
function and JJ*(x,y) is a concave function for the stated inequality here (see [42])

J(ve + (1 —v)i,ke + (1 —x)v)

> vkJ)(ere) + (1 — k) (o) + (1 — V)i e) + (1—0)(1— ) Gv), 2

is true.
Definition 5. Let JJ: QO — R} bea IVM on Q. Then, we have

N(xy) = [1.(0y), T (x,y)],

forall (x,y) € Q. Then, Jj is coordinated left-LR-h-convex (concave) IV M on Q) if and only if, J], (x,y)
and JJ* (x,y) are coordinated LR-h-convex (concave) and affine functions on Q), respectively.

Definition 6. Let Jj: Q) — RI* bea IVM on Q). Then, we have

Jxy) = [1,(xy), T ()],

forall (x,y) € Q. Then, J] is coordinated right-LR-h-convex (concave) IV M on Q, if and only
if J1,(x,y) and JJ*(x,y) are coordinated h-affine and h-(concave) functions on Q, respectively.

Theorem 6. Let Q) be a coordinated convex set, and let Jj : Q — R} be a IV M, defined by

N(xy) = D (xy), T (xy)],
forall (x,y) € Q. Then, J] is coordinated h-concave IV M on Q, ifand only if J], (x,y) and JJ*(x,y)

are coordinated h-concave and LR-h-convex functions, respectively.

Proof. The demonstration of proof of Theorem 6 is similar to the demonstration proof of
Theorem 5. [

Example 2. We consider the IVMs JJ : [0, 1] x [0, 1] — R} defined by,

J(x,y) = [(6 — ") (6 — ¢¥), 40xy].

Then, we have endpoint functions JJ, (x,y), JI* (x,y), which are both coordinated h-concave
functions. Hence, J|(x,y) is coordinated LR-h-concave IV M.

In the next results, to avoid confusion, we will not include the symbols (R), (IR), and
(ID) before the integral sign.

3. Main Results

In this section, Hermite-Hadamard and Pachpatte-type inequalities for interval-value
functions are given. We first present an inequality of Hermite-Hadamard via coordinated
LR-h-concave IV Ms.

Theorem 7. Let JJ:Q— R} be a coordinate LR-h-convex IVM on (), where
J(x,y) = [1,(xy), T (x,y)] forall (x,y) € Qandlet h : [0, 1] = RT. If JJ € TO, then
the following inequalities hold:
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mipA( )
I(at+1) o ;oeto o e+ T'(B+1) oti B o+i
<o g 055 4 0o 5 | s [ (%) (%)
[7“’+’3 o)+ 750 E 06 e) + 7 o) + jf’/bl](cr,ﬁ)} @)

< T+)r(p+1)
=P (i) (v—e)?
BI(a+1)

<y B 00 ) e 050) + 9 Do)+ 9 er) | X i #71AC) + (1 )l
e A [ )+gf_11(1 €)+:7€+J](1, 0) +7,-(,6)] x g v h(v) + A1~ v)dv

<p aBl(o,e) + (i, €) + J(o,0) + (i, 0 fo kB=A(x) + h(1 — ) dKfO v*~1A(v) + h(1 — v)]do.

If J(x,y) coordinated h-concave IV M, then,

_Latl) o g oeey o i eto) | TEH) [ ok b (ot
2P 2}7(%) i_0a|:70,+J](1/ 2 )+71 J](CV/ 5 ):| +2ﬁ(%)(n75)ﬁ [gs+j]< 5 /U)+ 7]]( )}

2p oo [g“'f,€+n<i, o)+ 90 L nGe) + 3L e 0) + 578 (e s)}

(v—e o (28)
2p (5 |7 00,0) + 90 (00) 4 5 (0 ) + 9t oo ]Xf&w“ () + (1~ )ld
o) [gguJ(m 0) + 75 (i €)+Jf+J](b )+ 7b N8| x fy v (o) + A1 = v)]dv
> aPl)(o,€) + J(i,€) + (o, 0) + J(i,0)] x fo KB LA(K) + A(1 - x) dxfo v HA(v) + (1 — v)]dv.

Proof. Let JJ: [¢,i] = R/ be a coordinated LR-h-convex IVM. Then, by hypothesis,
we have

1 +ie+o . ‘
ﬁz(%y](f’z = )§pJ](vo—i-(l—v)1,vs+(1—v)o)+j]((1_v)(y+v1,(1_v)£+vn)

By using Theorem 5, we have

1 o+t eqp
n(1) *( 2 ’T)
< JJ,(vo+ (1 —v)i,ve+ (1 —v)o) +J,((1 —v)o+vi, (1 —v)e+vv),
1 x0Tl ety
1 | ( 2 T)
< J*(vo+ (1 —v)i,ve+ (1 —v)o) + J*((1 — v)o + vi, (1 — v)e + vv).

ﬁ(l%)j]*(x'HTu) < J,(x, ve+ (1 —v)o) + JJ,(x, (1 —v)e+vv),
P (3 550) < (x ve o+ (1= o))+ (x, (1 v)e+ o), @)
and .
ﬁ(l 70 (02 ‘/y) < JJ,(vo+ (1 =0)i,y) + J,((1 — v)o + vi,y),
i (30)

ﬁ(l%)j] (MFI ) < J(voe+ (1 —=v)i,y)+J((1—0v)e+viy).
From (29) and (30), we have

il )[J]*(  50) 0 (2 550

£°
(], (x, ve+ (1 —v)v), J*(x, ve+ (1 —v)v)]
Il

Sp v
+ [, (x, (1=v)e+vv), J*(x, (1 —v)e+vv)],

[
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and
6] 2. (5w) (%) |
<p [ (vo + (1= 0)i,y), J* (vo + (1 - v)i,y)]
+[1.(vo + (1 =v)i,y), J*(vo + (1 —v)i,y)],
It follows that
1 et+vo
h(%) J](x, > ) <p J(x, ve+ (1 —v)v) +JJ(x, (1 —v)e+vv), (31)
and
(”‘ ) J o+ (1= )i, y) + (oo + (1 v)iy). 32)

