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Abstract: This paper is devoted to the research of the isomorphic multidimensional cyclic structure
and multidimensional phase structure of the cyclic random process (CRP) and to its formation
method, which enables a rigorous formalization of intuitive ideas concerning cyclic stochastic motion.
The fundamental properties of the cyclic random process and analytical dependencies between the
multidimensional cyclic structure, multidimensional phase structure and rhythm structure of the
CRP have been established. This work shows that the CRP is able to take into account the cyclicity
of multidimensional distribution functions of cyclic signals as well as the variability in the rhythm
of the investigated signals. A subclass of the CRP is the periodic random process, which allows for
the use of classical processing methods of cyclic signals with a regular rhythm. Based on a series
of experiments, significant advantages of the CRP as a mathematical model of electrocardiographic
signals (ECG) compared to the periodic random process are shown.

Keywords: cyclic random process; isomorphism; multidimensional cyclic structure; multidimensional

phase structure; irregular rhythm; fractal cyclic random process

1. Introduction

Humanity has been engaged in the study of cyclical phenomena and processes since
ancient times. The current stage of cyclic phenomena and signal research is characterized
by the intensive use of highly efficient automated information systems and technologies, in
particular, signal processing, data mining and machine learning. Both in ancient times and
in the modern period of research on cyclic phenomena with the help of information systems
and technologies, the central concept is the mathematical model of a cyclic phenomenon
(process or signal), since the mathematical model of cyclic signals significantly determines
the accuracy and reliability of the methods of their processing and determines the level of
informativity of the diagnostic features in such information systems.

Historically, the first mathematical models that were used to describe cyclic pro-
cesses were deterministic functions: harmonic, periodic, poly-periodic and almost-periodic
functions. Based on these deterministic functions, spectral analysis methods are used,
in particular, Fourier series and Fourier transforms [1,2]. Differential (ordinary and par-
tial derivative, linear and nonlinear) and difference equations have been actively used to
describe dynamic systems with cyclic patterns of functioning [3—6]. The deterministic func-
tions mentioned above are the solutions of such equations. The next important stage in the
creation of mathematical models of oscillating phenomena and signals is the application of
probability theory, the theory of random processes and mathematical statistics. During the
formation of the theory of random processes, cyclic phenomena and signals were studied
as stationary random processes [7-9], applying methods of signal processing in both the
time and spectral domains. However, such a stochastic model does not have the means to
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take into account the cyclical probabilistic characteristics of the signals, which led to the
development of non-stationary probabilistic models. The simplest non-stationary prob-
abilistic models of cyclic signals are additive, multiplicative and additive-multiplicative
models, which somehow combine a stationary random process and periodic deterministic
functions. Much more complex probabilistic models of cyclic signals are non-stationary
random processes, such as cyclostationary (periodic) and almost-cyclostationary (almost
periodic) random processes [10-21], periodic Markov random processes and chains [22-27],
stochastic difference and differential equations with periodic solutions [28-30], and linear
periodic random processes [31,32].

Cyclostationary and almost-cyclostationary random processes have received the great-
est amount of theoretical development and have had the most applications in solving
problems of probabilistic modeling and cyclic signal processing in mechanical, telecom-
munication, energy, astrophysical and biological systems [33—44]. Various generalizations
of cyclostationary and almost-cyclostationary random processes are made in the works
of [45,46]. Despite the significant progress in the use of these probabilistic mathematical
models of cyclic signals, these models are inadequate (or weakly adequate) for cyclic signals
whose rhythm is irregular (variable). More precisely, random processes with periodic prob-
abilistic characteristics do not have the formal means to display (consider) the variability
in the rhythm of the studied cyclic signals; these models are adequate and effective for
describing cyclic signals with a regular rhythm (or when the irregularity of the rhythm can
be ignored).

Another group of nonstationary models with non-periodic probabilistic characteris-
tics, namely, the poly-periodic cyclostationary stochastic process, almost-cyclostationary
stochastic process, generalized almost-cyclostationary process, spectrally correlated pro-
cess, oscillatory almost-cyclostationary process and oscillatory spectrally correlated process,
are generalizations of random processes with periodic probabilistic characteristics, which
are based on the possibility of representing these processes through superpositions (us-
ing analogues of the Fourier series or Fourier integrals) of complex exponents (complex
harmonic functions) with constant or time-varying amplitudes and phases; however, such
generalization strategies for periodic random processes (the class-forming properties of
these non-periodic random processes) are not oriented and do not ensure the preservation
of the cyclic structure that is typical for random processes with periodic probabilistic char-
acteristics. Thus, the probabilistic characteristics of these non-periodic random processes
are, in general, not cyclic (only the spectral components of the corresponding analogues
of the Fourier series or Fourier integrals have a cyclic structure), which indicates a certain
inadequacy (excessive generality) for modeling cyclic stochastic signals, for which the
cyclicity of the structure of probabilistic characteristics is an attributive property.

In the dissertation of [47], a new approach to mathematical modeling, computer sim-
ulation and the processing of cyclic signals was created. This approach has been widely
used for modeling cyclic signals of various natures [48-52]. As part of this approach,
a conditional cyclic random process was developed, which enabled a consistent mathe-
matical description of cyclic signals with double stochasticity, namely, with simultaneous
stochasticity of their cyclic and rhythmic structures [53]. The developed models, methods
and software tools for processing cyclic signals are organized in the form of a computer
ontology, which is built on the basis of an axiomatic deductive strategy for the systemati-
zation of knowledge in modern intellectualized information systems [54,55]. Somewhat
similar approaches to modeling cyclic signals with irregular cyclicity are carried out in the
works of [56—60].

The CRP has a cyclic structure of probabilistic characteristics and adequately describes
cyclic signals with both regular and irregular rhythms, which gives it a significant advan-
tage over other known probabilistic models of cyclic stochastic signals. However, there are
no research studies devoted to the method of formation such processes and procedures
for constructing multidimensional cyclic and phase structures. In contrast to the cyclic
random process in the strict sense, the construction procedure and fundamental properties
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of a cyclically correlated random process in a broad sense were presented in the work
of [61]. The purpose of this work is to construct isomorphic time-invariant structures of
a CRP in an explicit, meaningful, interpretable and mathematical form, to describe its
multidimensional cyclic and phase structures and to form the basis for a procedure for the
construction and definition of CRPs. Also, an important task of this work is to establish
fundamental properties and analytical dependencies between the multidimensional cyclic
structure, multidimensional phase structure and rhythmic structure of the CRP, which
will be the basis of the theory of mathematical modeling and rhythm-adaptive processing
methods (statistical estimation, sampling, spectral analysis and computer modeling) of
cyclic signals with both regular and irregular rhythms. Also, this work aims to identify the
advantages of the CRP in comparison with a classical periodic random process in the tasks
of the modeling and statistical processing of biomedical signals, in which the rhythm is
variable.

The paper is organized as follows: The Section 2 is devoted to the procedure of the
CRP construction. The Sections 3 and 4 are devoted to the multidimensional cyclic and
phase structures of the CRP. The Section 5 deals with representations of the CRP and its
distribution functions through their cyclic structures. The Section 6 is devoted to repre-
sentations of the CRP and its distribution functions through their phase structures. In the
Section 7, analytical dependencies are considered between cyclic and phase multidimen-
sional structures of the CRP. The Section 8 is devoted to the main subclasses of the CRP, in
particular, to fractal cyclic random processes. The Section 9 is devoted to statistical analyses
of the ECG results, which are based on the mathematical models of the ECG in the form of
the CRP and a periodic random process.

2. The Multidimensional Structures in the Procedure of CRP Construction

In order to build a mathematical construction based on a strict definition of the CRP, we
formalize intuitive (informal) fundamental concepts such as the multidimensional cycle and
phase structures of a cyclic process within the framework of the theory of random processes.
The first stage of the procedure for the CRP’s construction coincides with the first stage
of constructing a cyclically correlated random process, which is described in detail in the
work of [61]. Therefore, in order to ensure the integrity of the content of the article, here we
present only the main elements of this stage of construction. As shown in the work of [61], in
general, a cyclic signal is random process &(w,t),w € 0,t € R(¢ : R — Ly(Q, P)) which
is given as a set of pairs (argument ¢, value ¢(w,t)) & = {(t,¢(w,t)): t € R} with the
same probability space (€2, F, P). A necessary prerequisite for building a one-dimensional
and multidimensional cyclic structure of a CRP is the ordered (ordered by m) countable
partition D = {W,,,,m € Z} of domain R, then, for the elements of D, the following can
be determined [61]:

UmeZ We, =R W, # 3, W, N W, = @, my # my,m,my,my € Z, (1)

~

where W, = {tm, tm+1), meZ (0 <tmp1—tm < oo). Set D, = {tm,m €Z;isa
subset of R whose elements correspond to the moments at the beginning of the cycles of
a cyclic signal. In the work of [61], the elements W,,, of partition D% are interpreted as
carriers of relational systems (W,,,, <) with the linear order < and are ordered by the m
countable family RS = {(W,,,, <), m € Z} of the subrelational systems of a relational
system (R, <), between which there is an isomorphism with respect to the linear order <
(see Figure 1).

In work [61] it is shown that by bijection R <= ¢ from partition D = {W,,,m € Z}
of domain R can be built countable family RSz = {(Zc,,, <2), m € Z} of the isomorphic
with respect to binary relation of linear order <, subrelational systems (g.,,, <2) of rela-
tional system (¢, <,). Linear order <, here is generated in { = {(t,{(w,t)):t € R} by
linear order <in R ((R, <) <= (&, <2)).
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Figure 1. llustration of isomorphism between W, and W, with respect to linear order <.

