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Abstract: This paper considers a nonlinear impulsive fractional boundary value problem, which
involves a y-Caputo-type fractional derivative and integral. Combining critical point theory and
fractional calculus properties, such as the semigroup laws, and relationships between the fractional
integration and differentiation, new multiplicity results of infinitely many solutions are established
depending on some simple algebraic conditions. Finally, examples are also presented, which show
that Caputo-type fractional models can be more accurate by selecting different kernels for the
fractional integral and derivative.

Keywords: critical point theory; differential equation; p-Caputo fractional operator; infinitely
many solutions

MSC: 35A15; 34B15; 26A33

1. Introduction

Fractional calculus is an old field in mathematic study fields and an expansion of
Newton Leibniz’s integral calculus; namely, it is the theory of integrals and derivatives
with arbitrary order. This subject dates back to 1695, when mathematician L'Hospital
asked Leibniz such a question: what d/2 /dx1/2 could mean. After that, fractional calculus
was developed only as a pure mathematical idea for a long time. In the most recent
decades, it has developed rapidly and shown versatility in different disciplines, such as
viscoelasticity [1], neural network [2,3], image processing [4], anomalous diffusion [5,6],
etc. Many scholars, like Fourier, Euler, Riemann, Liouville, and Hadamard, among others,
made great contributions by proposing new definitions and studying significant properties
for this subject. In 1993, Miller et al. established the fractional differential equations theory
and introduced several classical fractional operator definitions [7], such as the Hadamard,
Caputo, and Riemann-Liouville versions.

Fractional integrals: Define f(t) : [0, T] — R as an integrable function, v > 0; we have

Riemann-Liouville : R_ng+f(t) = 1,(17) /Ot(t — )77 f(s)ds, t € [0, T, 1)
t 71
Hadamard : ng+f(t) = F(lfy)/o (111:) @ds,t € [0,T]. ()
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Fractional derivatives: Define f(t) : [0,T] - R,n € N,n —1 < ¢ < n; we have

n
Riemann-Liouville : R_LDg+f(t) = (;) R_ngfy (1), 3)
Caputo : D, f(t) = RFII 7 (1), @)
n
Hadamard : HDg+f(t) = (t;t) HISIW (1). ()

Due to abundant forms of fractional operators [7-9], it is natural for people to put
forward new general fractional differentiations and integrations to unify such forms as a
single one. For this reason, the general type called thhe -Caputo fractional operator is
proposed in some related works [10-12], whose definitions contain a nonsingular kernel
depending upon a function, and the classical fractional integrals and derivatives can be
acquired by choosing special kernels. This new form can more accurately describe practical
problems, for instance, ref. [13] analyzed a population growth model, which showed that
different kernels were chosen such that the -Caputo fractional operator could model the
process of demographic change more accurately. Hence, this is a very rich topic, and the
theory of fractional differential equations with integrals and derivatives depending upon
kernels has broad prospects for further study.

Inspired by the groundwork mentioned above, we intend to study a new class of
impulsive fractional boundary value problems with a {-Caputo-type fractional derivative
and integral as follows:

DY (CDg M ui(t)) — ADy, f(t,u(t)) = 0, € [0, T], t # ¢},
ACDEP (AT u) (1) = Ly(u(t), ©
ui(T) = ui(0) =0,

wherei = 1,2,...,n,j=12,.... m0=ty<t; <...<tpi1 = T,u(t) = (ul(t),...,un(t)),
0 < a; < 1. The function (t) is increasing and satisfies with ¥ (t) € C1([0, T]), ¢'(t) # 0
forallt € [0,T], f : [0, T] x R" — R, with f(-,u(t)) € C([0,T]) and f(t,,...,-) € C}([R"]),
Iij € CY([R]); Ié: ¥ is the y-Riemann-Liouville fractional integral with order 1 — a;; CD‘;’f/}

and CDgi;w are right and left {-Caputo fractional derivatives with order «;, and D, f is the
partial derivative of f with respect to 1. We define the notation A by

i pl—a, i pl—a, i pl—a, -
AEDFY (I ) ) () = “DFP (1) (67) = CDR (I ) (1),

where

DR (1) (£F) = lim CDF (1,7 uy) (1),

T- ‘ot b T
i
o l—a, - ; i e
CD/;JP(I()J‘ lp“i)(tj )= tligl CD;{}](IMIX lpui)(t)'
j

