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1. Introduction

This work concerns the existence of multiple normalized solutions for the following
Choquard equation involving fractional p-Laplacian in RN of the form:

(=8)5u + B(@x) [ul?2u = AlulP~2u + |

/N |u|Pdx = aP,
R

where @ > 0,a > 0, « € (0,N), A € R is a Lagrange multiplier, ¢ is a continuous
differentiable function with LP-subcritical growth, and B : RN — [0, o) is a continuous
function satisfying some appropriate conditions. B (x) is a sphere with the center x and
radius ¢, and the fractional p-Laplace operator (—A)j, is defined by

FILaC * G(u)}g(u) in RN,

(1)

u(x) —u P=2(u(x) —u
ju(x) |<Z>|y|15ﬂ<”> (1) 4, (x BV

(=A)5u(x) = 21lim /
e—0
RN\, (x)

Our research on problem (1) is based on theoretical and practical application research.
First, the equations with p-Laplacian occur in fluid dynamics, nonlinear elasticity, glaciol-
ogy, and so on; please refer to [1,2]. When p = 2, problem (1) comes from the research of
solitary waves for the following fractional Schrodinger equation

i?Tlf = (—AP¢+Bx)y — G()p(L +g(y)) inRY, ®

where 0 <'s <1, (—A)* is the fractional Laplacian, i denotes the imaginary unit and (x, t)
is a complex wave. The standing wave is a solution of the form 9 (t, x) = e "*B(x), where
A € Rand u : RN — R is a time-independent function that satisfies the following equation:

L «G(u)] g(u) in RN, 3)

(=A’u+ B(x)u = Au+ [MT
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Fix A, the energy functional &, : H!(RN) — R corresponding to problem (3) is defined by
1 [ 1

() = %/RN(Wu\Z—k(B(x) — D)lu?)dx 2 e « G ()| Glu)dx.

2 JrN
In recent years, many papers have been published concerning the existence and multiplicity
of solutions for this case. For instance, Ambrosio [3] studied the following equation with
the potential function of the form:

N[ 1
€®(—A)*u+ B(x)u =N [W * G(u)}g(u), (4)
where 0 < s < 1 and g have subcritical growth. They obtained the concentration and
multiplicity of positive solutions to (4) using the Ljusternik—Schnirelmann theory and
the penalization method. Moreover, Ambrosio [4] investigated the following fractional
Choquard equation involving the fractional p-Laplacian operator:

1
SP(_A\S p—2, — H—N|_— : N
eP(=A)pu+ B(x)[ulf~*u=e [|x|ﬂ *G(u)]g(u) inRY,

uecWsPRN), u>0 in RN,

)

Under the suitable assumptions, they can also obtain the multiplicity and concentration
of positive solutions to problem (5). For critical growth cases, please see [5-7]. For the
supercritical growth case, Li and Wang [8] obtained the existence of a nontrivial solution to
p-Laplacian equations in RN using the Moser iteration and perturbation arguments. For
more interesting results, see [9-12] and their references.

For another, from a physical point of view, some authors are interested in finding
solutions to problem (1) with prescribed mass

|u|Pdx = aP fora > 0. (6)
JRN

Under this circumstance, the parameter A € R is the Lagrange multiplier, which relies on
the solution and is not a priori given. In our study, we intend to establish the existence of
multiple weak solutions to problem (1). Here and after, by a solution, we always mean a
couple (u, 1), which satisfies problem (1). We refer to this type of solution as a normalized
solution since condition (6) imposes a normalization on the LP-norm of u.

In the local case, i.e., s = 1, the fractional Laplace (—A)® reduces to the local differential
operator —A. In recent years, for some special forms of problem (1), many authors have
obtained the existence, multiplicity, and asymptotic properties of normalized solutions
under different conditions by various methods. For example, when p = 2, B(x) = 0 and
s = 1, some authors have studied the following nonlinear elliptic problems:

—Au=Au+g(u) inRY,
/ lu|?dx = a?. @
RN

Jeanjean [13] used mountain-pass geometry to study the existence of normalized solu-
tions in purely L2-supercritical. Cazenave and Lions [14] showed the orbital stability of
some standing waves in nonlinear Schrodinger equations when g(u) = |u|P~1u for three
cases. For the general case of g(u), with a scaling argument, Shibata [15] studied (7). If
g(u) = ulu|T%u + |u|P~2u, Soave [16] studied the existence and properties of solutions
to the problem with prescribed mass for the L2-supercritical case with subcritical Sobolev
growth. Moreover, they also gave the new criteria for global existence and finite-time
blow-up in the associated dispersive equation. For the critical case, Jeanjean and Le [17]
considered a class of Sobolev critical Schrodinger equation, and they proved the existence
of standing waves that are not ground states while located at a mountain-pass level of the
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energy functional. Furthermore, when time is finite, these solutions are not stable because
of blow-up.

Fors # 1and B = 0, Yu et al. [18] considered the following mass subcritical fractional
Schrodinger equations:

—A)Yu=Au+[ulP72u inQ,
u=20 in 80, (8)

wheres € (0,1),2 <p <2+ %, Q C RV is an exterior domain with smooth boundary

satisfying RN\ () contained in a small ball. For any a > 0, they not only used barycentric
functions to show the existence of a positive normalized solution but also used the minimax
method and Brouwer degree theory. Moreover, if () is the complement of the unit ball in RN,
for any a > 0, they established the existence and multiplicity of radial normalized solutions
according to genus theory. If we consider the case of whole space, Luo and Zhang [19]
studied the fractional nonlinear Schrodinger equations with combined nonlinearities under
different assumptions on parameters, and they proved some existence and nonexistence
results about the normalized solutions.
Then, for p = 2, B(x) # 0, there is some literature devoted to these problems:

{ (—=A)u+B(x)u = Au+g(x,u) inRN, o
9

lu|?dx = a®.
RN

If B and g satisfy some suitable assumptions, Ikoma and Miyamoto [20] proved the
L?-constraint minimization exists and a minimizer to problem (9) does not exist. If g(x, u) =
h(ex)f(u) in problem (9), Zhang et al. [21] showed the existence of normalized solutions
depends on the global maximum points of i when ¢ is small enough. For g(x,u) = |u|P~2u,
Peng and Xia [22] used a new min—-max argument and splitting lemma for the nonlocal
version to overcome the lack of compactness and proved that there exists at least one
L?-normalized solution (u,w) € H¥(RN) x R* of problem (9).