The countable family RSz = {(¢c,, <2), m € Z} represents the one-dimensional iso-
morphic structures of a random process ¢. To display the multidimensional (k-dimensional)
isomorphic structures of a random process ¢, let us consider the Cartesian degree
= {((t,&(w, 1)), ..., (tr, E(w, t))): t1, ..., tx € R} of the k-th order (k > 2) of the ran-
dom process ¢ and the bijection R¥ <= &, which can always be constructed because
any k-dimensional vector (t;,...,#) € R corresponds to one and only one k-dimensional
vector ((ty,&(w, t1)), ..., (tr, E(w, t))) € & and vice versa. Furthermore, for the two dif-
ferent k-dimensional vectors (tq,...,t) € R* and (t’l,...,tl’f) € Rk, the corresponding
two k-dimensional vectors ((t1,&(w,t1)), ..., (t E(w, t))) € & and ((#,¢&(w, 1)), ...,
(t,&(w, #,))) € & are also different, and vice versa. The Cartesian degree & can be

considered as a carrier of the relational system <§k, §2k> with a binary relation of the

linear order <,;. The ordinal type of & coincides with the ordinal type of the set R¥.
Namely, for any two k-dimensional vectors ((t1,&(w,t1)), ..., (tn, &(w, tx))) € & and
((H,¢(w, 1)), ..., (B C(w, 1)) € ¥, the following relationships can be seen: ((t1, &(w, t1)),
v (b E(w, b)) <ok ((t’l,C(w,t’l)),...,(t;,«j(w,t;?))) if 1 < ] or ((#),¢(w, 1)), ...,
(8 (w, ) <ok ((t1,E(w, 1)), (b, E(w, tg))) if £ < £. In the case when t; = ],
we will have the following order: ((t1,&(w,t1)), ..., (tn, §(w, ) <ok (¢}, (w, 1)), ..,
(1 C(w, 1)) if o <t or ((¢,¢(w,t])), - (B 8(w 1)) <u (1, 8(w, t1)), ...,
(te, G(w, tg))) if £, < tp. In general, in the case when t; = t; (i = 2,k — 1), we will have
’Fhe followi?g order: /((t1,§(a/), t1)), ... ,/(tk,(f(w/, t)) <ok ((H,8(w, 8))), -, (8 & (w, t,’()))
if tipq < g or ((8,8(w, b)), ., (B 8(w,8))) <ok (1, 8(w, 1)), ..., (e, E(w, b)) if
tig <ty

Let us form the countable partition D}, = {Wcm xR--1mez } of RF based on the

countable partition D% = {W,,,,m € Z} of R. Due to <o_1 in R¥, the elements W,,, x R¥"!
of D, are linearly ordered sets. Let us consider the elements W, x R of DY, as carriers

of relational systems <Wcm x Rk-1, §2k—1> with a binary relation of the linear order <p;_1.
The partition D%k generates the isomorphic (with respect to the linear order <,;_1) family

RS;{,{ = {<Wcm x Rk-1 < 2k—1 >, me Z} of the subrelational systems of a relational system

<Rk, Szk—1> (see Figure 2).
Due to the bijective mapping of R* <= &, the partition D, = {Wcm xR-1mez }
of RF generates an ordered countable partition Dz,k = {‘:cm x g, me Z} with

a Cartesian degree & of the k-th order, in which every &, x &~ is the truncation of
the & to the set W,,, x R*"1. That is, every &, x & ! is the set of those ordered k-

dimensional vectors {((tl,g(w, t1)), .o (b, C(w, b)) (... 1) € W, X Rk’l} of the
k. The argument t; belongs to W,,,, and the arguments f, . .. belong to f; € R.
Since the Cartesian product & is the carrier of the relational system <§k, < 2k>, then

with its partition D%k, it is always possible to connect the countable family

RSEk = {<§cm X é‘k’l, §2k>, m e Z} of the subrelational systems of a system <§k, §2k>.

From the isomorphism between { <Wcm x Rk—1, <ok—1 >, meZ } with respect to the binary
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relation of the linear order <,;_1 due to the isomorphism <Rk, < 2k—1> = <§k, < 2k>/ we

can determine the isomorphism between {<€Cm X gk—l, §2k>/ meZ } with respect to the
binary relation of the linear order <y.

AR

.
51,8

(s1,52) 2

(ty,t2)
=
& ] X
X X =
5 5 =
i8]
= = =
R
e f1 f':2 " Em1 fml+1 LLL Emz+1

Figure 2. Illustration of isomorphism between W, ~x RF1and We,, X R¥~1 with respect to linear
order <51 (k=2).

So, the following can be noted: (1) the isomorphism with respect to <,;_; and <y
between (R", <y 1) and (£", <y); (2) the isomorphism with respect to <p;_1 between

the subrelational systems RS%k = {<Wcm x RE-1 <o 4 >, meZ } of the relational system

<Rk, §2k—1> ; (3) the isomorphism with respect to <, between the elements of family
RSEk = {<§Cm X @,‘k_l, < 2k>, meZ } of the subrelational systems of the relational system
<§k, §2k> ; (4) the isomorphism with respect to <y_1 and <y, between arbitrary pair
W, x RV and g, x &1, my,m; € Z, taken from D, = {Wcm x R*1,m ¢ Z} of set
R¥ and from the partition ng = {f,‘cm xFlcgk mez } of the Cartesian product &.
Since for the construction of a random process ¢, in the strict sense, a countable family
of its distribution functions is required, then in the mathematical model of the cyclic signals,
it is necessary to take into account the sequence of its multidimensional cyclic structures.

For this, we will introduce a variable k € N, the value of which will be interpreted as the
dimension of the cyclic structure of the random process . Let us consider a sequence of rela-

tional systems { <§,‘k, < 2k>, ke N }, the carriers of which are the elements (:,‘k of the sequence

keN } of the Cartesian products & of the random process &, and the relations of these
relational systems are elements <, of a sequence { <y, k € N} of the relations of a linear
order on these carriers. The first relational system at k = 1 is the relational system discussed
above (¢, <»), and all subsequent relational systems at k > 1 are relational systems, which
will be used to model a sequence of multidimensional cyclic structures of a random process

¢. Let us integrate the sequence of relational systems { < &, §2k>/ keN } into one relational
system (&, k € N, {<g, kEN}) = (£.8,..,8 . {2 Saro o Son ).

In the next step for the construction of an adequate mathematical model of the cyclic
signals as random processes, it is necessary to take into account the similarities of mul-

tidimensional cyclic structures of a cyclic signal not only regarding their type of phase
ordering, but also regarding the families of their distribution functions:

{Fkg(xl,..., Xk, By oees tk), X1,y Xy F1, 0tk ER, k € N} (2)
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For this purpose, let us supplement the relational system (¢, &2, ..., &k, <0, <y,
oo <ok, ...}) with a new sequence of carriers {Ay, k € N} and new sequence of functional

relations { pe: & = ALkeN } The result is a new relational system as follows:

<§,§2,...,gk,...,A1,A2,...,Ak,...,{§2,§4,...,§2k,...,p1:g—>A1,p2:§2—>

3
Az,...,pktgk%Ak,...}% ()

where {Ay, k € N} is a sequence of distribution function spaces Ay, namely, Ay—the func-
tional space of distribution functions Fkg (x1, ey Xk), X1, .., X € R 0f a k-dimensional random

vector (vector of k random variables) and {pk 5 ALkeN }—the sequence of func-

tional relations, which represent the distribution functions Fké (x1, ey Xk, £1, .., t) Of random
process ¢ as follows:

pr((t, 6w, 1)), (e S(w, b)) ) = pi(E(w, ), ..., G(w, ) = )
= Fkg (X1,...,xk,t1,..., tk) € AL, X1,y Xp, H, .tk ER, W € 0, keN

In order to exclude non-cyclic processes, in the future, we will consider only functional
relations py((t1,¢(w,t1)), ..., (fx, C(w, tr)) ) from {pk (& Ak e N}, for which there
exists number T € R, so that the following inequalities can be achieved:

pk((tlrg(wltl))""/(tk/éc(wltk)) ) # (5)
7é Pk((tl + T,C(w,tl + T)),, (tk + T,C(w,tk —+ T)) )tl,...,tk €R, keN.

Let us introduce a relational system (3) in a more compact form, as shown below:
<{§k1k € N}/ {Ak/k S N}/ {{SZk! k € N}/ {Pk : gk — Ak/k S N}}>/ (6)

where {g'fk,k € N} and {Ay k € N} are sequences of carriers and {<y, k € N},
{pk (FF 5 ALkeN } are sequences of the relations of a relational system (6).
The partition ng = {gcm x Tl cgk, me Z} of the Cartesian product & of the

random process ¢ generates the family of subrelational systems as follows:

RS
sk @)

= {<{§cm x P ke N},{Ak,k € N},{{SZk, ke N},{pk L Fk s Ak e N}}> me Z}

for relational system (6), where {éc,,, x 1 keN }, {A, k € N} are carriers of the subrela-

tional system <{§cm X g'fkfl,k € N}, {Ay, k € N}, {{§2k, k € N}, {pk: &~ ALk e N}}>
In the case when k = 1, as shown in Formula (5), we can assume that ¢,,, x §0 =Ccp-

Let us amplify the isomorphism between the relational systems of the family RSEr o
by adding requirements for the equality of values of distribution functions
Fy, (x1, ... Xg, t1, ..., ti) of the random process ¢ for bijectively connected vectors ((t1,(w, t1)),
v (b, E(w, 1)) € gcml X g’H and ((t'l,C(w, t’l)),..., (ti,@'(w, tli))) € é‘cmz X é‘kil from
two different arbitrary Cartesian products gc,, X &1 and ey X &1, Namely, the iso-
morphism with respect to relations { <y, k € N} for two arbitrary relational systems

<{é'cml x g1k e N}/{Ak,k € N}, {{Szk, k € N}, {Pki & — A ke N}}> and
<{§,‘sz x &1k e N},{Ak,k € N}, {{Szk, k € N}, {pk: k= A ke N}}> must be sup-

plemented by an isomorphism with respect to their functional relations {pk: &~ AL keN }
Let us give a definition a certain type of isomorphism between the relational systems

<{§le x g1k e N},{Ak,k € N}, {{Szk, k € N}, {Pki & — Ak e N}}> and
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<{§cm2 x 1 ke N},{Ak,k € N}, {{Szk, k € N}, {pk: &~ Ak e N}}> for any
my, my € Z.

Definition 1. The sequences of bijective mappings {i;’cml x F1 = ey X gl keN } be-
tween appropriate Cartesian products {gcml x 1 keN } and {é‘cm2 x 1 keN }, which
are carriers of relational systems <{§le x &1 ke N}, {Ag, k € N}, {{<x, k € N},

{pk-'gk_)AkrkEN}}> and <{§cm2 Xé'kfl,kEN},{Ak,kEN},{{Szk,kGN}/
{pk: & — A, keN }}>, will be called the isomorphism with respect to the relations { <o, k € N}
and with respect to the distribution functions Fkg(xl,. c X b, .. ),k € N from family (1),
which are the values of the functional relations py: & — Ay, k € N in the arquments ti, . .., ty, be-
tween  the  relational  systems <{§le X gkfl,k € N}, {A, k € N}, {{<x, k € N},

(e —>auken}y) and  ({g,, x& ke N} {ALke N} {{<a kEN),
{pk-' gt — Ay ke N}}>/ if:
1. There are isomorphisms between relational systems <§le x =1 A, {Szk/ Pk &k — Ak}>

and <§sz x k=1 A, {gzk, Pk zk — Ak}> with respect to the linear order <oy, namely,
the types of ordering of the Cartesian products ge,, X &1 and e, X &1, which are
identical for any k € N.

2. There are isomorphisms between <§le x &1 Ay, {SZI« p: & — Ak}> and <€sz x g1,

Ay, {§2k, pr: & — Ak}> with respect to the distribution function Fy, (X1, X, b1, b))
of a random process . Namely, for all the bijectively connected vectors ((t1,¢(w,t1)),...,

(t G(w, ) € Gepy X FLand ((t,E(w,t))),..., (H,E(w, 1)) € 8, X =1 for
any k € N, there are equal values of distribution functions Fké(xl,. v X b1, . b)) from
family (2), as shown below:

pe((t1,8(w, 1)), o, (b, E(w, 1)) = P (1,8 (w, 1)), -+, (B E(w, b)) =

= Fké(xl,...,xk,tl,...,tk) = Fkg(xl,...,xk,t’l,...,t,’(), x1,...,X €ER,t € Wle/ (8)
t € Wcmz,tz,...,tk,t’z,...,t,g ER M < ty,... b < t,my,my €ZkEN.