The goal of this work is to deal with a new class of y-Caputo-type impulsive fractional
boundary value problems. Combining critical point theory and properties of fractional
calculus of thee -Caputo fractional integral and derivative, new multiplicity results of
infinitely many solutions are established for the problem (6). Recently, some achievements
available in the references discussed the existence and multiplicity results for y-Caputo-
type fractional boundary value problems via fixed point theorems [12,13], while few results
were based on variational methods, even though variational methods are effective ways for
studying the existence of solutions for fractional differential equations [14-18]. Moreover,
some simple algebraic conditions are applied in the paper instead of the conventional
asymptotic conditions used in previous articles because most nonlinear functions can
not adapted for these asymptotic conditions. It is noted that the y-Caputo fractional
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integral and derivative are able to reduce into some well-known fractional definitions by
changing the kernel function ¢ (t), such as Hadamard, Riemann-Liouville, and Caputo,
etc., which implies that the existence results concentrating on classical fractional operators
are generalized.

2. Essential Lemmas and Theorems
Definition 1 ([7,13]). Foranyt € [a,b], —o0 < a < b < 400, & > 0, ¢(t) is increasing on [a, b]
with Y(t) € C'([a, b)) and ¢'(t) # O; f(t) is integrable on [a, b].

(i)  Define

—9(x)" fx)dx,
LY f( / Y0 - p(0)f()dx

where I;X’fp f(t) and I?’fp f(¢), respectively, represent the left and right \-Riemann—Liouville (-RL)
fractional integrals of a function f with respect to another function 1.
Moreover, the {-RL fractional integrals satisfy the following semigroup properties:

LEIYE() = PP f), LY () = TPV, Ve, B> 0.

(i) For 0 < a < 1, define

¥'(
- r(ll— ) (¢'1<t>;t /;Wf) —9() Y () f (x)dx,
DY f(t) = ( l/;(lt) Li)z;‘“ YE(t)

- r(l_—lzx) (wlm ;t) /thx) — (1) Y (1) f(x)dx,

where Dgip f(t) and DZ’,w f (), respectively, represent the left and right y-RL fractional derivatives
of a function f with respect to another function 1.

(i) For 0 < a < 1, define

D10 = 17 (i )10 = Ty . (0 = 9 (e

D10 = (= S )0 = ey [ 00 = 900 ()

where CDZ;w f(t) and CDZ"_IP f(t), respectively, represent the left and right {-Caputo fractional
derivatives of f with respect to another function .

(iv) Foranya >0,n=[a]+1fora ¢ N,n=afora € N, and f(t) € C"([a,b]); we have

k
o) = D |10~ i o) — ) (s ) £@)] 7)
_1)k k
P £0) = D 1)~ S S 00 -0 () F® @

The -Caputo-type fractional derivative and integral are mainly dealt with in this paper.
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M; =

($(T))" maxep,r{'(t)} i — (ip(T))% maxefo {9’ (t)}

Remark 1. Some classical fractional derivatives are special cases of the 1p-Riemann—Liouville and
y-Caputo fractional derivatives. For instance, take {(t) = t in the p-Caputo fractional derivative
and P-RL fractional derivative: we can obtain the well-known Caputo (4) fractional derivative
and RL (3) fractional derivative, respectively. And we can also obtain the Hadamard (5) fractional
derivative by choosing y(t) = Int in the ¥-RL fractional derivative.

Definition 2. For any % <a;<1,i=1,2,...,n,t € [0, T|, we define the fractional derivative
space X,y by the closure of C3° ([0, T], R) with the weighted norm

T 2 T C iy 2 %
= ([ 1) Pt [ 1D o) P ar) o)

Apparently, Xy, y is the space of u;(t) € L*([0, T]) with an a;-order p-Caputo fractional derivative
Dy u;(t) € L2([0, T)) and u;(T) = u;(0) = 0.