However, for the case p # 2, as far as we know, the results about the normalized
solution of the p-Laplacian equation are relatively few. Wang et al. [23] considered the
following p-Laplacian equation:

—Dpu 4 AMulP~2u = pu+ [ul*~2u in RN,
(10)

27 _ 2
/]RN|u| dx = p%,

where —A,u = div(|Vul'2Vu), 1 < p < N, p € R,s € (N2p,p), p* = & is the
critical Sobolev exponent. They proved that problem (10) has a normalized solution with
constrained variational methods. Zhang and Zhang [24] is the first paper to study the
following p-Laplacian equation:

{ ~Apu = AulP =20+ pluft2u+ g(u) inEY, a1

Pdx = of
[ lulPax = o,

where N >2,0>0,1<p<qg<p:= p—i—p—]\?,y €R, g€ C(R,R)and A € RisaLagrange
multiplier. They used the Schwarz rearrangement and Ekeland variational principle to
prove the existence of positive radial ground states for suitable . Recently, Wang and
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Sun [25] considered the following p-Laplacian equation with a trapping potential B(x) of
the form:

{ —Apu+ B(x)|[ulP~2u = AMu|"2u+ |u172u in RN,
(12)

N |u|"dx = ¢,
R

wherel < p < N,p >0, r=por2 p <g < p*and A € R is a Lagrange multiplier.
The trapping potential B is a continuous function with B € C(RN,R) N L*(RN), B(0) = 0
satisfying

(A)0 = inf B(x) < liminf B(x) = Be.
x€RN |x|—+00
When r = p, they showed that problem (12) has a ground-state solution with positive
energy for ¢ small enough. When r = 2, the authors also showed that problem (12) has at
least two solutions, both with positive energy, where one is a ground state and the other is
a high-energy solution.
Thin and Radulescu [26] first considered the following fractional p-Laplace problem:

{ (—A)5u + B(@x)[ulP~2u = Alu|P~2u + g(u) inRN,
(13)

/RN |u|Pdx = aP,

where (—A); is the fractional p-Laplace operator, p > 2,a > 0, @ > 0, A € Risan
uncharted Lagrange multiplier, the potential function B verifies condition (B), and g is a
continuous function with LP-subcritical growth. They proved the existence of multiple
normalized solutions using the Lusternik—-Schnirelmann category.

Inspired by the above literature, in this paper, we intend to prove the existence of
multiple normalized solutions for a Choquard equation involving fractional p-Laplacian
and potential functions. As far as we know, there are no results about the existence of
multiple normalized solutions to problem (1). In order to give our main results, let us
fix some notations and also assume that the nonlinearity g is a continuous differentiable
function and satisfies the following growth conditions:

p(N+a) p(N+a)+ p?s
2N 2N

(g1) gisan odd and continuous function, for g € (

8 (t)]

such that lim = Q.
t—0 |if|‘7—l

), s € (0, 400)

p(N+a) p(N+a)+p3s

(g2) There are two positive constants c1, c; > 0 and p € ( N N ),

t € R such that

18()] < c1+catP (14)

!
(g3) Thereis g; > & such that (Lﬂ) > 0 forallt € (0, +00).

111
(g4) There exists 6 > 2p such that 2¢(t)t > 0G(t) > Oforall t > 0, where G(t) = fot g(T)dr.

In the present paper, we intend to prove the existence of multiple normalized solu-
tions for problem (1) involving the nonautonomous case, i.e., the case B # 0, with the
Lusternik-Schnirelmann category of the sets M and M; given by

M={xeRN:B(x)=0}

and
Ms = {x € RN : dist(x, M) < 5}.

Here, we mention that if Y is a closed subset of a topological space X, and the Lus-
ternik-Schnirelmann category catx(Y) is the least number of closed and contractible sets in
X that cover Y. If X = Y, we use cat(X) instead of cat(Y). For more details, see Willem [27].
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Now, we are ready to state our main results in this paper.

Theorem 1. Let g satisfy conditions (g1) — (g4) and B satisfy condition (B). Then for each 6 > 0,
there exists @9 > 0 and B, > 0 such that problem (1) admits at least cat (M) couples (uj, Aj) €

WP (RN) x R of weak solutions for 0 < @ < @g and |B|e < B while/N luj|Pdx = aP, A; <0
R

and Jo(u;) < 0. Additionally, when ug is one of these solutions, { is the global maximum of
||, satisfies

lim B(@w(p) = 0.

@—0

Remark 1. Compared with the previous literature, our paper has the following characteristics:

(1) When p # 2, the operator — A, is no longer linear, which leads to some quite different properties
from the classical Laplacian operator —A. For example, for the case p = 2, the equation

—Apu + lulP~2u = |u)72u in RN

has a unique positive radially symmetric solution (see [28,29]), but in general cases, we
know that this fact holds only for 1 < p < 2 (see [30,31]), and it is still unknown for
2 < p < N. Moreover, because of the nonlinear character of — A, the approach in Moroz and
Van Schaftingen [32] becomes not simple for p-Laplacian operator — A, with p # 2.

(2) Unlike Li and Ye [33], we do not consider Hilbert space, and we cannot use some properties.
For example, Wang et al. [23] use the workspace WP (RN) N L2(RN) which is a Hilbert
space. The workspace is Hilbert space and very important for Wang et al. [23] because they
need the direct-sum decomposition.

(3) Due to p # 2, it is difficult to prove that x - Vu € WP(RN) for the nonlinearity of
the operator (—A);, and its nonlocal character. Meanwhile, it is also hard to deal with an
integration by parts formula for (—A)j,. Moreover, we cannot directly adopt these methods

in [24-26] due to nonlocal term [ﬁ * G(u)|g(u). Therefore, we need to develop new
techniques to overcome this difficulty and the loss of compactness due to the unbounded regions.
(4) The nonlinearity g has LP-subcritical growth, so we need to estimate the mountain-pass level
situated in a suitable interval when (PS) condition holds. To use the Ljusternik—Schnirelmann
category theory, we establish some lemmas and technical results. Compared to the work by
the authors in [26], the difficulties raise the Choquard term. We overcome this using the

Hardy-Littlewood—Sobolev inequality and some new technique analysis steps.

Remark 2. Our work is independent from [34]. Indeed, Chen and Wang studied problem (1) as
@ = 1and g has exponential growth in the Trudinger—Moser sense, and they did not study the
multiple solutions. In our work, we study the nonautonomous problem and g has subcritical growth.
We mainly use the Lusternik—Schnirelmann category to obtain multiple solutions. We also do not
use the genus method as in He et al. [35] to obtain multiple solutions.

Remark 3. In different research fields, we have different definitions of fractional operators and differ-
ent applications. Here, we give some examples. In physics, Maheswari and Bakshi [36] mentioned a
general time-fractional differential equation defined by (0“v/0t*) = F[x,v, Ux, Uxx, Uxxx|, by using
the invariant subspace method. For different equations with different operators of F, they obtain
various solutions. In quantum mechanics, by using a method with the parameters of the system and
Riemann—Liouville definition of the fractional derivatives, Al-Raeei [37] considered the Schridinger
equation for the electrical screening potential and obtained the amplitude of the wave functions
for multiple values of the spatial fractional parameter. In kernel dynamics, Al Baidani et al. [38]
considered magneto-acoustic waves in plasma. In a manner of Caputo derivatives, they studied
the Caputo—Fabrizio and the Atangana—Baleanu derivatives. Finally, they obtained the solution
calculated as a convergent series, and it was demonstrated that the NTDM solutions converge to the
exact solutions. There are many applications of fractional order operators, and we will not give any
examples here.
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The paper is organized as follows: in Section 2, we consider the autonomous case
associated with problem (1). In Section 3, we consider the nonautonomous case and give
the corresponding energy functional. Moreover, to obtain the multiplicity consequence,
we verify the Palais-Smale condition and establish some tools and lemmas. Finally, in
Section 4, we give the proof of Theorem 1.

