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Abstract: This paper is dedicated to studying the existence results of solutions to the nonlinear
coupled system of Hilfer fractional differential equations and inclusions, with multi-strip and multi-
point mixed boundary conditions. Through tools such as the Leray-Schauder alternative and the
nonlinear alternative of Leray-Schauder type, continuous and measurable selection theorems, along
with Leray-Schauder degree theory, the main results can be obtained. The Hilfer fractional differential
system has practical implications for specific physical phenomena. Examples are provided to clarify
the application of our main results.
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1. Introduction

Classical calculus began with Newton’s invention of forward flow in 1665, while
fractional calculus was born in 1695 when Leibniz and L'Hospital discussed the significance
of % derivatives, see [1]. It can be said that fractional and integer calculus have almost
the same research history span. However, fractional calculus has only been revitalized in
the last few decades, thanks to the development of various fields that promote research
in fractional calculus. The new study of fractional calculus can also offer novel ideas for
solving challenging problems in various fields, see [2-7].

Although Riemann-Liouville and Caputo fractional derivatives are considered
valuable tools for modeling many real-world problems, R. Hilfer found that the tra-
ditional fractional derivatives of Riemann-Liouville and Caputo could not meet the
requirements for solving new problems during the study of fractional time evolution [8].
Therefore, in order to separate fractional integrals, a generalized definition of fractional
derivatives is proposed based on the Riemann-Liouville integral by R. Hilfer, which is
Hpaby(t) = P—0)prfA=p)n=a)y (1), wheren —1 < a < n,0 < p < 1,D = 4.
Many authors later called this definition as the Hilfer fractional derivative. The reader is
referred to references [9] for the distinction between the same order a« but with different
values of B.

Initial value and boundary value problems involving the Hilfer fractional derivative
have attracted a lot of research. In [10], K.M. Furati discussed the existence of solutions to a
Hilfer fractional differential equation for the following initial value problem. Moreover,
the stability of the solution to a weighted Cauchy-type problem is also analyzed.

HDZ‘fy(x):f(x,y), 1< x0<a<10< <1,

(1)
I77y(a") = ya, 7 = a+ B — ap,
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where 7 D%# is the Hilfer fractional derivative of order &, and type B.

In [11], K. Dhawan investigated the coupled Hilfer fractional differential equations
with nonlocal conditions. By applying the Leray-alternative Schauder’s and the Contraction
principle, the author proved the existence and uniqueness of the solution. Furthermore,
the Ulam stability of the solution was discussed for the defined problem.

Hpaibry(t) = f(t,x(t),y(t)), a1 < v3 = &y + B1 — w1 B1,t € [0, T],
Hpuabay(t) = f(t,x(t),y(t)), a2 < vz = a2+ P2 — azPa,t € [0, T,

L7%(0) = Y byx(&;), & € [0, T), )

i=1

n
L7y(0) = Y bay (), mi € [0,T),

i=1

=

where HD%Fi represents the Hilfer fractional derivative of order «; and type
Bi,i=12a; € (0,1),B; €0,1]. 3+ % is the left-side Riemann-Liouville integral of order
1—v;,i=1,2.Also, f1, f> : [0,T] X R x R — R are given continuous nonlinear functions
and T > 0, by, by are real numbers, &;,7;(i = 1,2,...,m) are prefixed points satisfying
0<g1 <@ <...<Tand0 < <12 <...<T,respectively.

In [12], B. Ahmad studied the nonlinear generalized coupled fractional differential
equations accompanied by nonlocal coupled multipoint Riemann-Stieltjes and generalized
fractional integral boundary conditions using the Leray-Schauder alternative and Banach
contraction mapping principle.

PD.u(t) = F(t,u(t),0(t), DY o(t),t € [0,T],
PDE.o(t) = F(t,u(t) DEu(t), o(t)),t € [0,T),
u(0) = v(0) = 0,

T
/0 u(s)dH (s) = M3 o(&) + Z apo(np),61a € (0,T),

[ oot (s) = NI el + Y bpuly) 2 € O.T)
p=1

wherePDg, and f Dg . are the generalized fractional derivative operators of order 1 < &, f < 2,
respectively, 0 < 71,72 < 1,71} % and # 152 are the generalized fractional integral operators

of order 4,5, > 0, respectively, fo s)dH;(s)(i = 1,2) are the Riemann-Stieltjes integrals
with respect to the functions H; : [0, T] — R, f,g € C([0,T] x R3,R), M, A, ap,bp, € Rand
T'Ip (S (O,T),P == 1,2,...,m

It is worth noting that J. Pradeesh considered the existence of a mild solution for the
following Hilfer fractional stochastic differential system in [13].
AW (t
D o(t) € Az(t) + F(t,2(0) + Gl z(1) Dy e (0,),

dt 4)
(Iy="2)(0) = 20, (I "2)/(0) = =1,

where H Dgf denotes the Hilfer fractional derivative of order y and type v such that

1<pu<2and0 <o <1, while IS: 7 is the Riemann-Liouville integral operator with order
(2—1), where y = p+v(2—pu). A: D(A) C H — H is the infinitesimal generator of
a strongly continuous cosine family C(t),-, of uniformly bounded linear operators and
z(-) takes values in a separable Hilbert space H with inner product {-,-) and norm || - ||.
The authors employed fractional calculus, multivalued analysis, sine and cosine operators,
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and Bohnenblust—Karlin's fixed point theorem to investigate the existence of a mild solution
for the Hilfer fractional stochastic differential system.

However, there are very few articles that have studied Hilfer fractional differential
equations and inclusions simultaneously. Inspired by the aforementioned works, we are
initiating a study on the existence of solutions to a coupled system of Hilfer fractional
differential equations

Hpaiby(t) = fi(t,u(t), v(t), DM Pu(t),H D2Po(t), te]0,1], 6)
Hp%2by(t) = fo(t,u(t),o(t),F DPu(t),H D2Pou(t)), tel0,1],
and inclusions
Hpaiby(t) € F(t,u(t),v(t),” D Pu(t),T D2Po(t)), te]0,1], ”
Hpaby(t) € G(t,u(t),v(t),F D Pu(t), " D2Fo(t)), te(0,1],
subject to the coupled fractional integral and discrete mixed boundary conditions
u(0) =0, v(0) =0,
m I n
u(l) =Y Aulio(E) + Y bijo(y;),
i =1 )

o(1) = Y Apilu(E) + Y boju(y)),
= i

where DB, HDYB denote the Hilfer fractional derivative of order ay, 7 respectively
and parameter B, I is the Riemann-Liouville fractional integral of order [t;, 1 < a; < 2,
0<B<10< 7 <ar—1LA2>201;>200<&<1b;>00<yg<1fork=12;
i=12,....mj=12,...,n

In the research of fractional time evolution, a significant challenge arises when gen-
eralizing traditional equations of motion, as it involves deciding whether to utilize the
Riemann-Liouville fractional derivative or the Caputo fractional derivative. R. Hilfer in-
troduced the Hilfer fractional derivative during the study. When = 0, the Hilfer system
can be simplified to the Riemann-Liouville system studied by authors such as X. Zhao,
A. Guezane-Lakoud, T. Jankowski, and others. For more details, refer to [14-16]. When
B = 1, the Hilfer system can be reduced to the Caputo system discussed by investigators
like Y. Zi, A. Alsaedi, J. Xie, B. Ahmad, and others. References can be found in [17-20].
We learned that models of fractional diffusion equations with Hilfer fractional derivatives
are used in the context of glass relaxation and aquifer problems [21]. Also, fractional
reaction-diffusion equations and space-time fractional diffusion equations involving the
Hilfer fractional derivative are studied in [22,23]. And more importantly, differential inclu-
sion, which can handle uncertainty problems, has been applied to dynamical systems and
stochastic processes, such as control problems and sweeping processes [24,25]. Therefore,
our studies on the nonlinear coupled Hilfer fractional differential inclusions have great
practical applications in physical phenomena.