(%)
Since JJ(x,.) an
and (32), we have

d JJ(.,y) are both coordinated LR-h-convex-IV Ms; then, from (17), (31),

1
(550 (ffi))ﬁ[afmx(nmfnx<s>] <p [:00) + 1,0)] [ ¥ A) + 11— wldx (33)

and

! ) j]y <(Y +i> <p (ir_(o;))rx [f]ngJ]y(i) + g’i‘,]]y(a)} <p [J]y(cv) + J]y(l)} /01 U'x_lﬁ(y) + h(1—v)do (34)

Since JJ, (w) = JJ(x, w), then (34) can be written as

: )n(x, 30) S o g ) 5 )] p )+ [ ) s 39

5 55) <p g [ T (0= 0P e )+ [ (= )P ) )]

v—¢

: (36)
<p [I(x,€) + ]](x,n)]fo Kﬁ’l[ﬁ(x) + h(1 —x)ldx.

: a—1
Multiplying double inequality (36) by (=x)' _ and integrating with respect to x over

(i-o)"
[, 1], we have
ﬁ( "‘ﬁ % f J]( s+n) )afldx
= o) 1 o o G T PG x4 [ [ (= )" =€) )y (37)
<p (Fl(r)a {f(; (i— )" (x, €)dx + f i— )" j(x,0) dx} fo kP=1A(x) + h(1 — x)]dx.
a—1
Again, multiplying double inequality (36) by (JE:_C;))A and integrating with respect to
x over [¢, i], we have
Bli—o “ Y1) f J(x, 5°) (x )aildx
<p G (Y)alc 5] [P (x—o ( — )P (x, k) dicdx N
+(, ’}(nfsﬁf f X—¢ —&)P L (x, 1) dicdx (38)

A [ (x— o) (x,e)dx + [} (x = o) (x 0)dx] fy kP () + (1 — ).




Fractal Fract. 2024, 8, 125 10 of 24

From (37), we have

I'(a+1) o ;€
T 105
e it st >
<y B gt 058) + o 6,00 o P C0) + 1 = )

r
mfﬂﬁmmw?n

(o)
Sp w% |:f]1 €+-}](0/ ) + 172&,!17-]]((7/‘?)} (40)
<p (R [ o) + 7800 w)] g 1) + B(1 = x)

Similarly, since ]]y(z) = JJ(z,y), then, from (35), (41), and (42), we have

T'(B+1) [€+j](cr+1 )}

2h(})(v—2)"
P W{ T+ E+J](l 0) + 510 (o0 )] (41)
<p a(rt,(f:;;) Jf+ J(o, 0 )+gs+J](1,n)}.
e rp+1) [ o+i
R [ 2(220)
= W{ngn 1) + 55 Do )} (42)
< ISP A a0 + ) i)

The second, third, and fourth inequalities of (27) will be the consequence of adding
the inequalities (41) and (42).
Now, we have inequality (17)’s left portion.

1 o+ieto rp+1) B o+i B o+i
ﬁz(%) 2 2 F ﬁ(l) )ﬁ 2 2

3 (U—g

and
EOR SR S reed o G AR G I

The following inequality is created by adding the two inequalities (43) and (44):

1 ot+i erp T'(a+1) a . et N eto
(5 5) et 0 8) + e 2

+ (%() B P (% o) +ab (% e) .

Similarly, since we obtain the set of [V Ms JJ : Q — R, the inequality can be expressed
as follows:
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1 ot ep
hz(%)ﬂ( 2 ’TD) (45)
I'(a+1) . et e+o Ir(g+1) p oti
<D i | 68 4 0o ) | B [ (%5 0) + (%57 0))

The first inequality of (27) is this one.
Now, we have inequality (17)’s right portion:

(wahﬂMm®+ﬂfMm@}&JMm@+ﬂMNHXAu&qM@+ﬁ“_@WK (46)
(Urfﬁ 8)),3 [7£.06,0) + 75 16,0)] <5 1G,e) + 4G, 0)] /01 kP Ak + (1 = x)]dx 47)
OT?ybpn@a+g?mma}smmma+n@@]xgﬂﬁ*mw+ﬁﬂva )
T [ 1,9) + 9o 0)] < 10o) + A0 ¢ 0t () 4 1= o) o)

Summing inequalities (46), (47), (48), and (49), and then taking the multiplication of
the resultant with a8, we have

1,2] <, 2
[1,2}

BLat) [g I e) + 9 Ti(oe )+7”(;+J](i/")+7?j](”’“)]

7|70 >+£w@»+fwﬁ®+ﬁu®ﬂ 0

p J](om )+ (o, 0) + 7131, €) + (i, 0 fo kP=1[h )+h(1—K)]dxfolv“_lh(v)+ﬁ(1—v)dv.

This is the final 1nequa11ty of (27) and the conclusion has been established. [J
Example 3. We assume the IVMs JJ: [0, 2] x [0, 2] — R defined by

Jey) =[2=Vx)2—-vy),2(2-Vx) (2= Vy)], (51)

then, for each <y € [0, 1], we have. Endpoint functions JJ,(x,y), JJ*(x,y) are coordinate LR-h-

convex and h-concave functions. Hence, jN] (x,y) is h-coordinated LR-h-convex IV M.

8% 50) =12,
S 70055+ 200,552+ S5 (57 0) + - a (570

=)

=—%—§ﬂu}
Qﬁgﬁjqjim<>+fizma+ﬂ&mmw+ﬂimmﬂ

%_ﬁ 4 +% +32[12]
70+ (0, €) + 72 (i, 0) + 7 (0 €) + 73T (o, 0)

e [0 w) + L0 0) + Do) + 5 AGie)
34v2+(V2—-4)m—24
= WA 9]

J](s,i)+]](t7,i)ZJ](S,D)-&-J](U,U) _ (% _2\&)‘[1,2]'

That is

SR 1,2, B VI s o B2 <, ECENTR G 51 (5-003)
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Hence, Theorem 6 has been verified.