2. The Autonomous Case

In this section, we consider the autonomous case corresponding to problem (1). First,
we list some notations for readers to study.

It is also known that the fractional Sobolev space W (RY) is a uniformly convex
Banach space equipped with the norm

aallP = Nl gy + [l

|u(x) —u(y)|P
sp—//RZN |N+sp dxdy

el any = [ Il

Then we give a statement of Lions’s theorem:

where

and

Lemma 1 (Ambrosio [39]). Let N > sp and r € [p, pi). If (un) is a bounded sequence in
WP (RN) and let

lim sup |un|"dx =0
”_ﬂ’oyeRN Br(y)

for some R > 0. Then, uy, — 0in L1(RN) for all g € (p, p?).
Lemma 2 (Lieb and Loss [40]). Forr,t > 1,0 < u < N be such that % + &+ % = 2. For

g € L"(RN) and h € L'(RN). We have a constant C(r, N, u,t) > 0 which does not depend on g
and h such that

[ [ S gy < N, Dl ol ey
RNRN
Ifr=t= 5N T , for G(u) = |u|1, we can see
[l # Glalg )
EE g
RN

is well defined on Lf(RN) for t = ZI%,NH

Now, we consider the autonomous case corresponding to problem (1), i.e.,

e A ) T L
15
/ |u|Pdx = aP
RN
where ;1 > 0,2 > 0, « € (0,N), and A is a Lagrange multiplier, which is an unknown
parameter.

We denote the energy functional associated with problem (15) as follows:

// )lpdxdy+y/ \u|”dx) ! { L *G(u)}G(u)dx
R2N |x_y‘N+sp 2 |x|N71x
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restricted to the sphere S(a) and

S(a) = {u € WPRN) : [ull @) = a}.
Lemma 3. The energy functional T,, is bounded and coercive on S(a)

Proof. According to (g1) — (g3), there exist C1,C, > 0 such that

IG(£)] < C1|t]7 + Cot[P, Vit € R.

Then by the Hardy-Littlewood-Sobolev inequality in Lemma 2, we have

/RN {lei’“ « G(u)}G(u)dx < CN,Q((/RN \G(u)lwzf«lfadx) N{,ﬂ.

Thus, there exists a suitable constant C > 0 such that

/]1.@1\1 {Miftx *G(u)}G(u)dx < CK/RN |”|%dx) Nla . (/RN |u|%dx) Nﬁa].

Because C§°(RV) is density in W7 (RV) for all u € W?(RY), the fractional Gagliardo-
Nirenberg inequality (Nguyen and Squassina [41], Lemma 2.1) gives us

1
0 ey < Cllull ) [#155,

where 7 >0,0<a<1,C=C(s,N,7) > 1and

Then, T = Nflzps € [p, pi] and we deduce

N+a ) +a TaN_HX
||uHLT RN) S || HLp(]RN) [u]s,p N ’ (16)
2
where Ta®F% = p, thena = £ IYM S0T =p+

We can apply (16) for T = m, thus

N+a

Nta
2Ng N 2Nga
([, 1) © <.

on§(a) = {u € W (RY) : [l Lp(mnvy = a}, where Cy > 0is a suitable constant depending
on a. Since g € ( p(N+a) p(N-+a)+p’s

N s ), then ZN[’a < p,where a = M(1 N
there exists C, > 0 such that

2Np 2%5& 2Npa
([, ) © <cn,

(17)

5~ 2o ) Similarly;,

(18)
Hence, we have
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1 1 1
Ty(u) = ;([u]fp +u/ ulPdx) — 5 . [IxIN*“ # G(u) | G(u)dx
1 1 N 28
> ?<[u]fp+y/ |u|pdx) _ECK/RN \u]N+adx> A </]RN ‘u’N+adx> N }
2Nga 2Npa
1 1 1
> (1l e [ uldx) = SCC N = 2 CCalul,,N
1 2Nga 2Npa
Z E[u]glﬂ — Galuls P C4[u}s,pN . (19)

Since q,p € (p(g];]r“), p(NJ;”;\;JFPZS), then 0 < ZN% < p, for t; € {p,q}. Above all, we prove

the coercivity and boundedness of 7, on S(a). [

Thus, we obtain the existence of

T,o,= inf Z,(u).
M= esa) ()

Then, we show some properties of Z, in relation to the parameter p > 0.
Lemma 4. There is a constant By > 0 such that Ty, ;(u) < 0 when 0 < p < B,.
Proof. Fix a function g € L*(RN) N S(a), ug > 0 and let

(g, t)(x) = e%uo(etx) forall x ¢ RN andall t € R.

Obviously, we have
/RN | (g, ) (x)|Pdx = aP.

For any fixed t >> 0, let
1
L(m) := /RN /RN {7|X|N—a * G(muo)}G(muo)dx for any m > 0.

By using (g4), for any m > 0, we have

dL 1 ,
am (/RN [W *G(muo)}G(muo)dx>
2 1
T Jry {|x|N7a * G(muo)}g(muo)muodx
0
Nt

Thus, integrating this on [1,e 7 |, we have

Nt Nt

L(e?) = L(1)(e?)’

which yields

Nt Nt 1

/]RN [Mila * G(eTMO)} Gle? ug)dx > eNTte /RN {W * G(uo)} G(ug)dx.  (20)
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Note that
(uo, ) ) — Ao, WP o pst |uo(x) — uo(y)|¥
//}RZN |N+5P dxdy = e //RZN |N+SP dxdy
and so,
Nto
Nty paP e 1
T (o, 1)) < = olly + 55 = = [ [ Gl | Gl

NtG

Since 6 > 2p, we have > 2Nt > Nt, so increasing |t| if necessary, we deduce that

Nto
P evr 1

2 RN [W * G(”O)} G(”O)dx = Q;<0.

Thus,
pat
Tu(H (ug, 1)) < Qi+ =

Then, take B, > 0 such that
< 0.

Therefore, if 4 < B, then we derive that for any i € [0, B,),
T (A (uo, t)) <0,
02y, <0. O

Lemma 5. There exists a constant C > 0 and ny € N such that

(un(x))
/RN /RN |x— ‘N Z dxdy > C forall n > ny.