In the coupled Hilfer fractional differential system, there are u(t), v(t) that mutually
influence each other. The nonlinear terms, f; and f,, consist of u(t), v(t), DM Pu(t),
HD72By(t), where 71, 7, are less than ay, ay. The inclusion of TD7-Ay(t), "D72Fy(t) in
f1, f2 enhances the model’s capability to address real-world problems The coupled Hilfer
fractional differential inclusions have the same structure. Moreover, the nonlocal boundary
conditions consist of the Riemann-Liouville fractional integral and numerous discrete
points. The value of the unknown function u(t) at the right endpoint t = 1 is equal to the
sum of the values of the Riemann-Liouville fractional integral of the unknown function v(t)
on the subinterval [0,&;](i = 1,2, ..., m) and the discrete values of the unknown function
o(t)atn;(j=1,2,...,n).
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In addition, there are now many well-established methods for studying fractional
differential equations and inclusions, such as Guo-Krasnoselskii’s fixed-point theorem,
the Banach contraction mapping principle, and monotone iteration techniques. We em-
ployed the Leray-Schauder alternative and the nonlinear alternative of Leray-Schauder
type, continuous and measurable selection theorems, along with Leray-Schauder degree
theory, to explore the existence of solutions for the Hilfer fractional differential equations
and inclusions, respectively.

In fact, fractional derivatives have been greatly developed and applied, leading to the
emergence of several mature definitions such as the Riemann-Liouville fractional deriva-
tive, the Hadamard fractional derivative, the Caputo-Katugampola fractional derivative,
the Katugampola fractional derivative, and others. In contrast, the derivative under Hilfer’s
definition requires more research efforts to promote its development. Whether transferring
mature research techniques to Hilfer or developing new technical methods, the work is
meaningful. Differential inclusions can be regarded as a collection of differential equations
and inequalities. Moreover, this paper examines the coupled system of Hilfer differential
equations and inclusions, which is of great significance for practical applications.

The rest of the paper is structured as follows: In Section 2, some fundamental concepts
of fractional calculus and lemmas are presented. Section 3 is dedicated to presenting the
main results, which are illustrated through examples. Section 4 contains a summary of
previous work and future prospects.

2. Preliminaries

In this section, we present some basic definitions, lemmas, and auxiliary results for
the proof that will be utilized in the next section.

Let C(J), AC(J) and C"(J) denote the spaces of continuous, absolutely continuous
and 7 times continuously differentiable functions on ] := [0, 1], respectively. We denote by
LP(0,1), p > 1, the spaces of Lebesgue integrable functions on (0,1).

Definition 1 ([10,26]). The Riemann-Liouville fractional integral of order & > 0 of a continuous
function u € L1(0,1) is defined by

I“u(t) = 1 ] /ﬂt(t—s)“*lu(s)ds, n—1<a<mn,

)

where n = [a] 4 1, [a] denotes the integer part of real number «.

Definition 2 ([10,26]). The Riemann-Liouville fractional derivative of order & > 0 of a continuous
function u € AC(0,1) is defined by

D*u(t) :== D"I" *u(t) = F(nloc) <:iit) /at(t —s)" lu(s)ds, n—1 < & < n,

where n = [a] + 1.

Definition 3 ([27]). The Caputo fractional derivative of order & > 0 of a continuous function
u € AC(0,1) is defined by

Cru ._ n—amnyn _ 1 /t _ o\n—a—1 i ! _
D*u(t) :=I""*D"u(t) = Toi—a) Jo (t—s) pr u(s)ds, n—1 < a < n,

where n = [a] + 1.

Definition 4 ([10]). The Hilfer fractional derivative of order a and parameter B of a function
u € AC(0,1) is defined by

DBy (1) = [B0—0) pn [(1-B) (1) ),

wheren —1 < a < n,0< g <1t > a,D:%.
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Remark 1. From Definitions 2 and 3, when B = 0, the Hilfer fractional derivative corresponds to
the Riemann-Liouville fractional derivative

HpaOy(t) = D" I"*u(t),

while when B = 1, the Hilfer fractional derivative corresponds to the Caputo fractional derivative

Hpady (1) = ["=*D ().

For convenience, let 0 = « +2—af, 1 < a <2, wecanknow 1l < 6 < 2 and

0 <2 -0 < 1. We have the weighted spaces of continuous functions

Cog(J) = {u: (0,1] = R: #7%u(t) e C()},

with the norm

and

Lemma 1 ([10]).
Lemma 2 ([10]).

Lemma 3 ([10]).

into C(]).

Lemma 4 ([27]).

Lemma 5 ([10]).

Lemma 6 ([10]).

Lemma 7 ([10]).

Lemma 8 ([27]).

forall t € (0,1].

lullc, o = sup [~ %u(t)],
te]

CyPo () = {u € Cog(]), D¥Pu € Co_4())},

CS_o(J) = {u € Cag()), Du € Co_p(J)}-

Fora > 0, I* maps C(]) into C(]).

®)

©)

(10)
(11)

Let o > 0,and 0 <2 — 0 < 1. Then I* is bounded from Cy_¢(]) into Cy_g(]).

Letow > 0,and 0 <2 —0 < 1. If2 — 0 < w, then I* is bounded from Cy_¢(])

Ifa > 0,b > 0, then

Irxtb _ r(b + 1) tb+lx
rb+1+a)
T(b+1)

wh b—u
D't _I"(b+l—a)t !
T(b+1)

H Dé,ﬁb:ih ®
Dt I’(b+1—o¢)t ’

Let 0 <2—0 < landu € Cy_¢4[0,1]. Then

I*u(0) := lim I"u(t) =0,0<2—-6 <a.

t—0+
Leta >0,0<2—0<1,andu € Cy_g(]). Then
D*I*u(t) = u(t), for all t € (0,1].
For t > 0, we have

Gt =01 <a<2

Letl < a < 2,0<2—0<LIfu€ Cyg(]),and > *u € C5_o(]), then

I“Dlxu(t) — u(t) _ (Iliau)(t) tafl (Iz*au)(t) tlez.

I'(a) I'(a—1)



Fractal Fract. 2024, 8, 194

6 of 25

u(t) = I"thy(t) +

Lemma9 ([27]). Let1 < a <2,and0 < B < 1.Ifu € Co_4(J), and [1-h2-a)y ¢ C%—G(D'
then HD*PI*y exists in (0,1] and

HpoBreu(t) = u(t), t € (0,1].
Lemma 10 ([10]). Let1 < a <2,and 0 < B < 1.If f € C§_,(]), then
1D = 1* Hp©hy, DO 1%y = DP24)y,

Lemma 11 (Leray-Schauder alternative [28]). Let X be a Banach space, T : X — X bea
completely continuous operator. Let

T)={xeX:X=AT(x),0 < A <1}
Then, either the set &(T) is unbounded, or T has at least one fixed point.

Lemma 12 (Nonlinear alternative of Leray-Schauder type [29]). Let X be a Banach space,
Q) be a closed convex subset of X, and U be an open subset of ) with 0 € U. Suppose that
F: U — Pep,co(Q) is an upper semicontinuous compact map. Then either (1) F has a fixed point in
U, or (2) there is oU and A € (0,1) such that x € AF(x).

For each z € C(]), we defined the set of selections of F by
Sror = {w € LY(]) : w(t) € F(t,z(t)),a.e. t € J}.
For convenience, we denote

I = i Mi /éi(g, _ S)(lu—l)sez—lds + ibl .17(92*1

(12)

o Ay i (Ii—1) 6,1 - 611
L, = 2 3 Jo (él — S) S ds + 2 b2]11] .
. =

In the forthcoming analysis, we always need to make the following assumptions:
(F1) 1 < 2, <2,0 < 9 < ar—11; > 0,1 < 6 <2, where 0 = ay+ 28 — ayp, for
k=1,2andi=1,2,...,m;
(F2) 0<¢&i,nj <1, Aj,Agi >0, byj,bpj >0,fori=1,2,...,m,j=1,2,...,n;
(F3) 1—1l, > 0, where I3, [; are defined by (12).
Subject to BVP (5) and (7), we consider a corresponding linear differential system as
follows and establish the expression of the corresponding Green’s functions.