Remark 3. If one assumes that « = 1and p = 1, and h(v) = v, h(x) = «, then from (27),as a
result, there will be inequality (see [43]):

ot edu
3(%

1 i i i ro
<p 7{i—1(rfcvj]( )dx+ v— sf j](0+ )dy} Wfo«fs J](x,y)dydx 52)

< 4(50) [ e, 00dx + [20(x0)dx] + o [ 0 )y + 7 16, y)dy]

<, J](C*'S)‘*‘J](irs)zj](a,v)—kj](i,n) .

If one assumes that « = 1 and p = 1, h(v) = v, h(x) = x and J] is coordinated left-LR-h-
convex, then from (27), as a result, there will be inequality (see [42]):

oti et
5(% <

1 i i i ro
2 f[ijoffajl( x, S0 )dx + g [ J]((err /y)dy} 2 mfafg J(x,y)dydx

(53)

S [y pte et [ a6 0)dx] + g [ oo+ [ 26 v)a]

(o) +]J(ie)+]] (or0) + ] (i)
T .

v
==

If h(v) = v, h(x) = kand JJ, (x,y) # J*(x,y), then from (27), we succeed in bringing
about the upcoming inequality (see [46]):

(et =)

2
I'(a+1 . ¢ 1 +i +i
< T 0506, %50) + 9 0o, %50) | + LB [ a (%7 0) o n( %))
< SR b g+ 550, 306+ 5 0e0) 4 5 0,0 o
I'(a+1)

<P 5tio) |7 JJ(LS)+7‘;+J](W)+7?—J](m€)+7’i‘-l](mb)}

«

0’
+% 78«% J]((T/U) + jf,.]]((y,s) + jf+]](i,0) + jf,J](i,s)}
<, JJ(e) +Je)+J(o0) + (i, 0)
< 7 )

If h(v) = v, h(x) =k and JJ,(x,y) # J*(x,y), then by (27), we succeed in bringing about
the upcoming inequality (see [43]):

o )
<9 3 g o 0 )4 S AT w)y] o g S SO My &)
§p410{f1]xsdx+f1]xudx} 4(u£[e dy+fgj]1fydy}

<, J(o£)+J]Ge)+ ]]( )+ ]]1n

If Jjis coordinated LR-h-convex with h(v) = v, h(x) = k and J|,(x,y) = J*(x,y), then
from (28), we succeed in bringing about the upcoming classical inequality:
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J](Oz ’ %)
< o {ﬂi‘ﬂ (i, 52) +7’{‘-JJ(0,”2")] g6 a7 e) + ol 2% e) |
<o [73 Lo Do)+ L ae) + 37 ks Blevo) + 575 ’]("'S)] (56)
< szfil))“ [7 < (1,e)57% - (o) + g o) + g fl(m”}

4
+;((f_+:)25 [ﬂﬁ Do) T35 Nove) + 45 0Gi,0) + 55 J](i,s)}
< Noe) +)(ie)+ ) (or0) + ] i,0)
< . .

In the next outcomes, we are going to find very interesting outcomes that will be obtained over
the product of two coordinated LR-h-convex 1V Ms. These inequalities are known as Pachpatte’s
inequalities.

Theorem 7. Let Jj, 7: Q — R be two coordinated LR-h-convex IVMs on Q, given by

Nxy) = [D.00y), I (xy)] and 3(x,y) = [3.(xy), 3°(x,y)] for all (x,y) € Q and
let hy,hy = [0, 1] = RY.If JJ x g € TO, then the following inequalities hold:

s B g P 0) % (o) + 55 F G e) x g(ie)
(1 0’) (0—¢) o,

+% |75 500) X 9(00) + 575 (or8)  9(0re)]
<p M(o,i,€0) fo V¥ PR (1 — 0) (1 — v)hy (1 — k) (1 — k)
+h (1 —v)ho(1 —v)hy () ha(x) + R~y (v) Ao (V) Ry (1 — x) Ao (1 — k)
+hy(v)hp(v)hy (k) o (k) |dvdx

+P(0,i,e,0) [ v WPl (v)Fa (1 — ) By (1 — &) Bia (1 — ) + Fiy (1— 57)
V)hp(0) R (1 — 1) R (1 — ) + Ry (V) (1 — v) A () p (1) + Ay (1—
v) hp(v)hy (k) hy (k)] dudx
(o1&, 0) fy v I3[y (1= 0)ia(1 = 0) i (1) P (1 — x)

+h1 (1 —v)ha(1 —v)hy (1 —x)ha(x) + R~y (v)ha (V)R (1 — k) Fip (k)
+hy(v)hp(v)hy ()R (1 — ) ]dvdk
+0Q(0 1, s,t))fol V1P By (0) o (1 — v) By () (1 — &) + By (V) ha (1 — v)hy (1 — x) B (k) +
hy(1—v)hp(v)hi(k)hp(1 — ) + Ry (V) A (1 — v) Ry (k) AR (1 — k)] dvdk.