Proof. If we assume that there exists a subsequence (1), still denoted by itself such that

G(un(x))
/]RN/]RN |x_y|N o dxd]/ﬁo asn — —+oo.
Then, we have
G(un(x))
0> Iy,ﬂ +07’l( ) I}l un = \/RN /RN ’x — y|N*lx dXdy

This is a contradiction. Therefore, we obtain the proof of Lemma 4. [
aP

Lemma 6. Let u € [0,By) and 0 < ay < ay. Then, IM 0y < Ly <O0.
ay

Proof. Since ||u(x)| — |u(y)|| < |u(x) — u(y)| for all u € WP (RN), we obtain

[fu(x)| = [u(y)[IP W)l
//sz |x — y|N+sp dxdy<//RZN |N+sp Ty —yNtep XY

Therefore, Z,,(u) > Z,,(|ul).
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Fixing ¢ > 1 such that a, = da; and (u,) C S(a1) be a nonnegative minimizing se-
quence with respect to the Z,, 4,, which exists because Z,, (1) > Z,,(|u|) for allu € W#(RN),
i.e.,, when n — 400,

Ty(tn) = Lyay-

Letting u, = duy, then u, C S(az). From (g3), when t > 1 and I > 0, we obtain
G(tl) > t1G(l).
Therefore,

Ty < Ty(un) = Ly (Suy)

o)~ p
//RZN y|N+5p dxdy+y/RN|l9un| dx)

{ 1
2 RN |x|N o

:ﬂPIM(un)—f—fﬂp/ /RN |x— |N”’;( ) dxdy

(Sun(y))G(Buy(x))
Z/RN/]RN |x— D

< 0T, (un) + — 82m) /RN/RN Ix— |N”’;( ))dxdy. (21)

* G(ﬂun)] (V1) dx

When ¢ > 1,24, > p, we obtain
o — 921 < 0.

By Lemma 5, fix n € N large enough, we have
Tuay < 0Py (1) + %(19*7 — 9% C.
Let n — +o0, it is easy to obtain
Tyay < Ly + (08 — 021)C < VT, 4,.

Then

ay
S Lyay < ZLya-
T

This completes the proof of Lemma 6. [

To overcome the loss of compactness, on S(a), we establish the next theorem that will
be used in the autonomous case and the nonautonomous case.

Lemma 7. We fix u € [0, B.) and (u,) C S(a) To be a minimizing sequence with respect to Z,.
Hereafter, either
(i)  (un) is a strongly convergent sequence,
or
(ii) for (yn) C RN and |y,| — oo, the sequence wy (x) = uy(x + yy) is strongly convergent to
the function w € S(a) and T),(u) = T, 4.

Proof. Let us prove it by contradiction. According to Lemma 3, for some subsequence in
WP (RN) we have u,, — u.If [ullLprny = b # aand u # 0 then b € (0,a) and we use the

Brézis-Lieb lemma [27],

||unHLp(RN) ||Mn uHLp(RN) + ||MHZ;¢(RN) +0"(1)
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Moreover, as the same argument in Chen et al. [42], we have

/RN /]RN |x_ |N @ D dy —/RN/RN |xy_))cl31\(](b;n—u)(x))dxdy
+/]RN/RN |x_))y(|;zggc Dty +o04(1),

Setting uy = uy —u, dy = |lun||prv) and supposing that |[uy[;pgry) — d for n large
enough, we have a? = b? + dP and d,, € (0,a). Thus,

Zya +0n(1) = Ly(un) = Ly (un) + Lu(u) +0u(1) > Zy 9, + Ly p + 0a(1)
while combining Lemma 6, we deduce

4
Iy,a + On(l) > Q%IH"I + Iﬂlb + 011(1).

Fixing n — oo, we have
T > 10+ T, 22)
ab
Because b € (0,4), together with (22), Lemma 6, one has
ar P

I]/l,ﬂ > ﬁIy,g + ﬁIy,a == I]/l,ll

which is absurd. Therefore, [|ul|;»gy) = 4, thatis u € S(a).
Since ty — t, ||un||pprny = l|ullpp@y) = @ in LP(RY) while L? (RV) is reflexive, so

uy — u in LP(RN). (23)

Then make use of the interpolation theorem in the Lebesgue spaces, (g1) — (g2) leads to

[ |x_ i Ol gy [ [ © |x_))G|15§))d v o

FromZ, , = Llrf T, (uy), we have

Tya > Ly(u).
Because u € S(a), it is easy to obtain that Z,,, = Z,,(u), and

lim 7, (un) = Zy(u) = Zya,

n——+o0

then utilize (23) with (24), we have
([ [P = [[ue]|,

where || - || denotes the usual norm in W¥? (RN). Therefore, in W57 (RN), u, — u.
On the other hand, we suppose that u, — 0in W¥?(RN). With Lemma 5, we know
that there exists C > 0 such that for n € N large

G(un(x))
/RN/RN \x—y|N ) gy > C. (25)
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According to Lemma 1, for y, € RN, we have R, B > 0 and such that
/ lun|Pdx > B, Vn € RN (26)
Br(yn)

Otherwise, by Ambrosio and Isernia [43]'s Lemma 2.1, it is easy to show that for all
te (p,pt), un — 0in LY(RN). It implies

G(un(y))G(un(x))
|x — y[N-«

— 0

which contradicts (25). For u = 0, with the inequality (26) and the fractional Sobolev embed-
ding, we understand that (y,) is unbounded. From this, considering i, (x) = u(x + yn),
obviously (#,) C S(a), and it is also a minimizing sequence for Z, ;. Thus,

iy — @ in WY (RN) and #,(x) — i(x) ae. in RN
for i € WP (RN)\{0}. Above all, ii, — i in W?(RN). This proves Lemma 7. [
Next, we state the main result of this section.

Theorem 2. When g meets the conditions (g1) — (g3), there is B, > 0 such that for 0 < u < B,
problem (15) has a coupled (u, A) solution and here, u is nonnegative while A satisfies A < 0.

Proof. First, we prove A < 0. With Lemma 3, we have Z,, (up) = Z,,,0- Then, using Theorem 7,
we have 7, (u) = 7. Thus, for A, € R and by the Lagrange multiplier, we have

Ty, (u) = Ag¥),(u) in (WP(RN)Y, (27)
where u € WP(RN) and ¥ : WP(RN) — R s given by
— p
¥ () = /RN lulPdx.
Therefore, using (27) in RN, it is obvious to obtain that

(=800 plal? 20 = Al 2+ [+ Gl

Since 7, (u) = Z,,, < 0, we obtain A, < 0.
Next, we are going to prove that u is nonnegative. With the definition of the functional
Ty, ie., Ty(u) > T, (|u|). Moreover, with u € S(a), then |u| € S(a), and

Tya = Ty(u) > I},(|u|) > Tya

which implies that Z,, , = T, (|u|); hence, we can replace u by |u|. Moreover, we denote u*
by Schwarz’s symmetrization of u (Almgren and Lieb [44], Section 9.2) that we have

// \u ‘pdxd >// |u w(y)lP dxd / |u|pdx:/ |u*|Pdx
R2N |N+SP y R2N |N+SP L RN RN

/RN {|x|11V—a * G(u)} G(u)dx = /RN {IXII{’_“ * G(u)} G(u")dx,

then u* € S(a) with Z,,(u*) = Z,, .. Therefore, we can replace u by u*. For some a« € (0,1)
by Iannizzotto et al. [45]’s Corollary 5.5, we have that u € C*(RYN). This completes the
proof of Theorem 2. [

and
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According to Theorem 2, we deduce the next corollary:
Corollary 1. Leta > 0,0 < py < pip < Bs. Then, Ly, 0 < Ly, 0 < 0.
Proof. Fix jp, € S(a) and T, (uy,,0) = Ly, 0. Afterwards,

T < Ty (tppa) < Ty (Upna) = Lypa < 0.
This completes the proof of Corollary 1. O

3. The Nonautonomous Case

In this section, we will study the nonautonomous case. The energy function J :
WsP(RN) — R given by
1 1
[

Jo(u ): sp+/ (@x)|ul?dx) - 5 N +G(u)] Glu)dx,

is restricted to the sphere
S(a) = {u € WP RY) : ||ul v, = a}.