Lemma 13. Assume that (Fy)—(F3) hold. For hy € Cy_g,(]),ha € Cyo_g,(]), the fractional

differential system
Hpaby (1) = by (1), a3
Hpmby(t) = hy(t),
with boundary conditions (5) has an integral representation

(011

(1—hb)

. Ci o s a— by j g — a
< [ @=9= ) [ =y 1h1<r>drds+]gr(jl) | = s 1 h2(1)> (14)

n

n

by;

“ /Oii (& — S)(lli—l) /Os(s - T)aczflhz(T)deS + Z; T(a3) /OW(W - S)“Zflhz(s)ds - I“lhl(l)] ,
j=
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1021
(1 —hl)

/\11 (l i—1) Dc 1 n b1] Uh ‘ " .
. (z I 1 / s des+]; F(az)/o (7 =)™ ha(s)ds — I*hy (1) (15)

= I"2hy(t) +

+ i 1"?21 / i S)(lzi—l) /Os(s—r)ﬂcrlhl( dtds + i b2]1) /()Wf(ﬂj — )My, (s)ds — I“th(l)]_

i=1

Proof. From Definition 1 and Lemma 10, using I*1, I*2 to (13), we have:

{IelDelu( ) =1%h(t), 61 = a1 + B2 — 1),
(16)
1%2D%20(t) = I"2hy(t), 62 = a2 + B(2 — a2).
From Lemma 8, we obtain
81 161 _ () () g1 (PRu)(t) 6o
"D u(t) = u(t) TTe) ——t To=1) 177, W)
2 DO () — (I2u)(t) g1 (P720)(8) 4,
1%2D%y(t) = v(t) — BV to2-1 _ mt" 2,

Combining (16) and (17), we can simplify (13) to the following equivalent integral equations

u(t) = My (t) + €11 o1-1 4 C12 012

r'(6,) re, —1) (18)
1 6,1 €22 0,—2
o(t) = I"2hy(t) + 1270 4 £72
1) = 100 % 1gy) (0 1)
where c11, ¢12, €21, €27 are constants.
From u(0) = v(0) = 0, we obtain ¢, = ¢ = 0, and we get
u(t) = IMhy (1) + 2L _o-1)
I'(61) (19)
o(t) = [2hy(t) + 21021,
I'(62)
From the remaining conditions in (5), it can be inferred that
u(1) = 1 (1) + FE“ Dhﬂhv (&) + m ),
(20)
o(1) = I"2hy(1) + ZAz 1hiu(&) + Zb2] 7).
c11 =T (61) (Z/\lzfll’v i) + Zblj nj) — 1" (1 ))
’ - (21)
co1 =T'(62) (2/\2112’” &)+ ZbZ] 1j) — I"2ha(1) )
i=1 j=
Further, we can reduce (18) to
o1y~ Mi [© (hi=1)gy(
u(t) =Ihy(t) + 1 Z / (61’*5) 1= d5+2b1] 17] )— Ik (1
= T(hi) Jo
(22)
61\~ Mo [C (hi=1) 3
U(t) = lezhz(t) + t72 Z / (‘:l - S) 2 u(S)dS + Z szu 77] -1 th
= T(lki) Jo =
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Then we can get

m . Gi <
57— oo+ 3 yoly) — o)

i=1 "\l j=1
L PP
(L fy @t s+ 3 b 1)
Zzlm : = 1n (23)
. )\21 i L (121'71) . A 4
(1; F(ZZi) /O (gz S) u(s)ds+j;b2]u(11]) I 2h2(1)
oA (S ) (Sl et Loby oo o
ey KGR A ha(rpdeds + 1 s =92 s (s)ds — 1 (1),
m. A i n
ZF(IZ;)/O (‘:l S)(IZ’ ) dS+Zb2] 77] _IZhZ( )
i=1 1 j=
_ [y A [ gy (i) 1 6,—1
= gr(l2i)/0 (Gi—s) ds+2b2];7
i=1 j=1 (24)
oo M [5G " b o) — I
: (; F(lli) /O (gl S) U(S)ds—"_]; bl]”(’?;) I lhl(l)
Y L N A Ny D = bop o o
+i_zlr(12i)/0 (gl S) /O(S T) h](T)deS—F]; F(oq)/o (I’]] S) hl(s)ds I hz(l).
Combining (23) and (24), it can be seen that
3 i [ @ — 9 Vot + 3 bjet) — 19 (1)
i—1 I(ly;) Jo j=1 7R
1 LA (S ) [P et < Moo -1 _
=105 [ll (lZi F(l2i)/o (& —s) /O(s T) hl(T)deS+;F(a1)/() (17j —8)" " "h(s)ds — I"?hy(1)
LI Gi L s noob /
+ZF(1111»)/0 (& —s)h 1)/0(577)“2*”12 T)dtds + Z 1’ / i — )2y (s)ds I”‘lhl(l)],
=1+ \11i) . =1
(25
3 o [ () V(o) + 3 bjul) — 12a()
i—1 L(ly) Jo j=1 ;o
(B s e s B [t
T-hh 2\ ST Jo ™ 0 ? az) o I 2 !
u AZI .gi . (125—1) N _ 0(]71 - sz / _ np— 1 _ 2
*;r(zﬁ)/o (& —s) /O(s )y (7)dds + ; / $) Ly (s)ds — I2y(1) |,
where [} (k = 1,2) is defined by (12). From (22) and (25), we have
. 1011
— 1
u(t) =1 hl(t) + (1 — l]lz)
L /\21‘ Gi o (lzifl) S _ -1 n b2] 1j RV T | T
I (E Fiy fo @)Y [y (s 1 s | =9 eds = 1)) | g

m . Gi s " by i
F Ly [ @9 [ s ¢ /0"’<m—s>“z1hz<s>ds—1“1hl<1>],
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m ‘ & s n b1 i
L < /\11' /O (@ — S)(lu—l) (s — 7)2 hy(1)dtds + E F(;‘JZ) /0’71 (n; — s)"2 1y (s)ds — I"1hy (1)> (27)
i =1

: Gi s nop j
] /O (Ci—S)(’ﬂ‘l)/O (s— 1) (7 )drds+2 2]1)/0'7 (nj—s)“l1h1(s)ds—1“2h2(1)].

This completes the proof of the lemma. [
Moreover, according to Lemma 4, and fractional order derivative of solution (11) can

be expressed as

_ r(6;)thr—mn—1
HDmAy(t) = 111 hy (1) + !
() (1) I'(61 —71)(1—hh)

Agi gl (li—1) [* a—1 L by
— )\ s — 1) hy(T)dtds +
(1 / ) /0 ( ) 1(®) ]g ['(ar)

Gi . s nop 7;
/ (& —s) U/O (s — 7)%2 1y (1) d~rds+z 1])/0](17j—s)“z_lhz(s)ds—I“lhl(l)],

/Oﬂj (7 — )"~ (s)ds — I“2h2(1)> (28)

M§

Lo
1
_ [(6y)t027 7271
Hpmaby(t) = 127121, (1) +
) 2(!) I'(02 —712)(1—hh)

1 /\i N n b : i o .
(£ 69 [l ey s £ [ s )
1 l ]:
; Gi nop
P2 [ ) [ (s — oy (o) + “Ly - /’7]17—5)“11h1(s)ds—1"‘2h2(1)].

Lemma 14. Let f; : ] x R* — R bea function such that f;. € Cog(J), k=12 Ifu Cgl_gl (1),

vE Cg{e (), then u, v satisfie (5) and (7) if and only if u, v satisfies (30) and (31).

oy t9171
u(t) = I fi(u,0)(0) + 7=y

by; j
3 /0'7 (nj— $) 7 f (w,0) (s)ds — I“Zfz(u,v)(l)) (30)

C Al G 2i s Xy — -
I (1_11—* 2 / _S)(l 1)/0 (s—1) 1f1(u,v)(T)deS +]; Tay)

S )\i ¢ (hi—1) a bl‘ gl . ay— a
+rgeg fy @9t [6-0 Faluo) st L | =5 ol 0) (s)ds 1 fl(u,v)(l)}

o(t) = I fa(u,0) () + 7=y

. Gi s n
/\11A /O (gl _ S)(lli*l) /0 (S _ T)azflfz(u Z} deS ;

b j
11 ' 17—5)“21fz(u,v)(s)ds—I”‘lfl(u,v)(l)) (31)

/0’”(17,- =571 ,0) (5)ds — I“Zfzw,v)(l)} :

@ — )1 SS—T"‘l_ u,v s baj
@@= [(s =" fiw,0) (1)dvd +]; ey

+
i ag
=
| >
R
S—

f1 (s,u(s),v(s),H D”l'ﬁu(s),H D”'/Sv(s)), -
fz(s,u(s),v(s),H D”l’ﬂu(s),H D”Z'ﬂv(s)). (32)

> |l>

where
{ fi(u,0)(s)
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Proof. First we prove the necessity. Let u € Cgl—el (), v e CZGZ_ 92( J) be a solution of (5)
and (7). We want to prove that u, v are the solutions of the integral Equations (30) and (31).
By the definition of Cg_e (J), Lemma 3, we have

=%y e C()), I7%0 e C()), (33)
and
D%y = D*(I>"%1u) € Cy_g,(]), D20 = D*(I* %20) € Cy_g,(]). (34)
Thus by (11), we have
P e GG, (), P %0 e GGy (]) (35)

We apply Lemma 8 to obtain

Ingglu(t) — u(t) _ (11_91”)(t) t()l—l _ (Iz_gzu)(t) t91—2’