If J] and g are both coordinated h-concave IV Ms on ), then the inequality above can be
expressed as follows:

G L i) ¢ 00) + 58, 06,0 % 00

—i-(l 0) (Ef" 7 [ 7 £+J](0, ) X 9(o,0 )+g?Li,J](g,s) X 7(0/€)i|

>, M(o,i,€,0) [ 08 Ub 1y (1 — 0) (1 — 0)Fiy (1 — k)i (1 — K)
+/1 (1 = v)ha (1 = v)ha () hp (k) + ha (v) 2 (V) g (1 — K) i (1 — k)
+hy (v)hp(v)hy (k) Ry ()| dodk
+P(0,1,,0) [y 1B [fig (v)Fia (1 — 0) iy (1 — 1) Fp(1 = ) + Fiy (1— (58)
0)hp(v)hi (1 — 1) (1 —x) + hy (v) i (1 — V) hg (1) i (€) + oy (1—
v) hp(v)hy (1) hp (1) |dudi
N (0i,,0) [y v* BTy (1 — v)Bia (1 — 0) g (k)T (1 — k)
+h1 (1 = v)ha(1 = v) (1 = x)hiz (i) + g (v) iz (V) (1 — ) Fp ()
+hy(v)hp(v)hy (1) (1 — ) ]dvdk
+Q(oi,60) [) v P Hy (V) Aa (1 — v)

iy (1) ha (1 — 1) + hy (v) o (1 — v)Fig (1 — %) Fip (i) +
hl (1 — U) ﬁz(v)ﬁ1<K)ﬁ2(1 - K) + hl (U)ﬁ

2(1 — U)ﬁl(K)ﬁz(l — K)}dUdK
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where
M(o,i,80) = Jl(o,€) X g(o,€) + JJ(i,€) x 3(1,€) + J(o,0) X 3(0,0) + (i, 0) % 3(i,v),
P, i,e,0) = J(o,€) x 3(i,€) + JJ(i,€) X g(e, €) + (0, 0) X 5(i, ) Jrf](l v) X 3(e, ),
N(o.i,&,0) = JJ(o,€) % 3(0,0) + JJ(i,€) x 9(i,0) + (o, 0) X 5(0 €) +JJ(1) v) (7(1)8)
p) x

Qe i,&0) = JJ(o,€) x g(i,0) + JJ(i,€) x 3(0,0) + JJ(e, 0) x 3(i,€) + (i
and M(g,1i,¢,0), P(o,i,60), N(o,i,¢0) and Q(o,1,¢,v) are defined as follows:
M(g,i,¢0) = [Mi(o,i,60), M (0,1,¢0)],

P(e,i,g0) = [P(0,i,0), P*(0,i,g0)],
N(a,i,e0) = [Ni(o,i,60), N*(o,i,0)],
Q*(O’rirsr U)/ Q*(O‘,i,e, U)]

O
—~
N
R
m
(=2
~—
I

Proof. Let JJ and g be two coordinated LR-A; and LR-hy-convex IVMs on [¢,i] X [g, v],
respectively. Then,

J(ve + (1 —v)i,ke+ (1 —x)v)
<p ()1 (%)) () + Py (0)Fr (1 = )0, ) + P (1 = 0) oy ()3 €)
(1 - 0)y (1= K)JJ(5,v),
J(vo + (1 —0)i, (1 — x)e + ko)
<p ()l (1= K)J(o€) + T (0)Fa ()]0 ) + P (1 — 0)n (1 = )1 €) + (1 — 0) iy (k)15 v),

J((1—v)o +vi,ke + (1 —x)v)
<p (1 =v)h (1) J(o,€) + M (1 = v) P (1 =) ]J (0, 0) + T (v) P () ] (i, €)
+(v)ha (1 =) (i, 0),
J((1—v)o +vi, (1 —x)e+xv)
<p M1 =v)h (1 =x)]J(o€) + (1 —v)h1(x) (0, 0) + P (v)ha (1 = x)JJ (i, €)
+7 (v)ha (1) (i, 0),

and

7(ve + (1 —v)i,ke + (1 — x)v)
<p ha(v)2(x) (0, €) + h2 (V)2 (1 — %) 3(0, 0) + B2 (1 — V) hp (k) 7(i, €)
(1 — v)ia(1 - K)9(i, v),
7(vo+ (1 —v)i, (1 — x)e + xv)
<p ha(0)h2(1 = x)3(0,€) + 2 (V)2 (k) 3(or, 0) + P2 (1 — 0) (1 — )3 (i, €) + P2 (1 — v) Pz (k) 7 (3, ),
((1—-v)o+vi,ke+ (1 —x)v)
<p Mo (1 —0)la(x) 3(0, €) + 2 (1 — v) M2 (1 — %) 3(or, 0) + 2 (V) P2 (x) 7 (i, €)
S (0)Fa(1— K)9(i, v),
7(1 = v)o +vi, (1 —x)e+ k)
<p M2(1 = 0)hp(1 = x)3(0,€) + M2 (1 — 0) B2 (k) 3(0,0) + P2 (V) P2 (1 — %) 33, €)
+ha(v)ha(x)3(i, 0),
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Since JJ and 7 both are coordinated LR-h; and LR-hy-convex IVMs on [g,i] X [¢, v],
respectively, we have

J(we + (1 —v)i,ke+ (1 —x)v) X 3(ve + (1 — v)i, ke + (1 — x)v)
+J(ve+ (1 —=0v)i, (1 —x)e+xv) X 9(ve + (1 — V)i, (1 —k)e + xv)
+JJ((1 —v)o +vi,ke + (1 —x)v) X 9((1 — v)o + vi, ke + (1 — k)v)

+JJ((1 —v)o +vi, (1 —x)e+xv) X 9((1 —v)o + vi, (1 — x)e + Kv)

<p M(o,i,6,0)[h (1 —v)hp(1 —v)h (1 — K)o (1 — x)
+h (1 —v)ho(1 —v)hy (k) ho(x) + Ay (V)R (V) Ry (1 — k) A (1 — x)
+h1 (v)hp (0) iy (i) iz ()]

+P(cr, i€, U)[ﬁl(v)ﬁz(l — U)ﬁl(l — K)ﬁz(l — K)
+hi(1—0v)hp(v)h (1 —x)hAp(1 — k) + Ay (V) AR (1 — v) Ry (k) Rp (x)
+111 (1 = v)ha(v)ha () iz (k)]

+N(0,i,60) [ (1 —v)Ap(1 — v)hy (k) (1 — k)
+h1 (1= v)ha(1 = v)hy (1 — x)Fia (k) + hy (v) iz () Fin (1 — 1) Fp ()
+hy(v)ha(v)hy (€)ha (1 —x)]

+Q(o,1,60)[R1 (V)R (1 — V) Ry () Fip (1 — k) + Ry (v) (1 — V) (1 — ) R ()
+h1 (1 = v)hp(v)ha (k)2 (1 — K) + hy (V)2 (1 — V) (k)2 (1 — ).