||ui|

Remark 2. Based on (7), (8), and u;(0) = u;(T) = 0, we can obtain

Dyt ui(t) = Dy ui(t), CDFYui(t) = DYVui(t), i =1,2,.
Lemma 1 ([19]). Foranyi=1,2,...,n, Xy, is a separable and reflexive Banach space.
Lemma 2. Let % < a; < 1;forall ui(t) € Xy, y, we have

2 < o P (DN
e T(a;+1)

e < max;e(or{¥' ()} ((T))" 2 Copt
T )@ -1 +1)3

I°D5 Y il 2i = 1,2,...,m, (10)

uill2,i=1,2,...,n (11)

Proof. From Proposition 2.2 in [19], the conclusions can be easily obtained. O

For the sake of convenience, denote

, M; = —,i=12,...,n 12
I(a;+1) T()(2(a; —1) 4+ 1)2 l " (12

We can easily obtain that the norm defined as

1
2
4] := </ | D5 ui(t) 2 dt> YV u(t) € Xayy, i=1,2,...,1, (13)
is equivalent to norm (9). The norm (13) comes into effect hereinafter.

Lemma 3 ([19]). Suppose that any sequence {uy, } converges to u; in Xy, y weakly for % <wa; <1
Then, uy, — u; in C([0, T]) as k — oo, i.e., |[ug, — tjlloc — 0ask — 00,i =1,2,...,n

Now, define X = IT}! ; Xy, y with the weighted norm

n
ullx =Y Nillagr i € Xy, = (uq,...,un) € X. (14)
i=1

Evidently, X is a separable and reflexive Banach space.
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Lemma 4. Forany u;(t),v;(t) € Xu,p, i = 1,2,..., 1, we have
[ D3 o ) (i) (15)
_/ 0+ u 0+ Z)z dt_ le] )
Proof. Drawing upon the definition of the y-Caputo fractional derivative in Definition 1,
one has
/ ¥/ (D5 i O+“’vl< ) (16)
" i/ (x)dxd
et / Dy ui(B)(9(8) = () 0} (x)dxat
] 07t
+1 .
DI [ / o/ () DEE () () = 1)) ] ()
] 07t
—#2 [ ¥ @D ) () — () ey 0) 117
r(l - lX') =0 t ot : t=t;

Z/,/H ; [/ DG i (x >(¢<x)—¢<t))“fdx} v;(t)dt.

Then, taking advantage of the -RL fractional derivative and integral definitions, and based
on Remark 2, Equation (16) can be further written as:

i [/ DGV (x) (3 (x) - ¢<t>>“fdx] oi(t) =" 17)

- 2/,/Hd[/ (1) D ui(x ><¢<x>—¢<t>>“fdx}vi<t>dt

TTi-w)
m 1 T ’ w;, —u; ' t=tip1

=X |ri—ay [ @D 93) — p(0) (1) |
+/0T [F(lzx ¥/(1) dt / ¢ (x (t) Dy ui(x )dx]l,l/(t)vi(t)dt

Kl [ e ‘”“”_“"(ﬁm )] ae) [

— ;) Ji

j=0
+ [ DO w0 (o)

()i [ + [ DR (050! (st

:Z_CD o 0+

i
i=0

_Z D (I P ui())oi(e]) = DY (g w17 ) i)
+/ CDFP (CDyui(1))y! (t)o;()dt

= Iy(uatty)eit) + [ CDYF DR )y (et

j=1



Fractal Fract. 2024, 8, 305 6 of 15

Uniting (16) and (17), we obtain that
t/ DY (DL (1) (£yoi (1)t
_/ 0+u() 0+ Uz dt—zlz] )

for any u;(t),v;(t) € Xu;p, i =1,2,...,n. O

Lemma 5. For any (v1(t),...,va(t)) € X, ¥(t) is increasing on [0, T| with ¢'(t) # 0 and
¥(t) € CL([0, T)) if the following relationship holds:

i/Tlpl(t)cDgiw”i( O D oi(t)dt - iiﬂ; (£)
i=1"0 i=1j=1
n T
=LA [ DufCtue)y (it 18)

i=1
then we say u(t) = (u1(t),..., un(t)) € X is a weak solution of problem (6).