(6 re,;—1
) s (o) =
1%2D%0(t) = v(t) — (2=l _ 16272,
()=o) = 7, I(6, - 1)
Since by D%u e Cog,, D%y e Cy_¢,, Lemma 10, we have
"Dy = 1M Hp™by — 1 fy 1%2D%2p = %2 HpMiby — %2, (37)
Combining (36) and (37), we have
d11 g1 diz 02
u(t) = 1" f1(u,v)(t) + P17 —t17 7,
d21 6,1 d» 62
t)=1% t 72 1"

where dq1, dia, dp1, dp are constants. According to boundary conditions (5) and calculation
steps in Lemma 13, we obtain

n

m . "Ci S by : i
ll(.Z r?f;) I\ @l’*”(lz"_”/o<S*T>““1f1<wv><f>drds+]; ol "w]'s)“”fl(u,v)(s)ds1“2f2<u,v><1>) (39)

T'(a1) Jo

n

A‘ Agf (Cl _ s)(lh*l) /: (S _ T)[xzflfz(u’ U)(T)des n Z

=1

byj
F(Déz

/Om(’ﬁ =) fo(u,0) (s)ds — I“Ifl(u,v)(l)},

|
_
=
—~
—
=
N
-
N

nby

I (1; F?lllii) /Ogi(éi — s)(l“*l) /Os(s - T)"‘z’lfz(u,v)(r)d‘cds +]; Tay) /0'71(771 - s)"‘rlfz(u,v)(s)ds - IMfl(%”)(U) (40)

n

. % gy 6= 0" fala, o) (s + ];

byj
F(le

[ =9 fa(w,) )is - I“Zfz(u,v)(l)}

0

Jr
0=
—
= >
N
S

which is the integral Equations (30) and (31).
Now we prove the sufficiency. Letu € Cglel (N),ve Cg{ 92(]) satisfy (30) and (31). Since

Hpapy — [p2-a)poiy Hpaa by — [F(2=22) DOy it follows from Lemma 2 that Cglel () C



Fractal Fract. 2024, 8, 194 11 of 25

Cgl_’gl (J) and Cg1_91 (J) C Cgl_’gl (J). We can get "D*Py and HD*Py exist. Applying the
operator D%, D% to (30) and (31), it follows from Lemma 7, Lemma 10 that

Dby — Dﬁ(zfﬂl)fl, Dby — Dﬁ(zflxz)f} (41)
From (41) and D%1u € Co—p,(]), D%y e Cr—¢,(J), we have
DI' a1 f = DPRMI fy € g, ()), (42)

Dﬂ*ﬁ(%“z)fz - Dﬁ(zf"‘ﬁfz € Ca_g,(]). (43)
Since f € Co—g,, k = 1,2, by Lemma 2, we have
1P £ € Cyg (1), I'PR%) f € Cyg, ()). (44)

It follows from (11), (42)—(44) that

IR f € G, (), PR f € Gy, (). (45)
Now by applying [f(2~%1), [F(2-%2) to (41), using Lemma 8, we have
[1-F2-m) £)(0)
HDlxl,ﬁ 1) = +( 1 tﬁ(zfle)fl, 46
M( ) fl r(ﬁ(z_“l)) ( )
1Pl ) (0)
HDOQ,ﬁ t — +( 2 t‘B(Z—DQ)—l. 47
S ) 4

According to 6 = a + 2B — B, 1 < ap <2and0 < f < 1,wehave2 — 6, <1—B(2—ay)
for k = 1,2. Lemma 5 implies that

(I'-F=) £)(0) = 0, (I'P2=%2) £,)(0) = 0. (48)
Hence the (46) and (47) reduce to
HD“lr.Bu(t) = fl/ HDaz"Bv(t) - f2' (49)

Now we show that the boundary conditions (5) also hold. From Lemma 5, (30) and (31),
we have
u(0) = I1"1£,(0) =0, v(0) = I*2f,(0) = 0. (50)

From (25), (30) and (31), we obtain

m i 2 s n bo: i
h (z [T =9 [ 0 o) (e * ¥ e " =9 o) (s - 1“2f2<u,v><1>)

noby

. Gi L s 0 — Tj Ky — 3%
3y @0t [l o)@irds+ 1l [y =9l o) fl(u,v)(l)} 6

Jr
=
—
==
S

m i & n
= I f1(u,0)(1) + ( r}(\1111~)/0 (& — )" Vo(s)ds + Y byjo(y)) —I"‘lfl(u,v)(l))
£ T (0, L~

]

=Y Aulio(E) + Y bijo(n)),

i=1 j=1
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m . & s nop /
b ( riy fo @ [0 o) (s + L " —S)“Z1fz(u,v)(5)ds—I“lfl(u,v)(l))

n

Gi s byi 1j
| @ =9 [ o) (edrds + ) o /07<n,-—s>“1—1f1<u,v><s>ds—I“Zfzw,v)(l)} 62

=1 (1)

UL )\2‘ Gi — 1t ’
— [*2 ! . ) (i—1) . D) J*2
I o (u,0)(1) + (g Fiy @) ule)ds + () ~ 1 fz(u,vxl))
m n
= Z 21121 (Cl)+2b (77])
i=1 j=1
This completes the proof. [
3. Main Results
For computational convenience, we introduce the notations:
o
2-1hib I - Agi /5’ (li—1) .« n, byt
M; = — ) bgng ——J 1, 53
YT A hl)T(a + 1) * (1-1hl) (E [(li)T(e1 +1) Jo (& =) o +]; T(ag +1) (3)

_ 1 i i (t-1) n b1]77
MZ‘(1—1112)( (a2+1 +Zrlh a2+1)/ (6i=s) d”Z Tp+1) . Y

i=1

1 r'(6) & Az /5" ) n hbayrf! 1
M = (hi-1) g g , (5
T T - 1) T8 —71) (- hb) (;Flzl I'(a +1) Jo (G- S+Z M@ +1) | T +1) 3
r'(61) h - M /5" (hi—1) n by
My = —s)iNgmg L 56
YT T(01—71)(1 - hh) ( I'(az +1) 1; I(li)T(a2 +1) Jo (6i =) ot Z I(ap +1) 56)

_ 1 I - Ao G (bi=1) g 1 Doty
Ms = (1—-hb) (F(le +1) +;§i T(lp)T(ag +1) /0 @) ds Z T(aq + 1)) 7

. 2 — 1112 12 m Ali Gi ‘ (Li— o L bl]ﬂ]
Ms = A hL) T+ 1) T (1= hb) (21 T Jy G s+ X az+1>> o
_ r'(62) I = Ao S (- o 1 boj;
RN Ty <r<a1+1> * X ey (@ L a1+1>> )

1 I'(6) - Mila Gi (hi—1) . 1, b 1
Ms = + )i gragg 4 T . (60
" Tt D) T 7)1 hh) (i_zlr(zli)r(wl)/o @ L ) YT ) @

Also, Let C1 = {u|u € Cy_p,, ' DMPu(t) € Cy_g, } be a Banach space endowed with
the norm

Hu||C1 = HuHszel + HHD’Y]'ﬁ””szel' (61)



Fractal Fract. 2024, 8, 194 13 of 25

which defined by (9) and C; = {v|v € Cy_g,,f D72Po(t) € C5_g, } be a Banach space en-
dowed with the norm
Jolley = Iollcy o, + IFD™Pollc, ©

which defined by (9). We can have the poiduct space C := C; x C, with the norm

1, 0)lle = llulle, + l7llc,- (63)

3.1. The Existence Results of the Coupled Hilfer Fractional Differential System

Theorem 1. Let f; : | x R* — R be a function such that f; € Co—g,(]), k = 1,2. Assume
that there exist real constants a;,b; > 0 for i = 1,2,3,4 and a;,b; > 0 such that, for any
x; € R(i=1,2,3,4), we have

|f1(t, x1, %0, x3,x4)| < ag + aq|xq| + az|x2| + az|x3| + ag|xy|,

(64)
|f2(t, x1, %2, X3, X4)| < by + by|x1| + ba|x2| + b3|x3| + by|xy|.

If (a1 + a3)(My + M3 + Ms + My) + (by + b3)(Mz + My + Mg + Mg) < 1 and (az + ay)
(My + M3+ Ms+ My) + (bp + by) (Ma + My + Mg + Mg) < 1, where M;(i = 1,2,3,4,5,6,7,8)
are defined by (53)—(60), then (5) and (7) has at least one solution on J.