Taking the multiplication of the above fuzzy inclusion with v*~'xf~! and then taking
the double integration of the resultant over [0, 1] x [0, 1] with respect to (v, «), such that

f01 fol v 1P j(ve + (1 — )i, ke + (1 —K)v) X 9(ve + (1 — v)i, ke + (1 — x)v)dvdk
+Jo fol V" kB 1Jj(ve + (1 = 0)i, (1 — k)e +x0) x 7(vo + (1 —v)i, (1 — x)e+
xv)dvdx

) PN = 0) g+ iy ke + (1= &)0) X 7((|1 — V) o + vi, ke + (1—
x)v)dvdx
+f01 fol VP 3((1 = v) o + vi, (1 — k)e +x0) X 9((1 = v)o + vi, (1 — K)e + xv)dvdx
<p M(oie,0) fy o o P (1 — 0) (1 — 0) iy (1 — 1) (1 — )
+h (1 —v)ho(1 — v)hy () ha (k) + Ay (v)Ro (V) Ay (1 — x) Ao (1 — k)
+hy(v)hp(v)hy (k) ho (k)] dodx (59)
+P(0r,1,,0) fy o 0% B[y (0)Fip(1 = 0)ir (1 — 6) (1 — )
+h1(1—v)ha(v)h (1 —x)hp(1 — k) + Ay (V) A (1 — v) Ry (k) Ap (k)
+h1(1 —v)ha(v)hy (k) Ry () ]dvdk
FN (0,1, 6,0) [ [0 v kB[R (1 — v)Ba (1 — )iy (k) i (1 — K)
+h1 (1 —v)ha(1 —v)hi (1 —x)ha(x) + Ry (v)ha (V)R (1 — k) Rp (k)
+hy(v)h ( ) 1(1)hp (1 — x)]dvdx
+Q(o, i, 0) f v PRy (0) A (1 — v) Ay () (1 — &) + Ay (V)i (1 — v)Ag (1 — &) B (k)
+hi(1-v) 2( )l (1) ha (1 = &) + Fia (v) hia (1 — v) P () Fip (1 — ) Jdvdic

From the right-hand side of (59), we have

fol fol V¥ P (v + (1 — v)i, ke + (1 — x)0) x 9(ve + (1 — V)i, ke + (1 — x)v)dvdx
+Jy Jo 0" (0o + (1= 0)i, (1= K)e +x0) x 9(v0+ (1= v)i, (1 - K)e+

xv)dvdx
+f01 fol V" LB (1 —v) o + vi, ke + (1 —x)v) X 9((1 — V) + vi, ke + (1— (60)
i) v)dvdx

) P LI((1 = 0) g+ vi, (1 — K)e +K0) X 3((1 = v)g + vi, (1 — k)e + ko) dvds

= D P g0 x g0i0) + 95, 00e) % 9600
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Combining (59) and (60), we have

ol [ L a0) X gliw) + 50 F a(ive) X a(ie)

<p M(o,i,&,0) [, f VPR (1 — ) (1 — v)hy (1 — x) A (1 — x)
+h1(1 = 0)lp(1 = v)h (k)T (i) + ha (0)ia (V) i (1 — )T (1 — )
+hy (v)ha(v)hy (k) Ry (1)]dudi

+P(i,6,0) fy fy v* 1P [y (0)ha(1 — v) i (1 = k) Fip(1 — 1)

+1 (1= v)ha(v)h (1 = x)hp (1 — ) + 7 (V) hip (1 — v) Fy () Bz (k)
+h1 (1 = v)lp (v)ha (k) iz (i) | dvdx

+N (o, s,n)fol fol V" 1P Ry (1 — ) Ba (1 — v) By (1) Fin (1 — )

+h1 (1 —0v)ha(1 —v)hy (1 — k)R (k) + Ay (V) o (V) e (1 — K) ha (k)
+hy(v)hp (V)R (K)o (1 — K)|dvdx

+Q(o1,8,0) fy fo v* e[l (0) a1 — 0) iy (K)Fin(1 — )
+h (V)Ap(1 — v)A1 (1 — K) A () + R (1 — v) (V) Ay (k) A (1 — k)
+hy(v)hp (1 —v)hy (k) ha (1 — x)]dvdx.

Hence, the required result. [

Remark 4.  If one assumes that ]| is coordinated left-LR-h-convex with h(v) = v,
h(x) =xand « = 1 and B = 1, then from (59), as a result, there will be inequality (see [42]):

Wf 170 y) x 3(x, y)dydx
D M(o,i,60) + %5 [P(0i,6,0) + N(0,i,60)] + % Q(o i, 0).

If J] is coordinated LR-h-convex with h(v) = v, h(x) = x and one assumes that & =
1and B =1, then from (59), as a result, there will be inequality (see [43]):

(61)

ﬁf; J2 5(x,y) x 9(x,y)dydx
<p $M (o €,9) + F5[P(or &) + N(oi,,0)] + Qo8 0):

If 11, (x,y) # J*(x,y) and h(v) = v, h(k) = « then, by (57), we succeed in bringing about
the upcoming inequality (see [46]):

(62)

T(a+1)T ﬁ+1 [ & /55+j](1 0) x J(i,0) + 7 fn Jj(i,e) x ](1/5)}

AT
—1—4((1“0) ﬂ+) [ - }zﬂ](m v) X J(e,0) + 7, JJ( €) XI("’€>]
<p (%—m> (3- W)MWIS °) ©

+ e (2~ groe ) Pleshev)
+(3-

« B : B « :
wrer ) e (o 60) + i e Qe e v).