Definition 2. The Cartesian products gc,, &1 and e, X &&=, which are carriers of the rela-
tional systems <{§le x &1 ke N}, {Ay, k € N}, {{§2k, k € N}, {pk: & Ak e N}}>

and <{g% % g1k € N}, (A, k €N}, {{g% k €N}, {pk: & Ak e N}}> will be
called the isomorphic Cartesian products with respect to the linear order <y and with respect
to the distribution functions Fkg (x1,..., X, t1, ..., tk), k € N from family (2), which are the values

of the functional relations py: & — Ay, k € N in the arquments ty, .. ., ty, or more simply—the
isomorphic Cartesian products.

Note that Definition 2 generalizes and significantly supplements the definition the
isomorphic random processes with respect to <, and the mathematical expectation (k = 1)
as well as the definition the isomorphic Cartesian products with respect to <4 and the
correlation function (k = 2), which are introduced in the work of [61].

The family RSE & of the isomorphic subrelational systems, the carriers of which are

the elements of the ordered countable partitions ng from the sequences {ng = {@' oy X &1

C @,‘k, meZ }, keN } constructed above, makes it possible to obtain the definition of the
CRP.
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Definition 3. A random process ¢(w,t),w € Q,t € R(&: R — Ly(Q, P)) given in the prob-
ability space (Q, F, P) and on a set R of real numbers will be called a cyclic random process (or

cyclically distributed random process) if the ordered countable partition D‘ék exists for each of the

sequences {ng = {{fcm x & lce,me Z},k €EN }, whose elements are carriers of systems

RS, o = {({2e, x& Lk eN| {ALk e N}, {{<a ke N} {p & — Ak eN}}),

m € Z} with respect to the relations of the linear order {<p, k € N} and with respect to the distri-
bution functions Fy(x1,..., Xk t, ..., t), k € N from family (1), which are values of functional

relations py: & — Ay, k € N in the arquments ty, ..., t; .

3. The Multidimensional Cycle Structures of CRP

The next step is the formalization of the cycle and the set of cycles of the cyclic signal.
For this purpose, let’s consider the concept of minimal ordered countable partition into
isomorphic random processes of CRP ¢ = {(t,{(w,t)): t € R}. Under minimal ordered
countable partition into isomorphic random processes with respect to the relation of linear
order <, and to the functional relation p;: § — A;, which is distribution function Fy, (x,t)
from family (2) of CRP & = {(t,¢(w,t)): t € R}, we will understand such partition D§ =
{&c,, C &, m € Z}, when the arbitrary partitioning of its elements ¢,, will form a new one
smaller partition {,, C &.,,,n € Z}, between all the elements ¢, of which simultaneously
there are no isomorphisms with respect to <, and with respect to the distribution function
Fy, (x, t) from family (2), which is value of functional relation p1: § — A;, in the argument .

Definition 4. The minimal ordered countable partition Dy = {&c,, C &, m € Z} of the CRP
¢ ={(t,¢é(w,t)): t € R} into isomorphic random processes with respect to the relation of the linear
order <, and with respect to the distribution function F,(x, t) from family (1), which is value of
functional relation p1: § — Ay in the argument t will be called the partition into cycles of the CRP
¢, and the random process ¢, is the m-th cycle of the CRP ¢.

The following definition can then be obtained.
Definition 5. The set W,,, will be called the definition domain of m-th cycle &.,, of the CRP ¢.

Given the fact that the CRP ¢, in addition to its one-dimensional probability structure
determined by its distribution functions F; : (x,t), has a k-dimensional (multidimensional)
probability structure given by its distribution functions Fy, (x1, ..., Xk t1, . .., tx) from family
(2), then, in addition to the partition D = {¢.,, C &, m € Z} into one-dimensional cycles

Cc,,» it is possible to obtain a definition of the partition Dék = {(';Cm x g, me Z} of

the Cartesian product of the k-th order (k > 2) into k-dimensional cycles &, x &~ of the
CRP ¢.

Under the minimal ordered countable partition of the Cartesian product & of the CRP
& = {(t,&(w,t)): t € R} into isomorphic Cartesian products &, x &1 with respect to
<ok and with respect to the distribution function Fkg (x1,..., X, 1, ..., t) from family (2),

which is value of the functional relation py: gk — Ay in t1,...,tx, we obtain the partition as
ng = {gcm xlcgkmez }, when the arbitrary partitioning of its elements ¢, x gk-1

forms a new, smaller partition {f.;’n xflcgknez } between all the elements &, x &1

of which simultaneously there are no isomorphisms with respect to <,; and with respect
to the distribution function Fk,; (x1,..., X, 11, ..., t;) from family (2), which is the value of

the functional relation py: K Apinty,... b
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Definition 6. The minimal ordered countable partition ng = {@'Cm xg1lcg,me Z} of the

Cartesian product & of the CRP & = {(t,&(w,t)): t € R} into isomorphic Cartesian products
&, X é‘k_l with respect to <oy and with respect to the distribution function sz (X1, X, b1, b))
from family (2), which is value of the functional relation py: & — Ay inty,. .., ty, will be called

the partition into k-dimensional cycles of the CRP &, and Cartesian product &, x &1 will be
called the m-th k-dimensional cycle of the CRP ¢.

The following definition can then be obtained.

Definition 7. The set W,,, x R¥~ will be called the definition domain of k-dimensional m-th cycle
&, X &L ofthe CRPZ.

Thus, the cyclic structure of CRP ¢ is given by the sequence {ng = {&, x &1,

C

o into the k-dimensional cycles ¢.,, X gk-1

m € Z},k € N}, whose elements are partitions D
of the CRP ¢.
Let us consider another ordered countable partition D; = {(';ml,,,,,mk C r;‘k, my,....mp € Z }

of the Cartesian product & of the CRP & = {(t,&(w, t)): t € R}, as shown below:
gml,m,mk = ‘::le X ... X §ka,m1, N (NS Z. (9)

Note that there are not isomorphisms between all the elements of partition DE}( with

respect to the relations of the linear order <;; and with respect to the distribution func-
tion 1—";(g (x1,..., X, t1, ..., t) from family (2), which is the value of the functional relation

pe: €& — Ay inty, ..., . This type of isomorphism exists between elements of only certain
subsets of the partition D;, namely, between all the elements of only these subsets as
follows:

{Cmt, i, 1 €Z},my, ... ,m € Z, (10)
where &y 4o 41 = é‘cm] b X X (fcmk ., is a Cartesian product of the one-dimensional

cycles of the CRP ¢ that form diagonal stripes Ujcz §m,+1,...m,+1 in &I (my, ..., my) #
(n1,...,n), then between the arbitrary elements &y, 11 . m,+1 and &y, 4y, » 41 Of the sub-
sets { &y 11, m+1,] €Z} and {&y, 41 n41,1 €Z}, (n1,...,m € Z) does not have iso-
morphisms with respect to <4 and to the functional relation py: &k — Ay, which is the
distribution function ka (x1,..., X, 11, ..., t;) from family (1). That is, between the ele-
ments &y, 41, m+1 and &y, 41y, 41 from different diagonal stripes Ujcz &, +1,...,m,+1 and
Urez Cnyt1,. 1 I &k, there are not any isomorphisms. In general, this type of isomor-
phism between the elements of a set {gm1+ll,m,mk+lk,ll,. S Z} takes place only if
Iy =1y = ... = I (see Figure 3).

Any my-th k-dimensional cycle &, &1 of a CRP ¢ can be represented by the

C1.

g

gml,...,mk = Umz,...,mkGZ gcml X gcmz X...X ngk' (11)

elements of the ordered countable partition D

k—1 _
gle X g - UmZ,...,mkGZ
The Cartesian product & of the CRP & can be represented by the elements of the

P P y

ordered countable partition D;}(:

k—1 __ _
Um]EZ gcml X g - Uml,---,mkEZ gmlr---rmk - Umlr---rmkez gcm X gcmz X... X gcmk' (12)
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Figure 3. [llustration of isomorphism between elements of a set. {@,‘ m+l,ma+l 1,120 € Z } takes place
onlyifly =1 (k =2).

The Cartesian product & of the CRP & can be represented by a set of all diagonal
stripes Urez Sy +1,...,my +1¢

k _
¢ = Umz,...,mkGZ UleZ gl'm2+l'~"'mk+l - UmZ,...,mkeZ UIeZ Ge X gc"'2+l KX gc”’k”' (13)

4. The Multidimensional Phase Structure of CRPs

The one-dimensional phase structure of a cyclically correlated random process was
investigated in the work of [61]. In this section, we will introduce and establish the main
properties of the multidimensional phase structure of a CRP, which summarizes and extends
the results of the article of [61]. Similarly to the definition of the k-dimensional cycles of a
CRP, it is possible to define the concept of its k-dimensional phase. Let us have the definition
domain W, x R¥"! of the k-dimensional 0-th cycle &, x &~ of the CRP . Due to isomor-

phism between relational systems <WC0 x Rk-1, §2k,1> and <Wc,,, x Rk-1, §2k,1> (m e
Z), for any (tolp 1o, tg ") € W¢, x R*! in the definition domain W, X R of arbitrary
k-dimensional n-th cycle &, x &1, there is only one element (t%l, ey t%") € W, x R*1,

which is bijectively connected with (tgl, ., tgj") ((tlfnl, e, t%") YRS (tgl, e, tg’")). Since
for a CRP ¢, we have a countable set Dék of k-dimensional cycles, then for every k-

dimensional vector (tgl, e, tgk ) € W, X R*1 we will have a countable set W,y
of k-dimensional vectors (t,lf}, ., t,lff ) , which are bijectively connected to it. Set Wy, .4,

of all bijectively connected vectors with a vector (tg’l P tg k ) is defined as follows:

(14)
(tgl,...,tgk),(¢1,...,¢k) € W,, x RE1,

For each fixed (tg’l,. ..,tz)pk ) e W, x R1 we will have specific set Wy, - If
(tg Lo, tg’") runs the all ordered set W, x R*1 then we get the ordered in the indexes

Y1, ..., P uncountable partition ij{ = {W¢1,-.~,Ilik1 (P1,..., ) € W, X Rk’l} of the defi-
nition domain R¥ of Cartesian product & of CRP ¢.
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Let’'s create an ordered in the indexes 1,...,{ uncountable partition
Dgf = {glpl,_,,,l,,k, (P1,..., ) € W, X Rk_l} of Cartesian product & of CRP ¢ by bijec-

tive mapping of elements Wy, 4, from partition DZ I,Z into subsets gy, y, of Cartesian

product {fk (Wyy,...p < Cyy,...p ), that is, everyone Wy, . is matched by the subset
Epe = { (0 (w0 th)) s (B2 (o b)) ) (Ko ) € Wipyg | € 8 of
those k-dimensional vectors ((t;pnl,zj (w, t%l) ), e, (t%",zj (a), tff))) of Cartesian prod-
uct &, the first elements (tlfnl, e, t,‘f{‘) of which belong to Wy, ...y, ((t,lff, . ..,t%") YRS