It and it is easy to prove that J,,(u) € C'. Moreover

o= [[, WMt >fu<y>>qo<x>fqo<y>dxdy
R2N

|x— ’N+sp
+B(a)x)/ u|P~2ugdx — //RZN Ix— |I(\,x)2¢(x)dxdy.

Here, B, is given in Section 3. We suppose that ||B| j«gny < B
Then, we give some notations that will be used in the following. Let J), Jw :
WsP(RN) — Ras

)|pd d ! L d
//sz |N+SP xdy — 2 Jen {|X|N - *G(u)}G(u) X

and

//RZN |N+s)pl dudy+ [ Boluldz) -3 [ [Mi,“*c(u)]c(u)dx,

Additionally, we note @ 4, Pg, and Pz by

Dy, = inf , ©9, = inf , Poog = Inf Joo(u).
@ uég(a) j@(l/l) 0 uélg(a) j0<u) ’ uérsl(u)j (u)

With 0 < Be < 400 and Corollary 1, we have

@(),u < @oo,a < 0 (28)

Above all, we can fix 0 < p; = 1(Pe,q — Poj0)-
Then, we give a lemma to show the relationship among ® 4, Pp, and Poo 4.

Lemma 8. limsup,_,o+ Poq < Po, and there is @y > 0 satisfying Ppa < Poo, for all
@ € (0,@p).
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Proof. Note uy € S(a) and Jy(up) = Po 4. Then
g (x) — 1o (y)[?
Dpq < Tol(ug) //]RZN |N+sp dxdy—i—/ (@x) |u0|”dx)
1
2 . [IxIN _ G(uo)}c(uo)dx.
Fixing @ — 07, then
limsup @, < hrg Jo(1g) = Jo(uo) = Do q- (29)

@—0t+

Combining (28) and (29), when @ is small enough, we obtain ®p ; < Peoy. O

Lemma 9. Let (u,) C S(a), @ € (0,@y) such that Jp(uy) — cand ¢ < ®g,+ p1 < 0. For
up — uin W (RN), we have u # 0.

Proof. When u = 0, it is easy to deduce that
P 1+ 00(1) > To(tn) = Twlitn) + 1 [ (B(@x) — Bo) P
p JRN
By condition of (B) for {; > 0, there exists R > 0 such that
B(x) = Beo — {1, V|x| = R.

Therefore,

1

C1
cDu nl n 2 oo\ Un - B _Boo npd - — npd.
oa+prton(1) > Jaln) 2 Talun) + o [ (Bl@x) = Ba)unlPdx =1 [ s

p

Since (uy) is bounded in W*? (RN) while for all y € [1, p), uy — 0in L?(Bx (0)) for some
K > 0, we have
(DO,a +p01+ On(l) > joo(un) - §1K > CI>oo,a - §1K-

Because {; > 0 is arbitrary, we have
CDO,u + 01 > cI>oo,a

which is a contradiction with the definition of p; = %(Cbm,g — @ ;). Therefore, we obtain
uz#0. 0O

Lemma 10. Assume that g satisfies condition (g1) — (g3) and (u,) is a bounded sequence in
WS (RN). Hereafter, there exists € > 0 such that

* G(uy)

‘W < & forall n.

Proof. According to condition (g;), for all t € R, we have

IG(H)] < C([H7 + [¢P). (30)
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Thus, with the boundedness of (u,) and Lemma 2, we have
)
(u — ]
’\ = * Glun) —\/|x yst |x— \N ] + Mx W21 |x— Tl
|un| T+ |un|?
<C / —d / q "d 31
SC(J e oy B fo al? + ual)ay) G1)
q p
<C %d}/-ﬁ- C. (32)
-yt [x =yl
By using the Holder inequality for max{1, £} < t < 5, we obtain
ey < it / y
/‘xfylgl ‘x_ |N * ( lx—y|<1 ! ) ( lx—y|<1 |xfy|% )
1 (N—a) =1
<C< (/ pN_l_ttfl dp) "< oo, (33)
JO
because of N — 1 — t(ﬁi_l“) > —1. Similarly, for max{1, %} <r< %, we obtain
|1, ]7 / ¥ 1 =
_ Ml gy < 1y, |7 / —d
/\xfy\Sl |x —y[N=* y_( Ixfy\sl| " > ( [x—yl<1 |x—y|r(£v:1a) 1/)
( r—l
<c<( /p Ydp) T < oo, (34)

duetoN —1— r(i\]:l“) > —1. Combining (33) and (34), we prove that

q P
/\ [ 1Wdy§CforallxeRN
xfyg —

which in view of (31) yields

‘W * G(up)| < & forall n.

Above all, we end the proof. O

Lemma 11. Note that (u,) C S(a) is a (PS). sequence for Jp constrained to S(a) satisfying
c < Dy, +p1 < 0anduy — ugp in WP (RN), when n — oo,

Jo(un) — ¢ and || Taolg(z) (un)| = 0.
For uy = ty — i - 0in WP (RN), we understand that B* > 0 does not depend on @ € (0, @) and
tim inf{|un = uollp) gy = B

Proof. Note ¥ : W7 (RN) — R is given by

1
¥ :f/ Pdx, u € WP (RY),
0= [l ue wr@)

we find that S(a) = Y~ ({a?/p}). Hereafter, according to Willem [27]’s Proposition 5.12, it
is easy to obtain a sequence (A,) C R satisfying

H\Zé(un) - /\HT/(un)H(WS,p(RN))/ — 0 as n — +oo.
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Because (1) is bounded in W5 (RN) and (A,) is also a bounded sequence, so up to a
subsequence, when n — 400, we can assume that A, — Ap. Therefore

T (n) = Ao¥' (o) = 0 in (WP (RN))'. (35)
In order to prove (35), the following claims need to be proved.

Claim 1. Forall ¢ € WSP(RN)

/RN/RN (tn(y |x_ |N(,X dxdy—>/ /RN (a(y |x_ |N(9;))(p(x)dxdy 36)

Since u,, is bounded in WP (RN ), by Lemma 10, there exists €y > 0 such that

* G(up)| < € forall n.