If h(v) = v, h(x) =k and JJ,(x,y) # J*(x,y), then by (57), we succeed in bringing about
the upcoming inequality (see [43]):

ol Jo S DY) < (o y)dydx

1
Sp §M(0’/1/S/U) + K[P(O’/I/S/U) +N(0’/1/S/U)] + %Q(O’/lrsrn)-
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I 2, (x,y) = I (x,y) and 3,(x,y) = 7*(x,y) and h(v) = v, h(x) = x, then from (57),

we succeed in bringing about the upcoming classical inequality:

TOREEU g% P (i,0) x gi,0) + 55 F G e) x 9(3,0)]

et T
P [FI o) X 9(er0) + 57 Do) x 3(e19)]

1 1 : 1 65
< (3~ weer) (3~ el ) Mlorie0) + Gerf (3 ©>
i CARY)

+(2- (a+1)(a+z)>(/3+1)ﬁ(ﬁ+2)/\/(0'i'5"’)+ (ﬁ+1ﬁﬁ+2) @rmary Qo e ).

Theorem 8. Let Jj, 7: Q) — R} be two coordinated LR-h-convex IVMs on Q, given by

Nxy) = [D.(xy), J(xy)] and 3(xy) = [3.(xy), 3°(xy)] for all (x,y) € Q and
let b [0, 1] = RT. If J] x 3 € TO,, then the following inequalities hold:

1 ot eto ot eto
A ) (2 )
o

Sp 2(}5231"((5) oF [7 + (L 0) x g(i0) + 7“’50 JG,¢e) x 9(i,¢€)
+2(1§‘;%[ 3 £+J](m ) X 3(00) + 73 ﬁn J(o,€) % 3(o,€)

+M(0,1,8,U)f0 vt 1Kﬁ 1[ﬁ1( )hl( )[ﬁz( )hz(l — K) + hz(l - U)hz(K)
+hp(1 —v)ha(1 —x)]
+h1 (V) (1 = ) [l (0) ha () + Tip (1 = 0) Fa (1 — 1)
+h (1 — v)hy(x)]]dvdx
+P(0,1,€,) fy 0" 1P [y (0) iy (1) [F2(1 = v) (1 — K) + Fia (V)i (1) +
hp(v)h2(1 = %)] + 7 (0) A (1 — 1) [ (1 — v) Fip (k) + P (V) Fip (1 — K) +
ha(v)hy(x)]]dvdk
+N (o, s,n)fol V1B Ay (0) Ry () [ha (V) i () + B (1 — ) B (1 — k)
+2(1 = v)hp (k)]
+hy(v)hy (1 —x)[ha(v)ha(1 — ) + ha(1 — v)hp (k)
+hp(1 = v)hp(1 — x)]]dvdk
+Q(0,1,8,0) fy v* 1P iy (0) g (1) [ia (1 — 0) B () + P (0) (1 — ) + B (0) B ()] +
Ay (v)h (1 = 1) [la (1 — v)ha(1 — 1) + hp(v)hia (k) + hia(v) 2 (1 — )] dvdic.

If J] and g both are coordinate hi-concave IV Ms on (), then the inequality above can be
expressed as follows:

(66)
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)i 2(%)11(0’2“’ HTU) Xj(aT—H’ HTU)

1

2aphy*(}
W)l
)

>P2(1£r((f)s>ﬁ|:7 +E+J](‘/ ) x g(i,v )+70f (i e) x g(i€)

%[ e B(er0) X 3(00) + 575 Do) X 3(0€)
+M(cy,i,€,0 fO v 1B 1[ﬁ1( )ﬁ]( )[ﬁz( )ﬁz( — K) +ﬁ2(1 — U)ﬁz(K)
+hp(1—v)hp(1 —x)]
+h (V) (1 — ) [Ap (V) B (k) + ha(1 — V) AR (1 — k)
+h(1— v)ﬁz(K)]]dvdK
+P(¢,i,€0 f ¥ PRy (0) By (1) [h2 (1 — v) A (1 — ) + Ry (V) hp (k) +
hp(0)h2 (1 — &)] 4+ Ry (V)R (1 — &) [ (1 — v) Ap (k) + ha (V) Pa (1 — K)+
ha(v)ha (i) ] dvdie
N (0, 8,0) [ 0 1P [l () (1) [ (V) Bia (i) + Fi (1 — 0) i (1 — k)
+1ip(1 — v)in (k)]
+h1(0)7n (1 =) [fio (V) Az (1 — &) + Tip (1 — v) Fip (k)
+hp(1 —v)hp(1 — x)]]dvdk
+Q(0r1,8,0) fo 0"~ ULy (0) By () 2 (1 — 0) P (K) + B (0) a1 — K) + B (v) o (1) +
hy(v)h (1 —x)[ha(1 — v)hp (1 — k) + hp(v)hp (k) 4 ho (V) ha (1 — K)]]dvdxk.

where M(¢,1,¢,9), P(0,i,¢,0), N(o,i,¢), and Q(e,i,¢,v) are given in Theorem 7.