Proof. Firstly, multiplying both ends of the first equation of (6) with ¢’(#)v;(t) and integrat-
ing both ends from 0 to T simultaneously, then summing from i = 1 to i = 1, we can obtain
an equivalent form for problem (6). Combining with (17), we can obtain Equation (18). O

Consider the functional ¢ : X — R with

H|CDS Y u () [2dt — Lii(s)ds — A ))dt. (19)
z/w ) (€D i (1) gg/ (o)ds =2 [ g0 0,u(0)
Obviously, ¢ € C1(X,R) and
o)=Y [ 90D D o)t~ 1 Y By)or(h)
i=1

j=1li=1

Yy /0 D, f(,u(E)) ¢! (H)o; (B)dt, o), u(t) € X. 20)
i=1

It is not difficult to observe that the critical points of ¢ are the solutions of problem (6).

Definition 3. A function
n fj+1 2, € 2
ueu(t)= (ur(t),...,us(t) € AC([0,T],R )/t | ui(t) |+ | D0+ ui(t) |7 dt < o0,
j
i=12,...,nj= 0,1,...,m}
is a classical solution of problem (6) if u satisfies the first equation of (6) a.e. on [0, T)\ {t1,..., tm},

the boundary value conditions u;(T) = u;(0) = 0 hold, and the limits CDDT(iLlP(IS:“i’lPui)(t;“) and
€D (I1 “i¥ ) (t;) exist and satisfy the impulsive conditions of (6).

Lemma 6. The weak solution of problem (6) is also a classical solution of problem (6).
Proof. If u(t) = (uq(t),...,un(t)) € X is a classical solution of problem (6), it satisfies

the first equation in (6). Owing to the proof of Lemma 5, we can easily see that u(t)
is also a weak solution of (6). Conversely, if u(t) € X is a weak solution of (6), then
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u;(T) = u;(0) = 0 and (18) holds, i = 1,2,...,n. Without losing generality, we choose
a test function v(t) = (v1(t),...,va(t)) satisfying v;(t) = 0 for t € [0,t;]U[tj;1, T] and

v;(t) € C8°[tj, tj+1] ,j=12,...,mi=1,2,...,n Substituting v(t) into (18) and using
Lemma 4, we have

]

[ W O Dy Dy Pty =3 [ Dy f (a0 (or(o)ar

and

1 e « b1
/t, Dy (D5 ity et = [y (0 DG (0D o (1)t < e,

j j

which implies

DY (CDG " ui(1)) = A f(1,u(1), ¥t € [t tia ). (21)
Since u; € Xy, y C C([0,T]), one has
tit1
L7 ) P+ 1 SO () Pt < oo
]

From Definition 1, we can see

¢ (1) D7 (DG ui() =y/ (1) D3 (DG ui(1))

— T
:jtml,x)/t (¥(x) = ()" a%rgw u;(x)dx

d Cyip -9
_dt[DT10+ ()

Since y(t), f(t) € C1([0, T]), from (21), we have D5¥ I, “"u;(t) € AC([t;,

fj.1]), namely,
the following limits exist

ir 1 ir : ir 1- ir
CDF (1o V) (1) = lim DY (197 uy) (1),

t—tf T i
ir 1 ir 5 ir 1-a;,
D5 Iy i) (1) = Jim DR (1) (1),
j
Substituting (21) into (18), one obtains
T
/O wl(t)CDg+lp” (H°D 0+ vl t)dt — / sz 1/) 0+ Yu; i)' (t)vi(t)dt = le] (), (22)

fori=1,2,...,n. Due to Lemma 4, we know
T 1 C i ag P
0 ¥ (1) Dy i(H¢ Dy{"o;(t)dt
m
i pl—a, i pl—a, - -
= L D7 (o Ml )oilt) = D7 Iy e )oi(r7)
]:

+/0 DY Dy i (1)) ¢! (v ()t
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that is, )
X, —K;,
ACDFY (I ui) () = Tj(wilty)),
forj=1,2,...,m,i=1,2,...,n. Consequently, u;(t) satisfies the first equation, impulsive

conditions, and boundary conditions of problem (6). Thus, u(t) is a classical solution
of (6). O

Lemma 7 ([20]). Let X be any finite dimensional subspace of X. There exists a constant 1o > 0
such that
meas{t € [0, T] :[ u(t) [= nollull} = 1o, Vu(t) € X\ {0}.