(e e(wtht))o (e (w b)), (H o thE) € Wy, ). Since Wy, is a
countable set, then and &y,,... y, is also a countable set, defined as:

Epvity = {((t,‘f},g(w, tﬁl)) (tﬁk,g(w, t‘,fj‘))): (tﬂl,...,t;ﬁk)

€W, x RF1, (tﬁl,...,t;’;,k) N (tg’l,...,tgk), me z}, (15)
(tg’l,...,tg”k>,(¢l,...,¢k) € W,, x R L,

According to (15), &y,,...p, = {((tﬁl,fj(w, t,lff) ), e, (tﬂk,(;"(w, ti"))),m S Z} isa
countable set, ordered by m.
Since the set W, x R*~! is isomorphic with respect to <,;_1 for any set W,, x R*"1,

then between the partition Dgf = {§¢1,.~~,¢k/ (Y1, Px) € W, X Rk’l} and the arbitrary

sets W, x RF"1, there is an isomorphism with respect to the linear order. Let us note that
&yy,...p, 1s @ countable set of the k-dimensional vectors of the Cartesian product &, among
which there are no two vectors belonging to the same k-dimensional cycle; that is, among

the elements of &y, ..y, there are no two vectors ((tl,pnll, ¢ (w, tf}l) ), e, (tﬂ"l, {f(w, t;pn"l) ))
where (t,‘f}l, e, t%"l) €W, x R*1and ((t%lz,(f(w, ti’%)), .., (tﬁ’;,ij(a), t%"z))) where
(f;ﬁlzr .., tfg) € W, X R*1 for which We, = Wy, -

For different elements ( (t,lff, g (w, th! ) ) oo, (tﬁk, g (wl t%) ) ) and ( (t?, ¢ (w, ' ) ) /

ey, (tg" ,C (w, tg" ) )) from &y, ... y,, according to Equation (11), there is equality between
distribution functions, as shown below:

({20 ) (2] -
(o)) et ))-

= Fk‘§ (x1,. . .,xk,f:pnl,...,t%k> = Fkg <x1,...,xk,t;pl,.. .,fgk>, (16)
(tﬁl,...,t,ﬁk) €W, x R1, (t;fl,...,tg’k) € Wy, x R,
B s B0, ot m, g € Z, (1, k) € W, x R

Let us obtain the mathematical definition of the k-dimensional phase of the CRP ¢.

Definition 8. Ordered by the indexes 1, ..., Py the uncountable partition DZ,? = {C:fzp],...,lpk ,

(Y1, .., Px) € We, X Rkil} of the Cartesian product & of the CRP &, whose elements are count-

able sets formed according to (15) and for which the equalities in Equation (16) exist, is called
the partition into k-dimensional phases, and the set Gy, ...y, is called the k-dimensional phase
(k-dimensional ({1, ..., ) phase) of the CRP ¢.

Definition 9. The m-th element ((t%l, ﬁ(w, tf}) ) Seen, (tﬁ", ﬁ(w, tff) )) of the set Gy,,..p, =
{ ( (tf} ¢ (w, tf}) ) Seen, (t%", ¢ (w, t%" ) ) ) ,meZ } is called the actualization of the k-dimensional
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phase &y, v, (k-dimensional (1, ..., Py) phase) in the k-dimensional m-th cycle &, x &1 of
the CRP ¢.

Definition 10. The set Wy, __y, which is determined according to Expression (14) is called the
definition domain of the k-dimensional phase &y, ...y, (k-dimensional (1, ..., {y) phase) of the
CRP¢.

Definition 11. The set Ay, p, is determined according to following expression:

A = {(g(w,tﬂl),...,g(w,t‘,”nk)): (t%l,...,tff) €W, x R-1, (t%l,...,t}”nk) N (tg’l,...,tg”k), me Z},

(17)
(tgl,...,tépk),(t/)l,...,gbk) € W, x R<1

and is called the (1, ..., ¥y) set ((Yn, ..., Py) series) of single-phase values of the k-dimensional
(1, .., Px) phase of the CRP .

The set {A#J],...,lpk/ (Y1, ., Px) € W, X Rk’l} of all the sets of k-dimensional single-

phase values is ordered by the vector of the parameters (¢1,...,9x). Each Ay, y, is a
k-dimensional vector of stationary and stationary connected random sequences with respect

. (xl,...,xk,t‘,”nl,...,t%k), (t‘,”nl,...,t%k) c

We, x R (#hl,. ) o (#1,. 6fF), me z.

to its k-dimensional distribution function Fy A

Definition 12. The m-th element (cj (w, t%l ), oo, @ (w, tﬁ")) of theset Ay, .y, = { (C (w, tﬁ]) ,

e (;‘(a), t%")),m € Z} is called the actualization of the (1,. .., k) set ((1,. .., k) series)

single-phase values of the k-dimensional (Y1, ...,Py) phase in the k-dimensional m-th cycle
&, x &1 of the CRP €.

The k-dimensional (i, . .., k) phase unites a countable set of bijectively connected
vectors with one from each of k-dimensional m-th cycles &, x &1 of & taken; that is, the
concept of the k-dimensional (¢, ..., 1)) phase is based on the concept of the minimal

ordered countable partition D‘ék = {(’,‘Cm x gl cgk, me Z} of the Cartesian product &

of process & = {(t,&(w,t)): t € R} into isomorphic Cartesian products &, x & 1.
Let us consider the k-dimensional phase structure, based on the ordered countable

partition Dz,}f = {ig’ml,m,mk: chml X ... X @,'ka,ml, S € Z} of the Cartesian product @’k
of the CRP ¢. Since there are not isomorphisms between all elements of partition Dg}c
with respect to <, and to the functional relation py: &k — Ay, which is a distribution
function Fy, (x1,..., X, t1, ..., t;) from family (2), and isomorphisms exist only between all

the elements of sets {§m1+l,...,mk+l,l €Z} (m,...,my € Z), which form diagonal stripes
Urez Cmy+1,...m+1 10 &k, then the k-dimensional phases cover only the vectors that belong
to these diagonal stripes. Let us define the domain Wy,,,...m, = Wcm] X ... X Wka of the
k-dimensional isomorphic elements &, ... m, of subset {§m1+l,...,mk+lzl S Z}, which form
diagonal stripes Ujcz Gy +1,...m+1 iN &k Let us accept that Wle = W, (m1 = 0). Due to

.....

(I € Z), for any (tg L2, ..,t,ﬂ’;{) € Wom,,..,m, in the definition domain Wy, 11 41

of the k-dimensional element &; ,,, 1, 41 Of subset {&; )11 +1,] € Z}, there is only
t(Pl t‘PZ t(Pk
1 byt by g

P1 P2 Pk P1 492 Pk P14 P2 Pk ;
(el el ) (60020 ) o (2 0. Since the set

one element ( ) € Wimytl,.,m+1 that is bijectively connected with

{Wimy41,..m+1,1 € Z} isacountable set, for every k-dimensional vector (tg) LR, .., tﬁffk) €
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. e . .
Wo,my,..,m,, we will have a countable set Wg,lf,_._,q,k" of k-dimensional vectors
My

(t;l)l , t:fz e ti’; +l> , which are bijectively connected to it. Set W$11¢k
¢2

connected vectors with (tép Lt s t;ﬁ’;) is defined as follows:

2y M P1 P2 Pk . [ ) Pk
W:;lln--/ﬁok - { (tl ’tm2+l’ o "tmk-i-l)' (tl ’tm2+l’ o "tn1k+l>

P12 Pk P12 Pk
€ Wiy st et (tl ,tm2+l,...,tmk+l) N (to ,th,...,tmk), le Z}, (18)

my, ..., Mg EZ,gol,...,gokGWcO.

of all bijectively

For each fixed (tg) 1 t,%, e, t,ﬁ’;) € Wom,,...m, we will have specific set W';fﬁk If
(tg) n tf,'fz, el t%{) runs the all ordered sets W ,,..., then we get the ordered in the indexes

@1, - -, ¢x uncountable partition DG’;E W:;’f:;i" ;@1 Pk € WCO} of the

Z Wl,m2+l,m,mk+l = {

definition domain Ujez Wiy 11,...m, +1 0f diagonal stripe Ujcz &1, my+1,...,m,+1 N k.

ph

Urez Stmy+1,...my+1
My,..., 1M . . . ..

= {Zo2 0k, 91, ., @k € W, } of the diagonal stripe Ujez &1my-+1,...my+1 iN & by the bijec-

. . 2o Mg oy ph . My, ..., My
tive mapping of elements ng,...,q;k from partition DUzez Wiy o1 s into subsets ¢, " Of
my,...,mMg my

Uiez SLmyt1,...me+1 (W?;fg{" <= $pi o)) that is, all elements W:;‘lzq,k are matched by

M2, My __ 1 P1 $2 $2 Pk Pk .

the subset £y, 7\ = {((tl ,C(w, t )), (tm2+1'€(w' thJrl)), ey (tmﬁl,g(w, tmk+l)>)'
P1 192 (3 2+ M : : ¢1 ¢1

(tl 'tm2+l' ... 'tmk+l> € W?;l,m,qok } of the k-dimensional wvectors ((tl ,é(w, t )),

(t:’fﬁl,(j(w, tjfﬁl))" .y (t;’;’;H,C(w, t:ﬁi#))) of Urez &1my+1,...,m+1, the first elements

Let us create ordered indexes ¢, . . ., ¢k for the uncountable partition D

P1 P2 Pk : 2700+ P1 P2 Pk
(tl /tmz+l/"'ftmk+l of which belong to W$1,---,¢k ((tl 'tm2+l""'tmk+l) >
91 91 P2 P2 Pk Pk P11 P2 Pk
((tl ,C(w, f )), (tszrl’(:(w’ tmz+l))” e (tmk+l":<“’r tmk+z)))f (tz g1 "’tmkH)
€ ngfgik . Since ng(’;lkk is a countable set, then q';"gfg;f is also a countable set, defined
as follows:
My, My 1 91 92 P2 Pk Pk . (491 192 Pk
g = (o)) (02t )) o (o)) ()
€ Wiy t1, . mytis t;m,t:;zzﬂ,...,tz’;” o (e, ), 1 €Zy, my,. . g €Z, g1,k € W, .