Proof. We define the operator T : C — C by

T(u,0) () = <T1(”'”>(t>>, (65)

n (fl i [ =9 [0 ) () +],nZl s [ = 9 o)) - 1“2f2<u,v><1>> (©6)

1) Jo

m . i s n b i
+ ,221 F?lllli) ./05 (@ — s)(lrl) ./0 (s — 1)L fo(u,v)(T)d7ds +]; F(;]z) ./0'7 (j — )21 (u,0)(s)ds — [vtlfl(u,v)(l)} ,
tﬁzfl
Ta(0,9)(0) = 1 a(0,9) () + (7=
m . & .S no by 1
[lz (1; r?lllzi) /05 (& — S)(lu—l) /0 (s— T)az—lfz(u,v) (T)dtds +]; 1"(,,1(]2) /0'7 (’7]’ _ s)az—lfz(u,v) (s)ds — I“lfl(u,v)(l)) (67)

n

m , i s by; i
Y @Y [0 o) * X ey Jy 0 A6 - I“Zfz(u,v)(l)}

~—

Also, according to (28) and (29), it is easy to see that

I’(gl)tfh*’h*l
01— 1) (1 —hb)

m i G s n br: 1)j
h (H s INCEDER| (="l o) e + ) o ('7]‘5)"“1f1(u/v)(5)dsI“Zfz(u,v)(l)) (68)

) Jo

m . g s no by; i
* Lty G G0 R+ ) =90 a0 s)ds - I“lfl(u,v)(l)}
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92— 2—1
HD”ﬁBWWMO=1””VN%@UV*HJ@%;dlhh)
oAb Gi . (hi-1) [° a— Lo b o a— a
lz<§r(llu)/0 (& —s)i1 /O(S—T) Lo (u,0) (1) des—i—Z afz)/o (i =) fa(w,0)(s)ds — I fl(u,v)(l)) (69)

F(le)

" = 9m o) s)ds I“Zfz(u,v)(l)} .

We will show that the operator T : C — C is completely continuous.

(a) The operator T : C — C is continuous.

By the continuity of the functions f; and f,, the operator T is continuous.

(b) The operator T : C — C is uniformly bounded. Let (2 be any bounded subset of C.
There exist positive constants L, L, such that

|f1(u, 0)(8)] < Ly, [ fa(u, 0) (£)] < Lo. (70)

For any (u,v) € Q), we get

—th (3% tel_l
T (1,0)) (O] < 1 (0 + s

m ) & s L i
’ (2 gy @9 [ =0 Aol + Vel [0y - 90 Witw o) s+ 1 Ifz(u,v)l(l))

# 8 i @9 [0 ol @ + 3 el [ o s+ 17 fl(u,v)l(l)}

= I(az)
5r@in“*a%;g 7
| B i f @9 s i T ii"i T T 1))
! i T D f @9t i l:i RN TE=y
LiM; + LyMp,
hich yield
T 1Ty (1, 0)llc, o, < LiMi+ LMy, (72)

T(6y)—m1
T(61 —71)(1—hlp)

(f T [ [ s =0 o) (e + ; 2 [ o9 v)I(S)ds+I“2|fz(u,v)|(1)>

(R OHDIAT, (u,0)(1)] < I £ (1,0) () +

m /\ . Ci o s B n bl
I R R N [ o W UBE A ACUICUEY fl(u,v)l(l)}
i=1 ! j=1
ta=m r(6y)th—m-1 (73)
r -11+1) I(61 — 7)1 —hh)
m (s n
AgiLy /5' (bi=1) gm by ’7] Ly
i~Dgmg

(,erlm [(ag+1) (& —9) S+Z T(a +1) +1"(ocz+1)
m n

MiLa /5‘ _ gy b11’7; Ly
; T(hi)T (a2 +1) (& =) ds+2r (a2 +1) 2+r(0‘1+1)
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which yields
1D Ty (u,0) ¢, < LiMs + LoMy. (74)
So we can get
1Ty (1, 0) ||, < L1(My + Ms) + Lo(Mz + My). (75)
Similarly, we obtain that
IT2(,0)llc, o, < L1Ms5 + LaMs, (76)
1D Ty (u,0)llc,,, < LiMy + LoMs, (77)
and
IT2(,0) ||, < L1(Ms + My) + Lo(Me + Ms). (78)

Hence, for (u,v) € Q, Ty, T, is uniformly bounded. Thus it follows from the above
inequalities that the set T() is uniformly bounded.

(c) The operator T() is equicontinous.

For any (u,v) € Q and ty,t; € ] such that t; < t, we have

50T (u,0) (1) — 27Ty (u,0) (1))

< % /Otl [t%‘gl (t2 — 5)06171 — t?_el (t1 — S)“l*l]fl (u,v) (s)ds + /tltz t%‘gl (t2 — s)ﬂ171fl(u,v)(s)ds +

- Aai (G s Lo by -
{11<Z r?lz)/o (Ci*s)(lz’fl)/o (S*T)“H\fl(urv)l(f)deS+;r(;]l) /017 (j =)™ lf1(urv)(5)|'7ls+1“2fz(urv)(1)>

i=1

th—h
(1="hh)

mooA G P - nooby -
Lty @ [0 ol eduds + hC 5 sy a0 (5)ds + 10 fl(u,v)(l)]
i= —
79
- ty!l —#]! h—H @)
- F(D{] +1) 1 (1*1112)
e Agily / G { o by '71 Ly
l 20 ald
1<121 T()T (a1 +1) Jo (@9 - Z I(a1 + 1) VT )
& MiLy /’5" (li=1) gz byjij;*? Ly
_ A2 i d
+Z T(l)T(ax +1) Jo (6 =) HZ T(ap +1) +F(uc1+1)
— 0 asty — tq,
and
6 DT, (u,0) (t2) — £ DT (u,0) (1)
1 hro-g g1 20 g1 259 i1
[ £ () — )M T T (f )T , d /tlt_ﬁl“h , d
< tm ol B e = A ) s+ | AT (=9 il o) (5)ds
RGNS
I — 1)1 —hbk)
mooAy G nop
WL fy [ @9 [e= o Aol e+ L s [ =9 o) [(ds+ 17,0 (1)
S T(l) Jo 0 =T 0
e At Gi (lh;-1) s ar—1 = bl/ ’77 ap—1 «
+ YT / (Gi—s)t / (s =02 Hfa(w0)[(T)dTds + ) & (1j = )27 | fa(,0) |(s)ds + I"t| f1 (u, 0) | (1) (80)
i=1 (11) 0 0 :1 0
_ tgr% _ ti‘l*?l N F(G])( 1 T o_ t!lf“n)
STl —m+1) ' Tl — 7)1 -hb)

Agilq /5:‘ a n b2]11} L,
! — = hi—1) g g
' <i1 T(Li)T (a1 +1) Jo (@ =) ot Z T(a; + 1) a1 1)

m o n
Aila /g, (hi-1) o byjij;*? Ly
e U S i d
+Z (L) (a2 + 1) Jo (& =) HZ Tl +1) 2 T Tl + 1)

™=

— 0 asty — 1.
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Therefore the set T; Q) is equicontinous for all (1, v) € Q). Similarly, we can get the set
T>Q) is equicontinous for all (u,v) € Q). As a consequence, the set T() is equicontinous
for all (1,v) € Q. By applying the Arzeld—Ascoli theorem, the set T() is relative compact
which implies that the operator T is completely continuous.

Lastly, we shall show that the set ¢ = {(1,v) € C: (u,v) = AT(u,v),0 < A < 1}is
bounded. Let any (u,v) € &, then (1,v) = AT (u,v). For any t € ], we have

81
v(t) = ATy (u,v)(t (81)
Then, we get
lulle, < a0+ (a1 +a3)||ulle, + (a2 + ag)||vllc,] (M1 + M3) + [bo + (b1 + b3) [[ullc, + (b2 + ba)||vllc,] (M2 + My), 82)
vllc, < [a0+ (a1 +a3)l|lullc, + (a2 + aq)||v][c,] (Ms + M7) + [bo + (b1 + b3)[[ullc, + (b2 + ba)||v]|c,] (Ms + Ms),
which imply that
lulle, + |7llc, < (My 4+ M3 + Ms 4+ My)ag + (Ma + My + Mg + Mg)by
+ [(a1 +a3) (M1 + M3 + Ms + My) + (b1 + b3) (M2 + My + M + Ms)]|[u|c, (83)
+ [(a2 + ag) (M1 + Mz + Ms + My) + (b2 + ba) (M2 + My + Ms + Ms)]|[v][c,-
Thus, we obtain
(1, 0)e < (M1 + M3 + Ms + My)ag + (My + My + Mg + Ms)bg 84)