Definition 4. X is a Banach space if functional ¢ € C1 (X, R) satisfies the Palais—Smale condition;
then, for each sequence, {uy }ren C X such that {¢(uy) } is bounded and klim ¢’ (ur) = 0 possesses
—00

a strongly convergent subsequence in X.

Theorem 1 ([21]). Assume X is an infinite dimensional Banach space; ¢ € C'(X,R) is an even
functional and satisfies the Palais—Smale condition and ¢(0) = 0. Suppose that

(i)  There exist r > 0 and 6 > 0, such that B, C {u € X | ¢(u) > 0} and ¢p(u) > 6 for all
u € 0By, where By = {u € X | [|ul| <r}; R
(ii)  For any finite dimensional subspace X C X, the set X N{u € X | ¢(u) > 0} is a bounded set.

Then, ¢ possesses infinitely many critical points.

3. Multiplicity Results

In this sections, some multiplicity results of infinity many solutions are investigated
for a new class of impulsive fractional boundary value problems (6).
Firstly, we introduce some essential assumptions for use in the remaining discussions.

Hy

f(t’”)‘z = co uniformly for t € [0, T], u = (uy,...,uy) € R";

( )Vz 1| —o0 Yy |ui

(H)0 < f(t,u) =o(X", | u; [*)as Y | u; |— O uniformly for t € [0, T];

(Hs) I;j(s) is odd and satisfies f()lli(tj) Lj(s)ds <0,i=1,2,...,n,j=1,2,..., m

(H4)There exist constants a;,b; > 0 and 7; € [0,1) such that | [;j(s) [<a; +b; | s [T, Vs € R,
i=1,2,...,n

(Hs)Forany u = (uy,...,uy) € R", f(t,u) = Y1, % S | u; |* —G(tu) with G(£,0) = 0, and

AME
N[N

Il
—_

(3) i |7< G(t,u) < Z#zluzl“”

where 0; € [0,2), w; € 0,2), 4; >0,i=1,2,...,n

Theorem 2. Assume f(t,u) = f(t, —u) and (Hy)—(Hy) hold. Then, the problem (6) possesses
infinitely many solutions in X.

Proof. Firstly, we prove that ¢ satisfies the Palais-Smale condition. Suppose sequence
{¢(uy)} is bounded and klim ¢ (1) =0, u(t) = (ugq(t), ..., ugu(t)). We claim that {u;}
— 00

is bounded in X. Indeed, assume Vi : |[uy|a;,y — 00(k = o), i = 1,2,...,n. Based on
(Hy), for any constant K > 0, there exists kg € N such that

n
Fltu(8)) > Y Nukillz, g VK > Ko (23)
i=1
Then,

Vk>ko t€[0,T]. (24)

[ ey 0 = (90 - 40D L
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In view of (Hy) and (12), we have

n m n m
22/ |1 (s |ds<ZZ/ Dai b |8 [ ds (25)
i=1j=1 i=1j=1 0
n m b
<33 [+ o)
i=1j=1 T
n _—
o L
<my [amuw bR ||Tl“}
> = iV | Uil a;, Ti+1 uj

Combining (19), (24), and (25) yields
1 < 2 < bi T,—i—l Tl+l
¢p(ur(t)) <5 max {¢' (O} Y Nukillz,p + Y m | aiMi g il + —— 1tk il
2 te[oT] i=1 i=1 T+ 1
n
—AMP(T) = p(0)K Y Nluill, 40
i=1

which implies that

) 1
Y luillfy, ) = {2 tG[O,T]{w (1)} = Ap(T) 1P(0))/C]

1 1
m[aM gl + =2y BT a5 ]

+ (26)
Z?=1 ||uk,l‘HlXi,lIl
Since T; € [0,1), |luk,ill (&, y) —> @ ask — 00,i =1,2,...,n, then
O 41 i+1
ol + T o
— 0,k — oo. 27)
i kil
Choose K large enough such that
1
5 max {¢/'(t)} = A(p(T) — (0))K < -2, (28)

tEOT

based on (26), (27), and (28), we see that ¢(uy(t)) < =21 4 ||ukl|| y e, P(ug(t)) —

—oo as ||u,ll (a;,4) = 1 =1,2,...,n, which contradicts that {(P(Mk)} 1s bounded. Thus,