(67)

Proof. Since JJ,7: Q) — R?‘ is two LR-h-convex IV Ms, then from inequality (17), we have

o+i ety y o+ieto
N> N2 772
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_ J]<va+(21—v)' 4 (1—v)2(y+vi Ks-i—(lz—x) + g+n
><:](v(y—i-(l— v)i | (1- v)zov-l-vl K5+(l K)o

(171c)e+1w
+ 2

+
2/1\» 2/1 Jwo +(1—-v)i,ke+ (1 —x)v) +J((1 —v)o +vi,ke+ (1 —x)v
<ph?(3)m?(3) % [+J§(v(y +((1—1)))i,(1 —(K)s—i—)KtZ)—f—JgE(l—3)(y+vi,(1 —(K)e—k)mz)}
(1—v)i,ke+ (1 —x)v) + 9((1 — v)o + vi, K€+(1—K)U)]
+(1-v)i,(1—x)e+xv)+ 9((1 —v)o + vi, (1 — x)e + xv)
Jwo+ (1—v)i,ke+ (1 —x)v) X 3(vo- + (1 —v)i, ke + (1 — x)v)
2/(1 2/1 +JJ((1 —v)o+vi,ke+ (1 —x)o 1—v)p+vike+ (1—x)o
<p i (3)m?(}) % JEI@H&_@ (1—;<<)e+in§xj§fm+()1—v) (1_i)8+iu§
+JJ((1 = v)o+vi, (1 —x)e+xv) X 7((1 — V) + vi, (1 — k)& + xv)

— ) +ha(1 —v)hp(k) + ha(1 — v)hAp(1 — k)]
) +ha (1 —v)lip(1 — ) + ha (1 — v)fip ()]
o (1 —x) + ha(v)a(x) + Tia (V) iz (1 — x)]
2(x) + hp(1 = v)fia(x) + Fia (V) Fia (1 — )]

ha(1
(1_ﬁ § (CV i,E,U)
1) [z (V)

(1 =x)[h2(1 = v)ha(x) + ha(v) 2 (1 — &) + Fia (V) Tia ()]
(1) [ha(v) A2 (1 — ) + hp(1 — v) (k) + ho(1 — V) ha (1 — k)]
(1 —x)[hp(v)ha(K) + hp(1 — V)RR (1 — K) + Aip (1 — v) Ap (k)]

Fy (6)[A2 (1 — 0)Ap (1 — x) + hp (V) (k) + B (V)R (1 — x)]
]P((y 1, € U)

Vag (k) + ho(1 — v)hp(1 — k) + Ap(1 — v)ha(x)]
V) (1 —x) + (1 — v)hp(x) + ha(1 — v) A (1 — )]
1-— U)hz(K) + ﬁz(v)hz(l — K) + hz )ﬁz(K)]

( ./\/((y,i,e,n)
2(1 =) (1 —x) + ha(v)hp(x) + Az (V) (1 — )]

Q(a, i€, U).

Taking the multiplication of the above fuzzy inclusion with 0v*~14%P~1 and then taking

the double integration of the resultant over [0, 1] x [0, 1] with respect to (v, k), we have

// i1 B-1 < oti s—;n)xg<(y+1/s+n)dvdx

2 2
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<o (1) (2)

1
Xfofo CA

J(vo + (1 —v)i,ke + (1 —x)v) X 9(vo + (1 — v)i, ke + (1 — k)v)
+JJ((1 —v)o +vi,ke + (1 —x)v) X 9((1 — v)o + vi, ke + (1 — k)v)
+JJ(vo + (1 —0)i, (1 —x)e+xv) X 9(vo + (1 — v)i, (1 — x)e + kv)
+JJ((1 —v)o+vi, (1 —x)e+xv) X 9((1 — v)o + vi, (1 — k)e + kv)
—i—ﬁlz(%)ﬁzz(%)/\/l(a,i,&,n)

f (v)hy () [z (v)Fia (1 — k) + Fia (1 — v)Fip (k) + Fia (1 — v) i (1 — x)]
©)] ] dvdx

dvdk

+ﬁ1( )ﬁl(l—K)[ﬁz(U)ﬁz(K)+ﬁ2(1—U) 2(1—K)+ﬁ2( ) (
+h (1 —v)h (0) [ (1 — v) A (1 — ) + Ap (V) ha (k) + A (V)R (1 — x)]
+h1 (1 = 0)hy (1 = x) [z (v)Tia (x) + P (1 — v)Tia (k) + hp (V) Fin (1 — )]

EROEOE

1
Xfofo vt Tih

ﬁ( ))%((;[ ()1[; z)l)ﬁz(lg?);r ﬁfzi(zf))ﬁ((;ﬂ%z( )hﬁz((l)f; 'g)])}
o + —K —v + hp (v —K)+
xJo Jo vt +ﬁ1(11v)ﬁ1(1c) Fia (v )Zfiz(l—K)2+ﬁ2(1iv)ﬁi(x)—i-ﬁz(liv)ﬁi(l—x)] dvdx
|+ (1 — 0)fiy (1 — ) [Fip (V) Fia (1) + Fia (1 — V) Fip (1 — ) + Fip (1 — v) i (1)
+ﬁlz(%)ﬁ2 (*)N((y i€, U)

o hy(v)hy (K)gf[iz(v))ﬁz(?)+ﬁ2(1—2’)ﬁ2(1)—7(<))+ﬁ2(1—U) Ty ()] o)

s | ()R (1 = ) Fia () o (1 — &) + Fia (1 — 0)ia(K) + Fia (1 — 0)Fip(1 —

X fo Jo vt heP 1 1+ﬁ1(11—v;<ﬁ1(;i)1[) (21—U)Kﬁz(K)z-i-ﬁz(Z)ﬁi(ilc—K)z—Fﬁz(z)ﬁi(Kﬂ dvds

[ +h1(1 = v)Ay (1 —x)[F2(1 — v) (1 — ) + Ma(v) hiz (%) + Pz (V) A (1 —x)]

+ﬁ12(%)h22(%)Q((y i€, D)
(T D)1 oyl — 1y o)t 4 Bty Cl— )]