According to (19), any set g’gf;”; = { ((tfpl, C(W, t;m)), (t;ﬁzﬁl, f:(w, tifﬁl) ),. .,
(t;ﬁ’;H, é (w, t%ﬂ) ) ),l c Z} can be ordered by the I countable set.
Since set Wo y,,...,m;, is isomorphic with respect to <p,_1 for any set Wy ;,,, 11, i, +1, then
" ph o My,..., My .
between the partition Dy Eopit st {Eor 0k, @1, 9 € W, } and the arbitrary
sets Wi 1, +1,....m,+1, there is an isomorphism with respect to the linear order, or rather, there

. . . . h h .
is an isomorphism between the relational system { D , <P’ ) and arbitrary
Urez Smy+1,...myp+1” —2k=1

relational system <Wl,m2+l,...,mk+ll < 2k—1> with respect to the binary relations of the linear

ph ph ph
order <5 ; and <y (<DUIeZ Syt el Spk-1) = <W1,mz+l,---,mk+l’ SZk—1>)' And

ph
UIGZ gl,n12+l,.../mk+l

set Wi, 41,...m,+1 @nd in particular, by the type of ordering of set W ,,....m, -

For different elements of C’;}f;’;", according to Equation (6), there are equalities

between distribution functions, namely:

the ordering type of partition D is determined by the type of ordering of any
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e (20 )) (12082 o (52 (012,1)) =

= Pk((fglfé(w, t?))/ (t;’fﬁg/g(wr trq;tzﬁg) ey (t,(f,’jﬁg,é‘(w, trq:z};Jrg))) =

— P1 492 Pk _ P1 P2 Pk
= Fi (%1 102 0 ) = B (30 i b 2t ), (20)
P11 P2 Pk 91 P2 Pk
gtl ’ tm2+l/ sy tmk+l € Wl,m2+l,...,mk+l/ tg s th+g’ cey tmk+g € Wg,m2+g,...,mk+g/
1 P1 P2 2 Pk Pk
ety ,tm2+l > tm2+g,...,tmk+l > tmk+g,m2,...,mk,l,g €Z,¢1,...,pr € We,.

Since the Cartesian product & of a CRP ¢ can be represented through the set of all
diagonal stripes Ujcz &, +1,...,m+1 according to Formula (13), and each diagonal stripe

. k ph
Urez &my+1,..,m+1 in & can be represented through the elements of DUzEz Ehny 1 then
. k ph
the Cartesian product ¢* can be represented through the set {DUzez Eimy st 1 Mmy,..., My €Z },
namely:
k _ _ my,...,mMy
g - UI’Hz,...,mkGZ UZGZ gl’m2+l""’mk+l - Umz,...,mkel U(pl,...,(pkEWCO gq)l""’q)k : (21)
Let us unite all elements of the set {2 "ok, my, ..., my € Z} as follows:
_ my,...,Mj
g‘P1r~~-r§0k - Umz,--~,mk62 nglru.,(Pk ) (22)
Then the set ... o, consists of the following elements:
_ 91 91 92 P2 Pk Pk 4P P2 Pk
b = (00 ), (008080 (808 2)) (7 )

€ Wl,m2+l,...,mk+l/ <tl¢1’tf122+l""’t19;};+l > i’gl,t,ﬂzz,...,t%}; JAomy, o omp €Z,91,. .., 0 €W, .

Note that £y, ... ¢, can be represented as a Cartesian product of k corresponding the
one-dimensional phases &y, .. .,¢g,:

k
Corpr = Gpr X Gy X Gy X o X G = ng’i‘ (24)
i=1

The definition domain Wy, . ¢, of $¢,,... ¢, can be represented as a Cartesian product
of the k definition domains Wy, ...,W,, of the corresponding one-dimensional phases ¢y, ,

G )
Wor,..o0 = Wo, X Wy, X Wy, X ... x Wy, = [[W,,. (25)
i=1

C1

Each element ¢,,... m, of partition ng =

{‘-;mp...,mk c & my,....m e Z} can be rep-
resented as follows:

wyzk = Lt (w ), (1 e (w,t))): (e, 0k
€ Wany,mes (E0 - t8) 0 (102t ) @1 i € Wey (26)

my,..., my € Z.

Substituting Formula (26) into Formula (11), the m-th k-dimensional cycle ¢, x gk-1
of the CRP ¢ can be presented as follows:
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Sy % & = Unyomeez{ (#8056 (w t8)), o (e 2 (w0 b)) ): (#0088

€ Wany,eomes (#- t8) 0 (1408, H) @1 g € Wy} =

_ {((t%,@(w,tﬁl)),..., (t,‘ffk,g(w,t,‘f{;))): (t,“,'fl,...,t%) € Wo,ome, tﬂll,...,t,?;kk) N

(t%ll,...,l’%() — (tgl,t%,...,tfj;),mz,...,mk €EZ,91,...,9r € Wy p,m1 € Z.

(27)

The partition Dg,il = {i;%,,,,,l,,k, (Y1, Px) € W, X Rk’l} into k-dimensional phases
ph

of Cartesian product & of CRP & can be presented as a union of partitions D
Urez Eimy+1,...m+1

into k-dimensional phases of all diagonal stripes Ujcz ¢, +1,...m; 41 1N zk, namely:

ph _ k=11 _ ph —
ng - {glpl,...,l/)k/ (lpll R lpk) € WC[) X R } - Umz,...,mkGZD U ‘:I,mz-#l,...,mk-#] - 28
T lezZ ( )

my,...,m 7oy
Uns,.meez Aot 0 910 0 € Weo } = {8000 10 9k € Weg o,y € 2}

As can be seen from Formula (28), each countable set g',‘z,ifg,nkk is a k-dimensional phase

of the CRP ¢, which is equal to the appropriate k-dimensional phase gy, ...y, as follows:

My, My _ _ 49
" C(p]z,...,(pkk* gl[ﬂl,...,lpk/ 1/)1 — (Pl - tol € WCo/
Po =t =H2 EW,, CR..., pp=tF =tk c W, CR, (29)

e e 102t st g1, € Wy, ma, .. my € Z.

5. Representations of CRP and Its Distribution Functions through Their
Cyclic Structures

Given that the sequence {ng = {(’,‘Cm x e me Z},k € N} always exists and

its elements are the partitions DS, of the CRP § into k-dimensional cycles &, x &1, a

gk
random process & and its Cartesian product & can be represented as follows:
g = UmEZ gcm’ (30)
&=,y x T keN. (31)

If we consider a vector {Em(w, H,weQteRmeZ } of random processes, which
in the areas W,,, coincide with the random processes ¢,,, but in the areas R\W,,,, the
random processes Em(w, t) are all equal to zero <Em(a), t)y=0,t € R\Wcm>, it is possible
to represent the CRP ¢: R — Ly({2, P) in another way as follows:

Ewt) =Y, Emlwt), we QtER (32)

Similarly to the representations of the random process ¢ and its Cartesian product
zk according to Formulas (30) and (31), we can obtain representations of k-dimensional
distribution functions Fk,; (x1,..., Xk, t1, ..., tr) (in another designation Fkg ={((t1,.--, &),

Fké (X1, X b1, oo b)) (B, oo tg) € Rk}) of the CRP ¢ as follows:

Pk,: = UmEZ Pkgcmr Fkgcm # @’Pk’:cml ﬂFkgqnz = @/ ml # er

(33)
m, my,my € Z,k €N,

where Fkéc = { ((tlr .. .,tk),Fkg(xl, R ¢ S P ,tk))i (tlr- . 'rtk) € Wcm X Rk_l} is a k-
dimensional distribution function Pk; (x1,..., X, t1, ..., tg) of m-th k-dimensional cycle
&, x &1 of the CRP Z.
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Itis possible to represent the k-dimensional distribution functions Fkg (X1, X b1, )
of the CRP ¢ in another way if we consider a countable dimensional vector

{ka,cm (X1, X b1, b)), (B, ) € Rm € Z}, whose components Fkgfm (xX1,..., X,

t1,..., t;) in the areas W,,, x R*"! coincide with the F k;, »but whose components in the

areas Rk\(WCm X Rk’l) are all equal to zero (Pkg (X1, Xkt 1) =0, (b0, )
Cm

€ Rk\(Wcm x R’H)):

Fkg(xl,...,xk,tl,...,tk) = ZmeZPkng (x1,...,xk,t1,...,tk) (34)
X1y, X, b1, ..., tk € R,k € N.

Note that the components F ke, (x1,..., Xk, t1, ..., i) of a countable dimensional vector
{Fkém (X1, X b1, ), (F1,-.. 8) € Rkm € Z} are not distribution functions in the

areas {Rk\(WCm X Rk_l),m € Z}.
In practice, the CRP should be considered for the subset V C R:

V= W, or V=" W, (35)
where M is the integer number. In this case, the k-dimensional distribution functions
Fkg(xl,. .., X, t1,. .., t) will also be considered in the set V€ C Rk,

Apart from the sequence {ng = {(’,‘Cm x g, me Z},k € N}, there is the se-
quence {D;‘ = {éml,..‘,mk C (';’k,ml,....mk € Z},k S N}, whose elements are partitions
D?« of the Cartesian product & of the CRP &, and this Cartesian product & can be rep-

resented according to (9) through the elements of partitions D}.. Thus, the following

representations of the k-dimensional distribution functions Fy, of the CRP ¢ can be ob-
tained:

Pkt} = Uml,uwmkez Fkgm],“.,mk, Fk':m],.“,mk ?é @, Pk{fml,...,mk ﬂFkggl,...,gk = 0/

(36)
(my,...,mg) # (81, &) M1, M, 81,---, 8 €Z,k €N,

where Fkgml,m,mk = { ((tl, .. .,tk),Pkg(xl,. e X, b, .,tk)>: (fl, .. .,tk) € Wcml X ... X Wka}
is a k-dimensional distribution function, which shows that t1, ..., t; belong to the areas

{Wcml Sy Wcmk } in the definition of one-dimensional cycles {gcml Sy é‘cmk }
If we consider the set {Fkg (X1, X b1, b)), (.o ) € RN my, ... Ty € Z},
1 e, M

whose elements Fkgm . (x1,..., X, t1, ..., ) in the areas Wle X ... X Wcmk coincide with
e

, but whose elements in the areas R*\ (Wcm1 X ..o X Wcmk> are all equal to zero
mk

S

(1—",%”1 (x1, .o, X, b1, l) =0, (B,...,0) € R"\(Wle X ... X Wcmk)>, then the k-

dimensional distribution functions of the CRP ¢ can be given as the sum of the elements of

-----

Fkg(xl, e Xt tk) = Zml/“'/mkez Pkgml,m,mk (xl, ooy Xiey t,..., tk)/ (37)
X1,..., X% €R, (t,...,ty) € RK,k € N.
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Note that the elements Fkg (x1,. .., Xp, t1, ..., ) of the set {Fkg (x1,.- -, X,
MY oM MY oM

t, oo b)), (b, ) € RN, myq,....my € Z} are not distribution functions in the areas
{R"\(Wle X ... X Wcmk>,m1,....mk € Z}.

Formulas (30)—(37) are the foundation for CRP models, computer simulations and
hardware generation (formation) [53,54].