M+ ’

where M* = min{1 — (a7 + a3)(M; + M3 + Ms + My) — (by + b3) (My + My + Mg + Msg),

1— (ap + a4)(My + M3 + Ms + My) — (by + by) (Mp + My + Mg + Mg) }, which shows that

the set ¢ is bounded. Therefore, by applying Lemma 11, the operator T has at least one

fixed point. Therefore, we deduce that problem (5) and (7) has at least one solution on J.
The proof is completed. O

3.2. The Existence Results of the Coupled Hilfer Fractional Differential Inclusions

X is a real (or complex) separable Banach space with a norm || - ||, defined by
[ull = sup;e; [u(t)], P(X) is the family of all nonempty subsets of X. For a normed
space (X, || - ||), let Y be a subset of X. We denote
@ PX)={yCXy#0o}
(i) PaX)={Y € P(X): Y closed};
(iii) P,(X) =Y € P(X): Y bounded};
(iv) Pep(X)=1{Y € P(X): Y compact};
(v) Pop(X)={Y € P(X): Y convex};
(1) PepeoX) ={Y € P(X): Y compact, convex};
F,G: ] x X* = P(X),i = 1,2, are given multivalued maps. When F, G are convex
valued, to complete our result we need the following assumtions:
(H1) F,G: ] x X* = Pepeo(X) are Ll-Carathéodory multivalued maps;

(H2) There exist m1, my € C(J, X ") and ¢1, ¢, Y1, 2, 01, 02, 01,2 : [0,00) — (0, 00) contin-
uous, nondecreasing such that

|F(t,u,v,w,2)| = sup{|f|: f € F(t,u,0,w,z)} < m1(t)(p1(|u]) +P1(|v]) + 01 (|w]) + p1(Iz[)), (85)
and
|Gt w,0,w,2)|| = sup{|g] : § € F(t,u,0,w,z)} < ma(t)(P2([u]) + ¢2(|v]) + e2(|w]) + p2(Iz])), (86)

foru,v,w,z € Xand a.e.t € J.
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Lemma 15. [28] Let X be a Banach space. Let F : | x X* — Pep,co(X) be an L'-Carathéodory
multivalued map and T be a linear continuous mapping from L' (], X) to C(J, X). Then the operator

ToSp:C(],X) = Pep,eo(C(], X)), yr (ToS)(y) =T(Sk,y), (87)
is a closed graph operator in C(J, X) x C(], X).

Theorem 2. Assume that (H1), (H2) are satisfied and there exists K > 0 such that

> (My + Mz + Ms + My) [m[| (91 (]| (w,0)[le) + 1l (w,0)[le) + er(ll (w,0)[le) +o1(ll (u,0)llc))
+ (Ma + My + Mg + Mg) [lma| (92([l (u, 0) l[e) + ([l (u, 0) e) + 02(ll (1, 0) lle) + p2 ([l (1w, 0)[lc)),

where M;(i = 1,2,3,4,5,6,7,8) are defined by (53)—(60), then the coupled system (6) and (7) has
at least one solution on J.

Proof. For each (u,v) € C, define the sets of selections of F, G by

SE(up) = {f(t) € LY(J,E) : f(t) € F(t,u(t),v(t)," D" Pu(t), D2Po(t)) forae. t € ]}, (88)
and
S ue) = {g(t) € L'(J,E) : g(t) € G(t,u(t), o(t), " D1Pu(t),H D2Po(t)) forae.t € 1}. (89)

Define the multivalued operators Nj : C; — P(Cy) and N, : C; — P(Cz) by

Ni(u,v) = {h1 € Cy : there exist f € SE,(u,0) and g € 56, (u0) such that hy(u,v)(t) = A1(t,u, v)}, (90)
and
Ny (u,v) = {hz € Cy : there exist f € S () and § € S () such that ho(u,0)(t) = Ax(t,u, v)}, (91)
where
o t9171
1(t,u,0) = IMf() + A=hb)
A x i— (li—1) ) a;—1 - b2] i L eya—1 S /%3
(Z 1r(l2z s) /O(S ) (T drds—l—zr )/0 (nj —s)"1 7 f(s)ds — I"2g(1) 92)
o A (9 ) [Pyt L by ety e
+ L r / —5) 7 [(s-1) soveds+ Lol " =9 tg(eas — () |,
. 21
Ay(tu,v) =1 g(t)+m
o A (8 ) [Pyt L by et e
b (,-21 wi fo @9 [ =) ()i + 3 gy =)= g (s)ds — 1 £(1) ©3)

S Agi G o\ (i—1) s =1 g bzl i a1 _an

* Lty p G [ G s+ gl [y s = (1)
Consider the continuous operator N : C — P(C) defined by

N(u,v) = {(hl,hz) eC:m € Nl(u,v),hz € Nz(u,?])}. (94)

Clearly, the fixed points of N are solutions of the system (6) and (7).
Step 1. N(u,v) is convex valued.
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Suppose (h,h;) € (Ni,N;) (i = 1,2). Then there exist f; € SE,(uo)r 8i € SG,(u0)
(i=1,2) such thatforany t € J,t = 1,2, we have

f01-1
W = RO+ Ty
L . Gi s nop
h (,-—21 s [ @9t [ = s + L ST URE AN 1f<>s1“2gi<1>> 5)
M ¢ (hi—1) ° a— L b i Lo\ o
+i;r(llh)/0 (& —s)" 1/O(s—r) '8i(7) deer]X%r ])/ (7 — )" gi(s)ds — I f()}
tf)zfl
(t) = 18() + s
m . i s n b i
o B i @ [ oo+ * Yian o —S>"‘“gz-<s>ds—1"“ﬁ(1>) 96)
o Ao (G 2i— : & — L b e a—1 g W,
+er(lzi)/() (& —s) 1>/O(s—r) Le(1) drds—i—zr ’)/ (; — )L fi(s)ds — I gl(l)].

Let0 < A < 1. Then, for any t € |, we have
011

(Al + (1= A)h2)(t) = I""(Afr + (1 = A) f2) (£) + (=hLh)
1)

ll(éf?@/ (@@= [[s= 0 A + (1= A)p) (x)deds
Y / U= M+ (- D)) - (g + (1-Dg)(D) ] (@7)
=1 F(Dél) 0 ]
L @9 [0 g4 (- ) (s
+]é FIZ;Z) /0]7]('7 )27 (Agy + (1= A)g2)(s)ds — IV (Afy + (1= A) fo) ( )]

and

(Ay + (1= M) (1) = I"2(Agy + (1 — A)ga) (1) + (1t9_2;11)
142

L (i r?i,) /Ogi(‘:i =)D [ =0 0gy + (1 )ga) (t)deds
+§ r?;jz) =9 g+ (1= Dga)6)ds — 1 (Af + (1 A)fz><1>> (98)
- i F?IZ) /Oéi (& —s) Y /O (s = M AR + (1 A)fo) (x)dds

i Zn: F?z) ./:j (7 =) (AfL + (1= M) f2) (s)ds — I (A1 + (1= M)g2) (1) |

j=1

Since F and G are convex valued, we infer that S (, ;) and S (;, ) are convex. Obviously,

Ahy + (1= A)hy € Ny, Ahy + (1 — A)hy € Ny. Therefore, A(hy, hy) + (1 — A)(hy, ) € N.
Step 2. N maps bounded sets into bounded sets in C.