{uy} is bounded in X. Since X is a reflexive and separable Banach space, we can obtain

ur — u® in X (up to subsequences); then, u; — u” uniformly in C([0, T]) owing to Lemma 3.
Since y(t), f(t) € C}([0,T]), I € C([R]), and kh_)rrolo ¢'(ur) = 0, we can obtain that

(47( k) = ¢ () (ue = u®) < ||/ (upe) [ x g — 101 x = @' (%) (ux — 1) = 0, k — oo,
12, 1[11(”?(t])) Lij (i (1)) g (£7) — 1w ()] = 0, k — oo, (29)
Pa A Jo @ () (Duf (e (1)) — Du f (£, u°(1))) (g (£) — u(8))dt = 0, k = oo,
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Concerning (20), one has

(¢ () — ¢ (u°)) (u — u?) (30)

1 Vi)~ I 0000 ~ s 1)
AL O 1)~ Da e ) ) — )
Combining (29) with (30) yields
Y [ ¥R i) ~ DU 0) DR 1) - ) 0, ko0,
that is,
¥ /0D ) ~ DR DR 1)~ )

BN

5 [ (Coit ) - b))

i=1

n
Z, 1n{1p O} Y lui —uf 3,
i=1

> min {¢/(6)} 5 g — 03,

t€0,T] n2 |

which means that ||u; — u°||x — 0, as k — oo. Thus, the Palais-Smale condition holds.

By means of f(t,u) = f(t,—u) and (H3), we can see that ¢ is even. Next, we will
prove that the geometric structures of Theorem 1 are satisfied with ¢.

Concerning (Hy), for any € > 0, there exists 6 > 0 such that

n

<e) |ut) % vZ|u )|<8,t€]0,T). (31)
i=1 i=
5 _
Choose r = mae I For any u = (uy,u,...,uy) € By,onehas |lu||x = Y/ |uilla;,yp <
Y B -
r= maa i (] Then, from (12), it yields that
° > il > 3o ] LY
> Y tillay = Y =il > ——————— Y i, (32)
maxi <<, {M;} ~ 5 M maxi<jcp {Mi} {5

ie, Y |luillo < 0. At this point, by using (19), (Hz), (12), and (31), we obtain

plu(t) 25 min {y'(0 }znulnzw Aezf {2 dt 3)

~ 2 t€(0,T]

> min {y/(1)} ; ]2, — Ae((T) — p(0)) iﬂfnuium

2 tefo,T)

1 P
2|5 min (9} = Ae(p(T) = $(0)) mmax (W17} | 33 . o € B
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min,cro 7 {¢' ()}

Choosing € = T —30) maxror (78]

, from (33), we obtain

1
plu(t) = 7 min {y'(t }zu R =5 min (40 nzzuuzual

€[0,1]

2 i (PO}l = 0¥ € B (39
Hence, B, C {u € X | ¢(u) > 0} and ¢p(u) > 4n2 miny o r{y'(t)}, Vu € 0B,.

In what follows, we claim that X = X N{u € X | ¢(u) > 0} is bounded for any finite
dimensional space X C X. Suppose that there exists at least one sequence {u;} C X such
that ||uy||x — co0 as k — co. Owing to ¢(uy) > 0 and (26), we have

0 < UL T mae (971}~ A9(T) ~ 9(O)K]

i kil ) telo,T]

9" 1 1
2y o+ e a2

+ (35)

i [luk || (i)

Choose K large enough such that %maxte[oﬂ{l/}’(t)} —A(Y(T) —(0))K < —2; then, in
P(u(t))
T kil )
is bounded. According to Theorem 1, the functional ¢ exists with infinitely many critical
points in X, which means that problem (6) exists with infinitely many solutions in X. [

view of (27), we can see that 0 < < —2—itis a contradiction. Therefore, X

Theorem 3. Assume that (Hz), (Hs) hold and G(t,u) = G(t, —u). Then, problem (6) exists with
3 maxge (o, {¥ ()} +1 minye o7 {y'(£)} )

infinitely many solutions with A € — ).
finitely mary e (9 ()it (77T 50T)—$(0) mavaren (E ]