‘|x|Nﬂx

Thus, combining the Vitali’s Convergence Theorem and ¢ € W57 (RN), it is easy to deduce that

yéN|ﬂNa HM(Wﬂ—gwwD@h‘SQWAN@WM—gww»@M —0. (37)

By the growth conditions on ¢ and the boundedness of (u,) in WP (RN) imply that
G(uy) is bounded in LI\%((RN). Observe that u, — ugp in L%(RN). Then, we may
assume G(u,) — G(up) in L%(RN). It is easy to see that g(ue)p € L%(RN), Cle)
\X\%"“ « (¢(1n)@) € LN"3 (RN). Therefore,

‘ ./n'@N {|x|1{1a * (G(uy) — G(uw))}g(uw)(pdx‘
1
= | [ (Gl) = Glu)) [ o * (8(a)9) x| 0 )
for any ¢ € W (RN). In view of (37) and (38), we infer

| /]R /]R (n W) )@(x) g, | /ﬂ‘w | /]R ) Glua(1)g(to()g(x) 1\

|x— |N " [x —y[N=

<[ [ [ 60 )] () — g0 ) g2
+[ L [Wlw « (Glun(y)) = Glua(y))) | 2o (x)g(x)dx| — 0.
Consequently, Claim 1 is proved.
Claim 2. Weverify that [ _ [us|"2ungdx — [ Jual? 2uogdx forall g € W (BY)

Since W5?(RN) is continuously embedded into L1(RN) for all ¢ € (p, pZ), then
@l Larny < Cll@l| < +oo. Then we have R > 0 such that

Pdx < e and / Idx < €. 39
/N\B \€9| X < & an |§9| (39)
Thus, we obtain

p—2 p—2
./RN [tn [P “uppdx — /]RN luo| P~ “up@dx (40)
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as 1 — 0.

Claim 3. We prove that

[], 1) = P2 — )0 = 90
R2N

x =y
Up (X)) — Up P=2(45(x) — ugp x) —
[ o)t ) o) 0y

Using the Holder inequality, it is easy to obtain

un —un 2(u, (x) — uy xX) —
//Rm" )P (un(x) — un(y)) (9(x) qv(y))‘dxdy

‘x,y|N+sp

|t (x) — un(y) | ” Wp W)l p
//RZN |x _y|N+5P dxd //RZN |x _y|N+SP TNt dy>
< JualP il < +oo. (42)

Thus Iun(x)—un(y)l”2|(;tn_(9;)|N—+ztpn(y>)(fp(x)—qv(y)) c LI(R2V)

(x,y) € R?N outside a set with measure zero when we have a constant K > 0, then

for all n, and for all

un(x) — un(y)[P~ 2 (un(x) —un(y))(p(x) — (y))
‘ | |N+sp ‘ <K

For every € > 0, there exists § = % such that for all measurable set E C R?N, |E| < &, we have

un —un zunx — Un X)~
Zﬂ' )P : ()N+w(y»(¢() ¢@”)px@/§lqu<€-

1) = 1 ()P 2000) — 10 (1)) () = (1)
= y¥

Therefore, { } is equi-integrable on R?N and

100 (x) — 0 (y) [P~ 2 (un (%) — un(y)) (9(x) — ()

|x,y|N+sp
_, Jta(x) — o )["*(ue(x) — 4o (y)) (9(x) — ¢(y))
x =y

a.e. on R?N. For ¢ € WP (RN), then, there exists R > 0 such that

' lp(x) — @(y)[?
WY YAV gyd P,
//RZN\BR«J) |x — y|NTsp e

where Bg(0) is a ball in R2N with center 0 and radius R. From (42), we know that (u,,) is
bounded in W57 (RN), then integrate on R?N \ Bx(0), for a suitable constant K, > 0,

] \un<x>*fun<ynp-2<un<x>*fun<y>)<¢<x>*~¢<y>>dxdy
RZN\BR

[x —y [N
u —u (p—1)/p
Sy S
R2N\ B (0) Ix y\
|P 1/p
//R - —|N+SP dxdy) " < K.

Thus, we prove that the Vitali’s theorem holds, so (41) holds.
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According to Bartsch and Wang ([46], Lemma 2.6),
To(n) = T (1) + T (un) + 0n(1)

and
Yo (un) =Y (ue) + Yi (wy) + 0, (1).

Above all equalities and (35), we deduce that

T (1) = Ao ¥ip (1) = T (10) — Aa¥s (110) + T (n) — Ao Wlo (1) + 0 (1)
= T (un) — Ao (un) + 0,(1),

thus for n — o0,
||-7¢£>(un) - /\(D‘Y/(un)”(ws,p(]RN))/ — 0. (43)

By (g3) for all t > 0, we have q;G(t) < g(t)t. Then

1 1 1
0> ®p,+p1 > 11m1nfj@(un) = lrllriugof (jw(un) — Ejég(un)un + ;)\@a”) > ;/\wa’”
and

i + o
limsup Ap < P(Plaip(w)

@—0

< 0.

Hence, we have A; < 0 which does not depend on @ such that
Ao <A1 <0, Vo € (0, CO()). (44)

According to (43), we have

[un (x) — un ()"
//[RZN y|N+sp dXdy+/ (@x) |un|pdx*)\w/N |uy, [Pdx

_//RZN (un (1)) (un (x) Jun (x )dxdy+on(1). (45)

Ix—le «

Combining (44) and (45), we deduce

| (x) — un(y)|?
//]RZN le-‘rsp dxdy+/ (@x) [un|Pdx — Ay /RN |uy [Pdx

< /‘/RZN G(u”(y))g(un( )) ”( )dXdy+0n(1> (46)

- |x —y[N-®

From Lemma 2, for suitable constants C > 0 and D3 > 0, we have

//sz G(un(y))g(un (X))Un(X)dxdy <CIG)ll v g (un(x))un(x)]

N-a - N+a (RN L N
lx —yl LN+a (RN) LN+ (RN)

2C
< st g,

0
2q
< D3([lun ()% TR LT T
« (RN) LN+ (RN)
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Above all, we have

u
//RZN' u |N+(syp)| dxdy+C0/ [uy|Pdx

</:/RZN un |x_u|nl\§ ZC) n(x)dxdy+on(1)

2
< D3(fJun ()% i [Py ) H+on(1),
@ (RN) LN+a (RN)

where Cp is a constant and does not depend on @ € (0, @p). With the Sobolev embedding
WP (RN) — LP(RN),

wellPo oo < D (J|un(x 4 e | +ou(1 47
1ty vy < Dl ()1 LB ) [ ||L§’ii(RN)) (1) (47)

< D4(Hun||wsp RN + Hun”WSp RN)) +07’1(1)’

where D3 and D, are two constants that do not depend on @ € (0,@). For u, - 0
in WP (RN), for a subsequence of (i), we assume that lil'_I;l 4i_nf [[wn [l wsp vy > 0. Since
n o

2p > p,2q > p, by (47), there is a suitable constant D5 > 0 such that

lrlll'glnf”un”Wbp(RN) > D5 > 0. (48)