6. Representations of CRP and Its Distribution Functions through Their
Phase Structures

Let us represent the CRP ¢ and its Cartesian product & through the elements of their
phase structures, namely, through the elements of the partitions D?h ={&y, p € W, } and

DE’? = {gll’lwwl/’k' (Y1, i) € Wey X R’H};
§=Upew, 5o (38)

k
¢ = U(lpl,.‘.,lpk)ewco g1 S K EN. (39)

Similarly to the representations of the Cartesian product & according to Formula (39),
we can obtain representations of the k-dimensional distribution functions Fké (X1, X b1, oo Be)

(in another designation Pkg = {((tl,. --/tk)/Fkg (X1, .+, Xg, 1, - ..,tk)>: (t1,..., k) € Rk})
of the CRP ¢:

Fr, = U(lpl,...,lpk)eWCO xRk-1 Fk@q;l,...,zpk KEN. (40)

where Fk?fw by = {((tﬁl,. ..,tﬁ"),Fké (xl,.. .,xk,t%],. ..,tﬁk)) : (tﬁl,.. .,t,‘fj‘) € W,
1Pk
x Rk—1, (t,‘f}, o, t%k) VRS (to%, o, tgk), me Z} is a k-dimensional distribution function
Fk@w , <x1, e Xpy t%l, ., t,lff> of the k-dimensional phase gy ...y, of the CRP ¢, for which
"

the following equality is given:

F (x""/xltlpll"'rtlpk):F (x /-../x/tlpl /.../tl/]k ),
kep g 1 ke Em m ke e \1 kr P ml
(t%]""’tik) € WCm ><I{k_1l (tilr--'/tﬁkg <~ (t(l)p]/...,tg]k)/ (41)

m,l €Z,(P1,..., P) € Wey x RF-LkEN.

Note that Fk@'w N (xl, e, Xk, tl,p,}, . .,tﬁk) = Fk (xl,. . Xk t:pnl, cel, t%").
1 e A
"

1

Formulas (38)—(41) reflect the basic dependences of the phase structure of the CRP

and are the basis for applications of statistical estimation methods of the probabilistic
characteristics of the CRP.

7. Analytical Dependencies between Cyclic, Phase and Rhythm Structures of Cyclic
Random Process

The arbitrary m-th cycle of the CRP ¢ can be presented as follows:
— % %
Cew = U<P€Wc0 (tm,C(w, tm)), meZ. (42)

The k-dimensional m-th cycle &, x &~ of the CRP & can be presented as follows:

o8 = U o (82(08)) o (2 (08))) ez,

or it can be presented as follows:
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Eo, X 1= {((tﬁl,g"j(w,ti”;)),..., (t%",é(m,tfj‘))): (1, .., ) € Wy X R’H},m €z (44)

Given Formula (30), which represents the CRP ¢ by the set of all its cycles ¢,,, and
based on Formula (42), let us represent this random process through the set { (t;ﬂ, ¢ (w, t%) ) :

m e Z,gr € W, } of the actualizations of all of its phases {¢,, ¢ € W, } in the all the
cycles of the CRP ¢:

¢= UmeZ Son = UmeZ U(pewco (t%’ (:(w' t%) ) ’ (45)

Given Formula (31), which represents a Cartesian product & of the CRP & by the set
of all of its k-dimensional cycles &, x §k_1, and based on Formula (43), let us represent

the Cartesian degree &* through the set { ( (tﬁl, g",‘(w, t%l ) ),. .., (t%", é(w, tf{‘) ) ): me Z,
($1,.., ) € We, x RE1} of actualizations of all of its k-dimensional phases

,,,,,

& = Upez 8o x 21 =
- U U ((t‘,”nl,g(w,tﬁl)),...,(tff,g(w,tff))). (46)
MEZ (py,..., ) EWey x RF1
Let us represent an arbitrary phase ¢, of the CRP ¢ through the set
{ (t%, ¢ (w, tﬂ) ): meZ } of its actualizations in all of the cycles of the CRP ¢:

&= U (t,‘,’;,g(w, t,‘,’;)), @ € Wy, (47)

meZ

Let us represent an arbitrary k-dimensional phase gy, y, of the CRP ¢ through the
set { ((t%l, cf,(w, t;’?)),. .., (t,lff, g(w, t,'fj‘) ) ): me Z} of its actualizations in all of the k-
dimensional cycles of the CRP ¢ as follows:

Eprte = Uy (B0 (), (B2 (0, 8)) ) (1 ) € Wiy x R (48)

Let us represent an arbitrary ¢ set A, of the single-phase values of the CRP ¢ through
the set {{,‘ (w, tfﬁ) meZ } of its actualizations in all of the cycles of the CRP ¢ as follows:

Ap=U, 8 (@ th), pewe, (49)

Let us represent an arbitrary ¥q,..., {) set Ay, .y, of k-dimensional single-phase
values of the cyclic random process ¢ through the set { <§ (w, tfﬁl), .o, C (w, £k ) ) meZ }
of its actualizations in all of the k-dimensional cycles of the CRP ¢ as follows:

Apposte = Uy (6(th), g (@ ), (91, ) € We x RS (50)

Formulas (42)-(50) establish a strong relationship between the cyclic and phase multi-
dimensional structures of CRPs.

To obtain a cyclically correlated random process [61] for the CRP, let us formulate the
following theorem.
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Sprp = Unez<(tg)1 + T<tgl,n>,§(w, tolpl + T(tg’l,n>)),. o, (tgk + T(tg]k,n>,§(w, tO‘p" + T(t?‘,n)))) ,

Theorem 1. Fora CRP § = {(t,{(w, t)): t € R}, there exists a numerical function T(t,n), t €
R, n € Z, for which the following properties occur:

T(t,n) >0(T(t,1) <oc0),t€R,if n>0,
T(t,n)=0,t eR,if n=0, (51)
T(t,n) <0,t €R,if n <O0;

forany t; € Rand t, € R, for which t; < ty, and for function T(t,n), a strict inequality holds as
shown below:
T(ty,n) +t < T(ty,n)+t2,Vn € Z; (52)

and for each k-dimensional distribution function Fy, (x1, ..., X, t1, ..., ) from families of consis-
tent distribution functions (1) of the CRP ¢, there are the following equalities:

Fkg(xl,. e Xk b, --rtk) = Fk@ (xl,.. Xk b+ T(i’l,Tl),. ot T(i’k,l’l)),

53
X1, X, b1, ik €ERNEZKEN (53)

In contrast, if for a random process &, there exists a numerical function T(t,n), t € R, n € Z
with all the above-mentioned properties ((51) and (52)) and if the equalities in (53) are true for any
k € N, then it is a CRP.

Similar to the results of the work of [61], we can provide the following definition.

Definition 13. The function T(t,n) which is the smallest in modulus (|T(t,n)| < |T,(t,n)|)
among all such functions {T.,(t,n),y € N} which satisfy (51)-(53) is called a rhythm function of
a CRP ¢.

Using the rhythm function T(¢, 1) of a CRP, let us represent an arbitrary k-dimensional

phase y, ...y, of the CRP { by the set { ((t;p,},g(w, t;/;})),. .., (t%",g(w, t%"))): me Z}
of its actualizations in all k-dimensional cycles of the CRP ¢ as follows:

(54)

(tg”,...,t‘,f’k),(lpl,...,¢k) € W,, x RE-1,

Let us represent an arbitrary ¢1,..., ¢; set Ay, . o, of k-dimensional single-phase

values of the CRP ¢ by the set { (@’ (a), th ) yoei,C (w, tﬂk) ): meZ } of its actualizations in
all k-dimensional cycles of the CRP ¢ as follows:

Ay, = Umez (C(w, tgl + T(t(l)#l,n)),- . '/é(w/ t(l)'bk + T<t;’)bk,n)>),

(55)
(tgl,...,tgk),(¢1,...,¢k) € W,, x RE-1,

Using the rhythm function T(t, n) of the CRP ¢, similar to expressions (45) and (46),
let us represent the CRP ¢ and its Cartesian product & as follows:

= UpezUpew, (8 + T (80) £ (w08 + 7)), )

& = UnezUgy g ewy it ( (81 + T (80 m) 6 (w0, '+

+T(tn)) ) (1T (e n) 6 (w0, +T(85n)) ) )-

Similarly to the representations of the Cartesian product & according to Formula (57),
we can provide the following representations of the k-dimensional distribution functions
er,(xl, e Xt tk) of the CRP ¢:

(57)
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i = Uy e ert Uz (84 T(0) ot

(58)
T(tff",n)),Pk% . (vt T(H ), e+ T(tg’k,n))),k EN.
1

For the k-dimensional distribution functions sz(xl,. ey X, b1, . 1) of the CRP ¢
from family (2), the following equality is obtained:

(98 ) -
= pk<(tg’1 + T(tgl,n),ﬁ(w,tgloJr T(tgjl,on))),..., <0t0¢" + T(?g)k,n ,é(w,tol/}" + T(tO‘/}",n ))) =
=F, (xl,...,xk,tgl,...,tg") = F, (xl,...,xk,tgl + T(t;fl,n L. .,tgk + T(tg",n) ,
xX1,..., % €R, (tg’l,. . .,tolpk),(lpl,...,lpk) €W, xR1neZkeN.

(59)

The analytical dependencies presented above show that although cyclic, phase and
rhythm structures are separate structures that reflect different aspects of the temporal
(spatial) structure of cyclic signals, they are conceptually, formally and methodologically
interrelated, as they are different aspects of the same mathematical model of cyclic signals.
As an illustration of the close relationship between the cyclic, phase, and rhythm structures
of a cyclic signal, Figure 4 presents a graphical representation of a segment of a cyclic
deterministic function ¢(f), along with its cycles, phases and rhythm function. The cyclic
deterministic function ¢(t) can be interpreted as a degenerate case of a CRP, namely, as a
CRP with zero dispersion.

Definition 3 for cyclic random processes does not contain the requirement of sep-
arability; however, this definition can always be supplemented with this requirement,
which enables a full probabilistic description of a CRP using the countable family (2) of
its consistent distribution functions. As follows from Theorem 1, it is possible to provide
another definition of a CRP.

Definition 14. A separable random process ¢(w,t),w € Q,t € R is called a cyclic ran-
dom process of continuous arqument if the function T(t,n), t € R, n € Z exists and sat-
isfies conditions (51) and (52) and if for any tq,...,t, from the set of separability of the pro-
cess G(w,t),w € O,t € R, the k-dimensional random vectors (¢(w,t1),...,¢(w,ty)) and
(G(w,t1 + T(ty,n)),...,E¢(w, ty + T(ty,n))) are stochastically equivalent in a broad sense for
alln € Zand forall k € N.

At the theoretical level, such dependences of cyclic, phase and rhythm structures will
be manifested in the fact that if there are given phase and rhythm structures, then it is
possible to reproduce the cyclic structure of a cyclic signal, and vice versa: if the cyclic
structure is given, then it is possible to reproduce the phase and rhythm structures. At the
applied level, the connection of cyclic, phase and rhythm structures is manifested in the
need to evaluate the characteristics of some structures in order to be able to evaluate the
characteristics of other structures, for example, in the need to pre-determine the rhythm
function of a cyclic signal in order to evaluate the characteristics of its cyclic and phase
structures. On the other hand, in order to evaluate the characteristics of the rhythmic
structure (rhythm function), it is necessary first to have information about the cyclic and
phase structures, for example, information about the time points of the beginning of the
cycles of a cyclic signal.
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tm-1 =ty + Tty —1)i T bit = by + Tt 1) bz = by + TG40, 1) t
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Figure 4. Graphical representation of a segment of a cyclic deterministic function, along with its
cycles, phases and rhythm function.