Proof. Suppose {¢(uy)} is bounded and klim ¢ (ug) =0, upe(t) = (ug1(t), ..., upn(t)). We
— 00

claim that ¢ satisfies the Palais-Smale condition. Indeed, assume Vi : ||ug ;| (4, 4) — o (k —
0),i=1,2,...,n. Combining (19), (Hs), (H3), and (12), we have

1 n
() =5 min 19/} 1 blBg = [ 0O L5 uas) P ~Glo (0 )

te[0,T]

>3 min (0} 3 I~ APUT) = 900) 1§ il

teOT i i=1
+/\/ G(t, uy())dt
1 i1 &
>3 min 0} - A(T) —900) max { S ] 3 il
+/\/ G(t, uy (£))dt. (36)

mine o ) {¢’ (1)}
2(9(T)~(0)) maxs << { § M2}
generated. Namely, {1} is bounded in X. The residual proof for the Palais-Smale condition
is similar to Theorem 2, so we do not repeat it here.

Recall that {¢(ug)} is bounded and A < ; a contradiction is
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= 1 _ B _
Choose 7 € (O,W) For any u = (uq,up,...,uy) € By, we have |Ju||x =

n . ~ 1
ict [tillay < 7 < maxy<i<p {M;}

From (36) and (Hs), we obtain

A similar analysis with (32) results in Y ; [[1i]|e0 < 1.

np ~A / <
1

>3 min (000 St~ [ w015

1
> 5z min (001 (el )

te[0,T)

p(u(0) >3 min (0} 1

1 . o
:ggggywﬁﬂwm§ZQVueB%
Apparently, By C {u € X | ¢(u) > 0} and ¢p(u) > n2 min; ¢ OT]{lP (1)}, Vu € 9B;.

We claim that X’ = X' N{u € X | ¢(u) > 0} is bounded for any finite dimensional
space X' C X. Suppose that there exists at least one sequence {u;} C X’ such that
||u||x — o0 as k — oo. Due to (Hs), we obtain

[ voseueni= [Ty (25 1uF -cluw) )

2/0 w’(ﬂ(Zi‘ | ui * — Lo | |‘*’f)dt- (37)

i=1

Hence, consider (19), (25), and (37) and Lemma 7 yields

1 n n b ]
0 < plui(t)) <5 max {y'( )}Zl\uk,i aop 2 m | aiM | VT faag g7
zt €[0,T i = —|—1 iy
n
—/\/1.” ( 2y | —Zﬂi|uk,i|wi)dt
i=1
<1 max )}Znuk-z N | ity + 2 R g 51
Zt [ 4 Allag,p Pt il T +1 wi P
F O~ O L W iy =115 [ Ol
1maxw OFY. Py + 3 [aMnukl L/ ST fzﬂ
2 tefo,1] ey T T +1 e p
n
Wi i é
(T) = p(O)A L i Iy — A min {y'( )]’Zi’??””k,iﬁi,wr (38)
i=1 i=1

where Oy, = {t € [0, T] <[ ug;(t) |> illuy s

a;p} with meas{Qy, ;} > 77;, which shows that

i m {ﬂiﬁiﬂukﬂ

T b; MT1+1 T,+1:|
¢(”k(t)) 1 ’ app T T || sz
O T TwIE, <3 max {y/ (1)} +
i=1 1

t€[0,T] i flui Hle-,lp

(p(T) —p(0)ALL 1% (17791 e

Béii,lp .
— A min min
> min (9/()} min (S},

Y lluki
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Since 7; € [0,1), w; € [0,2),i =1,2,...,nand |jug||x — o0 as k — oo, then

-~ 1 1
iy m | ai Mg il a;,p + TJ’rlMT’+ ek i Zﬁp
— 0, k — oo, (39)
i il
T) — p(0)A Y0 i M g ;]|
((T) —( )n) i1 #21 i il L0, ko oo 0)
Yiq ”uk,i i
Recall that A > 2o (¥ (0} 41 —; then,
- minte[o,r]{ll’/(f)}mimgign{%”??}
1 i 3
5 max {¢'()} — A min {¢'(t)} min {Z S < —L (41)