Combining (47) and (48), we have

li f > De, 49
,?j‘m ||Un|| ZIipa(]RN) = Ls (49)
or
hm inf ||un|| 2Ny > De, (50)
—te LN¥a (RN)

where D is a constant independent of @ € (0, @p). Indeed, if

lim mf u =0 51

L l n|| I%]Iia( " (51)
and

liminf =0, 52

Yll—>-1‘00 ||ui’l||LFZ,I\lqa (RN) ( )

then lim infy, s 1o ||y ||€v5,p (BN) = 0 via (47). This is a contradiction. Please note that

p(N+a) p(N+a)+ pzs)
2N 7 2N ’

p,q € (

2N 2N 2N
then N-‘r]tJX N-&jx € (p’ P:)We denOtepl = Ni_;,_'l/ql = N-‘y—?)(

Gagliardo-Nirenberg inequality, we obtain

€ (p, p¥). Applying the fractional

t(1
n e vy < Conelltall gy (a5,

forallt € {p1,q1}, then for all n € N, we have

timin o | vy < o (limin [l vy 1=, 53)
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where G is a positive constant independent of @ € (0, @) and [u,]s, < G. With (49), (50)
and (53), we understand that there exists f* > 0 independent of @ € (0, @y) such that

o e = vallyy ey = P
This completes the proof of Lemma 11. [J

From here, we let p satisfy 0 < p < min{% ﬁ—*}(d%o,a —Dp,) < p1.

i
Lemma 12. Let @ € (0, @), Jo satisfy the (PS). condition restricted on S(a) with ¢ < ®g 4 + p.

Proof. Note that (1,) C S(a) is a (PS). sequence for J constrained to S(a) and u, — ue
in W7 (RN) while ¢ < @, + p < 0. Note that ¥ : W5 (RN) — R. As

1
¥ :f/ Pdx, u € WP (RY),
() = 5 [ P, w e wor Y)

we find S(a) = ¥~1({a”/p}). According to Willem [27]'s Proposition 5.12 as n — oo, for
a sequence (A,) C R, we have

Hjal)(”n> - AHT/(un)H(Ws,p(RN))/ — 0.

According to Lemma 11, for u, = u, — up - 0in WP (RN ), and there exists p* > 0, which
does not depend on @ € (0, @), such that

lim inf ||u, — uel|?

— . . p > *
o prny = Hminf fuallyy gy = B

where @y is given in Lemma 8.

Setting dy = ||un||p ), while assuming that [|up || prny — d > 0and [[ue | p@y) = b,
we have a” = b” 4 dP. According to Lemma 9, for large enough n we have b > 0 and
Jo(tn) > Pog g, + 0r(1), so we must obtain d,, € (0,a). Hence,

c+0,(1) = To(un) = To(un) + Jo(Uo) +04(1) > Py 4, + Pop + 04 (1)

as well as Lemma 6,
dh b?
1Y + q)O,a Z a7¢oo,a + a7¢0,ﬂ-

Fixing n — oo, we deduce

*

ar
1Y > a7(®oo,u - CDO,u) > 57(q)oo,a - q)O,a) (54)

which is absurd when p < f—;(q)oo,a — @ ,). Thus, u; — 0in WP (RN), and u, — ue in
WsP(RN). Thus, |Jue]| 1r(rV) = 4 and when A is the limit of some subsequence of (1),

_ _ 1 .
(—A);MQ—FB(COX)W@‘P Zuw = Aoluel|? Zuw+ [W *G(Mw)}g(uw) in RN,

This completes the proof of Lemma 12. O

4. Multiplicity Result of Problem (1)
Let 6 > 0 and w > 0 be the solution of the following problem

{ (—A)Su = Alulp~2u+ [ﬁ * G(u)}g(u) in RN,
(55)

/N |u|Pdx = aP,
R
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with Jp(w) = ®g,. Let 57 : [0, +00) — [0,1] be a smooth non-increasing cut-off function
satisfying 17(t) = 1if 0 < t < $ aswellas (t) = 0if t > 6. For any y € M, we set the
function Yo,y : RN - R

Yoy (x) = (@x —yw( ZY),

@

Yoy (x)

qf WY
oy ) = g o

while denoting by Ep : M — S(a) the function

Therefore, for every y € M, E,(y) has compact support.
Lemma 13. The functional Z, meets

lim Jo(ZEo(y)) = Poq uniformlyin y € M.

@—0t

Proof. We assume by contradiction that there exist dp > 0, (y,) C M and @, — 0 such that

| T0, (B, (Yn)) — Do 4| > 0o, Vn eN. (56)
Letz = ©nX — Yn andz = M, we can obtain
n (DVI

%M&Mwﬂ—;O(Wﬂ w+/ (@02 + ) (@il o))"z )
[ [ Sl )Gl o) e
RN JRN

|z —z|N-#

By the Lebesgue-dominated convergence theorem as in Molica Bisci et al. [47]'s Lemma 17
and Palatucci and Pisante [48]’s Lemma 5,

n—oo

lim |‘P@nyn|”dx = hm / n(|@nz|)w(z)|Pdx = ./]RN |w|Pdx = aP,

n—c0

, Z0, (Yn) (X) = Za, () WP, p
lim //RZN v — y|N+sp dxdy = [w]s,p

and

: n(l@nz)w(2))G(y(|@nz))w(2)) ;. _ G(w(z))G(w(z)) , .
nl1_r>ro10/RN /RN Z—ZN-e dzdz = /RN /RN ZzN-a dzdz.

From Ambrosio and Isernia [43]'s Lemmas 2.2 and 2.5, we also have

p
lim [ B(@nx)|Ew, (ya)|Pdx = lim / a
R

n—oo JRN n—00

N T Bl@nz Tyl (@l (z) Fdz = 0.
@nyllLp(RN)

As a consequence, this yields
Tim o, (Za,(yn) = Jo(w) = Py

which contradicts (56). [
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Now, we fix R = R(J) > 0 and choose § > 0 such that My C Bg(0). Then note
Y : RN — RN by letting Y(x) = x for |x| < Raswellas Y(x) = & for |x| > R. Hereafter,

[x]
let B : S(a) — RN given by

/NY((Dx)\uV’dx
Bo(u) = =& Y :

Lemma 14 (Ambrosio [4]). The function Bo meets

lim Bo(Ex(y)) = y uniformly iny € M.

@—0

Proof. With Ambrosio and Isernia [43]'s Lemma 4.18, assuming that there exists 9 > 0,
(yn) C M and @, — 0 such that

B, (Ba, (Yn)) = ynl = do- (57)

By using the definitions of E, (1), Bo, and 7, we deduce that

] [ (@2 + ) = yal (a2 o(2) Ptz
Bou(Ea, (Yn)) = yn + pr )

With the Dominated Convergence Theorem and (y,) C M C Br(0),

Baw (B, (yn)) = Yul = 0n(1),
which contradicts (57). O

Arguing as in the proof of Ambrosio [3], we have the next lemma.