8. The Main Subclasses of CRP

CRPs include many different subclasses of random processes with cyclic probabilistic
characteristics [47]. In particular, if the type of function of the rhythm of the process is a
feature of the division of the class, then it is possible to distinguish a class of CRPs with
a regular (stable) rhythm, known in the literature as periodic (cyclostationary) random
processes, and CRPs with an irregular (variable) rthythm. Namely, the periodic random
process is a CRP with a regular (stable) rhythm, or rather with a rhythm function T(t,n) =
n-T,T = const > 0. The irregular rhythm signal (variable rhythm signal) is a signal whose
model is a CRP with a rhythm function T(¢,n) # n-T (T(t,1) # const). Depending on
the type of distribution function of a CRP, it is possible to distinguish a class of normally
distributed CRPs, a class of CRPs with a Poisson distribution, a class of CRPs with a uniform
distribution, etc. It is also possible to distinguish a class of cyclic Markov random processes
and a class of CRPs with independent values (a class of cyclic white noise). Provided
that the mathematical expectation and correlation function of CRPs exist, then a CRP is a
cyclically correlated random process.

Among CRPs, it is important in theoretical and applied dimensions to distinguish
the class of fractal cyclic random (stochastic) processes. Namely, CRPs in which all or
some probabilistic characteristics (distribution functions and moment functions) have a
fractal dimension should be called fractal cyclic random processes (fractal cyclic stochastic
processes). These random processes combine both the properties of cyclicity and fractality.
Studies of the fractal properties of CRPs such as the Hurst parameter and the Hausdorff
measure are promising. Such research is interesting to conduct both from the standpoint of
the phase multidimensional structure of a cyclic random process and from the standpoint
of its multidimensional cyclic probabilistic structure. It will be necessary to devote a
separate scientific article to the construction of such random processes and the study of
their properties.

9. Advantages of a Cyclic Random Process Compared to a Periodic Random Process

As shown above, a subclass of the CRP is the cyclostationary (periodic) random process.
This enables the use of a set of powerful methods of processing cyclic signals with a stable
rhythm, which developed over 60 years of active research. However, the main advantage
of a CRP in comparison to a periodic random process is revealed precisely in the tasks of
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mathematical modeling, computer simulations and the processing of cyclic signals with a
variable rhythm, since for such cyclic signals, a periodic random process is an inadequate
mathematical model. The main reason for the CRP’s advantage is the presence of the formal
means of adaptation to changes in the rhythm of the investigated cyclic signals, which is
lacking in the periodic random process. This property of the model enables the development
of effective rhythm-adaptive methods for the statistical processing of cyclic signals with a
variable (irregular) rhythm in both the time and spectral domains [62]. This ensures high
levels of accuracy and reliability in solving many applied problems in medical diagnostics,
biometric authentication, the construction of brain—computer interfaces, diagnosing the
surface state of materials, and analyzing and forecasting cyclic economic processes and
cyclic processes in energy.

Statistical methods for CRP processing are based on its cyclic and phase multidimen-
sional structures (studied above) and make it possible to estimate one-dimensional and
multidimensional probabilistic characteristics of cyclic stochastic signals regardless of the
type of their rhythm, i.e., they are suitable for analyzing signals with regular and with
irregular rhythms. Let us demonstrate the process of the statistical estimation of some
one-dimensional and two-dimensional moment functions of cyclic stochastic signals for
the task of biometric authentication by ECG signals. We will conduct this study within
the framework of two mathematical models of the ECG, namely, in the form of the peri-
odic [32,40,63-65] and CRP, which will enable us to demonstrate the advantages of the CRP
as a more general random process over the periodic random process. We use ECG signals
(see Figures 5 and 6) that were registered in the first and second lead from a conditionally
healthy patient at rest over a long observation period. These data were obtained from the
open CEBS database (PhysioNet resource) [66], taken from the file entitled m013.dat.

0.5 —_— (), mV
0.4
0.3
0.2

) N s

-0.1

Figure 5. Graph of ECG results (lead I).

1.0 = &ult), mV
0.8
0.6
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1 2 3 4 5 6 7 8

Figure 6. Graph of ECG results (lead II).

For the statistical processing of the ECG, we used software that was developed in the
Python language and is described in the article of [52]. The estimation T (t, 1) of the rhythm
function T (¢, 1) for these ECG signals is presented in Figure 7. The estimation of the rhythm
function was carried out using the method of the piecewise linear interpolation of a discrete
rhythm function [49]. The Python library NeuroKit2 was used for ECG segmentation and
the ECG rhythm function evaluation.
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Figure 7. Graphs of estimations of the rhythm functions of the ECG signals.

The first cycles of the statistical estimations of some initial and central moment func-
tions of the ECG signals are presented in Figures 8-12. The statistical estimation s (t) of
the initial moment function of the k-th order m, (t) of the ECG signals is calculated based
on the following formula:

i (1) = % MR (P m)), E e W, (60)

Mg (£), mV

0.4

0.3

0.2

0.1

0.0 \-J
—01
—0.2
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Figure 8. Graph of statistical estimation of mathematical expectation of the ECG for processing on

the basis of CRP (lead I).
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Figure 9. Graph of statistical estimation of mathematical expectation of the ECG for processing on
the basis of CRP (lead II).
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Figure 10. Graph of statistical estimation of initial moment function of the 2nd order of the ECG for
processing on the basis of CRP (lead I).
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Figure 11. Graph of statistical estimation of initial moment function of the 2nd order of the ECG for
processing on the basis of CRP (lead II).
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Figure 12. Graph of statistical estimation of central moment function of the 2nd order (dispersion) of
the ECG for processing on the basis of CRP (lead I).

Under the condition that k = 1, Formula (60) is a calculation formula for the statis-
tical estimation iz (t) = 111, (t) of the mathematical expectation mz(t) of the ECG (see
Figures 8 and 9).

Under the condition that k = 2, Formula (60) is a calculation formula for the statistical
estimation 115, (t) of the initial moment function of the second-order my, (t) of the ECG (see
Figures 10 and 11).

The statistical estimation dAké (t) of the central moment function of the k-th order di (1)
of the ECG is calculated based on the following formula:

A 1
dy, (t) =

= U [ (b4 Tl m) =g (4 T(em) St e We (6)

Under the condition that k = 2, Formula (61) is a calculation formula for the statistical
estimation dy, (t) of the central moment function of the 2nd order (dispersion) d, (t) of the
ECG (see Figures 12 and 13).
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Figure 13. Graph of statistical estimation of central moment function of the 2nd order (dispersion) of
the ECG for processing on the basis of CRP (lead II).

The statistical estimation Rzg (t1,t2) of the autocorrelation function Ro, (t1,t2) of the
ECG is calculated based on the following formula:

Ry, (t1,t2) = g1 Eno ™ [Gw (t1 + T(t1, 1)) - o (t2 + T (12, m))],

(62)
th € Wcl,tz € U%ll We,,,

where M;(M; << M)- the number of cycles in which argument t, gain value [47].
The statistical estimation Cz‘: (t1,t2) of the autocovariation function Co, (t1,t2) of the
ECG is calculated based on the following formula:

Co(t b)) = ymr Yot M [(Ew (b + T(t,m)) —ting (b1 + T(t1,m))) -

R A 63
(Coo(t2 + T(ta,m)) — iz (b2 + T(ta,m)))], 11 € Wey, b2 € UNL, W, €3)

Graphs of the statistical estimations of the autocorrelation and autocovariation func-
tions of the ECG are presented in Figures 14 and 15.

Roylty, ), my2 G Codt, t5), my2

(@) (b)

Figure 14. Graphs of statistical estimations of autocorrelation function (a) and autocovariation
function (b) of the ECG for processing on the basis of CRP (lead I).
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Figure 15. Graphs of statistical estimations of autocorrelation function (a) and autocovariation
function (b) of the ECG for processing on the basis of CRP (lead II).

A similar statistical evaluation of the probabilistic characteristics of the studied cardiac
signal was carried out within the framework of its model in the form of a periodic (cy-
clostationary) random process, which is described in works of [32,40,63-65]. The average
value of the duration of its cardiocycles is taken as a statistical estimate of the period of the
cardiac signal, as shown below:

. M a7 M—1 (™
Tw =Y, T(tm,n) e T(tn,l,l). (64)

The first cycles of the statistical estimations of some initial and central moment func-
tions of the ECG ¢, (t) for processing on the basis of the periodic random process are
presented in Figures 16-21.

The statistical estimation r?zk§T (t) of the initial moment function of the k-th order

my..  (t) of the ECG &, (t) for processing on the basis of the periodic random process is

$Tp
calculated based on the following formula:

N 1 M-1 .
i, (6 =5 Y (b n T €W, (65)
Under the condition that k = 1, Formula (65) is a calculation formula for the statistical
estimation iz, (t) = mlgﬁw (t) of the mathematical expectation me, (t) =m o (t) of the
ECG for processing on the basis of the periodic random process (see Figures 16 and 17).
Under the condition that k = 2, Formula (61) is a calculation formula for the statistical
estimation i1, (t) of the initial moment function of the second-order m,,  (t) of the ECG
T T

for processing on the basis of the periodic random process (see Figures 18'and 19).

The statistical estimation of the central moment function of the k-th order of the ECG
for processing on the basis of the periodic random process is calculated based on the
following formula:

S 1 M-1 A N A 1k
dk% =377 Yoo Cw(t+n-Taw) =g (t+n-Tw)]  t € We,. (66)
Under the condition that k = 2, Formula (62) is a calculation formula for the sta-
tistical estimation d;, () of the central moment function of the second-order (disper-
Tav
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sion) dng (t) of the ECG for processing on the basis of the periodic random process (see
Figures 20 and 21).

Me;,,

t), mvV
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0.00

-0.01
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-0.03

0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0 4.5
ts

Figure 16. Graph of statistical estimation of mathematical expectation of the ECG for processing on
the basis of periodic random process (lead I).

ig;, (t), mV
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Figure 17. Graph of statistical estimation of mathematical expectation of the ECG for processing on

the basis of periodic random process (lead II).
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Figure 18. Graph of statistical estimation of initial moment function of the 2nd order of the ECG for
processing on the basis of periodic random process (lead I).
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Figure 19. Graph of statistical estimation of initial moment function of the 2nd order of the ECG for
processing on the basis of periodic random process (lead II).
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Figure 20. Graph of statistical estimation of central moment function of the 2nd order (dispersion) of
the ECG for processing on the basis of periodic random process (lead I).
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Figure 21. Graph of statistical estimation of central moment function of the 2nd order (dispersion) of
the ECG for processing on the basis of periodic random process (lead II).