=1, f— + K —v — k) + n(v)ha(x) + -
<o Jo vt I +ﬁ11(1—11;)ﬁ1( Viia ()i () + Fia(1 — 0)ha(1 —ZK)+h22(1—12;)h2(;<)] dodr,
1y (0) iy (1 = 1) [ia (0) ia (1 — ) + Fia(1 — 0)hip(1 — 5) + B (1 — 0) g ()]

which implies that
L 0+1 g+t) oti Sﬂ;ﬂ
1 f 1 i i
Sp ﬁ:f (z:ﬁ(z)[ €+}]1t) xgln)—kjf,f]( )XJ(‘s)}
2 1) )
1)’ (3)

+1 (l,j) [0 1(0,0) x 3(0,0) + 5, Blove) % 3(0,6)]

+2h2<%)ﬁ22(%)/\4 o2i,6,0) fof 0% B[Ry (0) iy (1) [ (v) B2 (1 — &)
+hp(1 —v)ha(x) + hp(1 — v)ha(1 — x)]

+h1(0)h (1 — ) [ia (v) iz (i) + Fio (1 — ) Tip (1 — )

+hy (1 —v)hy(x)]]dvdk
oM (2)ﬁ2 (%) o, 6,0) [ v P [Ty (0) iy () [ia (1 — 0)Bia (1 — )
+ha(v) iz () + Mo (V) iz (1 — )]

+1 (v)h (1 =) [ (1 — v)Pa (k) 4 i (V) P2 (1 — )

+hy(v)hp ()] ]dvdx

)
+22 (1) 52 (1) N (01, 0) o 0811 [ (0) i (1) [ (0) i ()
=~ 0)a(1— ) + (1 - v)p ()]
+hq(v)h (1 — ) [ha(v)ha(1 — ) + ho(1 — v)ha(k)
+hp(1 —v)hp(1 — x)]]dvdk
+202 (3) 122 (3) Qosiye,0) fy 01w I (0)Fn () (1 = 0)ia () + Fa (0) (1~
V) hp ()] + hy(v) A (1 — %) [ha(1 — )R (1 — k) + hp (V) hp (k) + hp(v) Ry (1—

hence, the required result. [J
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Remark 5.  If one assumes that JJ is coordinated left-LR-h-convex with h(v) = v,
h(x) =xand « = 1and B = 1, then from (66), as a result, there will be inequality (see [42]):

) o555
2 (o e S Ay X (e )y + FM (o6 v) (69)
+%[P(0’,i,£,b) +N(0’/i/€/ n)] + %Q(O’,i,g, U)

If J] is coordinated LR-h-convex with h(v) = v, kh(x) = x and one assumes that & =
1and B =1, then from (66), as a result, there will be inequality (see [43]):

4J]<0'+1 8*‘1’70) Xg(0’+l,84’2,0)
p oy ade Jo 00 y) < g y)dydx + FM(o e v) (69)
+Z[P(o,i,60) + N(ovi,&0)] + 2Q(oi,€,0).

If J) is coordinated left-LR-h-convex and J|, (x,y) # J*(x,y) with h(v) = v, h(x) = «,
then from (66), we succeed in bringing about the upcoming inequality (see [41]):
4J](O+1 e+n) Xg((r;ri’ HTD)
rpeny | 7oL aG0) x g0 >+7“'fn_n<' e) x 9(i€)
— ) (0—e)P :
OV e 0) X 3(0,0) + 5 (eE) X a(0re)

2(v<+10)‘(a+2) ﬁ+1ﬁ/3+2 (’ - (a+1)a(zx+2))]M(0"'£'U) (70)
P((y,i,e,n)

(tx+1) (a+2) (ﬁ+1)(ﬁ+2)

1 B g i
(? +1)(ﬁ+2 ) (a+1) 1x+2 ) (B+1)(B+2) N(o-i e v)
14

+i- (a+1) (a+2) (ﬁ+1)(ﬁ+2)}Q(m i,g0).

If J,(x,y) # " (x,y) and h(v) = v, h(x) = «, then from (66), we succeed in bringing
about the upcoming inequality (see [46]):

2(a+10)6 o) T ﬁ+1) B12) ( - (,XH) @2 )]M(a i,e0) (71)
Al ey ey ) + (a+1) @2 (ﬁ+1)(ﬁ+2)}] P(o,i,€ )
(% /5+1)ﬁ(ﬁ+2 ) (a+1) 1x+2 T (B+2)
T % (a+1)“(a+2) (ﬁ+1)’iﬁ+2)}Q(‘”i/£/U)'

‘Da
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If 0,(x,y) = I (x,y) and 3,(x,) = 7°(x,y) and K(v) = v, h(x) = , then from (66),
we succeed in bringing about the upcoming classical inequality.

o+i o+i
4J]( 2 /HTU)XJ( ) IHTU)

< TtDr(p+1) 7‘;+ £+J](i,t)) x g(i,0) + 70;+ﬁ,t,—}](i/ e) x g(i,¢)
T A0) g 0, 0) % 3(0,0) + 518 _J(0) X 3(0ve)
ey T (ﬁ+1ﬁ/3+2) (% - (a+1)a(zx+2))}M(0’ i€ 0) (72)

« B .
(a+D)(@+2) (B+1)(F+2) P(o,i,€ )

13 )+
%(%_ B >_|_ & B N (o, i)
14

(a+1)(a+2) (B+1)(B+2)

4. Conclusions and Future Plans

To sum up, this study offers a new extension of interval-valued convexity. Through the
use of fractional integral operators, various inequalities for LR-Ai-convexity are produced
by applying interval-valued mapping. Many exceptional cases are discussed and new
and classical versions of integral inequalities are also acquired that can be considered as
applications of this article’s outcomes. Some very interesting examples are also given to
discuss the validation of the main results. The results of this research paper could potentially
have applications in various areas of mathematics, physics, and engineering. The extension
of the proposed iterative method to systems of equations could be an interesting future
research problem. In the future, we will try to explore these concepts in quantum calculus.
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