Fractal Fract. 2024, 8, 194 19 of 25

Letr > 0,B, = {(1,v) € C: ||(u,v)||o < r} beabounded subset of C, (h1,hy) € N(u,v)
and (u,v) € By. Then there exist f € Sp () and g € S () such that forany ¢ € ,

“ t91—1
hy(u,0)(t) =1 fl(”*‘m
o Ay Gi ) (li—1) s _ ) Vdtds - sz i oyl (&)ds — [%2
h (E fiy o @9 [ =) ()i Lty | =5 s — 1 fz(l)) ©9)
1 e 'S nop 1j o "
Iy ACEDE R N A A0 s 3 ) JROEDETACE ﬁ(l)},
" t92—1
ha(,0)(8) = 12fo(t) + G =
Z )Li Gi . (hi—1) s _ Ky — ! bl] i L o\k2— o
12(;“;“) fy @ [ mandss L gl [ =9 el 1f1(1)) (100)
L Agi (G hi— ° a— = b e gy _ [
+ X [f@=9"= [s-0) 1f1(r>drds+]; Fay fo = filsds 1 fz(l)}

|20y (u,0)| < e )Ilm1||(4>1( )+¢1(r)+e1(f)+91(’))+ﬁ

{11 < i Agillma || (¢ (r) + 91(r) + 01(r) +p1(7)) /0'5’ (& — )5 Dt gg

= T (1)I (@ + 1)
]’7]

+]Z1 N

S0+ 410) + 1) + 1 )+ 2L 20 02l ﬂw”)

(101)

o Agillma [ (¢2(r) + 92(r) + 02(r) +02(r) (5 (i1
+i=1 o 2r(l1i)r2(0¢2+1)2 : /0 (& =) Vstds

n by lmall (@1 (r) + 91.(r) + @1.(r) + p1.(r))
+];W’;1)|| 21 (92(1) + 92() + 02(r) + pa(r)) + RS S }

< My[lma[[(@1(r) + ¢1.(r) + 01(r) + p1(r)) + Ma|[mz || (¢2(r) + $2(r) + 02(r) + p2(r)),

which yields

111 (u,0)llc, g, < Mul[mall(@1(r) + $1(r) + 01(r) + 01(r)) + Ma[lma [ (¢2(r) + 9a(r) + 02(r) +p2(r)),  (102)

|l’2791HD'71rﬁh1(M,U)(t)‘ < liumlu((Pl(T) +1ljl(r) + Ql(r) +,01(T)) + r(el _};Ef))%z)l _ lllz)
o AiMi [l | (@1.(r) + (1) + 01(r) +p1(r) 5 o (1) g g
Hi; B (e Y L R

n by m r r r r
Dy s Mallm 91 (0) + 9101 + a(r) + () + 210U ) @alr) e ”)

2 Aol (92() + ¥2(0) + a(r) +2(1) [5 2 hi1) e
+i:1 T(l)T(ap+1) /0 (Ci—s) s*2ds

(103)

o byt m r r r r
1 gy Il (2(r) +92(0) + ea(r) + pa(r) + 2L D L)L ”}
=1
< My [ (91 (r) + 91.1)+ 1)+ p1.(7)) + Mallmal| (9a(r) + 92(0) + ea(0) + pa(1)),

which yields
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1 D7 P 1y (u,0)llc, < Mallma ]| (@1(r) +¢1(r) + 01(r) + p1(r) + Mal[ma | (¢2(r) + $2(r) + 02(r) +p2(r)).  (104)

Thus

|71 (w,0)|lc; < (My+ Ms)[[my|[(1(r) +¢1(r) +01(r) + p1(r)) + (Ma + My) ||mal[(¢2(r) + 2(r) + 02(r) + p2(r)). (105)

In a similar manner, we have

1h2 (4, 0) |l ey, < Msllma[(¢1(r) + $1(r) + 01 (r) + p1(r)) + Mg||mal|(¢2(r) + 92(r) + 02(r) +p2(r)),  (106)

17D ha(u,0) ¢, o, < Myllmall(91(r) + 1(r) + 01(r) + p1(r)) + Mslmz || (2(r) + $2(r) + 02(r) +p2(r)), ~ (107)

and

[h2(u,0)|lc, < (Ms + My)||my|[(1(r) +1(r) + 01(r) + p1(r)) + (Ms + Ms) ||ma]|(¢2(r) + 2(r) + 02(r) + p2(r)). (108)
Hence we have

[|(h1, h2)lle = 1P (u,0)llc, + [[h2(u,0) (1),
< (M1 + Mz + Ms + Mz)|[ma | (¢1(r) + ¢1(r) + 01(r) + p1(r)) (109)
+ (Ma + My + Mg + Mg) [|mal|(¢2(7) + ¢2(r) + 02(7) + p2(r))-

Step 3. N maps bounded sets into equicontinuous sets in C.
Let B, be a bounded set of C asin step 2. Let 0 < t; < t, < 1and (u,v) € B,.

011 061

| < r( )Hnﬁl\((lh( ) +1(r) +o1(r) +p1(r) +

fy — 1

155" (w,0) (12) = "I (1,0) (1) (1=ht)

oo Agil|my || (@1 (r) + ¢1(r) +01(r) +pa(r)) [ hi—1) iy
H; e sy @9 e
n b al
+ Y s (@1 (r) + 1 (r) + e1(r) +p1(r)) +
DAl +1)
Millma|[(¢2(r) + $2(r) + 02(r) + pa(r)) [ gy g g
+i§{ T(l)T (ag + 1) /0 (6 =) a

2| (p2(r) + 2(r) + 02(r) +pz<r>>)
T(ap+1)

(110)

Y o ml2) 420 + 2 + o) +

— 0 asty — tq,

[ || (1 () + 1. (r) + 01.(r) +pl<r>>}
F(Dcl + 1)

LS St S NT S Bt 61

657D I (u,0) (t2) = £ DTy (u,0) (1) < %_ﬁ” (@10 + 1) + @a(r) +p1(r)

T(61)(t, B! —f%ivl) O Agillma || (@1(r) + 1 (r) +o1(r) +e1(7) (% (1)
e - 71)(171112) [ll<§ T(Iy)T (a7 +1) /0 (&; =) st

Jr]i r(lxﬂl_{_ 1) lmy||(p1(r) + 1(r) + 01(r) + p1(r)) +

2| (92(r) + 2(r) + 02(r) +pz<r>>>

I(az+1) (111)

3 /\lil‘m2|‘(4’2(1’) T ¢2(7’) + 02(7) + Pz(”)) Gi . —§ (l1i*1>51’¢2 S
+1 1 I(l;)T(ap +1) /0 (gz ) d

+ i T IXJIZ ) lma|[(P2(r) + 2 (r) + 02(r) + p2(r)) + [ [ (0 r) j?’?;grlﬁ)gl(r) +p1(r))}

— 0 asty — 1.
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Analogously, we can obtain
[ho (1, 0)(t2) — ha(u,0) ()] — 0 as ty — ty, (112)

1FD2Phy (u,0) (t2) — FD"2Phy (u,0) (1) [| — 0 as t; — t. (113)

Therefore, the operator N(u, v) is equicontinuous. By the Arzelé-Ascoli theorem, we
infer that the operator N (u,v) is completely continuous.
Step 4. N has a closed graph.

Let (un,vn) — (U, 04), (hn,ﬁn) € N(uy,vy,) and (hn,ﬁn) — (h4,hy), we need to

proof (h., hy) € N(ux,v). (hy, hy) € N(un,v,) implies that there exist f,, € SE(1ty,0,) AN
8n € SG,(uy,0,) Such thatforall t € J,
. 1611
hn(un,vn)(t)zl fn(t)+m
Ay S (Li-1) [° 1 by 1
h (il iy Jp 9" [ = o atmdnds+ L gl [0 = fule)ds = 1) (114)
M i o\ (hi—1) s o ap—1 g blf i Y e | g
Yot fy @90 -0 (e + Y s | =51 gus)ds 19 £(1)|
_ X 101
b (n, o) (t) = 1 8n(t)+m
o[ 35 [P0 [(s— e tgu(mirds + 3 ool [ 5 g (s)ds - 1 £u(1)
2 = T(Li) Jo i o 8n = T(a2) Jo 77; 8n n (115)
L Agi ([ (i-1) (* w—1 Lo by -1 «
) — o)™l (1)drd —s)MTL (s)ds — I, (1) .
oy fy @9t -0 @ s+];wq)/0 (1= 5) L fuls)ds — 1"ga(1)
Let us consider the continuous linear operators ®;, ®, : L!(J,C) — C(J,C) given by
. 111
1 (u,0)(t) =1 1f(t)+m
Ao 6 o\ (i—1) s -1 z sz i w1 o
h (; wiy o @9 [ fleyiis + 1l =) (o) — (1) (116)

n blj

+ f r?llfi) /OQ(C,' — )Y /Os(s — 1) g(r)dds +]; T(a) /Om(m — )7 lg(s)ds Imf(l)}

"~ t92—1
@2(,0)(1) = 1°8() + Ty
M (Y (hi=1) [* ar— S by e a
h (,21 i o @9 [ =) s Yy | =9 g(o)as 1 f(1)> (17)
S /\i g . (hi—1) * a1 — - bzl K . a— a2
Ly fy @9 [t s Vgl [0 =9 (o g(l)}

From Lemma 15, we know that (®1, ®;) o (Sg, Si) is a closed graph operator. More-
over, we get (hy, hy) € (&1, P;) 0 (SE, (1n,0n)7 SC,(1n0n)) for all n. Since (un, vn) — (1s,04),
(hy, hy) — (s, hy), it follows the existence of f. € SF,(us,0.) @nd g« € S¢ ( such that

u*rv*)
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by; i
ey [y = 91 s)ds - I“ng)) (118)

by; i .
) Jy (9 (5 1"‘1f*(1)]’

(119)

+
ot
—
==
N R
N
S—

Eatl
—
™
@
-~
o
|
=
o\m .
) S
—
2
—
™
—~
QU
(\l
Q.
@
= _
S
»n

S—
=

N

thatis, (h., s) € N (s, 0).
Step 5. A priori bounds on solutions.