2 te0,1) €[0,T] 1<i<n

Combining (39)—(41), we obtain

__elu®)

0< <
Z?:] Huk,i ii,tp

as k — 0; a contradiction is generated here. Namely, X’ is bounded. We can obtain that
the functional ¢ exists infinitely many critical points from Theorem 1, which shows that
problem (6) possesses infinitely many solutions in X. O

4. Examples
Example 1. Consider the system

CDEM(CDg“ 1(t)) = ADu, f(t,un(t), uz(t)),t € [0,1],t # £y,
CDY (CDYP us(t)) = ADuy f (£ un (8), ua(1), £ € [0, 1), # 11,
A( D06t(104t )) t

s (t1) = I (ua(tr)), (42)
ACDYH (102 12)) (1) = I (u2(t))
ul(O) = M](l) = O,uz(

where a1 = 0.6,ap = 0.8, Y(t) = t, t € [0,1]. From Definition 1, it is easy to observe that
system (42) is equivalent to the classical Caputo fractional differential equation. Define

(u3 +u3)?, uf +u3 < 11
20uF +u3)> — (ud +ud)z, ud +u3 > 1,

ftug,up) = (1+ ){

and
1

11 1
(i (k) = —5up, I (ua(h)) = =33

Obviously, Iy and Iy are continuous odd functions and satisfy (Hz) and (Hy), f(t,uq,up) is
continuous with respect to t and continuously differentiable with respect to uy, up, and satisfies
(Hy) and (Hy). From Theorem 2, we can say that system (42) exists with infinitely many solutions.
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Example 2. Consider the system

1y

CpYort (CDO(’G% up(t)) = ADy, f(tug (£), ua (), uz (), t € [0,1],t # t1,

CpY7oet t(CDO75€1° up(£)) = ADy, f(t, ur (£), up(£), us(t)), t € [0,1], # t1,
CpY8et (CDOS“O 3(1)) = ADus f(tur(t), ua(t), uz(t)), t € [0,1], ¢ # ty,
ACDyor™ <I°4*° ) () = (i (1)), “3)

(
A(CDOW10 (Iom10 uz))(t1) = ha(uz(ty)),
(

\»-x

—

1

A(CD(l)fg'eTJ (Ioze10 3))(t1) = a1 (us(tr)),
u1(0) = ”1(1) = 1(0) = uz(1) = u3(0) = u3(1) =0,

where a1 = 0.6,ay = 0.75,a3 = 0.8, P(t) = et0t, t € [0,1]. Define f(t, uy,up,uz) =

2 2 .
Y3 2u? — X3, 3|ui|3, where 1 = {p = {3 = 4, G(t,uy, up,u3) = Yo, 3|u|3. Oboi-
ously, f is continuous with respect to t and continuously differentiable with respect to uy,uy, us,
G(t, —uy, —up, —uz) = G(t,uq,up,uz). Choosing o; = w; = %, ui =4,i=1,2,3, then

2?21(%) | ui %< G(t,uy,up,uz) < X5 pi | ui | Define Iy (u1(ty)) = 21«11, Ip1(ua(ty))

1 1
= —%uf, I3 (us(ty)) = —%ug. Then, 111, I»1, and I3y are continuous odd functions and sat-
isfy (Hs). 1
By direct calculations, max;c(o 1) ' (t) = et ,mingepq ¢’ (1) = L, and

. % l0((3%)11*0 - % i0((2%)% %611*0(611*0)%
My = —————- = 0.6762, M, = I ~ 0.1308, M3 = 5.1~ 01263
r(0.6)(5)2 r(0.75)(3)2 r0.8)(z)2
Take 11 = 112 = 13 = 10, then
2%6% +1 %

A€

, ~[1x1072,52x1071).
200 "p(em — )2M2>

Consequently, from Theorem 3, we can see that system (43) exists with infinitely many solutions
with A € [1 x 1072,5.2 x 1071).

5. Conclusions

This article dealt with a nonlinear impulsive boundary value problem involving
the more general {-Caputo-type fractional derivative and integral. Drawing upon some
simple and easily verifiable algebraic conditions, we established relationships between a -
Caputo-type fractional boundary value problem and critical point theory, and obtained new
multiplicity results of infinitely many solutions for problem (6). This work completed the
extension of some existing results in terms of the equation form and assumption conditions.
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