The statistical estimation Rzg (t1,t2) of the autocorrelation function Rzg (t1,t) of
Tao

the ECG for processing on the ba51s of the periodic random process is calculated based on
the following formula:

ﬁzgﬁw (tlrtZ) = m ’ Zn 0 [gw (tl +n- Tav) Cw (tZ +n- Tav)]: 67)

tl 6 Wclrtz E U WCm

where M;(M; << M)- the number of cycles in which argument t, gain value [47].
The statistical estimation (fz@ (t1,t2) of the autocovariation function C2§A (t1,t2) of
Tav Tav

the ECG for processing on the basis of the periodic random process is calculated based on
the following formula:

Cop, (h) = 5tay Dulo (Gt 1 Taw) =g (141 ot m))) - ©8)

(gw(tZ +n- Tuv) - mg (t2 +n- Tav))]/tl < WC1/t2 € U%;l Wcm

Graphs of the statistical estimates of the autocorrelation and autocovariation functions
of the ECG for processing on the basis of the periodic random process are presented in
Figures 22 and 23.

As can be seen from Figures 8-15, the estimated probabilistic characteristics of the
ECG based on its mathematical model in the form of the CRP, thanks to the adaptation
of our statistical estimation methods to changes in its rhythm, have a clear, non-blurred
time structure (the effect of blurring is practically absent). The opposite situation occurs
when applying methods for the statistical estimation of probabilistic characteristics of the
ECG based on its mathematical model in the form of a periodic (cyclostationary) random
process. Namely, as can be seen from Figures 16-23, there is a significant effect from
blurring statistical ECG estimates, since these statistical methods do not take into account
changes in the rhythm of the signal.

Additional indicators that illustrate the significant advantages of CRP over a peri-
odic random process are dependences of the average on the interval (0,1) of the sample
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standard deviation of the ECG from the number of averaged cycles, which are shown in
Figures 24 and 25.

RZ, (t1,t), mv2 C2, (t1,t5), mv2

(@) (b)

Figure 22. Graphs of statistical estimations of autocorrelation function (a) and autocovariation
function (b) of the ECG for processing on the basis of periodic random process (lead I).

ng,v(fll t;), mv? | E?,n(h. ), mv?

(a) (b)

Figure 23. Graphs of statistical estimations of autocorrelation function (a) and autocovariation
function (b) of the ECG for processing on the basis of periodic random process (lead II).

As can be seen from these figures, the average of the interval (0,1) of the sample
standard deviation of the ECG within the framework of the CRP is more than 10 times
smaller than the same values for a periodic random process, which additionally indicates
the rhythm-adaptive methods for processing cyclic biomedical signals based on their model
in the form of CRPs have a significant higher accuracy.

Let us demonstrate the practically oriented advantages of the CRP in ECG biometric
authentication problems, which is an important way to dynamically biometrically authen-
ticate humans, the methods of which, in particular, are described in [67-69]. The main
averaged characteristics of the effectiveness and time computational complexity of the
authentication of humans using eight different types of binary classifiers (statistical interval
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Ge(N), mV

classifier (sic), K-nearest neighbors, linear SVM, decision tree, random forest, multilayer
perceptron, adaptive boosting and naive Bayes) based on the estimation of the mathemati-
cal expectation of the ECG are presented in Tables 1-4. Note that the characteristics given
in Tables 1-4 are the averaged characteristics of 18 out of 20 people selected from the CEBS
database [66].

G¢(N), mV
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Figure 24. Graphs of dependences of the average on the interval (0,1) of the sample standard deviation
of the ECG on the number of averaged cycles for ECG processing on the basis of CRP: (a) lead I,
(b) lead II.
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Figure 25. Graphs of dependences of the average on the interval (0,1) of the sample standard deviation
of the ECG on the number of averaged cycles for ECG processing on the basis of periodic random
process: (a) lead I; (b) lead II.

As can be seen from Tables 1-4, the use of rhythm-adaptive ECG processing on the
basis of a CRP, compared to non-rhythm-adaptive ECG processing on the basis of a pe-
riodic random process, is characterized by a significantly higher level of effectiveness in
biometrically authenticating people. According to the characteristics of the time computa-
tional complexity of authentication algorithms, there are no significant differences between
rhythm-adaptive and non-rhythm-adaptive ECG-processing methods.

Table 1. The main averaged characteristics of biometric authentication of humans in case of applica-
tion of rhythm adaptive methods of ECG processing (lead I).

Classifier Type
SIC k-Nearest Linear Decision Random  Multilayer = Adaptive Naive
Neighbors SVM Tree Forest Perceptron  Boosting Bayes
Accuracy 0.977 0.999 1.0 1.0 0.992 0.993 1.0 1.0
Balanced Accuracy 0.978 0.999 1.0 1.0 0.992 0.993 1.0 1.0
F1 score 0.978 0.999 1.0 1.0 0.992 0.994 1.0 1.0
Training time (ms.) 0.81 4.98 15.09 82235 84.77 34.36 3790.3 673.49
Testing time (ms.) 3.96 28.81 2.34 63.21 2.26 3.31 3.05 11.99
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Table 2. The main averaged characteristics of biometric authentication of humans in case of applica-
tion of non-rhythm adaptive methods of ECG processing (lead I).

Classifier Type
SIC k-Nearest Linear Decision Random Multilayer  Adaptive Naive
Neighbors SVM Tree Forest Perceptron  Boosting Bayes
Accuracy 0.629 0.751 0.555 0.714 0.731 0.787 0.813 0.769
Balanced Accuracy 0.618 0.752 0.548 0.703 0.729 0.784 0.813 0.769
F1 score 0.384 0.719 0.529 0.644 0.705 0.761 0.802 0.761
Training time (ms.) 0.71 6.11 61.96 8888.9 160.55 37.49 6328.2 1118.8
Testing time (ms.) 3.73 23.59 13.47 67.44 1.22 3.48 5.46 18.01
Table 3. The main averaged characteristics of biometric authentication of humans in case of applica-
tion of rhythm adaptive methods of ECG processing (lead II).
Classifier Type
SIC k-Nearest Linear Decision Random Multilayer  Adaptive Naive
Neighbors SVM Tree Forest Perceptron  Boosting Bayes
Accuracy 0.979 0.998 1.0 1.0 0.992 0.993 1.0 0.994
Balanced Accuracy 0.979 0.998 1.0 1.0 0.992 0.993 1.0 0.994
F1 score 0.979 0.998 1.0 1.0 0.992 0.993 1.0 0.994
Training time (ms.) 0.62 4.23 13.31 4833.5 84.71 33.24 1960.1 683.45
Testing time (ms.) 3.15 22.52 2.19 68.62 2.08 2.95 2.14 11.06
Table 4. The main averaged characteristics of biometric authentication of humans in case of applica-
tion of rhythm adaptive methods of ECG processing (lead II).
Classifier Type
SIC k-Nearest Linear Decision Random  Multilayer Adaptive Naive
Neighbors SVM Tree Forest Perceptron  Boosting Bayes
Accuracy 0.663 0.738 0.552 0.705 0.717 0.792 0.797 0.777
Balanced Accuracy 0.648 0.741 0.547 0.694 0.718 0.791 0.796 0.777
F1 score 0.419 0.713 0.538 0.667 0.697 0.778 0.783 0.767
Training time (ms.) 0.61 4.49 62.01 9986.2 159.61 29.21 4615.9 1077.9
Testing time (ms.) 2.82 20.51 15.51 60.65 1.24 3.38 5.28 16.82

10. Discussion

The approach to the construction of CRPs developed in the work is based on the ideas
of category theory, that is not typical for the theory of random processes, in particular, is
based on the idea of a certain type of isomorphism between relational systems, the carriers
of which are certain segments of the random process. This made it possible to build a math-
ematical model of cyclic stochastic signals that simultaneously integrates the properties of
the investigated signals with both regular (stable) and irregular (variable) rhythms. Also,
the approach proposed in this work made it possible to carry out a formalization of cyclic,
phase and rhythm structures of cyclic stochastic signals.

Mathematical objects that represent cyclic, phase and rhythm structures provide a
wide range of mathematical tools that can be used as diagnostic and prognostic features in
the tasks of cyclic signal processing. In particular, all the features can be divided into two
large classes: the features of the morphological structure and the features of the rhythm
structure of cyclic signals. Morphological features are determined by the cyclic and phase
structures of a cyclic random process, and rhythmic features are determined by the rhythm
structure of a CRP. Morphological features complement rhythmic ones, and rhythmic
features complement morphological ones. The rhythmic structure, on the other hand, is a
carrier of another type of information about the oscillatory process, namely, information
on the unfolding of the cyclic phase structure in time, in reference to the time axis. Such
information in itself is a valuable feature in the tasks of analyzing the rhythm of many
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oscillating dynamic systems (biological, physical, economic, energetic and astronomical).
For example, this takes place in the tasks of analyzing heart rhythms, the economic system’s
own time, and in the tasks of analyzing and predicting the time of occurrence of recurring
astronomical phenomena (spots on the Sun, the pulse activity of stars, pulsars and quasars).
Without a clear mathematical description of such structures, it is impossible to solve similar
problems both at the theoretical and applied levels.

The cyclic structure of a CRP, in addition to its independent role as a fundamental
mathematical object in the tasks of modeling and processing cyclic signals, also plays a
purely methodological role as a class-forming property that is used as a structural reference
point in the task of establishing necessary and sufficient conditions of structural function
(rhythm function), which are given in Theorem 1.

11. Conclusions

In this work, for the first time in the literature, we proposed a procedure for construct-
ing a CRP based on the idea of isomorphism between relational systems, whose carriers
are certain segments (cycles) of the CRP. The CRP takes into account the cyclicity and
stochasticity of cyclic signals and has the effective means of taking into account both the
regularity and irregularity of the rhythm of cyclic signals. Mathematical objects that are
modeling the cyclic, phase and rhythm structures, in particular, the multidimensional cyclic
and phase structures of CRPs, are presented. The fundamental properties of and analytical
dependencies between the multidimensional cyclic, phase and rhythm structures of a cyclic
random process have been established, which are important for solving theoretical and
applied problems for mathematically modeling and statistically processing cyclic stochastic
signals with both regular and irregular rhythms.

Based on a series of experiments, the significant advantages of the CRP as a mathemat-
ical model of the ECG compared to the periodic random process are shown. In particular, a
significantly higher accuracy of the rhythm-adaptive methods of ECG processing based
on their model in the form of a cyclic random process was demonstrated. It is also estab-
lished that the use of rhythm-adaptive ECG processing on the basis of a CRP, compared
to non-rhythm-adaptive ECG processing on the basis of a periodic random process, is
characterized by a significantly higher level of effectiveness in biometrically authenticating
people.

The results obtained in this article significantly improve the theory of the modeling of
cyclic stochastic signals within the family of their consistent distribution functions, and,
thanks to the detailed formal representation of the multidimensional cyclic structure, multi-
dimensional phase structure and rhythmic structure of CRPs, open up new opportunities
to increase the informativeness of analyses of cyclic signals of various natures (biological,
physical, economic, energetic and astronomical) in modern systems for automated analyses,
forecasting and computer simulations.
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