Lemma 15. Fix @, — 0 and (u,) C S(a) be such that Jo, (un) — Po,q. Then, there exists
() C RN such that wy(x) = uy(x + §n) has a convergent subsequence in W¥? (RN). Addition-
ally, up to a subsequence, y, = @, — y € M.

Proof. Since (7, (un), un) = 0, Jo, (1tn) — Po, and we can argue that (u,) is bounded.
Then, for two constants R > 0, > 0, and a sequence (i) C RN we have

lim inf |uy|Pdx > B > 0.
1m0 JBRr(§n)

We surmise that the assumption is invalid. Hence, for all R > 0,

lim sup |un|Pdx = 0.

Since (uy,) is bounded in W*?(RV), according to Lemma 1, for any q € (p, p), uy — 0in
1 . .
L7(RN), then /RN {MN_“ * G(un)} G(uy)dx — 0. Therefore, according to limy,—, 4«0 Joo,, () =

P, < 0, we have the contradiction with limy, e Jeo, (14n) > 0.
Then, we set u,(x) = uy(x + J,). There exists u € W5P(RN)\{0} and for a subse-
quence, u, — u in W97 (RN). Because

Do, < Jo(un) = Jo(un) < Jo, (un) and (uy) C S(a),

we have Jy(u,) — ®p,. Using Theorem 7, it is easy to deduce that u, — u in WP (RN)
and (u,) C S(a). Then, we show that (y,) is bounded.
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Using rebuttals of evidence, we may hypothesize that there exists a subsequence of
(yn) such that |y,| — oo when n — o0, and we have

cI’O,a = ngr-{l j(Dn (un)

u u
—tim nf //Rm i4n( |N”+(S~‘f,)| dxdy+/RNB(wnx+yn)|un\”dx>

n%+00
1 [;
2 RN |x|NflJ¢

* G(un)}G(un)dx),

ie.,

1 1 1
@002 (] L+ [ Bslual?dx) =5 [ [ s = Glun) | Gl > e

which gives an absurd with (28). Therefore, we understand that (y,) is bounded, so in RV,
we suppose that v, — v.
Above all, it is easy to derive that

1 1 r 1
Dy, > P([un ,,,+/ Buolitaldx) — 5 [ [\x\N + %G| Glun)dx > Pp(

If y ¢ M, with Corollary 1 and B(y) > 0, we have @p(y),0 > Po,q, which is a contradiction,
then B(y) =0,andy € M. O

We set hi(@) as a positive function satisfying 1 (@) — 0 as @ — 0. We define
S(a) = {u € 5(a) : To(u) < Poq+h(@)}. (58)

For any y € M, according to Lemma 13, when @ — 0, h(®) = |Jo(Eo(y)) — Po,| — O.
Thus, @, (y) € S(a) for any @ > 0.

Inspired by Alves and Figueiredo [49] and Alves and Thin [50]’s Lemma 4.5, then we
give the next Lemma.

Lemma 16. Weset 6 > 0and My = {x € RN : dist(x, M) < &}, so it holds that

lim sup mf |Bo (1) —z| = 0.
@—0 ued(a)?

Proof. We fix @, — 0 as n — 0. Then, there exists u, € $(a) such that

inf |Bo(u) —z|= sup inf |Beo(u)—z|+o04(1).
zeM; MGS( )z M;

Hence, there exists (,) C M, such that

lim |Bo, (1n) — 7n| = 0.

n—oo

Since u, € S(a),
cI>0,a < jo(un) < jw,,(un) < q)O,a +h(wn)/

ie.,

u, € S(a) and Jo, (1n) = Po,.
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Using Lemma 15, for large enough 1, we obtain that there exists (7,) C RN such that
Yn = @nifn € M. By setting u, = u,(x + ;) and using a change in variable, we deduce

[ Y@z + ) = il Pz
:Bwn(un) :y”+ ab

and

[ (@024 ) = i [ 2
B, (Un) —yn = R 7] — 0 when n — oo.

This completes the proof of Lemma 16. [J

Proof of Theorem 1. To prove Theorem 1, we use two steps.
Step 1. We first verify the existence of multiple normalized solutions to problem (1).
For @ € (0,@) : According to Lemma 13, Lemma 14 and Lemma 16 and the arguments
in Cingolani and Lazzo [51], we can understand that S, o Z¢ is a homotopic to the inclusion
map id: M — M;. Combining Ambrosio [39]'s Lemma 6.3.21, it is clear we have

cat(S(a)) > catpy,(M). (59)

Furthermore , let us choose a function & (@) > 0 such that #(@) — 0 as @ — 0 as well as
Dy, + h(@) is not a critical level for Jp. According to arguments as in Lemma 4, on S(a),
we deduce that J, is bounded. For small enough @ > 0, we deduce from Lemma 12 that
Jo satisfies the Palais-Smale condition in S(a). With the Lusternik—Schnirelman category
theorem for critical points in Ghoussoub [52] and Wang et al. [23], it is easy to obtain that
Jo admits at least caty, (M) critical points on S(a).

Step 2. We study the behavior of maximum points of |ue]|.

For h, given in (58), we fix u¢ as a solution of problem (1) with T (uo) < ®g, + h(@).
Using the proof of Lemma 15, for each @, — 0, there exists (7,) C RN such that
Yn = @niin — Yo € Mand u,(x) = e, (x + §,) has a convergent subsequence in W¥? (RN)
and u # 0. Then, u, is a solution of

_ _ 1 .
(—A);un + B(@nX + Y [un [P 2w = Ay P20y + P * g(u,) in RN

and

. + @
limsup Ap < w

@0—0

< 0.

Since u; — u in W9P(RN), then, applying the same arguments found in Alves and
Figueiredo [49]'s Lemma 4.5, we obtain

lim u,(x) =0 uniformlyin n € N.
[x]—o00

Thus, there are Ry > 0, ngp € N and T > 0 such that

1 1
|un(x)|§§(2|BT )p for |x| > Ry and n > ny.

R, (0)]

We know that [|uy |« gn) = O, because [[uy|| ;2 = a, which contradicts u, — 0in WP (RN),
Then, with (28), when 7 is large enough, we pick Ry > 1 such that

T P
0< 3= [ ol < B O il (60)
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1

when we choose § = (m) ” We have that there exists & > 0 such that lttn]| o > 6. In
1

the following, let us consider ,, € RN such that |u, ({,)| = [[14n || oo vy for all n € N. Then,
C” = Zy + fvvn al’ld
llm B((Dné’n) - ngTwB(wnZn + (Dn?n) - B(y) - 0.

n—+-00

O

5. Conclusions and Future Studies

In our study above, by using variational methods, minimization techniques, and the
Lusternik—Schnirelmann category, we obtain the existence of multiple normalized solutions.
Moreover, under the autonomous case and nonautonomous case, we prove Theorem 1. In
future studies, we will change the growth of g to exponential growth. In this process, forced
proof will be affected, and we need to explore new methods to solve this problem. At the
same time, we will try our best to explore the practical application of the research problem.
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