Let (1,0) € AN(u,v) for some A € (0,1). Then there exist f € Sg () and § € S¢ (4,0)
such that forall ¢ € ],

UL ; Gi s n by
h (H r?lzzli) /0 (G —S)(lz"_”/o (s =) f(r)drds + ; r(ijl) /0'7 (7 — $)" 7 1f (s)ds — Iazg(1)> (120)

UL ; Gi S nop 0
Y r?lllli) /og @=9™ [l gte)dds + Lt ] " = 9 g(s)as I‘“f(l)},

and

(1 —5) g (s)ds — I‘“f@)) (121)

[ (=) f(s)ds - I“Zg(l)] :
With the same arguments as in Step 2 of our proof, for each (1,v) € C, we obtain

[ulle; < (My+ Ma)[[ma||[(¢1 (1l (#,0)lle) + ¢1 ([[(w,0)]]
+ (M + My) [[ma| (¢2(ll (1, 0)[lc) + pa(lI(

and

o) + a1l )lle) + 1 (1w 9)lle)
1,9)l¢) + el 2) le) + o211, 2) ), (122

[ollc, < (M5 + My)|[my[|(¢1

(1w, 9)lle) + w1l (w,0)llc) + o1 ([ (w,v)lle) + p1 ([l (u,0)]lc))
+ (Mg + Ms)||mz || (¢2

(1w, 2)lle) + 9]l 0)le) + 02w, 0) le) + 21l (1, 0)c))- (129

Hence we have
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1w, 0)lle = llulle, + l2llc,
< (M1 + Mz + Ms + My)||my[[(¢1([| (s, 0)lle) + 1l (w,0)[le) + 01 ([[(w, 0)llc) + o1 ([[(w, 0) ) (124)
+ (Mz + My + Mg + Mg)|[ma||(¢2(1|(u, 0) le) + ¢2(1[(u, 0) ) + 02([[(w, 0) [e) + p2([[(w, 0)[[¢))-

Now we set U = {(u,v) € C : ||(u,v)||, < K}. Clearly, U is an open subset of C and
(0,0) € U. As a consequence of Steps 1-4, together with the Arzeld-Ascoli theorem, we can
conclude that N : U — Pep,co(C1) X Pep,eo(Ca) is upper semicontinuous and completely
continuous. From the choice of U, there is no (u,v) € dU such that (u,v) € AN(u,v) for
some A € (0,1). Therefore, by Lemma 12, we deduce that N has a fixed point (#,v) € U,
which is a solution of the coupled system (6) and (7).

This completes the proof. [

Example 1. Fort € |, consider the following fractional differential system:

D205u(t) = fi(t u(t),o(t)," DT Pu(e) T DPo(t)), -
Hp205y(4) = fo(t, u(t),v(t), DPu(t),H DPo(t)),
with the coupled integral and discrete mixed boundary conditions:
2 l 2
u(0) =0,u(1) = 2 Al (g;) + Z bijo(n;),
= = (126)

2
0(0) =0,0(1) = Y Ay I"u(&) +
i=1 j

2

byju(n;),
=1
where /\11 = 0.45, )\21 = 0.37, 111 =1.1, 121 =1.5, 61 = 0.32, b11 = 0.47, b21 = 0.19, m = 0.65,
Ap =055, Agp = 025, I1p = 1.7, Iy = 1.6, G = 0.75, by = 0.36, byy = 0.28, 1o = 0.45,
the nonlinear functions fi and f, are defined by

fi = 0.7¢% +0.09tu(t) 4 0.01£20(t) + 0.08t7 D103y (+) 4 0.06¢>H DO (1),

(127)
fo = 0.5t + 0.04t2u(t) + 0.07to(t) 4 0.06t27H D05y () + 0.09tH DO-1055 (1),

By calculation we get I = 0.5468591, I, = 0.2877841, M; = 1.1425206, M, = 0.5024695,
Mz = 1.1921522, My = 0.5224447, M5 = 0.2606166, Mg = 1.1446027, My = 0.2709772, and
Mg = 1.2174674.

From (127), we can get

|f1(t,u(t), o(t),F DPu(t), D2Po(t))] < 0.7 4 0.09u(t) + 0.01v(t) 4 0.08 D105y (¢) + 0.061 D105y (¢),

(128)
|fa(t,u(t),v(t), D Pu(t), D12Po(t))] < 0.54 0.04u(t) + 0.07v(t) 4 0.067 D105y () +0.097 DO1O35(¢).

Let ag = 0.7,a1 = 0.09, a, = 0.01, a3 = 0.08, a4 = 0.06, by = 0.5, by = 0.04, by, = 0.07,
b3 = 0.06 and by = 0.09, Theorem 3.1 can be applied to problem (3.73) and (3.74). We find
(a1 + a3)(My + M3 + Ms + My) + (by + b3) (M + My + Mg + Mg) = 0.8260 < 1 and
(ag + ag) (M1 + Mz + Ms + My) + (by + by) (My + My + Mg + Mg) = 0.7426 < 1. Therefore,
the conclusion of Theorem 3.1 implies that problem (3.73) and (3.74) have at least one solution (u,v)
on J.

Example 2. For t € |, consider the following fractional differential inclusions:

{HD2'0'5u(t) € F(t,u(t),v(t),” D Pu(t),” D2Po(t)), (129)

HD205y(4) € G(t, u(t), o(t),F DMPu(t),H D2Po(t)),

with the coupled integral and discrete mixed boundary conditions:
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2 2
u(0) =0,u(1) = Z AiThio(&) + Z bijo(n;),
- - (130)

2 2
v(0) = 0,0(1) = Y Apilu(&) + Y boju(n;),
i=1 j=1
where /\11 =045, )L21 =0.37, 111 =11, 121 =1.5, 51 =0.32, b11 =047, b21 =0.19, m = 0.65,

Ao = 055, App = 025, I = 1.7, Iy = 1.6, & = 0.75, byy = 0.36, byy = 0.28, 11, = 0.45,
and F,G: | x X* = P(X),i=1,2,F,G : ] x X* = P(X) are multivalued maps given by

E(t,u(t),v(t),H DPu(r),H D12Poy(t)) =

{f €X:0<f <072 +009tu(t) +0.01£0(t) + 008 DM 03u(t) + 00627 D030 (1) |,

(131)
G(t, u(t), v(t), DM Pu(t), " DPo(t)) =
{g € X:0 < g <05t +0.04u(t) + 0.07tv(t) + 0.06¢>7 DOy (t) 4 0.09tHDO'1'0'521(t)}.
From (131), we know that F, G are L'-Carathéodory and have convex values satisfying
|F(t,u,v,w,z)|| = sup{|f| : f € F(t,u,0,w,z)} <5, foreach(t,u,v,w,z) € ] x X*, 132)

|G(t,u,v,w,z)|| =sup{|g|: g € G(t,u,v,w,z)} <6, foreach(t,u,v,w,z) € | x X4,

with my(t) = ma(t) = ¢1(lu)) = ¢(u)) = vi(Jo]) = (o)) = oi(lw]) = 1,
p1(lz]) = a2(Jw|) = p2(]z]) = 2.
Let K be any number satisfying

K> (My + Mz + Ms + My) [[ma || (¢1 ([|(#, 0) ) + ¢1([(,0)lle) + e1([[(w,0) [le) + o1 ([l (w, 0) )
+ (Ma + My + Mg + Mg) [mal| (921 (u, 0) [e) + ([l (u, 0)lle) + e2(ll (u, 0)[[¢) + p2([| (1, 9)[lc)) (133)

= 34.6532.
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Clearly, all the conditions of Theorem 2 are satisfied. So, there exists at least one solution to problem
(129) and (130) on |.

4. Conclusions

In this paper, we study the nonlinear coupled system of Hilfer fractional differential
equations and inclusions with multi-strip and multi-point mixed boundary conditions.
The existence results can be derived using tools such as the Leray-Schauder alternative,
the Arzeld-Ascoli theorem, etc. It is very significant to study Hilfer fractional differential
equations and inclusions for biological models and physical phenomena. However, for the
Hilfer fractional differential inclusion, we assume a convex function. After that, we will
continue studying the conclusions in the non-convex case.
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